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A B S T R A C T

In this paper, we study a symmetrization that preserves the mixed volume of the sublevel
sets of a convex function, under which, a Pólya–Szegő type inequality holds. We refine this
symmetrization to obtain a quantitative improvement of the Pólya–Szegő inequality for the
𝑘-Hessian integral, and, with similar arguments, we show a quantitative inequality for the
comparison proved by Tso (1989) for solutions to the 𝑘-Hessian equation.

As an application of the first result, we prove a quantitative version of the Faber–Krahn and
Saint-Venant inequalities for these equations.

. Introduction

In recent decades, symmetrization techniques have been extensively studied in relation to the qualitative properties of solutions to
econd-order elliptic boundary value problems. A classic example is the Schwarz symmetrization, used in spectral analysis, among
thers, to provide a solution to very classical problems such as the Faber–Krahn inequality or the Saint-Venant inequality. For
nstance, Talenti uses the Schwarz symmetrization in [1] to prove sharp a priori bounds for solutions to the Poisson equation with
irichlet boundary conditions. The peculiarity of Schwarz symmetrization is that it preserves the volumes of the superlevel sets of
 function, producing a radially symmetric function defined on a ball that has the same 𝐿𝑝 norms as the original. In [2], Talenti
ntroduces a new type of symmetrization that preserves the perimeter of the level sets of a function. This symmetrization suitably
dapts to the Monge–Ampère problem in the plane, that is

{

det (𝐷2𝑢) = 𝑓 in 𝛺 ,
𝑢 = 0 on 𝜕 𝛺 , (1)

here 𝛺 ⊂ R2 is a bounded, open and convex set and 𝑓 is a positive function. The author proves that it is possible to compare the
olution to (1) with the solution to

{

det (𝐷2𝑣) = 𝑓 0 in 𝛺∗
1 ,

𝑣 = 0 on 𝜕 𝛺∗
1 ,

(2)

here 𝑓 0 is the Schwarz symmetrization of 𝑓 and 𝛺∗
1 is the ball with the same perimeter as 𝛺.
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Some years later, Tso in [3] generalizes the result by Talenti in any dimension, and the setting is the following.
Let 𝛺 be an open, bounded and convex set, let 𝑢 ∈ 𝐶2(𝛺) ∩ 𝐶0(𝛺) be a convex and negative function, and let us consider the

following functional

𝐻𝑘(𝑢;𝛺) = 1
𝑘 + 1 ∫𝛺

(−𝑢)𝑆𝑘(𝐷2𝑢) 𝑑 𝑥, (3)

where 𝑆𝑘(𝐷2𝑢) is the 𝑘-Hessian operator, defined as

𝑆𝑘(𝐷2𝑢) =
∑

1≤𝑖1<⋯<𝑖𝑘≤𝑛
𝜆𝑖1 ⋯ 𝜆𝑖𝑘 , 𝑘 = 1,… , 𝑛, (4)

being 𝜆𝑖 the eigenvalues of the Hessian matrix of 𝑢. We notice that 𝑆𝑘 is a second-order differential operator and it reduces to the
Monge–Ampère operator for 𝑘 = 𝑛 and to the Laplace operator for 𝑘 = 1, when the functional 𝐻1 coincides with the Dirichlet
energy. Tso proves that, for all 𝑘, there exists a symmetrization that decreases the functional (3). Moreover, the author exhibits
this symmetrization that preserves the (𝑘 − 1)-th quermassintegral of the sublevelsets of the function 𝑢. For a convex set 𝛺, the
quermassintegrals are geometric quantities that characterize the shape of the set itself, the precise definition can be found in
ection 2.1, while the definition of the associated symmetrization, which we will refer to as (𝑘 − 1)-symmetrized, in Section 2.2.

In the same paper, the author also generalizes the comparison by Talenti for the solution to the Monge–Ampére equation to the
𝑘-Hessian equation in any dimension, proving that, whenever the problem

{

𝑆𝑘(𝐷2𝑢) = 𝑓 in 𝛺 ,
𝑢 = 0 on 𝜕 𝛺 , (5)

where 𝑓 is a positive function, admits a convex solution, then the (𝑘− 1)-symmetrized of the solution 𝑢 can be pointwise compared
with the solution to

{

𝑆𝑘(𝐷2𝑢0) = 𝑓 0 in 𝛺∗
𝑘−1,

𝑢0 = 0 on 𝜕 𝛺∗
𝑘−1,

(6)

where 𝑓 0 is the Schwarz symmetrization of 𝑓 and 𝛺∗
𝑘−1 is the ball with the same (𝑘 − 1)-th quermassintegral, obtaining

𝑢0(𝑥) ≤ 𝑢∗𝑘−1(𝑥) ≤ 0, ∀𝑥 ∈ 𝛺∗
𝑘−1. (7)

It is not true, in general, that the solution to (5) is a convex function. Indeed, it was proved in [4] that if 𝑓 is a positive 𝐶2

function, then the problem (5) admits a 𝑘-convex solution 𝑢 ∈ 𝐶2(𝛺), in the sense that

𝑆𝑖(𝐷2𝑢) ≥ 0, ∀𝑖 = 1,… , 𝑘.

Nevertheless, as already highlighted in [5,6], the result (7) can be obtained by relaxing the assumption on 𝑢 and only requiring
that it has convex sublevel sets. Some evidence in proving the convexity of the solution are obtained in [6,7].

The result by Tso is important not only because it introduces a new symmetrization, but also because it allows one to treat some
optimization problems. Indeed, as a consequence of the results by Tso, it is possible to prove a Faber–Krahn type inequality for the
igenvalues of the 𝑘-Hessian operator and a Saint-Venant type inequality for the 𝑘-th torsional rigidity in a special class of convex
ets. These topics interested many authors over the years, we refer for example to [8–13]. For this reason, these results have also

been extended in the anisotropic setting in [14,15].
The present work aims to improve the results by Tso in a quantitative way, following in the footsteps of the recent paper [16],

in which the authors provide a quantitative version of the Talenti comparison in [1]. The main tool in proving the results by Tso
s an isoperimetric inequality for the quermassintegrals, known as Alexandrov–Fenchel inequality (see Section 2.1). So, to obtain

a quantitative version the key role is played by the quantitative quermassintegral isoperimetric inequality due to Groemer and
chneider [17]. In this work, the authors bound from below the isoperimetric deficit in terms of the Hausdorff asymmetry (see

Section 2, Definition 2.7, for the precise definition) 𝛼 (𝛺), an index that measures the 𝐿∞ distance of 𝛺 to a ball. More precisely,
our main results are

Theorem 1.1. Let 𝛺 be an open, bounded, and convex set of R𝑛 and let 𝑢 ∈ 𝐶2(𝛺) be a convex function that vanishes on the boundary
f 𝛺. Then, there exists a positive constant 𝐶1 = 𝐶1(𝑛, 𝑘, 𝛺) such that

𝐻𝑘(𝑢;𝛺) −𝐻𝑘(𝑢∗𝑘−1;𝛺
∗
𝑘−1)

‖𝑢‖𝑘+1𝐿∞(𝛺)

≥ 𝐶1𝛼
𝑛+3
2 +𝑘+1

 (𝛺), (8)

where 𝑘 = 1,… , 𝑛 − 1,

𝐶1(𝑛, 𝑘, 𝛺) = 𝑐1(𝑛, 𝑘)𝜁𝑛−2𝑘𝑘−1 (𝛺),

𝑐1(𝑛, 𝑘) =
(

𝑛 − 1) (
𝜔𝑛−1

)𝑘+1 (𝑛 + 1)𝛽𝑛
𝑛+3

(

2𝑛 + 3 )𝑛−𝑘
,

2

𝑘 − 1 𝑛𝜔𝑛 2 2 𝑘(𝑛 − 1)(𝑛 − 𝑘 + 1) 2(𝑛 + 2)
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𝛽𝑛 is given in Theorem 2.1, and 𝜁𝑘−1(𝛺) is the (𝑘 − 1)-th meanradius of 𝛺.
Theorem 1.1 allows us to improve the Faber–Krahn and Saint-Venant-type inequalities in a quantitative form as stated in

Corollaries 3.1–3.2.
Later, we focus on the Poisson Eq. (5) and we prove a quantitative version of inequality (7) with the same techniques of

Theorem 1.1.

Theorem 1.2. Let 𝛺 be an open, bounded and convex set of R𝑛 and let 𝑓 be a positive and measurable function. Let 𝑢 ∈ 𝐶2(𝛺) be a
convex solution to (5), 𝑢∗𝑘−1 be its (𝑘− 1)-symmetrized, 𝑘 = 1,… , 𝑛− 1, and let 𝑢0 be the solution to (6). Then there exists a positive constant
𝐶2 = 𝐶2(𝑛, 𝑘) such that

‖𝑢∗𝑘−1 − 𝑢0‖𝐿∞(𝛺∗
𝑘−1)

‖𝑢‖𝐿∞(𝛺)
≥ 𝐶2𝛼

𝑛+5
2

 (𝛺),

where

𝐶2(𝑛, 𝑘) =
(𝑛 + 1)(𝑘 + 1)𝛽𝑛𝜔𝑛−1

2
𝑛+9
2 𝑛2(𝑛 + 2)(𝑛 − 1)(𝑛 − 𝑘 + 1)𝜔2

𝑛

.

Theorem 1.2 recalls the main result in [16], and also its extension to the Hamilton–Jacobi equation contained in [18]; here the
advantage is that we only consider convex functions defined on convex sets.

The pointwise comparison (7) between the symmetrized of the solution to (5) and the solution to (6) can be used to prove a
comparison between the 𝑘-Hessian functional of 𝑢 and 𝑢0. We prove the following

Theorem 1.3. Let 𝛺 be an open, bounded and convex set of R𝑛 and let 𝑓 be a positive and measurable function. Let 𝑢 ∈ 𝐶2(𝛺) be a
solution to (5) with convex sublevel sets and let 𝑢0 be the solution to (6), then it holds

𝐻𝑘(𝑢;𝛺) ≤ 𝐻𝑘(𝑢0;𝛺∗
𝑘−1), (9)

for all 𝑘 = 1,… , 𝑛.
In Section 3, we make use of Theorem 1.2 to improve inequality (9) in a quantitative way.

Theorem 1.4. Let 𝛺 be an open, bounded and convex set of R𝑛 and let 𝑓 be a positive and measurable function. Let 𝑢 be a convex
solution to (5) and let 𝑢0 be the solution to (6). Then there exists a positive constant 𝐶3 = 𝐶3(𝑛, 𝑘) such that

𝐻𝑘(𝑢0;𝛺∗
𝑘−1) −𝐻𝑘(𝑢;𝛺)

‖𝑢‖𝐿∞(𝛺)‖𝑓‖𝐿1(𝛺)
≥ 𝐶3𝛼

𝑛+5
2

 (𝛺),

where

𝐶3(𝑛, 𝑘) =
(

2𝑛 + 3
2(𝑛 + 2)

)𝑛 𝜔𝑛−1𝛽𝑛
𝑛2𝜔2

𝑛

(𝑛 + 1)(𝑘 + 1)
𝑘(𝑛 − 1)(𝑛 − 𝑘 + 1) 2

− 𝑛+7
2

where 𝛽𝑛 is given in Theorem 2.1 and 𝑘 = 1,… , 𝑛 − 1.
We note that the case 𝑘 = 𝑛, namely the Monge–Ampère equation, is not covered in this work, except for Theorem 1.3. In

particular, in the first result, we cannot apply the Aleksandrov–Fenchel inequality for such index. Additionally, we cannot prove
Theorem 1.2 using the same technique as in the cases 𝑘 = 1,… , 𝑛 − 1, even if some partial results can be obtained. So, it is clear
that Theorem 1.4 cannot be extended as a consequence of Theorem 1.2.

The paper is organized as follows: in Section 2 we recall some preliminary tools about convex geometry and quermassintegral
symmetrization; in Section 3 we prove the main Theorems.

2. Notation and preliminaries

We provide the classical definitions and results that we need in the following. The reader can refer to [19, Chapter 1] for more
details.

Definition 2.1. Let 𝛺 , 𝐾 ⊂ R𝑛 two bounded convex sets. We define the Minkowski sum (+) as

𝛺 +𝐾 ∶= {𝑥 + 𝑦 ∶ 𝑥 ∈ 𝛺 , 𝑦 ∈ 𝐾},

Definition 2.2. Let 𝐸 , 𝐹 be two convex sets in R𝑛. The Hausdorff distance between 𝐸 and 𝐹 is defined as

𝑑 (𝐸 , 𝐹 ) ∶= inf {𝜀 > 0 ∶ 𝐸 ⊂ 𝐹 + 𝜀𝐵 , 𝐹 ⊂ 𝐸 + 𝜀𝐵} ,

where 𝐵 is the unitary ball centered at the origin and 𝐹 + 𝜀𝐵 is the Minkowski sum.
3
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Definition 2.3. Let 𝛺 be a convex set. The support function of 𝛺 is defined as

ℎ(𝛺 , 𝑢) ∶= max
𝑥∈𝛺

(𝑥 ⋅ 𝑢), 𝑢 ∈ S𝑛−1.

The support function allows us to define, for a convex set 𝛺, two geometrical quantities.

Definition 2.4. The width function 𝑤(𝛺 , ⋅) of 𝛺 is defined as

𝑤(𝛺 , 𝑢) ∶= ℎ(𝛺 , 𝑢) + ℎ(𝛺 ,−𝑢) for 𝑢 ∈ S𝑛−1.

The quantity 𝑤(𝛺 , 𝑢) is the thickness of 𝛺 in the direction 𝑢 and it represents the distance between the two support hyperplanes
of 𝛺 orthogonal to 𝑢. The maximum of the width function,

𝐷(𝛺) ∶= max
𝑢∈S𝑛−1

𝑤(𝛺 , 𝑢)

is the diameter of 𝛺.
The mean value of the width function is called the mean width and it is denoted by

𝑤(𝛺) ∶= 2
𝑛𝜔𝑛 ∫S𝑛−1

ℎ(𝛺 , 𝑢) 𝑑 𝑢.

The Steiner point 𝑠(𝛺) is defined via the vector-valued integral

𝑠(𝛺) ∶= 1
𝜔𝑛 ∫S𝑛−1

ℎ(𝛺 , 𝑢)𝑢 𝑑 𝑢

Definition 2.5. The Steiner ball 𝐵𝛺 of a convex set 𝛺 is the ball centered at the Steiner point of 𝛺 with diameter equal to 𝑤(𝛺).

Remark 2.1. Thanks to Definition 2.3 of the support function of a convex set, it is possible to characterize the Hausdorff distance
as follows

𝑑 (𝐸 , 𝐹 ) = ‖ℎ(𝐸 , ⋅) − ℎ(𝐹 , ⋅)‖𝐿∞ .

Now it is clear that

|𝑠(𝐸) − 𝑠(𝐹 )| ≤ 𝑛𝑑 (𝐸 , 𝐹 ).

Remark 2.2. Let us observe that it is possible to compare the mean width and the diameter of 𝛺, for any convex set 𝛺 ⊂ R𝑛, as
the following bounds hold

2𝜔𝑛−1
𝑛𝜔𝑛

≤ 𝑤(𝛺)
𝐷(𝛺)

≤ 1.

The upper bound follows by the definition of diameter and mean width, while the lower bound is proved in [20], and we recall
here the proof for the reader’s convenience.

Let 𝑆 ⊂ 𝛺 be the diameter segment and let us suppose, without loss of generality, that it can be written as

𝑆 =
𝐷(𝛺)
2

𝛼𝐞1, 𝛼 ∈ [−1, 1]
Then, by the definition of support function, we have that

ℎ(𝛺 , 𝑢) ≥ ℎ(𝑆 , 𝑢) = 𝐷(𝛺)
2

sup
𝛼∈[−1,1]

⟨𝛼𝐞1, 𝑢⟩ =
𝐷(𝛺)
2

|⟨𝐞1, 𝑢⟩|

and then, if we write 𝑢 = (𝑢2,… , 𝑢𝑛)
𝑤(𝛺)
𝐷(𝛺)

= 1
𝐷(𝛺)

2
𝑛𝜔𝑛 ∫S𝑛−1

ℎ(𝛺 , 𝑢) 𝑑 𝑢 ≥ 1
𝑛𝜔𝑛 ∫S𝑛−1

|⟨𝐞1, 𝑢⟩| 𝑑 𝑢 = 1
𝑛𝜔𝑛 ∫{𝑢21+⋯+𝑢2𝑛=1}

|𝑢1| 𝑑𝑛−1(𝑢)

= 2
𝑛𝜔𝑛 ∫𝐵𝑛−1

√

1 − |

|

𝑢|
|

2 1
√

1 − |

|

𝑢|
|

2
𝑑𝑢 =

2𝜔𝑛−1
𝑛𝜔𝑛

.

4
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2.1. Quermassintegrals

For the content of this section, we will refer to [19]. Let 𝛺 ⊂ R𝑛 be a non-empty, bounded, convex set, let 𝐵 be the unitary ball
centered at the origin and 𝜌 > 0. We can write the Steiner formula for the Minkowski sum 𝛺 + 𝜌𝐵 as

|𝛺 + 𝜌𝐵| =
𝑛
∑

𝑖=0

(

𝑛
𝑖

)

𝑊𝑖(𝛺)𝜌𝑖. (10)

The coefficients 𝑊𝑖(𝛺) are known in the literature as quermassintegrals of 𝛺. In particular, 𝑊0(𝛺) = |𝛺|, 𝑛𝑊1(𝛺) = 𝑃 (𝛺) and
𝑊𝑛(𝛺) = 𝜔𝑛 where 𝜔𝑛 is the measure of 𝐵.

Formula (10) can be generalized to every quermassintegral, obtaining

𝑊𝑗 (𝛺 + 𝜌𝐵) =
𝑛−𝑗
∑

𝑖=0

(

𝑛 − 𝑗
𝑖

)

𝑊𝑗+𝑖(𝛺)𝜌𝑖, 𝑗 = 0,… , 𝑛 − 1. (11)

If 𝛺 has 𝐶2 boundary, the quermassintegrals can be written in terms of principal curvatures of 𝛺. More precisely, denoting with
𝜎𝑘 the 𝑘-th normalized elementary symmetric function of the principal curvature 𝜅1,… , 𝜅𝑛−1 of 𝜕 𝛺, i.e.

𝜎0 = 1, 𝜎𝑗 =
(

𝑛 − 1
𝑗

)−1
∑

1≤𝑖1<⋯<𝑖𝑗≤𝑛−1
𝜅𝑖1 … 𝜅𝑖𝑗 , 𝑗 = 1,… , 𝑛 − 1,

then, the quermassintegrals can be written as

𝑊𝑗 (𝛺) = 1
𝑛 ∫𝜕 𝛺

𝜎𝑗−1 𝑑𝑛−1, 𝑗 = 1,… , 𝑛 − 1. (12)

Furthermore, Aleksandrov–Fenchel inequalities hold true
(𝑊𝑗 (𝛺)

𝜔𝑛

)
1

𝑛−𝑗
≥
(

𝑊𝑖(𝛺)
𝜔𝑛

)
1
𝑛−𝑖

, 0 ≤ 𝑖 < 𝑗 ≤ 𝑛 − 1, (13)

where equality holds if and only if 𝛺 is a ball. When 𝑖 = 0 and 𝑗 = 1, formula (13) reduces to the classical isoperimetric inequality,
i.e.

𝑃 (𝛺) ≥ 𝑛𝜔
1
𝑛
𝑛 |𝛺|

𝑛−1
𝑛 .

As the classical isoperimetric inequality, the Alexandrov–Fenchel inequalities can be improved in a quantitative form, as proved
n [17].

Theorem 2.1 (Groemer–Schneider). Let 𝛺 be a bounded convex set with Steiner ball 𝐵𝛺, then, for 0 ≤ 𝑖 < 𝑗 ≤ 𝑛 − 1, it holds
𝜔𝑖−𝑗
𝑛 𝑊𝑗 (𝛺)𝑛−𝑖 −𝑊𝑖(𝛺)𝑛−𝑗

𝑊𝑖(𝛺)𝑛−𝑗
≥ 𝑛 + 1

𝑛(𝑛 − 1) 𝑠𝑗−𝑖
(

𝑊 2
𝑛−1(𝛺)
𝜔𝑛

, 𝑊𝑛−2(𝛺)

)

𝛽𝑛
𝑊 𝑗−𝑖

𝑛−2 (𝛺)

(

𝜔𝑛
𝑊𝑛−1(𝛺)

)
𝑛−1
2

𝑑 (𝛺 , 𝐵𝛺)
𝑛+3
2 , (14)

where

𝑠𝑚(𝑥, 𝑦) =
𝑚−1
∑

𝜈=0
𝑥𝜈𝑦𝑚−𝜈−1, 𝛽𝑛 = 𝛼𝑛

(

𝑛𝜔𝑛
𝜔𝑛−1

)

,

and

𝛼𝑛(𝑐) =
𝜔𝑛−1

(𝑛 + 1)(𝑛 + 3) min

{

3
𝜋2𝑛(𝑛 + 2)2𝑛 ,

16(𝑐 + 2) 𝑛−32
(𝑐 − 1)𝑛−2

}

.

Remark 2.3. Let us observe that by the Alexandrov–Fenchel inequalities (13) and the fact that 𝑗 − 𝑖 ≥ 1, the quantitative result
(14) can be rewritten as follows

𝜔𝑖−𝑗
𝑛 𝑊𝑗 (𝛺)𝑛−𝑖 −𝑊𝑖(𝛺)𝑛−𝑗

𝑊𝑖(𝛺)𝑛−𝑗
≥

(𝑛 + 1)𝛽𝑛
𝑛(𝑛 − 1)𝜔𝑛

(

𝜔𝑛𝑑 (𝛺 , 𝐵𝛺)
𝑊𝑛−1(𝛺)

)
𝑛+3
2

. (15)

Definition 2.6. Let 𝛺 be a compact convex set, we define the k-th mean radius, 𝑘 = 1,… , 𝑛 − 1, of 𝛺 as

𝜁𝑘(𝛺) =
(

𝑊𝑘(𝛺)
𝜔𝑛

)
1

𝑛−𝑘
. (16)
5
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(

The quantitative Alexandrov–Fenchel inequalities can be rewritten in terms of mean radii, obtaining
𝜁 (𝑛−𝑗)(𝑛−𝑖)𝑗 − 𝜁 (𝑛−𝑗)(𝑛−𝑖)𝑖

𝜁 (𝑛−𝑗)(𝑛−𝑖)𝑖

≥
(𝑛 + 1)𝛽𝑛
𝑛(𝑛 − 1)𝜔𝑛

(

𝑑 (𝛺 , 𝐵𝛺)
𝜁𝑛−1(𝛺)

)
𝑛+3
2

. (17)

Remark 2.4. We observe that, since 𝑤(𝛺) = 2𝜁𝑛−1(𝛺), Remark 2.2 implies
𝜁𝑛−1(𝛺)
𝐷(𝛺)

≥
𝜔𝑛−1
𝑛𝜔𝑛

. (18)

Remark 2.5. If 𝐾 is a 𝑗-dimensional convex set in R𝑛, then the 𝑖-th quermassintegral, 𝑖 = 1,… , 𝑛 − 𝑗 − 1, equals zero, while the
others may be non-null.

Definition 2.7. The Hausdorff asymmetry index is defined as

𝛼 (𝛺) = 𝑑 (𝛺 , 𝐵𝛺)
𝜁𝑛−1(𝛺)

,

where 𝐵𝛺 is the Steiner ball of 𝛺.
It is possible to prove that the Hausdorff asymmetry index is bounded: indeed if we denote by

𝑟 = 𝑑(𝑠𝛺 , 𝜕 𝛺),

it follows that 𝑟 > 0 as the Steiner point 𝑠(𝛺) ∈ 𝛺̊ (see [21]), so 𝐵𝑟(𝑠(𝛺)) ⊂ 𝛺, and

𝑑 (𝛺 , 𝐵𝛺) ≤ 𝑑 (𝐵𝑟, 𝐵𝛺) = 𝜁𝑛−1(𝛺) − 𝑟 =≤ 𝜁𝑛−1(𝛺),

that is
𝛼 (𝛺) ≤ 1. (19)

We now want to prove a ‘‘Hausdorff counterpart’’ of the propagation of the Fraenkel asymmetry contained in [22], as we aim
to adapt their techniques, inspired by an idea contained in [23], to our case.

Lemma 2.2 (Propagation of the Hausdorff Asymmetry). Let 𝛺 ⊂ R𝑛 be a bounded, convex set with finite measure and let 𝑈 ⊂ 𝛺, |𝑈 | > 0
be such that

𝑑 (𝛺 , 𝑈 ) ≤ 1
2(𝑛 + 2)𝑑 (𝛺 , 𝐵𝛺), (20)

where 𝐵𝛺 is the Steiner ball of 𝛺. Then, we have

𝑑 (𝑈 , 𝐵𝑈 ) ≥
1
2
𝑑 (𝛺 , 𝐵𝛺), (21)

where 𝐵𝑈 is the Steiner ball of 𝑈 .

Proof. Let us set

𝑅 = 𝜁𝑛−1(𝛺), 𝑟 = 𝜁𝑛−1(𝑈 ),

and let us denote by 𝜀1 = 𝑑 (𝛺 , 𝑈 ), 𝜀2 = 𝑑 (𝐵𝑈 , 𝐵𝑅), then, the monotonicity with respect to the inclusion of the mean radii and
he Steiner formula for the quermassintegral (11) give

𝑅 = 𝜁𝑛−1(𝛺) ≤ 𝜁𝑛−1(𝑈 + 𝜀1𝐵1) =
𝑊𝑛−1(𝑈 + 𝜀1𝐵1)

𝜔𝑛
=

𝑊𝑛−1(𝑈 ) + 𝜔𝑛𝜀1
𝜔𝑛

=
𝑊𝑛−1(𝑈 )

𝜔𝑛
+ 𝜀1

= 𝑟 + 𝜀1 = 𝑟 + 𝑑 (𝛺 , 𝑈 ).

Moreover,

𝑑 (𝐵𝑅, 𝐵𝑈 ) ≤ 𝑅 − 𝑟 + |𝑠(𝛺) − 𝑠(𝑈 )| ≤ (𝑛 + 1)𝑑 (𝛺 , 𝑈 ), (22)

where 𝑠(𝛺) and 𝑠(𝑈 ) are the Steiner point of 𝛺 and 𝑈 respectively. Now, using the reverse triangular inequality, the hypothesis
20) and (22), we have

𝑑 (𝑈 , 𝐵𝑈 ) ≥ 𝑑 (𝛺 , 𝐵𝑈 ) − 𝑑 (𝛺 , 𝑈 )

= 𝑑 (𝛺 , 𝐵𝛺) + 𝑑 (𝛺 , 𝐵𝑈 ) − 𝑑 (𝛺 , 𝐵𝛺) − 𝑑 (𝛺 , 𝑈 )

≥ 𝑑 (𝛺 , 𝐵𝛺) − 𝑑 (𝐵𝑈 , 𝐵𝛺) − 𝑑 (𝛺 , 𝑈 )

≥ 𝑑 (𝛺 , 𝐵 ) − (𝑛 + 2)𝑑 (𝛺 , 𝑈 ) > 1𝑑 (𝛺 , 𝐵 ).

□

6

 𝛺  2  𝛺
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2.2. Symmetrization

Let 𝛺 be an open, bounded and convex set in R𝑛 and

(𝛺) = {𝑢 ∈ 𝐶∞(𝛺) ∩ 𝐶(𝛺) ∶ 𝑢 is strictly convex in 𝛺 and vanishes on 𝜕 𝛺}.

We observe that any 𝑢 in (𝛺) has a unique minimum in 𝛺. Denote

𝛺(𝜇) = {𝑥 ∈ 𝛺 ∶ 𝑢(𝑥) < 𝜇}, 𝜕 𝛺(𝜇) = {𝑥 ∈ 𝛺 ∶ 𝑢(𝑥) = 𝜇},

for 𝜇 ∈ [𝑚, 0], where 𝑚 is the minimum of 𝑢. We define the 𝑘-symmetrized of 𝑢, 𝑘 = 0,… , 𝑛 − 1, to be

𝑢∗𝑘(𝑥) = sup{𝜇 ∈ [𝑚, 0] ∶ 𝜁𝑘(𝛺(𝜇)) < |𝑥|}

that is a radially symmetric function defined in the ball

𝛺∗
𝑘 = {𝑥 ∶ |𝑥| < 𝜁𝑘(𝛺)}.

It is possible to prove that the function 𝑢∗𝑘 is strictly increasing along the radii and it is strictly convex, so 𝑢∗𝑘 ∈ (𝛺∗
𝑘).

Moreover, for 𝑘 = 0, we recover the standard Schwarz symmetrization.

Remark 2.6 (Comparison of 𝑢∗𝑘). We observe that the Aleksandrov–Fenchel inequality (13) implies the inclusions

𝛺∗
0 ⊆ 𝛺∗

1 ⊆ ⋯ ⊆ 𝛺∗
𝑘 ⊆ 𝛺∗

𝑘+1 ⊆ ⋯ ⊆ 𝛺∗
𝑛−1

and then 𝑢∗𝑘 is well defined on the smallest ball 𝛺∗
0 for all 𝑘 = 0,… , 𝑛 − 1. If 𝑥 ∈ 𝛺∗

0 , then we have

{𝜇 ∶ 𝜁𝑛−1(𝛺(𝜇)) < |𝑥|} ⊆ {𝜇 ∶ 𝜁𝑛−2(𝛺(𝜇)) < |𝑥|} ⊆ ⋯ ⊆ {𝜇 ∶ 𝜁0(𝛺(𝜇)) < |𝑥|},

that is, passing to the supremum,

0 ≥ 𝑢∗0(𝑥) ≥ 𝑢∗1(𝑥) ≥ ⋯ ≥ 𝑢∗𝑘(𝑥) ≥ 𝑢∗𝑘+1(𝑥) ≥ ⋯ ≥ 𝑢∗𝑛−1(𝑥)

for all 𝑥 ∈ 𝛺∗
0 . In particular, if 0 ≤ 𝑖 < 𝑗 ≤ 𝑛 − 1,

𝑢∗𝑖 (𝑥) ≥ 𝑢∗𝑗 (𝑥)

for all 𝑥 ∈ 𝛺∗
𝑖 .

Remark 2.7. The convexity of the function 𝑢 and the monotonicity of the quermassintegral under inclusion can be very useful in
bounding from below the mean radii of the sublevel sets 𝛺(𝜇). Indeed, the convexity of 𝑢 implies that it is possible to find a function
𝑐 whose graph is the cone of base 𝛺 and height 𝑚 that satisfies 𝑢 ≤ 𝑐. If we denote by 𝐶(𝜇) = {𝑐 < 𝜇}, it is clear that 𝐶(𝜇) ⊆ 𝛺(𝜇).

Without loss of generality, we can assume that 0 ∈ 𝛺 and 𝑢(0) = 𝑚. By the definition of cone, the sublevel sets of the function 𝑐
are homothetic to 𝛺 (see Fig. 1), and we can explicitly write

𝐶(𝜇) =
(

1 − 𝜇
𝑚

)

𝛺 , (23)

as we are assuming that 𝑢(0) = 𝑚, the center of the homothety is 0. This allows us to have the following bound for the mean radii
f the sublevel sets of the function 𝑢

𝜁𝑘(𝛺(𝜇)) ≥ 𝜁𝑘(𝐶(𝜇)) =
(

1 − 𝜇
𝑚

)

𝜁𝑘(𝛺) (24)

where 𝜇 ∈ [𝑚, 0].

Remark 2.8. The inclusion 𝐶(𝜇) ⊂ 𝛺(𝜇) is also useful to bound the Hausdorff distance between 𝛺(𝜇) and 𝛺

𝑑 (𝛺 , 𝛺(𝜇)) ≤ 𝑑 (𝛺 , 𝐶(𝜇)), (25)

and, as 𝐶(𝜇) is homothetic to 𝛺, one can bound this distance in terms of 𝜇 and the diameter of 𝛺, as it holds

𝑑 (𝛺 , 𝑡𝛺) ≤ (1 − 𝑡)𝐷(𝛺), ∀0 ≤ 𝑡 ≤ 1

and so
𝑑 (𝛺 , 𝐶(𝜇)) ≤ 𝜇

𝑚
𝐷(𝛺). (26)

This will be very useful in order to apply the Propagation Lemma 2.2.
7
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Fig. 1. Control of the quermassintegrals of the sublevelsets of 𝑢 via the quermassintegrals of 𝛺.

2.3. The 𝑘-Hessian operator

Let 𝛺 be an open subset of R𝑛 and let 𝑢 ∈ 𝐶2(𝛺). As seen in (4), the 𝑘-Hessian operator is the 𝑘-th elementary function of the
Hessian matrix 𝐷2𝑢. Except for the case 𝑘 = 1 where the 𝑘-Hessian operator reduces to the usual Laplace operator, these operators
are fully nonlinear and non-elliptic, unless one restricts to the class of 𝑘-convex function

𝑘(𝛺) = {

𝑢 ∈ 𝐶2(𝛺) ∶ 𝑆𝑖(𝐷2𝑢) ≥ 0 in 𝛺 , 𝑖 = 1,… , 𝑘} .

The operator 𝑆
1
𝑘
𝑘 is homogeneous of degree 1, and if we denote by

𝑆 𝑖𝑗
𝑘 (𝐷

2𝑢) = 𝜕
𝜕 𝑢𝑖𝑗

𝑆𝑘(𝐷2𝑢),

the Euler identity for homogeneous functions gives

𝑆𝑘(𝐷2𝑢) = 1
𝑘
𝑆𝑖𝑗
𝑘 (𝐷

2𝑢)𝑢𝑖𝑗 .

A direct computation shows that the
(

𝑆1𝑗
𝑘 (𝐷2𝑢),… , 𝑆𝑛𝑗

𝑘 (𝐷2𝑢)
)

is divergence-free, hence 𝑆𝑘(𝐷2𝑢) can be written in divergence form

𝑆𝑘(𝐷2𝑢) = 1
𝑘

(

𝑆 𝑖𝑗
𝑘 (𝐷

2𝑢)𝑢𝑗
)

𝑖
, (27)

where the subscripts 𝑖, 𝑗 stand for partial differentiation.
If 𝑢 ∈ 𝐶2(𝛺) and 𝑡 is a regular point of 𝑢, on the boundary of {𝑢 ≤ 𝑡} it is possible to link the 𝑘-Hessian operator with the (𝑘− 1)-th

curvature
(

𝑛 − 1
𝑘 − 1

)

𝜎𝑘−1 =
𝑆 𝑖𝑗
𝑘 (𝐷

2𝑢)𝑢𝑖𝑢𝑗
|∇𝑢|𝑘+1

. (28)

Finally, we report a classic result without proof, for more details see [3], Proposition 6.

Proposition 2.3. Let 𝛴(𝑡) be a smooth family of embedded hypersurfaces in R𝑛 oriented with respect to the unit inner normal −𝜈. Then
for all 𝑘 = 0, 1,… , 𝑛 − 1 we have

𝑑
𝑑 𝑡 ∫𝛴(𝑡)

𝜎𝑘 𝑑𝑛−1 = (𝑛 − 𝑘 − 1)∫𝛴(𝑡)
𝜎𝑘+1 𝜈 ⋅ 𝜉 𝑑𝑛−1,

where

𝜉 =
𝜕 𝛴(𝑡)
𝜕 𝑡

is the variation vector field.

3. Proofs of main results

3.1. Proof of Theorem 1.1

First of all, we prove the Pólya–Szegő type quantitative inequality contained in Theorem 1.1. Here, the convexity of the setting is
crucial, as we want to take advantage of the comparison with cones explained in Remark 2.7 and the Alexandrov–Fenchel inequalities
8
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𝑗

for convex sets.

Proof of Theorem 1.1. The chain of inequalities (25)–(26)

𝑑 (𝛺(𝜇), 𝛺) ≤ 𝑑 (𝐶(𝜇), 𝛺) ≤ 𝜇
𝑚
𝐷(𝛺)

gives the following inclusions
{

𝜇 ∈ [𝑚, 0] ∶ 𝜇 ≥ 𝑚
2(𝑛 + 2)

𝑑 (𝛺 , 𝐵𝛺)
𝐷(𝛺)

}

⊆
{

𝜇 ∈ [𝑚, 0] ∶ 𝑑 (𝛺 , 𝐶(𝜇)) < 1
2(𝑛 + 2)𝑑 (𝛺 , 𝐵𝛺)

}

⊆
{

𝜇 ∈ [𝑚, 0] ∶ 𝑑 (𝛺 , 𝛺(𝜇)) < 1
2(𝑛 + 2)𝑑 (𝛺 , 𝐵𝛺)

}

,
(29)

where the smallest set is well defined from (19). We define

𝜇 = inf
{

𝜇 ∈ [𝑚, 0] ∶ 𝜇 ≥ 𝑚
2(𝑛 + 2)

𝑑 (𝛺 , 𝐵𝛺)
𝐷(𝛺)

}

= 𝑚
2(𝑛 + 2)

𝑑 (𝛺 , 𝐵𝛺)
𝐷(𝛺)

, (30)

and we observe that for all 𝜇 ∈ [𝜇 , 0], the sublevel set 𝛺(𝜇) satisfies the hypothesis of Lemma 2.2, hence

𝛼 (𝛺(𝜇)) ≥
𝛼 (𝛺)

2
.

Proceeding as in [3], we have

(𝑘 + 1)𝐻𝑘(𝑢, 𝛺) = ∫𝛺
(−𝑢)𝑆𝑘(𝐷2𝑢) 𝑑 𝑥 = 1

𝑘 ∫𝛺
𝑆𝑖𝑗
𝑘 (𝐷

2𝑢)𝑢𝑖𝑢𝑗 𝑑 𝑥 = 1
𝑘 ∫

0

𝑚 ∫𝜕 𝛺(𝜇)

𝑆𝑖𝑗
𝑘 (𝐷

2𝑢)𝑢𝑖𝑢𝑗
|∇𝑢|

𝑑𝑛−1 𝑑 𝜇 ,

where we have applied the divergence Theorem and the Coarea formula. We can now apply identity (28) on 𝜕 𝛺(𝜇) and the
Jensen inequality, obtaining

𝑘(𝑘 + 1)𝐻𝑘(𝑢, 𝛺) =
(

𝑛 − 1
𝑘 − 1

)

∫

0

𝑚 ∫𝜕 𝛺(𝜇)
𝜎𝑘−1|∇𝑢|

𝑘 𝑑𝑛−1 𝑑 𝜇 ≥
(

𝑛 − 1
𝑘 − 1

)

∫

0

𝑚

[

∫𝜕 𝛺(𝜇) 𝜎𝑘−1 𝑑
𝑛−1

]𝑘+1

[

∫𝜕 𝛺(𝜇)
𝜎𝑘−1
|∇𝑢| 𝑑

𝑛−1
]𝑘 𝑑 𝜇 .

As a consequence of Proposition 2.3, it follows

∫𝜕 𝛺(𝜇)

𝜎𝑘−1
|∇𝑢|

𝑑𝑛−1 = 𝑛𝜔𝑛𝜁
𝑛−𝑘
𝑘−1 (𝛺(𝜇))

𝑑 𝜁𝑘−1(𝛺(𝜇))
𝑑 𝜇 ,

so, recalling the definition of mean radii (16) and applying the quantitative isoperimetric inequality (17) with 𝑖 = 𝑘 − 1 and
= 𝑘, we have

𝑘(𝑘 + 1)𝐻𝑘(𝑢;𝛺) ≥
(

𝑛 − 1
𝑘 − 1

)

𝑛𝜔𝑛∫

0

𝑚

1
(

𝑑 𝜁𝑘−1
𝑑 𝜇

)𝑘

[

𝜁𝑘+1𝑘 (𝛺(𝜇))

𝜁𝑘𝑘−1(𝛺(𝜇))

]𝑛−𝑘

𝑑 𝜇

≥
(

𝑛 − 1
𝑘 − 1

)

𝑛𝜔𝑛∫

0

𝑚

𝜁𝑛−𝑘𝑘−1 (𝛺(𝜇))
(

𝑑 𝜁𝑘−1
𝑑 𝜇

)𝑘

[

1 + (𝑛 + 1)𝛽𝑛
𝑛(𝑛 − 1)𝜔𝑛

𝛼
𝑛+3
2

 (𝛺(𝜇))
]

𝑘+1
𝑛−𝑘+1

𝑑 𝜇

≥
(

𝑛 − 1
𝑘 − 1

)

𝑛𝜔𝑛∫

0

𝑚

𝜁𝑛−𝑘𝑘−1 (𝛺(𝜇))
(

𝑑 𝜁𝑘−1
𝑑 𝜇

)𝑘 𝑑 𝜇 +
(

𝑛 − 1
𝑘 − 1

)

𝑛𝜔𝑛∫

0

𝑚

𝜁𝑛−𝑘𝑘−1 (𝛺(𝜇))
(

𝑑 𝜁𝑘−1
𝑑 𝜇

)𝑘

[

(𝑘 + 1)(𝑛 + 1)𝛽𝑛
2𝑛(𝑛 − 1)(𝑛 − 𝑘 + 1)𝜔𝑛

𝛼
𝑛+3
2

 (𝛺(𝜇))
]

𝑑 𝜇 ,

where the last inequality follows from the inequality

(1 + 𝑥)𝛼 ≥ 1 + 𝛼
2
𝑥, ∀ 𝛼 > 0, ∀ 𝑥 ∈ [0, 1]. (31)

Now let us study the two integrals separately. The first integral, as also observed in [3], is precisely
(

𝑛 − 1
𝑘 − 1

)

𝑛𝜔𝑛∫

0

𝑚

𝜁𝑛−𝑘𝑘−1 (𝛺(𝜇))
(

𝑑 𝜁𝑘−1
𝑑 𝜇

)𝑘 𝑑 𝜇 = (𝑘 + 1)𝑘𝐻𝑘(𝑢∗𝑘−1;𝛺
∗
𝑘−1).

We aim to bound from below the second integral in terms of the Hausdorff asymmetry of 𝛺. Let us consider the threshold 𝜇
defined in (30), for 𝜇 ∈ [𝜇 , 0] we can apply the propagation Lemma 2.2 and the bound (24), obtaining
9
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(

𝑛 − 1
𝑘 − 1

)

𝑛𝜔𝑛∫

0

𝑚

𝜁𝑛−𝑘𝑘−1 (𝛺(𝜇))
(

𝑑 𝜁𝑘−1
𝑑 𝜇

)𝑘

[

(𝑘 + 1)(𝑛 + 1)𝛽𝑛
𝑛(𝑛 − 1)(𝑛 − 𝑘 + 1)𝜔𝑛

𝛼
𝑛+3
2

 (𝛺(𝜇))
]

𝑑 𝜇

≥ 𝜅1(𝑛, 𝑘)𝛼
𝑛+3
2

 (𝛺)∫

0

𝜇

𝜁𝑛−𝑘𝑘−1 (𝛺(𝜇))
(

𝑑 𝜁𝑘−1
𝑑 𝜇

)𝑘 𝑑 𝜇 ≥ 𝜅1(𝑛, 𝑘)𝛼
𝑛+3
2

 (𝛺)∫

0

𝜇

(

1 − 𝜇
𝑚

)𝑛−𝑘 𝜁𝑛−𝑘𝑘−1 (𝛺)
(

𝑑 𝜁𝑘−1
𝑑 𝜇

)𝑘 𝑑 𝜇

≥ 𝜅1(𝑛, 𝑘)
(

1 − 𝜇
𝑚

)𝑛−𝑘
𝛼

𝑛+3
2

 (𝛺)𝜁𝑛−𝑘𝑘−1 (𝛺)∫

0

𝜇

1
(

𝑑 𝜁𝑘−1
𝑑 𝜇

)𝑘 𝑑 𝜇 ,

where the constant is

𝜅1(𝑛, 𝑘) =
(

𝑛 − 1
𝑘 − 1

)

( 1
2

)

𝑛+3
2 (𝑘 + 1)(𝑛 + 1)𝛽𝑛

(𝑛 − 1)(𝑛 − 𝑘 + 1) .

To conclude, we perform the change of variable 𝑟 = 𝜁𝑘−1(𝛺(𝜇)) and a Jensen inequality, and we have

𝜅1(𝑛, 𝑘)
(

1 − 𝜇
𝑚

)𝑛−𝑘
𝛼

𝑛+3
2

 (𝛺)𝜁𝑛−𝑘𝑘−1 (𝛺)∫

0

𝜇

1
(

𝑑 𝜁𝑘−1
𝑑 𝜇

)𝑘 𝑑 𝜇

= 𝜅1(𝑛, 𝑘)
(

1 − 𝜇
𝑚

)𝑛−𝑘
𝛼

𝑛+3
2

 (𝛺)𝜁𝑛−𝑘𝑘−1 (𝛺)∫

𝜁𝑘−1(𝛺)

𝜁𝑘−1(𝛺(𝜇))

(

(

𝑢∗𝑘−1
)′ (𝑟)

)𝑘+1
𝑑 𝑟

≥ 𝜅1(𝑛, 𝑘)
(

1 − 𝜇
𝑚

)𝑛−𝑘 (−𝜇)𝑘+1

𝜁𝑘𝑘−1(𝛺)
𝛼

𝑛+3
2

 (𝛺)𝜁𝑛−𝑘𝑘−1 (𝛺).

By (30), we can bound
(

1 − 𝜇
𝑚

)

≥
(

2𝑛 + 3
2(𝑛 + 2)

)

, (32)

and we obtain

𝐻𝑘(𝑢;𝛺) −𝐻𝑘(𝑢∗𝑘−1;𝛺
∗
𝑘−1) ≥ 𝜅2(𝑛, 𝑘)(−𝑚)𝑘+1𝛼

𝑛+3
2 +𝑘+1

 (𝛺)𝜁𝑛−2𝑘𝑘−1 (𝛺)
(

𝜁𝑛−1(𝛺)
𝐷(𝛺)

)𝑘+1
,

where the new constant is

𝜅2(𝑛, 𝑘) =
𝜅1(𝑛, 𝑘)
𝑘(𝑘 + 1)

(

2𝑛 + 3
2(𝑛 + 2)

)𝑛−𝑘
.

Finally from (18), the thesis follows. □

Remark 3.1. In [5], it was observed that the Pólya–Szegő type inequality

𝐻𝑘(𝛺 , 𝑢) ≥ 𝐻𝑘(𝛺∗
𝑘−1, 𝑢∗𝑘−1)

holds true for every function 𝑢 with convex sublevel sets.
Our result Theorem 1.1 remains valid when the convexity hypothesis is relaxed to the 𝑝−convexity, for some 𝑝 ∈ (0, 1], in the

sense that we can consider any negative function 𝑢 such that the power

−(−𝑢)𝑝

is convex. A 𝑝-convex function defined on a convex set has convex sublevel sets, so the Pólya–Szegő type inequality holds for it,
and in this case, Theorem 1.1 reads as follows: let 𝑢 ∈ 𝐶2(𝛺) be a negative 𝑝-convex function, with 𝑝 ∈ (0, 1], defined on an open,
bounded and convex set 𝛺 which vanishes on 𝜕 𝛺, then there exists a positive constant 𝐶̃ = 𝐶̃(𝑛, 𝑘, 𝑝) such that

𝐻𝑘(𝛺 , 𝑢) −𝐻𝑘(𝛺∗
𝑘−1, 𝑢∗𝑘−1) ≥ 𝐶̃ 𝛼

𝑛+3
2 + 𝑘+1

𝑝
 (𝛺)𝜁𝑛−2𝑘𝑘−1 (𝛺)‖𝑢‖𝑘+1∞ , (33)

and

𝐶̃(𝑛, 𝑘, 𝑝) =
(

𝑛 − 1
𝑘 − 1

) (
𝜔𝑛−1
𝑛𝜔𝑛

)
𝑘+1
𝑝 (𝑛 + 1)𝛽𝑛

2
𝑛+3
2 𝑘(𝑛 − 1)(𝑛 − 𝑘 + 1)

(

2𝑛 + 3
2(𝑛 + 2)

)𝑛−𝑘
. (34)

Theorem 1.1 leads to a quantitative inequality for the eigenvalue of the 𝑘-Hessian operator. The eigenvalue of the 𝑘-Hessian
operator is the only real number 𝜆𝑘(𝛺) such that

{

𝑆𝑘(𝐷2𝑢) = 𝜆𝑘(𝛺)(−𝑢)𝑘 in 𝛺 ,
(35)
10
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has a solution (see [4]). We recall the following variational characterization of the eigenvalue

𝜆𝑘(𝛺) = inf
⎧

⎪

⎨

⎪

⎩

(𝑘 + 1)𝐻𝑘(𝑢;𝛺)
‖𝑢‖𝑘+1

𝐿𝑘+1(𝛺)

∶ 𝑢 ∈ 𝐶2(𝛺), 𝑢 𝑘-convex, 𝑢|𝜕 𝛺 = 0
⎫

⎪

⎬

⎪

⎭

.

As a consequence of the result in [3] and Remark 2.6 we have that the eigenvalue of the 𝑘-Hessian operator is minimum on the
ball in the class of convex sets for which the eigenfunction has convex level sets, provided that the (𝑘 − 1)-th quermassintegral is
ixed. In particular, the following corollary holds if one assumes that there exists a 𝑝-convex eigenfunction. We recall that evidence

of that are contained in [6,7].

Corollary 3.1. Let 𝛺 be an open, bounded and convex set of R𝑛. Assume that the solution 𝑢 to (35) is 𝑝-convex, for some 𝑝 ∈ (0, 1], then
there exists a positive constant 𝐶4 = 𝐶4(𝑛, 𝑘, 𝑝, 𝛺) such that

𝜆𝑘(𝛺) − 𝜆𝑘(𝛺∗
𝑘−1) ≥ 𝐶4𝛼

𝑛+3
2 + 𝑘+1

𝑝
 (𝛺),

where

𝐶4(𝑛, 𝑘, 𝑝, 𝛺) = 𝐶̃(𝑛, 𝑘, 𝑝)(𝑘 + 1)𝜔−1
𝑛 𝜁−2𝑘𝑘−1 (𝛺)

and 𝐶̃(𝑛, 𝑘, 𝑝) is given in (34).

Proof. Let 𝑢 be the eigenfunction in (35). We remark that Cavalieri’s principle and Alexandrov–Fenchel inequality (13) imply

∫𝛺
(−𝑢)𝑘+1 𝑑 𝑥 = (𝑘 + 1)∫

+∞

0
𝑡𝑘|{−𝑢 > 𝑡}| 𝑑 𝑡 ≤ (𝑘 + 1)∫

+∞

0
𝑡𝑘|{−𝑢∗𝑘−1 > 𝑡}| 𝑑 𝑡 = ∫𝛺∗

𝑘−1

(−𝑢∗𝑘−1)
𝑘+1 𝑑 𝑥.

Then, from Remark 2.6 and Theorem 1.1 it follows that

𝜆𝑘(𝛺) − 𝜆𝑘(𝛺∗
𝑘−1) ≥

(𝑘 + 1)𝐻𝑘(𝑢;𝛺)
‖𝑢‖𝑘+1

𝐿𝑘+1(𝛺)

−
(𝑘 + 1)𝐻𝑘(𝑢∗𝑘−1;𝛺

∗
𝑘−1)

‖𝑢∗𝑘−1‖
𝑘+1
𝐿𝑘+1(𝛺∗

𝑘−1)

≥ (𝑘 + 1)
𝐻𝑘(𝑢;𝛺) −𝐻𝑘(𝑢∗𝑘−1;𝛺

∗
𝑘−1)

‖𝑢∗𝑘−1‖
𝑘+1
𝐿𝑘+1(𝛺∗

𝑘−1)

≥
(𝑘 + 1)𝐶̃(𝑛, 𝑘, 𝑝)𝜁𝑛−2𝑘𝑘−1 (𝛺)‖𝑢‖𝑘+1𝐿∞(𝛺)

‖𝑢∗𝑘−1‖
𝑘+1
𝐿𝑘+1(𝛺∗

𝑘−1)

𝛼
𝑛+3
2 + 𝑘+1

𝑝
 (𝛺).

Let us observe that the constant can be replaced with a constant independent of 𝑢, indeed
(𝑘 + 1)𝐶̃(𝑛, 𝑘, 𝑝)𝜁𝑛−2𝑘𝑘−1 (𝛺)‖𝑢‖𝑘+1𝐿∞(𝛺)

‖𝑢∗𝑘−1‖
𝑘+1
𝐿𝑘+1(𝛺∗

𝑘−1)

≥(𝑘 + 1)𝐶̃(𝑛, 𝑘, 𝑝)
𝜁𝑛−2𝑘𝑘−1 (𝛺)
|𝛺∗

𝑘−1|

=(𝑘 + 1)𝐶̃(𝑛, 𝑘, 𝑝)𝜔−1
𝑛 𝜁−2𝑘𝑘−1 (𝛺),

where we have used the inequality

‖𝑢∗𝑘−1‖
𝑘+1
𝐿𝑘+1(𝛺∗

𝑘−1)
≤ ‖𝑢∗𝑘−1‖

𝑘+1
𝐿∞(𝛺∗

𝑘−1)
|𝛺∗

𝑘−1|,

and the identity |𝛺∗
𝑘−1| = 𝜔𝑛𝜁𝑛𝑘−1(𝛺). □

Let us define the 𝑘-Torsional rigidity as

𝑇 (𝛺) = sup
⎧

⎪

⎨

⎪

⎩

‖𝑢‖𝑘+1
𝐿1(𝛺)

(𝑘 + 1)𝐻𝑘(𝑢, 𝛺)
∶ 𝑢 ∈ 𝐶2(𝛺), 𝑢 𝑘-convex, 𝑢|𝜕 𝛺 = 0

⎫

⎪

⎬

⎪

⎭

, (36)

the supremum in (36) is achieved by the solution to
{

𝑆𝑘(𝐷2𝑢) = (𝑛
𝑘

)

in 𝛺,
𝑢 = 0 on 𝜕 𝛺 . (37)

Another consequence of the result in [3] and Remark 2.6 is that the 𝑘-Torsional rigidity is maximum on the ball in the class of
convex sets for which the solution to (37) has convex level sets, provided that the (𝑘 − 1)-th quermassintegral is fixed. Indeed,

𝑇 (𝛺) =
(

∫𝛺 −𝑢 𝑑 𝑥)𝑘+1
(𝑘 + 1)𝐻𝑘(𝑢;𝛺)

≤

(

∫𝛺∗
𝑘−1

−𝑢∗𝑘−1 𝑑 𝑥
)𝑘+1

(𝑘 + 1)𝐻𝑘(𝑢∗𝑘−1;𝛺
∗
𝑘−1)

≤ 𝑇 (𝛺∗
𝑘−1).

In particular, the following corollary holds as a consequence of Theorem 1.1 and Remark 2.6.
11
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Corollary 3.2. Let 𝛺 be an open, bounded convex set of R𝑛. If there exists a 𝑝-convex solution to (37), for some 𝑝 ∈ (0, 1], then there
exists a positive constant 𝐶5 = 𝐶5(𝑛, 𝑘, 𝑝, 𝛺) such that

1
𝑇 (𝛺)

− 1
𝑇 (𝛺∗

𝑘−1)
≥ 𝐶5𝛼

𝑛+3
2 + 𝑘+1

𝑝
 (𝛺),

where

𝐶5(𝑛, 𝑘, 𝛺) = 𝑘 + 1
𝜔𝑘+1
𝑛

𝐶̃(𝑛, 𝑘, 𝑝)𝜁−𝑘(𝑛+2)𝑘−1 (𝛺),

and 𝐶̃(𝑛, 𝑘, 𝑝) is the constant in (34).

Proof. Proceeding as in Corollary 3.1 we have
1

𝑇 (𝛺)
− 1

𝑇 (𝛺∗
𝑘−1)

≥
(𝑘 + 1)𝐻𝑘(𝑢;𝛺)

‖𝑢‖𝑘+1
𝐿1(𝛺)

−
(𝑘 + 1)𝐻𝑘(𝑢∗𝑘−1;𝛺

∗
𝑘−1)

‖𝑢∗𝑘−1‖
𝑘+1
𝐿1(𝛺∗

𝑘−1)

≥ (𝑘 + 1)
𝐻𝑘(𝑢;𝛺) −𝐻𝑘(𝑢∗𝑘−1;𝛺

∗
𝑘−1)

‖𝑢∗𝑘−1‖
𝑘+1
𝐿1(𝛺∗

𝑘−1)

≥
(𝑘 + 1)𝐶̃(𝑛, 𝑘, 𝑝)𝜁𝑛−2𝑘𝑘−1 (𝛺)‖𝑢‖𝑘+1𝐿∞(𝛺)

‖𝑢∗𝑘−1‖
𝑘+1
𝐿1(𝛺∗

𝑘−1)

𝛼
𝑛+3
2 + 𝑘+1

𝑝
 (𝛺).

Finally, since

‖𝑢∗𝑘−1‖
𝑘+1
𝐿1(𝛺∗

𝑘−1)
≤ ‖𝑢∗𝑘−1‖

𝑘+1
𝐿∞(𝛺∗

𝑘−1)
|𝛺∗

𝑘−1|
𝑘+1 = ‖𝑢‖𝑘+1𝐿∞(𝛺)𝜔

𝑘+1
𝑛 𝜁𝑛(𝑘+1)𝑘−1 (𝛺),

we have
1

𝑇 (𝛺)
− 1

𝑇 (𝛺∗
𝑘−1)

≥ 𝑘 + 1
𝜔𝑘+1
𝑛

𝐶̃(𝑛, 𝑘, 𝑝)𝜁−𝑘(𝑛+2)𝑘−1 (𝛺)𝛼
𝑛+3
2 + 𝑘+1

𝑝
 (𝛺). □

3.2. Proof of Theorem 1.2

We now proceed with the proof of the second result.

Proof of Theorem 1.2. Let 𝑓 0(|𝑥|) be the Schwartz rearrangement of the function 𝑓 given in problem (5). Let 𝑢 be the solution to
(5) in (𝛺) ∩ 𝐶2(𝛺), 𝑢∗𝑘−1 be its (𝑘 − 1)-symmetrized and let 𝑢0 be the solution to (6). We recall the explicit integral representation
f the radial solution 𝑢0:

𝑢0(𝑥) = −
⎛

⎜

⎜

⎝

𝑘
(𝑛−1
𝑘−1

)

⎞

⎟

⎟

⎠

1
𝑘

∫

𝑅

|𝑥|

(

𝑟−𝑛+𝑘 ∫

𝑟

0
𝑓 0(𝑠)𝑠𝑛−1 𝑑 𝑠

)
1
𝑘
𝑑 𝑟, (38)

where 𝑅 is the radius of the ball in which 𝑢0 is defined.
We integrate both sides of Eq. (5) on the sublevel set 𝛺(𝜇), and we proceed as in Section 3.1, obtaining

𝑘∫𝛺(𝜇)
𝑓 (𝑥) 𝑑 𝑥 =𝑘∫𝛺(𝜇)

𝑆𝑘(𝐷2𝑢) 𝑑 𝑥 =
(

𝑛 − 1
𝑘 − 1

)

∫𝜕 𝛺(𝜇)
𝜎𝑘−1|∇𝑢|

𝑘 𝑑𝑛−1 ≥

≥ 1
(

𝑑 𝜁𝑘−1
𝑑 𝜇

)𝑘

[

𝜁𝑘+1𝑘 (𝛺(𝜇))

𝜁𝑘𝑘−1(𝛺(𝜇))

]𝑛−𝑘

≥
(

𝑛 − 1
𝑘 − 1

)

𝑛𝜔𝑛
𝜁𝑛−𝑘𝑘−1 (𝛺(𝜇))
(

𝑑 𝜁𝑘−1
𝑑 𝜇

)𝑘

(

1 + 𝜅3(𝑛, 𝑘)𝛼
𝑛+3
2

 (𝛺(𝜇))
)

,

where in the last inequality we have applied the quantitative quermassintegral inequality (17) and the constant is
𝜅3(𝑛, 𝑘) =

(𝑛 + 1)(𝑘 + 1)𝛽𝑛
2𝑛(𝑛 − 1)(𝑛 − 𝑘 + 1)𝜔𝑛

.

On the other hand, we can apply the Hardy–Littlewood inequality and we have

𝑘∫𝛺(𝜇)
𝑓 𝑑 𝑥 ≤ 𝑘∫

|𝛺(𝜇)|

0
𝑓 0

⎛

⎜

⎜

⎝

(

𝑎
𝜔𝑛

)
1
𝑛 ⎞
⎟

⎟

⎠

𝑑 𝑎 ≤

𝑘∫

𝜔𝑛𝜁𝑛𝑘−1(𝛺(𝜇))

0
𝑓 0

⎛

⎜

⎜

⎝

(

𝑎
𝜔𝑛

)
1
𝑛 ⎞
⎟

⎟

⎠

𝑑 𝑎 = 𝑘𝑛𝜔𝑛 ∫

𝜁𝑘−1(𝜇)

0
𝑓 0(𝑟)𝑟𝑛−1 𝑑 𝑟.

If we rewrite the previous inequality in a more compact form, we have
12
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1 + 𝜅3(𝑛, 𝑘)𝛼
𝑛+3
2

 (𝛺(𝜇)) ≤ 𝑘
(𝑛−1
𝑘−1

)

(

𝑑 𝜁𝑘−1
𝑑 𝜇

)𝑘
𝜁−𝑛+𝑘𝑘−1 (𝛺(𝜇))∫

𝜁𝑘−1(𝜇)

0
𝑓 0(𝑟)𝑟𝑛−1 𝑑 𝑟,

and if we erase both members to the power 1∕𝑘, we get

1 + 𝜅3(𝑛, 𝑘)
2𝑘

𝛼
𝑛+3
2

 (𝛺(𝜇)) ≤
𝑑 𝜁𝑘−1
𝑑 𝜇

⎛

⎜

⎜

⎝

𝑘
(𝑛−1
𝑘−1

)

⎞

⎟

⎟

⎠

1
𝑘 (

𝜁−𝑛+𝑘𝑘−1 (𝛺(𝜇))∫

𝜁𝑘−1(𝜇)

0
𝑓 0(𝑟)𝑟𝑛−1 𝑑 𝑟

)
1
𝑘

,

that can be rewritten, thanks to (38), as

1 + 𝜅3(𝑛, 𝑘)
2𝑘

𝛼
𝑛+3
2

 (𝛺(𝜇)) ≤
𝑑 𝜁𝑘−1
𝑑 𝜇 (𝑢0)′(𝜁𝑘−1(𝛺(𝜇))). (39)

Now, let us integrate (39) between 𝜇 and 0, with

𝜇 ∈ {𝜈 ∈ [𝑚, 0] ∶ 𝜁𝑘−1(𝛺(𝜈)) < |𝑥|}, (40)

we have

𝜇 ≥ 𝑢0(𝜁𝑘−1(𝛺(𝜇))) + ∫

0

𝜇
𝜅4(𝑛, 𝑘)𝛼

𝑛+3
2

 (𝛺(𝜈)) 𝑑 𝜈 ≥ 𝑢0(𝜁𝑘−1(𝛺(𝜇))) + ∫

0

𝑢∗𝑘−1

𝜅4(𝑛, 𝑘)𝛼
𝑛+3
2

 (𝛺(𝜈)) 𝑑 𝜈 ,

where the constant is
𝜅4(𝑛, 𝑘) =

𝜅3(𝑛, 𝑘)
2𝑘

.

If we pass to the supremum on the set (40), by the definition of (𝑘 − 1)-symmetrized of 𝑢, we have

𝑢∗𝑘−1(𝑥) ≥ 𝑢0(𝜁𝑘−1(𝑢∗𝑘−1(𝑥))) + ∫

0

𝑢∗𝑘−1

𝜅4(𝑛, 𝑘)𝛼
𝑛+3
2

 (𝛺(𝜈)) 𝑑 𝜈 ≥ 𝑢0(𝑥) + ∫

0

𝑢∗𝑘−1

𝜅4(𝑛, 𝑘)𝛼
𝑛+3
2

 (𝛺(𝜈)) 𝑑 𝜈 , (41)

here we used the inequality 𝑢0(𝜁𝑘−1(𝑢∗𝑘−1(𝑥))) ≥ 𝑢0(𝑥) which holds because 𝑢0 is increasing. Once again, we want to bound the integral
in the right-hand side of (41) in terms of the Hausdorff asymmetry of 𝛺. As in the proof of Theorem 1.1, we consider the threshold
(30), so we can apply the propagation Lemma 2.2, obtaining

𝑢∗𝑘−1(𝑥) − 𝑢0(𝑥) ≥ ∫

0

𝑢∗𝑘−1

𝜅4(𝑛, 𝑘)𝛼
𝑛+3
2

 (𝛺(𝜈)) 𝑑 𝜈

≥ ∫

0

max{𝑢∗𝑘−1(𝑥),𝜇}
𝜅4(𝑛, 𝑘)𝛼

𝑛+3
2

 (𝛺(𝜈)) 𝑑 𝜈

≥ 𝜅5(𝑛, 𝑘)𝛼
𝑛+3
2

 (𝛺)
(

− max{𝜇 , 𝑢∗𝑘−1(𝑥)}
)

,

(42)

where

𝜅5(𝑛, 𝑘) = 𝜅4(𝑛, 𝑘)2−
𝑛+3
2 .

From the last inequality, we find that

‖𝑢∗𝑘−1 − 𝑢0‖
𝐿∞

(

𝛺∗
𝑘−1

) ≥ 𝜅5(𝑛, 𝑘)𝛼
𝑛+3
2

 (𝛺)(−𝜇), (43)

that can be rewritten thanks to (30) as

‖𝑢∗𝑘−1 − 𝑢0‖
𝐿∞

(

𝛺∗
𝑘−1

) ≥ 𝜅5(𝑛, 𝑘)𝛼
𝑛+5
2

 (𝛺)
(

− 𝑚
2(𝑛 + 2)

𝜁𝑛−1(𝛺)
𝐷(𝛺)

)

.

Finally, from (18) the thesis follows. □

Remark 3.2. In [16][Theorem 1.2], the authors proved the analogous of our Theorem 1.2 in the case of the Laplacian, obtaining
‖

‖

‖

𝑢∗0 − 𝑢0‖‖
‖∞

|𝛺|

2−𝑛
𝑛
‖𝑓‖1

≥ 𝐶 𝛼3 (𝛺), (44)

where 𝛼3 (𝛺) is the Fraenkel asymmetry of 𝛺. In that case, once a threshold is defined and one obtains a partial result as in (43), it is
more subtle to conclude and obtain (44). In our case, the comparison with cones in Remark 2.7 allows us to conclude more easily.

3.3. Proof of Theorems 1.3 and 1.4

Now, we want to take advantage of inequality (7) to prove the comparison on the 𝑘-Hessian integral 𝐻𝑘 contained in Theorem 1.3.

Proof of Theorem 1.3. The proof is very similar to the proof of the Hardy–Littlewood inequality, indeed it follows from Cavalieri’s
principle and Fubini’s Theorem
13
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∫𝛺
(−𝑢)𝑆𝑘(𝐷2𝑢) 𝑑 𝑥 = ∫𝛺

(−𝑢)𝑓 𝑑 𝑥 = ∫𝛺

(

∫

𝑓 (𝑥)

0
𝑑 𝑠

) (

∫

−𝑢(𝑥)

0
𝑑 𝑡
)

𝑑 𝑥

= ∫

+∞

0 ∫

+∞

0

(

∫𝛺
𝜒{𝑓 >𝑠}(𝑥)𝜒{−𝑢>𝑡}(𝑥) 𝑑 𝑥

)

𝑑 𝑠 𝑑 𝑡

= ∫

+∞

0 ∫

+∞

0
|{𝑓 > 𝑠} ∩ {−𝑢 > 𝑡}| 𝑑 𝑠 𝑑 𝑡

≤ ∫

+∞

0 ∫

+∞

0
min{|{𝑓 > 𝑠}|, |{−𝑢 > 𝑡}|} 𝑑 𝑠 𝑑 𝑡.

Let us observe that the Alexandrov–Fenchel inequalities (13) imply

|{−𝑢 > 𝑡}| ≤ 𝜔𝑛

(

𝑊𝑘−1({−𝑢 > 𝑡})
𝜔𝑛

)
𝑛

𝑛−𝑘+1
= 𝜔𝑛

(

𝑊𝑘−1({−𝑢∗𝑘−1 > 𝑡})
𝜔𝑛

)
𝑛

𝑛−𝑘+1

= |

|

|

{−𝑢∗𝑘−1 > 𝑡}||
|

,

where the last equality follows from the fact that {−𝑢∗𝑘−1 > 𝑡} is a ball, while from the definition of the Schwarz symmetrization,
we have

|{𝑓 > 𝑠}| = |

|

|

{𝑓 0 > 𝑠}||
|

,

moreover, the sets {−𝑢∗𝑘−1 > 𝑡} and {𝑓 0 > 𝑠} are concentric balls, and this implies

∫𝛺
(−𝑢)𝑆𝑘(𝐷2𝑢) 𝑑 𝑥 ≤ ∫

+∞

0 ∫

+∞

0
min{|{𝑓 > 𝑠}|, |{−𝑢 > 𝑡}|} 𝑑 𝑠 𝑑 𝑡

≤ ∫

+∞

0 ∫

+∞

0
min{|{𝑓 0 > 𝑠}|, |{−𝑢∗𝑘−1 > 𝑡}|} 𝑑 𝑠 𝑑 𝑡

= ∫𝛺∗
𝑘−1

(−𝑢∗𝑘−1)𝑓
0 𝑑 𝑥 ≤ ∫𝛺∗

𝑘−1

(−𝑢0)𝑓 0 𝑑 𝑥

= ∫𝛺∗
𝑘−1

(−𝑢0)𝑆𝑘(𝐷2𝑢0) 𝑑 𝑥.

□

We are now ready for the proof of Theorem 1.4. Here, we make use of what we proved in Theorems 1.2 and 1.3.

Proof of Theorem 1.4. From the proof of Theorem 1.3 it follows that

∫𝛺
(−𝑢)𝑆𝑘(𝐷2𝑢) 𝑑 𝑥 ≤ ∫𝛺∗

𝑘−1

(−𝑢∗𝑘−1)𝑓
0 𝑑 𝑥,

that combined with (42) gives

𝐻𝑘(𝑢0, 𝛺∗
𝑘−1) −𝐻𝑘(𝑢, 𝛺) ≥ 𝐻𝑘(𝑢0, 𝛺∗

𝑘−1) − ∫𝛺∗
𝑘−1

(−𝑢∗𝑘−1)𝑓
0 𝑑 𝑥 = ∫𝛺∗

𝑘−1

(𝑢∗𝑘−1 − 𝑢0)𝑓 0 𝑑 𝑥

≥ 𝜅5(𝑛, 𝑘)𝛼
𝑛+3
2

 (𝛺)∫𝛺∗
𝑘−1

𝑓 0(− max{𝜇 , 𝑢∗𝑘−1}) 𝑑 𝑥.

As the final step, we need to bound the right-hand side, and this can be done by considering that we are integrating a positive
unction

𝐻𝑘(𝑢0, 𝛺∗
𝑘−1) −𝐻𝑘(𝑢, 𝛺) ≥ 𝜅5(𝑛, 𝑘)𝛼

𝑛+3
2

 (𝛺)∫{𝑢∗𝑘−1<𝜇}
𝑓 0(−𝜇) 𝑑 𝑥

= 𝜅5(𝑛, 𝑘)𝛼
𝑛+3
2

 (𝛺)(−𝜇)∫

|{𝑢∗𝑘−1<𝜇}|

0
𝑓 0

⎛

⎜

⎜

⎝

(

𝑎
𝜔𝑛

)
1
𝑛 ⎞
⎟

⎟

⎠

𝑑 𝑎.

where the last equality holds as both 𝑢∗𝑘−1 and 𝑓 0 are radially symmetric functions. Let us recall that the function

𝜑 ∶ 𝑠 → 1
𝑠 ∫

𝑠

0
𝑓 0

is decreasing as 𝑓 0 is decreasing, so we can bound

∫

|{𝑢∗𝑘−1<𝜇}|

0
𝑓 0

(

𝑎
𝜔𝑛

)
1
𝑛
𝑑 𝑎 ≥

|

|

|

{𝑢∗𝑘−1 < 𝜇}||
|

𝜔𝑛𝜁𝑛𝑘−1(𝛺) ∫

𝜔𝑛𝜁𝑛𝑘−1(𝛺)

0
𝑓 0

(

𝑎
𝜔𝑛

)
1
𝑛
𝑑 𝑎.

Moreover, the measure of the sublevel set can be bounded, thanks to (24) and (32)

|{𝑢∗𝑘−1 < 𝜇}| = 𝑊0(𝛺∗
𝑘−1(𝜇)) = 𝜔𝑛𝜁

𝑛
0 (𝛺

∗
𝑘−1(𝜇)) = 𝜔𝑛𝜁

𝑛
𝑘−1(𝛺

∗
𝑘−1(𝜇)) ≥ 𝜔𝑛

(

1 − 𝜇
𝑚

)𝑛
𝜁𝑛𝑘−1(𝛺)

≥ 𝜔
(

2𝑛 + 3 )𝑛
𝜁𝑛 (𝛺),
14

𝑛 2(𝑛 + 2) 𝑘−1
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and then

𝐻𝑘(𝑢0, 𝛺∗
𝑘−1) −𝐻𝑘(𝑢, 𝛺) ≥ 𝜅5(𝑛, 𝑘)𝛼

𝑛+3
2

 (𝛺)(−𝜇)
(

2𝑛 + 3
2(𝑛 + 2)

)𝑛

∫

𝜔𝑛𝜁𝑛𝑘−1(𝛺)

0
𝑓 0

⎛

⎜

⎜

⎝

(

𝑎
𝜔𝑛

)
1
𝑛 ⎞
⎟

⎟

⎠

𝑑 𝑎

As in the proof of Theorems 1.1 and 1.2, we can bound the threshold 𝜇 thanks to (18) and (30), so to obtain

−𝜇 ≥
‖𝑢‖𝐿∞(𝛺)

2𝑛(𝑛 + 2)
𝜔𝑛−1
𝜔𝑛

𝛼 (𝛺),

and observing that

∫

𝜔𝑛𝜁𝑛𝑘−1(𝛺)

0
𝑓 0

⎛

⎜

⎜

⎝

(

𝑎
𝜔𝑛

)
1
𝑛 ⎞
⎟

⎟

⎠

𝑑 𝑎 ≥ ‖𝑓‖𝐿1(𝛺),

then the proof is complete. □

Remark 3.3. Let us observe that also Theorems 1.2 and 1.4 hold more in general if we assume that the solution to (5) is 𝑝-convex,
or some 𝑝 ∈ (0, 1].

Theorem 1.2 reads as follows: there exists a positive constant 𝐶̃2 = 𝐶̃2(𝑛, 𝑘, 𝑝) such that
‖𝑢∗𝑘−1 − 𝑢0‖𝐿∞(𝛺∗

𝑘−1)

‖𝑢‖𝐿∞(𝛺)
≥ 𝐶̃2𝛼

𝑝(𝑛+3)+2
2𝑝

 (𝛺),

where

𝐶̃2(𝑛, 𝑘) =
(𝑛 + 1)(𝑘 + 1)𝛽𝑛

2
𝑛+7
2 𝑛𝑘(𝑛 − 1)(𝑛 − 𝑘 + 1)𝜔𝑛

(

𝜔𝑛−1
2(𝑛 + 2)𝑛𝜔𝑛

)
1
𝑝
.

On the other hand, Theorem 1.4 can be generalized as follows: there exists a positive constant 𝐶̃3 = 𝐶̃3(𝑛, 𝑘, 𝑝) such that
𝐻𝑘(𝑢0;𝛺∗

𝑘−1) −𝐻𝑘(𝑢;𝛺)
‖𝑢‖𝐿∞(𝛺)‖𝑓‖𝐿1(𝛺)

≥ 𝐶̃3𝛼
𝑛+3
2 + 1

𝑝
 (𝛺),

where

𝐶̃3(𝑛, 𝑘) =
(𝑛 + 1)(𝑘 + 1)𝛽𝑛

2
𝑛+7
2 𝑛𝑘(𝑛 − 1)(𝑛 − 𝑘 + 1)𝜔𝑛

(

𝜔𝑛−1
2(𝑛 + 2)𝑛𝜔𝑛

)
1
𝑝
.
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