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Abstract We investigate a data-driven approach to derive low-dimensional macroscopic models of complex
systems with only high-dimensional microscopic descriptions available. This is achieved by sampling of the
macroscopic behaviour at selected points using an implicit equation-free approach with appropriate initial-
isation of the microscopic system. This enables subsequent data-driven identification of the macroscopic
dynamics with Gaussian process regression. We demonstrate the technique on a high-dimensional neural
network of integrate-and-fire neurons. A numerical bifurcation analysis of the obtained macroscopic model
is performed, showing both stable and unstable branches. The appropriate sampling using the implicit
equation-free approach avoids grid distortion and prevents spurious states as well as other artefacts.

1 Introduction

Many important real-world phenomena appear in complex systems which are modelled by high-dimensional systems
of differential equations. Such systems can typically be described by a detailed microscopic model with a large
number of states and equations. Nevertheless, they often exhibit macroscopic behaviour at a coarser level of
description. In some cases, it is possible to approximate analytically this macroscopic behaviour. As a representative
example, H. Haken and R. Graham derived a macroscopic description of the laser [1], successfully generalised
this approach to other applications and established the field of synergetics; see, e.g. Refs. [2, 3]. Based on this
work, similar methods were applied in the field of neuroscience [4–10], where thousands of neurons are coupled
and define a high-dimensional microscopic model and low-dimensional macroscopic behaviour emerges as action
and cognition [11]. Central in this and related methods is the approximation of the dynamic behaviour on the low-
dimensional attractive slow invariant manifold [12] for constructing the macroscopic dynamics, i.e. reduced-order
models [13–25].

Over the last few years, scientific machine learning has been used to solve inverse problems, where macroscopic
models are learned in the form of black-box surrogate ODEs or PDEs [26–34] or in the form of graybox -physics-
informed SDEs, ODEs and PDEs [25, 35–42] from data and simulations at the microscopic level. For a review,
see also Refs. [32, 40, 43–45]. In recent years, there has been a large body of work applying machine learning to
neuroscience, which roughly falls into two complementary directions (for a review, see also Ref. [46]). The first
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approach learns surrogate models directly from spatio-temporal neural data (e.g. fMRI spatio-temporal record-
ings or other neuroimaging techniques) [47–52]. For example, neural networks and Gaussian processes have been
used to build data-driven models in latent spaces with the aid of manifold learning [53, 54]. The second direc-
tion uses detailed mechanistic neurobiological simulations ranging from single-neuron biophysical models (such
as Hodgkin–Huxley–type, and integrate-and-fire models) to mesoscopic neural-mass or mean-field models (e.g.
the Wilson–Cowan and the FitzHugh–Nagumo PDEs) [32, 55, 56] and large-scale connectome-based whole-brain
simulators [57–59] to construct reduced-order models.

In the present work, we mainly focus on the second direction, to construct surrogate reduced-order models, i.e.
models of the macroscopic behaviour of complex systems with Gaussian process regression (GPR) by appropriate
data sets from detailed simulations of a high-dimensional network of integrate-and-fire neurons [60–62]. Based on
this, the aim is to use the obtained macroscopic models for a bifurcation and stability analysis of the macroscopic
dynamics. Overall, we bridge microscopic detailed neuronal simulators with macroscopic level analysis tasks with
a combination of an implicit equation-free approach and Gaussian process regression.

Equation-free analysis is a numerical method enabling the analysis of macroscopic behaviour from short micro-
scopic simulations [63, 64] without an explicitly given macroscopic description. Coupling short microscopic sim-
ulations with fine graining yields a coarse time-stepper for macroscopic evolution without analytically deriving
macroscopic equations. The described situation of microscopic and macroscopic scales is also characteristic in the
field of neuroscience, where the equation-free approaches helps in the macroscopic analysis of neural models [46,
65–68]. While in the equation-free approach numerical analysis of the macroscopic behaviour can be performed
locally, no global macroscopic model can be obtained. In the following, we use Gaussian process regression [69]
to construct a global macroscopic differential equation from data, representing the relevant region of the phase
space, with a number of local macroscopic right-hand sides. In order to obtain data at the required points in the
macroscopic phase space, the implicit equation-free approach [70–72] is utilised.

In recent years, alternative ideas of bridging the equation-free framework with manifold learning and machine
learning have been proposed for the development of the so-called next generation equation-free algorithms towards
the construction of low-dimensional surrogate global models that can be used for a bifurcation analysis but also
for gaining physical insight. For details, see Refs. [25, 30, 32, 39, 40, 54, 73–75].

The combination of equation-free modelling together with Gaussian process regression provides a probabilistic
model for the macroscopic right-hand side. Gaussian process regression in the context of non-parametric ODE
modelling has for example been investigated in Ref. [76]. The macroscopic model allows evaluations at out-of-
sample points, offering global information for the considered region of the phase space and can be used for a
variety of tasks on the macroscopic scale. Unlike other approaches, in this non-parametric approach, one can infer
a model directly from noisy data, without having to choose so-called library or candidate functions required by
other data-driven approaches, such as Sparse Identification of Nonlinear Dynamics (SINDy) [36], resulting in high
flexibility and even uncertainty estimations. Recent studies utilise Gaussian process regression for the detection of
bifurcation points [77].

This paper is organised as follows. In Sect. 2, we first give a brief overview of equation-free modelling followed
by a detailed description of the data acquisition process and a short introduction into Gaussian process regression.
In Sect. 3, we study a high-dimensional neural system of integrate-and-fire neurons and apply our approach to
describe the macroscopic network dynamics followed by an investigation of the long-time behaviour in form of
a bifurcation analysis of the macroscopic stationary states. We compare our findings to the results of a quasi-
stationary up and down sweep as well as a equation-free pseudo-arclength continuation. The paper is concluded
with a discussion.

2 System identification of the macroscopic dynamics with data-driven methods

In order to obtain a macroscopic vector field, i.e. the right-hand side of a macroscopic differential equation for
selected points in the phase space of macroscopic behaviour, with only microscopic equations at hand, the equation-
free approach is briefly summarised in Sect. 2.1. When sampling points in the phase space, there exist two distinct
methods of equation-free analysis, namely an explicit and implicit approach, which are discussed in detail in Sects.
2.2 and 2.3. To acquire a global representation of the macroscopic model, this locally pointwise obtained vector
field F (ξ) at positions ξ can be used for Gaussian process regression, enabling out-of-sample evaluations of the
macroscopic model F (x ) with x �= ξ, which is discussed in Sect. 2.4.

2.1 Implicit equation-free analysis

Typically, high-dimensional complex systems exhibit a low-dimensional macroscopic behaviour. For these complex
systems, microscopic models are available, which are described by large systems of differential equations. However,
we are usually interested in the macroscopic behaviour for which no explicit model equations are known. I.
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Fig. 1 Graphical illustration of the implicit equation-free approach. In the equation-free method, we map the macroscopic
state U to the microscopic scale via the lifting operator L : domL → rgL with the domain domL and range rgL. The
acquired microscopic state now evolves in the arbitrarily chosen transversal component rgR� towards the attractive slow
manifold C. After evolution of the microscopic system, the restriction operator R : domR → rgR can be used to map back
to the macroscopic scale. The unknown macroscopic state V is defined implicitly by equation (1). The macroscopic state
ξ marks the healed state P(theal, U) = R(Φ(theal, L(U))). For sampling the data on given positions, e.g. a regular grid,
for a given macroscopic value ξ, the initial state U is obtained implicitly by Eq. (3). The macroscopic time derivative is
approximated by the difference quotient between the healed states R(Φ(theal + δ, L(U))) and ξ. When solving the implicit
equation iteratively, the condition rgR ⊆ domL has to hold. Adapted after [70–72]

Kevrekidis et al. [63, 64] introduced the so-called explicit equation-free analysis, which enables to explore the
macroscopic behaviour of systems by performing short simulations of the high (n-)dimensional system of differential
equations. The central assumption of this approach is the existence of a lower dimensional description of the systems
dynamics via the ordinary differential equation U̇ = F (U) for a few macroscopic states U ∈ R

N with N � n.
Geometrically, we assume that the trajectories of the given high (n-)dimensional system converge quickly to a
low-dimensional slow manifold C; see also Fig. 1. Thus, the long-term dynamics described by the macroscopic
states evolve on the slow manifold while the remaining states become enslaved [2, 3] to the slow dynamics.

Mapping between the scales is enabled through a so-called lifting operator (macro to micro) L : R
N → R

n

and a so-called restriction operator (micro to macro) R : Rn → R
N . Choosing a good restriction operator and

macroscopic state, usually requires expert knowledge, especially in real-world applications. Recent efforts tried to
construct automated lifting and restriction operators directly from data [73, 78]. The evolution of the system on
the microscopic scale is carried out by the microscopic time-stepper Φ, which maps the micro-states to their time-δ
image, i.e. u(t+ δ) = Φ(δ, u(t)). Thus, given an initial macroscopic state U , we are able to access the macroscopic
state at time δ with P (δ, U) : U �→ V by the lift–evolve–restrict scheme

V = P(δ, U) = R(Φ(δ, L(U))).

When using this explicit scheme, a lifting operator is required which maps close to the slow manifold in order to
approximate the correct slow dynamics with acceptable precision. As the slow manifold is not explicitly known, the
lifting operator maps not exactly on the slow manifold, a direct numerical evaluation of the macroscopic behaviour
after the lifting yields the dynamical behaviour near the low-dimensional manifold C. To compensate this lifting
error, typically a healing step with healing time theal is introduced for converging closer to the attractive slow
manifold, in cost of being at a different position in phase space. To compensate for this, C. Marschler et al.
introduced an implicit approach [70–72]. In details, this approach leads to solving the implicit equation

R(Φ(theal, L(V ))) = R(Φ(theal + δ, L(U))) (1)

with respect to V which implicitly defines the time-δ map P̃(δ, U) : U �→ V of U by comparing healed quantities;
see Fig. 1.

Despite the fact, that finding a suitable theal that compensates the lifting error is a tedious task, it is highly
rewarding, since in general it is typically impossible to construct a lifting L which maps precisely onto the slow
manifold C. Whereas short healing times increase the systematic error, large healing times yield cancellation effects
due to reaching the stationary point on the slow manifold C. In order to solve the implicit equation iteratively
(e.g. by Newton’s method), the condition rgR ⊆ domL has to hold. In the following, we will discuss how the
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Fig. 2 Comparison of the data acquisition using an explicit (left) and implicit scheme (right). For an explicit approach,
an unhealed state (U) is chosen. By applying the lift–evolve–restrict scheme, at some parameter p∗, for times theal and
theal + δ, we can access the healed state (ξ), and the healed state (ν), respectively. Subsequently, we can approximate
the derivative � (F (ξ)) using Eq. (2). For the implicit approach, a healed state (ξ) is chosen and we use Eq. (3) to
determine the unhealed state (U) for some parameter p∗. By applying the lift–evolve–restrict scheme for theal + δ, we
obtain the healed state (ν) and can approximate the derivative � (F (ξ)) at the chosen state (ξ)

equation-free framework can be used to approximate the macroscopic dynamics at desired points in macroscopic
phase space for the construction of a Gaussian process model.

2.2 Equation-free sampling for Gaussian process regression

The aim is to construct a macroscopic model which provides information about the macroscopic dynamics at specific
points in phase space. This model enables us to study the macroscopic behaviour of the system, for instance the
parameter-dependent changes in qualitative behaviour. Instead of a direct equation-free bifurcation analysis by
computing several points of the bifurcation diagram locally, the Gaussian process model provides an alternative
approach, which solely uses a few local results of the equation-free approach, distributed in the macroscopic phase
space, to gain information of the vector field in the region of interest. By applying the multidimensional bisection
method or alternative zero-problem solvers at out-of-sample positions and the corresponding evaluations of the
vector field, we are able to gain a bifurcation diagram including uncertainty quantification due to the probabilistic
nature of the model.

The success of Gaussian process regression relies on the positions, and therefore the well-coverage or sparsity,
of the sampling points in the macroscopic phase space and the quality of the vector field information. In order to
obtain the derivative information in the explicit approach, we would consider a specific point in phase space U , e.g.
from a regular grid. Applying the lift–evolve–restrict scheme for times theal and theal+δ enables the approximation
of the time derivative at the healed state ξ = R(Φ(theal, L(U))) via the forward difference scheme

F (ξ) =
R(Φ(theal + δ, L(U))) − ξ

δ
, (2)

see also Fig. 1. When using an explicit approach, we can either obtain high-quality derivative information at a
healed state ξ, which is unknown beforehand and different from the chosen point U , or treat the derivative F (ξ)
from Eq. (2) as an approximation for F (U ); see also Ref. [65]. In the first option, the quality of vector field
evaluations is ensured but leads to a distortion of the sampling grid (also referred to as training grid), i.e. the
approximation of derivatives at ξ; see Fig. 2, left column.

This can heavily impact the sampling grid, possibly leaving out some areas of interest in the macroscopic phase
space. In contrast, the second option regains the desired grid point positions at cost of the quality of the derivative
information. An implicit equation-free approach solves both problems at once, delivering high-quality derivative
information at the chosen positions in the macroscopic phase space.

2.3 Generating data at desired macroscopic points with an implicit equation-free approach

In contrast to the previous explicit approach, we now select an already healed state ξ in the macroscopic phase
space and use an implicit equation to match a corresponding unhealed state U ,

R(Φ(theal, L(U))) = ξ. (3)
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This equation stems from a technique which is called matching the restriction [70, 71], where it is used to
find a microscopic configuration corresponding to the healed macro-state ξ. For a given ξ, we solve equation
(3) with respect to U (e.g. by Newtons method) yielding the corresponding unhealed state U . Applying the
lift–evolve–restrict scheme to U for the time theal + δ enables the approximation of the derivative at ξ just as in
Eq. (2). This implicit method circumvents the distortion of the grid, since we can compute the unhealed state
U for any given healed state ξ from the defined macroscopic phase space. This highlights the advantage of the
implicit approach in contrast to the explicit approach. Figure 2 summarises the distorting behaviour, depicting on
the left the explicit approach and on the right the implicit approach.

In this manner, we collect state-derivative pairs (ξ, F (ξ)) and subsequently generate a data set M , which will be
used in Sect. 2.4 for Gaussian process regression. Despite the fact that the computationally expensive evaluations
were performed at solely a finite number of selected points in the macroscopic phase space, with Gaussian process
regression, we are able to predict a global macroscopic model from the used data set M .

2.4 Gaussian process regression

Gaussian process regression (GPR) can be used to find nonlinear relations in data [69, 79, 80]. In the
context of machine learning, GPR belongs to the supervised learning techniques. The given (regression)
problem is to model an unknown function F : R

N → R for which only a limited set of data M ={
(xi, yi) | xi ∈ R

N , yi ∈ R, i = 1, . . . , D
}

with inputs x1, . . . , xD stored in a matrix X = [x1, . . . , xD] ∈ R
N×D

and disturbed function values yi = F (xi) + εi summarised in the vector y ∈ R
D is given. The outputs yi are

assumed to be disturbed by some independent and identically distributed (i.i.d.) Gaussian noise εi with zero mean
and variance σ2.

In GPR, the unknown function F is assumed to be distributed as a Gaussian process (written as F ∼ GP(m,
k)) with mean function m, here set to be the zero function and covariance function k , also called kernel function;
for details, see, e.g. Refs. [69, 79, 81, 82]. Considering the data set M and a zero mean function m, predictions
in Gaussian process regression are based upon the choice of an appropriate kernel function k and hyperparame-
ters, including σ2. Optimal hyperparameters can be determined by maximising the log marginal likelihood [69],
depending on the known outputs y and inputs X ,

log p(y|X) = −1
2
yT (K + σ2I)−1y − 1

2
log |K + σ2I| − D

2
log 2π,

where I denotes the D × D identity matrix and K ∈ R
D×D is the covariance or kernel matrix with entries

Kij = k(xi, xj) ∀i, j = 1, . . . , D. In general, the log marginal likelihood can have several local maxima, leading
to different results depending on the initial values for the hyperparameters and the chosen optimisation routine.
See also Ref. [83] for an automatic calculation of initial values directly from data.

Considering some previously not seen inputs, so-called out-of-sample points, x̃1, . . . , x̃D̃ summarised in a matrix
X̃ = [x̃1, . . . , x̃D̃] ∈ R

N×D̃, predictions can be made by deriving the conditional distribution from the joint
distribution of F (X) = (F (x1), . . . , F (xD))T and F (X̃) = (F (x̃1), . . . , F (x̃D̃))T . The joint distribution of F (X )
and F (X̃) follows a multivariate Gaussian distribution, from which the conditional distribution of the unknown
outputs F (X̃) given the data y , X and the out-of-sample points X̃

F (X̃) | y, X, X̃ ∼ N (μPD, ΣPD)

is obtained. Predictions are performed with the conditional or posterior mean μPD and posterior covariance ΣPD

μPD = KT
∗ (K + σ2I)−1y (4)

ΣPD = K∗∗ − KT
∗ (K + σ2I)−1K∗, (5)

with the covariance matrices K∗∗ ∈ R
D̃×D̃ and K∗ ∈ R

D×D̃ constructed in the same manner as K . In the following,
we use the term GP model to refer to the posterior mean μPD and covariance ΣPD given by Eqs. (4)–(5) with
optimised hyperparameters of the kernel function. Together with the equation-free approaches presented in Sects.
2.2 and 2.3, we use GPR to construct a model of the macroscopic right-hand side of a microscopic defined system
bridging both methods.
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3 Application to a large-scale neural system with integrate-and-fire neurons

In this section, we aim to apply the ideas described in the previous section to a high-dimensional system of integrate-
and-fire neurons introduced in Sect. 3.1. We provide a detailed explanation, not only on how to construct a model
for the macroscopic dynamics; see Sect. 3.2, but also on how to use the model for a macroscopic bifurcation analysis
in Sect. 3.3. We compare our bifurcation analysis obtained by a GP model with pseudo-arclength methods in Sect.
3.4.

3.1 Description of the neural network model

For reasons of comparison, we apply the methods from Sect. 2 to a system of N integrate-and-fire neurons,
previously investigated in Ref. [65]. The dynamics of a single neuron are described by the two equations:

dVi

dt
= I − Vi + ωi +

1
N

N∑

j=1

sj −
∑

k

δ(t − tik) (6)

τ
dsi

dt
= −si + A

∑

k

δ(t − tik)(1 − si), (7)

where the first equation represents the dynamics of the membrane potential Vi, while the second represents the
dynamics of the synaptic activity si of the i -th neuron. The spiking time tik denotes the k -th spiking event of the
i -th neuron. That is, the membrane potential Vi reaches the threshold Vi = 1 of the i -th neuron for the k -th time.
The Dirac δ distribution in Eq. (6) resets the membrane potential to zero at each spiking event. Similarly in Eq.
(7), the synaptic activity gets additionally adjusted by the coupling term at each spiking event. The investigation of
the network is carried out for N = 200 neurons. The choice of 200 neurons is a compromise between computational
time and averaging effects by taking the mean. As discussed in Ref. [65], the number of neurons could be chosen
differently and in particular much smaller, assuming that the number of realisations is larger to obtain smooth
results. For all 200 neurons, the parameter A = 0.4 represents the connectivity between the neurons, τ = 50 ensures
the separation of time scales and I is an external current serving as the bifurcation parameter. Furthermore,
Eq. (6) shows all-to-all connectivity. The membrane potential of each neuron is additionally disturbed by some
uncorrelated Gaussian white noise with ωi ∼ N (0, σ2) and σ = 0.0245. The effect of the intrinsic system noise on
the macroscopic behaviour is further discussed in appendix A.1.

For the equation-free approach, we have to identify a suitable macroscopic state to describe the full network.
Indeed, this problem can be solved by applying (non-)linear dimension reduction methods or manifold learning;
see, e.g. Refs. [73, 78, 84] to gain a macroscopic state as mentioned in Sect. 2.1. In our example, we follow Ref.
[65] and choose for simplicity and benchmarking purposes the mean synaptic activity

S =
1
N

N∑

j=1

sj

of all synaptic activities sj as the macroscopic variable. The mean synaptic activity S is also relevant for medical
reasons, as it can be directly related to the local field potentials that are measured in medicine [85, 86]. This makes
it an even more attractive choice as the macroscopic variable. Consequently, we assume that the network dynamics
can be described by an ordinary differential equation of the form Ṡ = F (S, I). The restriction operator R within
the equation-free framework is given by taking the mean of the synaptic activities, whereas the lifting operator
L is chosen such that it maps a given macroscopic state S to the microscopic scale via L(S) = (Vi, si) where
Vi ∼ U(0, 1) and si = S ∀i = 1, . . . , N . We integrate the microscopic Eqs. (6)–(7) with the Euler–Maruyama
method [87] with fixed time steps Δt = 0.01. For further details on the implementation, we would like to refer to
the open source code [88].

For a certain parameter range, the system (6)–(7) shows bistability on the macroscopic scale, with one low and
one high activity state, as shown in Fig. 3. A quasi-stationary up and down sweep of the system, obtained by
averaging over the last 2000 time steps, shows two branch switching events, from the high to the low activity
state and vice versa indicating a hysteresis, as shown in the left column in Fig. 4. In the following, we perform an
investigation of the stationary solutions with our proposed framework from Sects. 2.2 and 2.3.
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Fig. 3 Demonstration of the bistable regime for the mean synaptic activity S. For I = 0.93, we find one high and one
low-activity stable state for S; see c and f . The steady-state behaviour of the microscopic dynamics for the first neuron
can be seen in a and d. Whereas in the high activity branch, the membrane potential reaches the threshold frequently and
spiking events occur; in the low-activity branch, the membrane potential does not reach the threshold V = 1, resulting in
the low or even zero synaptic activity of the individual neuron. The spiking events themselves are visualised for each neuron
in so-called raster plots in b and e. At the beginning of each integration step, we check if a neuron surpassed the threshold
V = 1. If so, we save the corresponding index of the neuron at the time before the integration step. The times and indices of
those spiking events are shown as black points in figure b and e, which also show the different firing rates of the two stable
states. In b, we show the raster plot for the last 40 time units and in d for the last 500 time units. The micro-configuration
of the system was chosen according to the lifting operator described in the text with S = 0.08 in a–c and S = 0.02 in d–f

Fig. 4 a Depiction of forward (right oriented triangle �) and backward (�) sweeps, showcasing the bistable regime of the
macroscopic mean synaptic activity S of the network of integrate-and-fire neurons. b Effect of distortion of a regular grid
in the macroscopic phase space for the mean synaptic activity S due to different healing times. A not too small healing
time is required to guarantee the convergence to the slow manifold after microscopic initialisation via the lifting. For larger
healing times, the initially evenly spaced states S separate according to the evolution in phase space. This consequently
leads to gaps in the data acquisition required for the Gaussian process regression
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3.2 Construction of the Gaussian process model

To demonstrate the effect of grid distortion in the explicit approach and justify the use of the implicit method,
we show how linearly spaced initial values of S , corresponding to U in Figs. 1 and 2, are deformed at I = 0.93
for various healing times. The right column in Fig. 4 shows the effect of different healing times for 21 evenly
spaced initial states from the interval [0, 0.2]. For larger healing times, we see that some states tend towards the
upper stable stationary solutions, while some tend towards the lower stable solution. Consequently, we would miss
information apart from the stable solutions, resulting in a neighbourhood with many data points and sparse data
representatives. Larger healing times result in closer proximity of the slow manifold, effectively magnifying the
grid distortion, whereas shorter healing times would lead to derivative information away from the slow manifold.
The implicit approach proposed in Sect. 2.3 circumvents this problem and will be the method of choice. In Sects.
3.3 and 3.4, we will compare two GP models, constructed with data obtained by the explicit approach from Sect.
2.2 and the implicit approach from Sect. 2.3.

For the explicit approach, we first take a macro-state S , referred to as U in Fig. 2, from the chosen unhealed
grid. We then apply the lift–evolve–restrict scheme for theal = 40 and theal+δ = 50 and use Eq. (2) to approximate
the derivative F (ξ) at the healed state ξ. In the implicit approach, we approximate derivatives by first solving Eq.
(3) with respect to the unhealed state U , using the given healed state ξ = S and theal = 40. Setting δ = 10 in
Eq. (2) gives us an estimate for the macroscopic derivative F (ξ). Due to the stochastic nature of the microsystem,
we applied the lift–evolve–restrict scheme to an ensemble of 30 realisations, averaging the macro-states for both
the implicit and explicit approach. To obtain the parameter-dependent behaviour on the macroscopic scale in
a bifurcation diagram, we consider pairs (I , S ) consisting of a parameter I and a state S . Together with the
respective derivative approximations, this generates the data set M for the Gaussian process regression. In the
considered example, 21 initial states S evenly spaced in the interval I ∈ [0, 0.2] are selected, similarly to Fig. 4.
For the parameter I , 27 equidistant values from the interval [0.9, 1.03] are used.

To obtain the GP models, the GaussianProcesses.jl package [89] is used. Hereby, the following specifications are
chosen: a zero mean function, see Sect. 2.4, and the squared exponential kernel function

k(x, x′) = η2 exp(−(x − x′)T (x − x′)/(2l2)),

containing two hyperparameters η and l, which are optimised by the Optim.jl package [90]. We use a unit range
transformation, also called min–max scaling, to preprocess the elements of the data set M . This transformation
maps the data points, i.e. the macro-states, parameters and derivatives on the unit interval [0, 1]. An additional
rescaling of the elements of M to have zero mean could be done. This will be discussed in Sect. 3.3 and is further
investigated in the Appendix. After applying the preprocessing, the hyperparameters are found by maximising
the log marginal likelihood presented in Sect. 2.4. Local maxima of the log marginal likelihood are found with the
hyperparameters l ≈ 0.183, η ≈ 0.301 and a noise variance of approximately 3.359 · 10−5 for the explicit approach
and l ≈ 0.194, η ≈ 0.274 with a noise variance of 2.295 · 10−5 for the implicit approach. The rescaled predictions,
i.e. derivatives at out-of-sample points, made by the Gaussian process models can be found in Fig. 5.

The top row in Fig. 5 shows a depiction of the training points for the explicit a) and implicit b) approach
as well as heat map representations of the resulting macroscopic model at out-of-sample points. Longer healing
times in the explicit scheme imply points being in a proximity of the stable solutions, resulting in sparse sampling
regions in the macroscopic phase space. The implicit scheme circumvents sparse sampling regions, resulting in an
approximation of the macroscopic derivatives at the desired positions in macroscopic phase space.

3.3 Macroscopic bifurcation analysis

With the obtained parameter-dependent GP models Ṡ = F (S, I) for the macroscopic right-hand side of the mean
synaptic activity S , we now aim to perform a bifurcation analysis on the macroscopic scale. This is accomplished by
finding the zero level sets, i.e. the parameter-dependent stationary solutions, of the GP model within the parameter
range I ∈ [0.9, 1.03], which is achieved by the multidimensional bisection method from the MDBM.jl package [91].
An alternative method could be to apply a numerical continuation such as the pseudo-arclength continuation [92]
on the GP model for F (S , I ). To visualise the heat maps in Fig. 5 and as an initial grid for the multidimensional
bisection method, we use an equally spaced 250×250 grid of out-of-sample points X̃, bounded by the minima and
maxima of the sampling set M . The iterative bisection algorithm leads to resolution doubling in each step near the
zero level set, which results in a new X̃. After 3 iterations, we approximate the parameter-dependent stationary
solutions or so-called branches.

The stable branches of the bifurcation diagram obtained by the multidimensional bisection method are in
accordance with the sweeps previously shown in Fig. 4. In addition, an unstable branch connecting the stable
branches is revealed, substantiating the suspected hysteresis; see the lower row in Fig. 5. In Fig. 5, we also
show the computed eigenvalue for different parameters I , i.e. the derivative of the right-hand side F (S , I ) with
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Fig. 5 Macroscopic bifurcation diagram obtained by GP models for the macroscopic right-hand side. The stationary states
of the macroscopic mean synaptic activity S are shown depending on the input current I . Left column, a, c: the results of
the explicit equation-free approach. Right column, b, d: the results of the implicit equation-free approach. Upper row, a,
b: the sampling grid, the obtained macroscopic vector field (right-hand side, RHS, as heat map) of the GP model, as well
the macroscopic stationary states S . Lower row, c, d: macroscopic bifurcation analysis of the macroscopic state S including
stability properties and 95% confidence intervals of the GP model. The two stable branches, which are confirmed by a quasi-
stationary up (right oriented triangle �) and down (left oriented triangle �) sweep, are connected by an unstable branch.
The explicit approach shows spurious stationary states due to the gap in the sampling grid, while the implicit approach
shows no artefacts. This is in correspondence to the grids shown in the upper row. A quantification of uncertainty is shown
by an approximation for the 95% confidence intervals. These confidence intervals get smaller when more data points are
available in this area. This explains the slightly smaller uncertainty in the explicit approach as in a neighbourhood of the
attractive stable states data points are accumulated (see also Fig. 4) in the distorted grid

respect to S at the stationary solutions, approximated by a forward difference. The zeroes indicate the positions
of the bifurcation points. As depicted in Sect. 2.4, the GP model uses the mean of the posterior distribution as a
prediction, while it also serves us the covariance, which we can be used to determine confidence intervals in the
bifurcation diagram. This is achieved again using the multidimensional bisection method but this time applied
to the upper and lower bound of the 95% confidence interval, here approximated by the mean plus or minus two
times the standard deviation (see also Eqs. (4)–(5)). As shown in the graphics, the uncertainty is quite small due
to the optimisation of hyperparameters.

Both GP models, explicit and implicit, from Sect. 3.2 show good results regarding the bifurcation analysis.
However, the grid distortion in the explicit approach leads to resulting sparse data regions in some parts of the
phase space, e.g. for large I and small S values. In fact, a consequence of the sparsity are spurious states as well as
confidence bounds appearing in the bifurcation diagram shown in Fig. 5. We observe that we can slightly increase
the model accuracy of the explicit approach outside the sampling grid by additionally rescaling the elements of
the data set M to have zero mean as mentioned in the previous section. However, the predicted spurious upper
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confidence bound remains, confirming the necessity of the implicit approach which circumvents the grid distortion
as shown in Appendix A.2.

3.4 Comparison to equation-free pseudo-arclength continuation

We compare our bifurcation diagram obtained by the implicit GP modelling approach, presented in the previous
section to two equation-free approaches, the explicit and implicit one. First, we compare with the results in Ref.
[65], which are based on an explicit equation-free scheme. Second, we use an implicit approach [70–72], presented
in Sect. 2.1.

In the approach of C. Laing [65], the macroscopic right-hand side F (S (0), I ) is approximated: Given an initial
macroscopic state S (0), the lift–evolve–restrict scheme P (δmax, S(0)) with δmax = 20 is applied. Using of the
restriction operator R at different time points in the time interval [10, 20] yields a time series. It is assumed that
the slope of a linear regression for t ∈ [10, 20] can be used to approximate the macroscopic right-hand side at
S (0). This is repeated for 64 realisations with the average of the slopes as a final approximation of F (S (0), I ).
Stationary solutions of S are now calculated by a pseudo-arclength continuation; see Fig. 6a).

The second approach solves the implicit Eq. (1) with U = V . Thus, we search for the state U that satisfies [70,
71]

1
δ
[R(Φ(theal + δ, L(U))) − R(Φ(theal, L(U)))] = 0. (8)

Again the upper expression is calculated 64 times and the average is used in the continuation algorithm. Figure 6
shows the bifurcation diagram obtained with this approach for theal = 40 and δ = 30. Figure 6 shows the healed
values, i.e. we take the results of Newtons method (i.e. U in Eq. (8)) and reapply the lift–evolve–restrict scheme.
Due to the noise, we average over 64 realisations. To perform the continuation around the saddle-node bifurcation
points, a pseudo-arclength continuation [92] is used. The stability information of the branches in the implicit
scheme can be acquired, see Ref. [70], by solving for the time discrete eigenvalues μ of the generalised eigenvalue
problem

[∂x(R(Φ(theal + δ, L(x)))|x=U ]x = μ[∂x(R(Φ(theal, L(x)))|x=U ]x,

which can be obtained by linearizing the implicit flow around U . Hereby, forward finite differences are used with
δx = 5 · 10−3. Time continuous eigenvalues can afterwards be gained by λ = 1

δ log μ.
The resulting bifurcation diagram of the implicit approach outperforms the one of the explicit approach. The

branches of both diagrams align well with the results of the sweep. Figure 6 also shows the bifurcation diagram
from the GP model based on the implicit approach in Sect. 3.3 (see also Fig. 5). We see a good agreement between
all three lines.

Better lifting operators could further improve the results, especially the ones from the explicit approach as
demonstrated in Ref. [65]. Nevertheless, for a better comparison, we stick to our lifting operator. The reason for
the better results using the implicit approach is that the derivative information is computed at the desired position
in phase space. Therefore, the resulting bifurcation diagram is of higher precision.

4 Conclusion, discussion and outlook

We derived a model for the macroscopic dynamics of a network of integrate-and-fire neurons, by generating training
data with an explicit and implicit equation-free approach [63, 71, 72], frameworks which have been proven to be
powerful numerical tools for the analysis of macroscopic dynamics. The implicit approach allows the evaluation of
macroscopic dynamics at desired points in phase space, whereas in the explicit approach, the points of evaluation are
shifted. Using Gaussian process regression [69, 79, 80], we inferred a probabilistic model directly from the generated
data without the necessity of choosing a set of basis or library functions. The model, obtained by combining the
data acquisition precisely at the desired positions in phase space by an implicit equation-free approach and GPR,
was used to study the long-term dynamics by performing a macroscopic bifurcation analysis including stability
properties and a quantification of uncertainty. The bifurcation diagram of the GP model based on the implicit
approach aligns well with the results of both, an explicit and implicit equation-free pseudo-arclength approach as
well as a quasi-stationary up and down sweep.

Our derivative approximation based on the implicit scheme enhances the accuracy of derivative estimation,
leading to a more reliable macroscopic approximation. Since recent machine learning approaches, such as physics-
informed neural networks (PINNs) [37, 44], rely on automatic derivative estimation, our approach may open new
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Fig. 6 a Bifurcation diagrams for the macroscopic state S using an explicit approach (red) presented in Ref. [65], an implicit
approach (blue) and the results of the GP model (green) with the data sampled by an implicit equation-free approach.
The equation-free curves are obtained by a pseudo-arclength continuation with adaptive predictor step size. b Stability
information for the found stationary states shown in (a). A state derivative greater than zero corresponds to unstable states
whereas stable stationary states have a negative state derivative

directions for the development of surrogate models. Another promising line of research is the application to realistic
brain network models. A concrete example arises in the basal ganglia network, a network of interconnected regions
responsible for motor control and implicated in movement disorders such as Parkinson’s disease and dystonia
[93–96]. In this network, the macroscopic dynamics are experimentally accessible and are typically expressed as
local field potentials, which are related to the mean synaptic activity used in this work [85, 86]. The proposed
approach is well suited for analysing these macroscopic dynamics and for uncovering qualitative change in the
macroscopic behaviour.

In the future, we intend to utilise the global information of the GP model, i.e. the macroscopic dynamics to enable
control of complex systems. Upcoming studies could focus on improvements regarding the implicit equation-free
approach, e.g. by introducing mutable healing times or applying high-order finite-difference schemes to approximate
macroscopic dynamics. In the present work, we solely used a regular sampling grid in the implicit approach, but
we would like to emphasise that other choices of sampling grids are possible enabling problem- and area-specific
choices of sampling points in the macroscopic phase space. In the specific task of bifurcation analysis, it may
be practicable to first perform a regular scan of the phase space and possibly add sampling data, in a similar
fashion to the multidimensional bisection method, yielding resolution doubling in the proximity of branches. This
should result in smaller confidence intervals, which may even outperform the ones of the explicit approach. Even
though we only showed our framework in the case of a one-dimensional macro-state, it is possible to extend the
approach to a higher dimensional setting, either by constructing a GP model for each macro-state or by considering
vector-valued kernel functions [97].

123



Eur. Phys. J. Spec. Top.

Acknowledgements The research of TS, HW, KS and JS has been funded by the Deutsche Forschungsgemeinschaft
(DFG, German Research Foundation) SFB 1270/2 “Electrically active Implants” 29915058. TS and HW wish to express
their gratitude to CS for their hospitality during their stay in Naples. TS would furthermore like to thank the European
Union and the Erasmus+ program for the opportunity to stay in Naples for the majority of his master’s thesis.

Author contribution statement

Conceptualisation and methodology [TS, HW, KS, CS, JS]; formal analysis and investigation [TS, HW]; writ-
ing—original draft preparation: [TS, HW]; writing—review and editing [TS, HW, KS, CS, JS]; funding acquisition:
[JS]; supervision: [KS, CS, JS].

Funding Open Access funding enabled and organized by Projekt DEAL.

Data Availability Data sets and code generated during the current study are available on Zenodo [88].

Declarations

Conflict of interest The authors have no conflict of interest to declare that are relevant to the content of this article.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which permits
use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit
to the original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were
made. The images or other third party material in this article are included in the article’s Creative Commons licence, unless
indicated otherwise in a credit line to the material. If material is not included in the article’s Creative Commons licence and
your intended use is not permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission
directly from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

Appendix

Testing the robustness of macroscopic models against intrinsic system noise

The intrinsic system noise ωi with σ = 0.0245, used in the main text, has a large effect on the resulting macroscopic
behaviour. To test the robustness of our approach against different noise levels, Fig. 7 shows resulting macroscopic
right-hand sides and bifurcation diagrams including stability information for the implicit sampling approach for
different noise levels σ ∈ {0.035, 0.049, 0.07}. For each GP model, the same sampling points were used. The
resulting bifurcation diagrams are again compared with a quasi-stationary up and down sweep of the system,
averaged over the last 2000 time steps. For σ = 0.035, the hysteresis discussed in Sect. 3 still remains. Increasing
the noise level makes the hysteresis in the observed parameter range disappear. The resulting bifurcation diagrams
again correspond well with the sweeps. The slight shift between forward and backward sweep for some parameters
is a result of the larger noise. The confidence intervals remain barely visible, demonstrating the robustness of the
approach for larger systematic noise terms.

Discussion of data preprocessing

As discussed in Sects. 3.2 and 3.3, a min–max scaling was used to map all inputs and outputs to the unit interval
[0, 1]. For the GP model and the results shown in Fig. 5, a zero mean function was used together with the squared
exponential kernel function. A possible additional step is to rescale the inputs S , I and outputs F (S , I ) to have
zero mean. This slightly increases the model accuracy outside the sampling grid as can be seen in Fig. 8. This
especially benefits the explicit sampling approach due to the discussed grid distortion. Still, an artefact appearing
as a spurious upper confidence bound in the bifurcation diagram remains.

The problem of grid distortion is not a method-specific problem of Gaussian process regression. Especially for
systems, which require longer healing times, the explicit approach will not be able to capture parts of the sampling
space, possibly leading to problems regardless of the used regression or modelling technique.
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Fig. 7 Investigation of three different noise levels. Macroscopic right-hand sides F (S , I ) and bifurcation diagrams with
stability information obtained from GP models using an implicit equation-free sampling approach. a and b Resulting right-
hand side and bifurcation diagram for σ = 0.035, c and d for σ = 0.049 and e and f for σ = 0.07. The bifurcation diagrams
in the right column are compared with quasi-stationary up (�) and down (�) sweeps with the same noise
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Fig. 8 Macroscopic right-hand side F (S , I ) and bifurcation diagram with stability information. For the GP model, a zero
mean function and the squared exponential kernel was used. After rescaling the inputs and outputs on the unit interval,
an additional step was performed to rescale the data to zero mean. Left column, a, c macroscopic model and bifurcation
diagram obtained with an explicit equation-free sampling approach. Right column, b d macroscopic model and bifurcation
diagram obtained with an implicit equation-free sampling approach. The resulting models and bifurcation diagrams align
well with the ones shown in Fig. 5 in areas where sampling data is available. Due to the grid distortion in the explicit
approach, the predictions in areas without any data differs from the ones shown in Fig. 5
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97. M.A. Álvarez, L. Rosasco, N.D. Lawrence, Kernels for vector-valued functions: A review. Found. Trends Mach. Learn.
4(3), 195–266 (2012). https://doi.org/10.1561/2200000036

123

https://doi.org/10.1137/S0036144500378302
https://doi.org/10.5281/zenodo.17234700
https://doi.org/10.18637/jss.v102.i01
https://doi.org/10.21105/joss.00615
https://doi.org/10.3311/pp.me.2012-2.01
https://doi.org/10.1142/S0218127491000397
https://doi.org/10.1007/s00422-021-00909-2
https://doi.org/10.1088/1741-2552/ad0e7c
https://doi.org/10.1016/j.nbd.2022.105912
https://doi.org/10.1038/s41598-024-69456-7
https://doi.org/10.1561/2200000036

	Data-driven identification of macroscopic dynamics with implicit equation-free sampling and Gaussian process regression: for the example of an integrate-and-fire neural network
	1 Introduction
	2 System identification of the macroscopic dynamics with data-driven methods
	2.1 Implicit equation-free analysis
	2.2 Equation-free sampling for Gaussian process regression
	2.3 Generating data at desired macroscopic points with an implicit equation-free approach
	2.4 Gaussian process regression

	3 Application to a large-scale neural system with integrate-and-fire neurons
	3.1 Description of the neural network model
	3.2 Construction of the Gaussian process model
	3.3 Macroscopic bifurcation analysis
	3.4 Comparison to equation-free pseudo-arclength continuation

	4 Conclusion, discussion and outlook
	Appendix
	Testing the robustness of macroscopic models against intrinsic system noise
	Discussion of data preprocessing

	References
	References


