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Communicated by Daniela De Silva In this paper, we study a symmetrization that preserves the mixed volume of the sublevel
sets of a convex function, under which, a Pélya-Szeg6 type inequality holds. We refine this

Z;IZSACSQ symmetrization to obtain a quantitative improvement of the Pélya-Szeg6 inequality for the

35B35 k-Hessian integral, and, with similar arguments, we show a quantitative inequality for the

35J60 comparison proved by Tso (1989) for solutions to the k-Hessian equation.

35J96 As an application of the first result, we prove a quantitative version of the Faber-Krahn and
Saint-Venant inequalities for these equations.
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1. Introduction

In recent decades, symmetrization techniques have been extensively studied in relation to the qualitative properties of solutions to
second-order elliptic boundary value problems. A classic example is the Schwarz symmetrization, used in spectral analysis, among
others, to provide a solution to very classical problems such as the Faber-Krahn inequality or the Saint-Venant inequality. For
instance, Talenti uses the Schwarz symmetrization in [1] to prove sharp a priori bounds for solutions to the Poisson equation with
Dirichlet boundary conditions. The peculiarity of Schwarz symmetrization is that it preserves the volumes of the superlevel sets of
a function, producing a radially symmetric function defined on a ball that has the same L? norms as the original. In [2], Talenti
introduces a new type of symmetrization that preserves the perimeter of the level sets of a function. This symmetrization suitably
adapts to the Monge-Ampére problem in the plane, that is

0o -
{det(D u)=f in Q, o)
u=0 on 012,
where 2 c R? is a bounded, open and convex set and f is a positive function. The author proves that it is possible to compare the
solution to (1) with the solution to

{det(D%) =/ inQ,

. )
v=0 on 0.0’1‘,

where £ is the Schwarz symmetrization of f and Qj is the ball with the same perimeter as Q.
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Some years later, Tso in [3] generalizes the result by Talenti in any dimension, and the setting is the following.
Let £ be an open, bounded and convex set, let u € C%(£2) N Cy(£2) be a convex and negative function, and let us consider the
following functional

H Q) = kLH /Q (—) S (D*u) dx, 3)

where S, (D?u) is the k-Hessian operator, defined as

S (D) = Z Ay dis k=1,.m, 4)
1<ij<-<ip<n
being 4; the eigenvalues of the Hessian matrix of u. We notice that S is a second-order differential operator and it reduces to the
Monge-Ampere operator for k = n and to the Laplace operator for k = 1, when the functional H, coincides with the Dirichlet
energy. Tso proves that, for all k, there exists a symmetrization that decreases the functional (3). Moreover, the author exhibits
this symmetrization that preserves the (k — 1)-th quermassintegral of the sublevelsets of the function u. For a convex set 2, the
quermassintegrals are geometric quantities that characterize the shape of the set itself, the precise definition can be found in
Section 2.1, while the definition of the associated symmetrization, which we will refer to as (k — 1)-symmetrized, in Section 2.2.
In the same paper, the author also generalizes the comparison by Talenti for the solution to the Monge-Ampére equation to the
k-Hessian equation in any dimension, proving that, whenever the problem

S (D*u)=f in Q,
u=0 on 0£2,

(5)

where f is a positive function, admits a convex solution, then the (k — 1)-symmetrized of the solution u can be pointwise compared
with the solution to

S (D0 =0 inQr .
{pon=r o ©
=0 on o,
where [0 is the Schwarz symmetrization of f and Q;_, is the ball with the same (k — 1)-th quermassintegral, obtaining
W) <up () <0, VxeQ; . @

It is not true, in general, that the solution to (5) is a convex function. Indeed, it was proved in [4] that if f is a positive C?
function, then the problem (5) admits a k-convex solution u € C2(2), in the sense that

S,(D*u) >0, Vi=1,... k.

Nevertheless, as already highlighted in [5,6], the result (7) can be obtained by relaxing the assumption on u and only requiring
that it has convex sublevel sets. Some evidence in proving the convexity of the solution are obtained in [6,7].

The result by Tso is important not only because it introduces a new symmetrization, but also because it allows one to treat some
optimization problems. Indeed, as a consequence of the results by Tso, it is possible to prove a Faber-Krahn type inequality for the
eigenvalues of the k-Hessian operator and a Saint-Venant type inequality for the k-th torsional rigidity in a special class of convex
sets. These topics interested many authors over the years, we refer for example to [8-13]. For this reason, these results have also
been extended in the anisotropic setting in [14,15].

The present work aims to improve the results by Tso in a quantitative way, following in the footsteps of the recent paper [16],
in which the authors provide a quantitative version of the Talenti comparison in [1]. The main tool in proving the results by Tso
is an isoperimetric inequality for the quermassintegrals, known as Alexandrov-Fenchel inequality (see Section 2.1). So, to obtain
a quantitative version the key role is played by the quantitative quermassintegral isoperimetric inequality due to Groemer and
Schneider [17]. In this work, the authors bound from below the isoperimetric deficit in terms of the Hausdorff asymmetry (see
Section 2, Definition 2.7, for the precise definition) a;,(£2), an index that measures the L® distance of 2 to a ball. More precisely,
our main results are

Theorem 1.1. Let 2 be an open, bounded, and convex set of R” and let u € C*(£2) be a convex function that vanishes on the boundary
of Q. Then, there exists a positive constant C, = C,(n, k, 2) such that

Hyw @) = Hyw_ 20 )
ST Gy T (@), ®)
Il

where k=1,...,n—1,

Cy(n,k, Q) = ¢;(n, )= (Q),

k) = <n_1> (w,,_1>k+‘ (n+1)B, < 2n+3 )"‘k
1A - n+3 ’
k=1 \ nw, 2T k(n—Dn—k+1) N2 +2)
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B, is given in Theorem 2.1, and {;_,(R2) is the (k — 1)-th meanradius of £2.

Theorem 1.1 allows us to improve the Faber-Krahn and Saint-Venant-type inequalities in a quantitative form as stated in
Corollaries 3.1-3.2.

Later, we focus on the Poisson Eq. (5) and we prove a quantitative version of inequality (7) with the same techniques of
Theorem 1.1.

Theorem 1.2. Let 2 be an open, bounded and convex set of R" and let f be a positive and measurable function. Let u € C*(2) be a
convex solution to (5), ui_] be its (k— 1)-symmetrized, k = 1, ... ,n— 1, and let u° be the solution to (6). Then there exists a positive constant
C, = Cy(n, k) such that

lur | = Ol poogor s s

L —— N o N (),
llull ooy o
where

(n+ Dk + Dy,

Cyln ko) = — :
277 i2(n+2)(n— (n—k+ Da?

Theorem 1.2 recalls the main result in [16], and also its extension to the Hamilton-Jacobi equation contained in [18]; here the
advantage is that we only consider convex functions defined on convex sets.

The pointwise comparison (7) between the symmetrized of the solution to (5) and the solution to (6) can be used to prove a
comparison between the k-Hessian functional of u and u’. We prove the following

Theorem 1.3. Let Q2 be an open, bounded and convex set of R" and let f be a positive and measurable function. Let u € C*(2) be a
solution to (5) with convex sublevel sets and let u° be the solution to (6), then it holds

Hy(u; Q) < H Q5 _), ©)

forallk=1,...,n
In Section 3, we make use of Theorem 1.2 to improve inequality (9) in a quantitative way.

Theorem 1.4. Let 2 be an open, bounded and convex set of R" and let f be a positive and measurable function. Let u be a convex
solution to (5) and let u® be the solution to (6). Then there exists a positive constant C; = C5(n, k) such that

H, Q% )— H (u; Q) 5
el T s Gyl ()
||“||L°°(Q)||f||Ll(g)
where
"w,_ Dk + 1 _nt7
Com = (23 ) iy A DUAD _poe
(n+2) n?w? k(n—1Dn—k+1)

where B, is given in Theorem 2.1 and k =1, ...,n— 1.

We note that the case k = n, namely the Monge-Ampére equation, is not covered in this work, except for Theorem 1.3. In
particular, in the first result, we cannot apply the Aleksandrov-Fenchel inequality for such index. Additionally, we cannot prove
Theorem 1.2 using the same technique as in the cases k = 1,...,n — 1, even if some partial results can be obtained. So, it is clear
that Theorem 1.4 cannot be extended as a consequence of Theorem 1.2.

The paper is organized as follows: in Section 2 we recall some preliminary tools about convex geometry and quermassintegral
symmetrization; in Section 3 we prove the main Theorems.

2. Notation and preliminaries

We provide the classical definitions and results that we need in the following. The reader can refer to [19, Chapter 1] for more
details.

Definition 2.1. Let 2, K C R" two bounded convex sets. We define the Minkowski sum (+) as

Q+K: ={x+y: xeN, yeK},

Definition 2.2. Let E, F be two convex sets in R”. The Hausdorff distance between E and F is defined as
dy(E,F) :=inf{e >0 : ECF+¢B, FCE+¢B},

where B is the unitary ball centered at the origin and F + e B is the Minkowski sum.
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Definition 2.3. Let Q be a convex set. The support function of Q2 is defined as

h(2,u) := max(x - u), ues
xXEQ

The support function allows us to define, for a convex set £, two geometrical quantities.

Definition 2.4. The width function w(£2, ) of Q2 is defined as
w(,u) := h(2,u) + h(Q,—u) forue S

The quantity w(£2, u) is the thickness of €2 in the direction u and it represents the distance between the two support hyperplanes
of Q2 orthogonal to u. The maximum of the width function,

D(2) := max w(£2,u)
ueSn=!

is the diameter of Q.
The mean value of the width function is called the mean width and it is denoted by
2

/ h(22,u)du.
hw, Jgn-1

The Steiner point s(£2) is defined via the vector-valued integral

s(Q) = %A—l hQ,u)udu

n

w() =

Definition 2.5. The Steiner ball B, of a convex set £ is the ball centered at the Steiner point of 2 with diameter equal to w(£2).

Remark 2.1. Thanks to Definition 2.3 of the support function of a convex set, it is possible to characterize the Hausdorff distance
as follows

dy(E, F) = |[A(E, ") = h(F, )| feo-
Now it is clear that

[s(E) = s(F)| < ndy(E, F).

Remark 2.2. Let us observe that it is possible to compare the mean width and the diameter of £, for any convex set 2 c R”, as
the following bounds hold
20, < w(Q) <
nw, D(2)
The upper bound follows by the definition of diameter and mean width, while the lower bound is proved in [20], and we recall
here the proof for the reader’s convenience.
Let S C 2 be the diameter segment and let us suppose, without loss of generality, that it can be written as

S = D(Q)ael, a€[-1,1]
Then, by the definition of support function, we have that
h(2,u) > h(S,u) = D) sup (ae,u) = D(Q)l(el,u)l
ael-1,1] 2
and then, if we write u = (u,, ..., u,)

w(£2) 1 2 / 1 / 1 / el
—_— = — h(Q,u)du > — e, u)|du= u | dH" " (u)
D(Q) D(Q) nw, Jsni-1 nw, Jen-1 I(er. )l N0y (12 4ti=1) il

-2 [ -

di = 2

1
Vi-[a? e
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2.1. Quermassintegrals

For the content of this section, we will refer to [19]. Let 2 C R" be a non-empty, bounded, convex set, let B be the unitary ball
centered at the origin and p > 0. We can write the Steiner formula for the Minkowski sum Q + pB as

n
|2+ 9B = Y, (”) W' (10)
i=0 \!
The coefficients W;(2) are known in the literature as quermassintegrals of . In particular, W (2) = ||, nW(£) = P(£2) and

W,(2) = w, where w, is the measure of B.
Formula (10) can be generalized to every quermassintegral, obtaining
n—j .
W,-(Q+pB)=Z<”l_’>W/+,-<9)p’, j=0.n-1 an
i=0

If 2 has C? boundary, the quermassintegrals can be written in terms of principal curvatures of Q. More precisely, denoting with
o, the k-th normalized elementary symmetric function of the principal curvature «, ..., k,_; of 09, i.e.

-1
n—1 .
oy =1, aj=( . > z Kip e Ki s j=1,....,n—1,
J 1<iy < <ij <n=1

then, the quermassintegrals can be written as

W/.(Q):l/ o, dH"!, j=1,..,n—1. (12)
nJoo

Furthermore, Aleksandrov-Fenchel inequalities hold true

1 1
W.(2)\ n=j f =i
< i )> ><M> , 0<i<j<n-—1, (13)

, - ,

n n
where equality holds if and only if £ is a ball. When i = 0 and j = 1, formula (13) reduces to the classical isoperimetric inequality,

ie.
1 n-1
P(2) > nw, |2| .
As the classical isoperimetric inequality, the Alexandrov-Fenchel inequalities can be improved in a quantitative form, as proved

in [17].

Theorem 2.1 (Groemer-Schneider). Let Q2 be a bounded convex set with Steiner ball B, then, for 0 <i < j < n— 1, it holds

n—1

o), W Q) - W2y w2 () T e
1 (£2) . (£2) S n+1 5 177 (@) L _ P ) dH(Q’BQ)#’ 14
Wi ()i nin—1)" n W@ \ Wi ()
where
m—1
hw,
; @y_1
and

[0

R 3 16(c+2)'T
(n+ D(n+3) 2n(n+2)2"" (c-1)m2 |~

a,(c) =

Remark 2.3. Let us observe that by the Alexandrov-Fenchel inequalities (13) and the fact that j — i > 1, the quantitative result
(14) can be rewritten as follows

O WU - WQ i+ 1, <w,,dH(Q, BQ)> E

- > (15)
W, (Q)y'—i nn— Do, \  W,_(2)
Definition 2.6. Let © be a compact convex set, we define the k-th mean radius, k = 1,...,n— 1, of Q as
1
W () =&
G(Q) = ( - > : (16)
n
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The quantitative Alexandrov-Fenchel inequalities can be rewritten in terms of mean radii, obtaining

(n—j)(n—i) (n—j)(n—i) nt3
9 -§ , (n+Dp, (dH(Q,BQ)> 2

17
D 2 = Do, \ 4 (@) an
Remark 2.4. We observe that, since w(£2) = 2{,_;(£2), Remark 2.2 implies
Cnfl (‘Q ) Wy
> . 1
D(Q) © nw, (18)
Remark 2.5. If K is a j-dimensional convex set in R”, then the i-th quermassintegral, i = 1,...,n — j — 1, equals zero, while the
others may be non-null.
Definition 2.7. The Hausdorff asymmetry index is defined as
dy(2, Bg)
a3 (2) = ————,
4 )
where B, is the Steiner ball of Q.
It is possible to prove that the Hausdorff asymmetry index is bounded: indeed if we denote by
= d(sg,00),
it follows that 7 > 0 as the Steiner point s(2) € 3 (see [21]), so B:(s(£2)) c 2, and
dy (2, Bg) < dyy(By, Bg) = §,_1(2) =7 =< {,_1(Q),
that is
a(2) < 1. (19)

We now want to prove a “Hausdorff counterpart” of the propagation of the Fraenkel asymmetry contained in [22], as we aim
to adapt their techniques, inspired by an idea contained in [23], to our case.

Lemma 2.2 (Propagation of the Hausdorff Asymmetry). Let 2 C R" be a bounded, convex set with finite measure and let U C ©, |U| > 0
be such that

1
dy(2,U) < md}[(g, By,), (20)
where By, is the Steiner ball of Q2. Then, we have
1
dy (U, By) > EdH(QsB_Q)» (21)

where By, is the Steiner ball of U.

Proof. Let us set
R=¢,.,(Q), r=¢,,U),

and let us denote by ¢, = d}(2,U), &, = dy(By, Bg), then, the monotonicity with respect to the inclusion of the mean radii and
the Steiner formula for the quermassintegral (11) give

R=¢(, ()<, (U+¢B)= W"_I(Uw:— a8 _ Wn_l((;): . W";JI:U) +€
=r+4+¢g =r+dy(2,U0).
Moreover,
dy(Bg, By) S R—r+[s(Q2) = s(U)| £ (n+ 1)dy(2,U), (22)

where s(2) and s(U) are the Steiner point of 2 and U respectively. Now, using the reverse triangular inequality, the hypothesis
(20) and (22), we have

dy (U, By) 2 d3 (2, By) — dy(£2,U)
= dH(.Q, Bg) + dH(.Q, By) — dH(.Q, Bg) — dH(.Q, U)
> dyy(Q. Bg) — dyy(By. Bg) — dyy (2. U) O

> dy (2. By) — (n+ 2)dy (2.U) > %dH(.Q, By).
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2.2. Symmetrization

Let £ be an open, bounded and convex set in R” and

AR) = {u e C®(R)NC(Q) : u is strictly convex in £ and vanishes on 0Q}.
We observe that any u in A(£2) has a unique minimum in Q. Denote
Qu)={xe ux)<u}, Q) ={xe€ : ux)=u},
for u € [m,0], where m is the minimum of u. We define the k-symmetrized of u, k =0,...,n— 1, to be
i (x) = sup{p € [m,0] : & (Qw) < |x|}
that is a radially symmetric function defined in the ball
Q= {x ¢ I < G@).

It is possible to prove that the function u; is strictly increasing along the radii and it is strictly convex, so u; € A(£2)).

Moreover, for k = 0, we recover the standard Schwarz symmetrization.
Remark 2.6 (Comparison of u}). We observe that the Aleksandrov-Fenchel inequality (13) implies the inclusions

“Qo c ‘Ql c-C ‘Qk c Qk+1 € C Qn—l

and then u*]; is well defined on the smallest ball .Qg forall k=0,...,n—-1.If x e .Q;, then we have
it G @) < Ix1) € (1 1 §ua(QGu) < Ix]) € - € (w1 &R < Ix1),

that is, passing to the supremum,
02> ug(x) 2 uj(x) 2 -+ 2 up(x) 2y (%) 2 2 uy_ (%)

for all x € _Qg. In particular, if 0<i<j<n-1,
uf (x) > u; (x)

for all x € Q7.

Remark 2.7. The convexity of the function u and the monotonicity of the quermassintegral under inclusion can be very useful in
bounding from below the mean radii of the sublevel sets Q2(u). Indeed, the convexity of u implies that it is possible to find a function
¢ whose graph is the cone of base 2 and height m that satisfies u < c. If we denote by C(u) = {c¢ < u}, it is clear that C(u) C 2(u).

Without loss of generality, we can assume that 0 € 2 and u(0) = m. By the definition of cone, the sublevel sets of the function ¢
are homothetic to 2 (see Fig. 1), and we can explicitly write

Cy) = (1 - %) Q 23)

as we are assuming that u(0) = m, the center of the homothety is 0. This allows us to have the following bound for the mean radii
of the sublevel sets of the function u

G Q) 2 G (C(p) = (1 - ﬁ) G () (24)

m
where u € [m,0].

Remark 2.8. The inclusion C(x) C Q(u) is also useful to bound the Hausdorff distance between Q(u) and Q

dy (82, 2(w)) < dypy(2,C(n)), (25)
and, as C(u) is homothetic to £, one can bound this distance in terms of y and the diameter of £, as it holds

dy(2,12) < (1-NDR), Y0<r<1
and so

dy(2.C) < £ D). (26)

This will be very useful in order to apply the Propagation Lemma 2.2.
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m

Fig. 1. Control of the quermassintegrals of the sublevelsets of u via the quermassintegrals of Q.

2.3. The k-Hessian operator

Let Q be an open subset of R” and let u € C2(2). As seen in (4), the k-Hessian operator is the k-th elementary function of the
Hessian matrix D?u. Except for the case k = 1 where the k-Hessian operator reduces to the usual Laplace operator, these operators
are fully nonlinear and non-elliptic, unless one restricts to the class of k-convex function

A Q) ={ueC’Q): S(D*w)>0in Q,i=1,....k}.

1
The operator S} is homogeneous of degree 1, and if we denote by
S9(Dw) = 25, (D),
k ouy;
the Euler identity for homogeneous functions gives

L cij 2
Sk (D uu;;.

S, (D*u) = —
(D7u) %

A direct computation shows that the (S,ij (D), ... ,S,’:j (Dzu)) is divergence-free, hence S, (D?u) can be written in divergence form
1 L.
S0 = (S ) . 27)
where the subscripts i, j stand for partial differentiation.
If u € C*(2) and ¢ is a regular point of u, on the boundary of {u < t} it is possible to link the k-Hessian operator with the (k—1)-th
curvature

n—1 S;cj(Dzu)u,-uj
<k— 1) ST

Finally, we report a classic result without proof, for more details see [3], Proposition 6.

(28)

Proposition 2.3. Let 2(t) be a smooth family of embedded hypersurfaces in R" oriented with respect to the unit inner normal —v. Then
foral k=0,1,...,n—1 we have

4 o, dH"! =(n—k—1)/ Oy V- EAH™L,
dt J @ 20
where
0!
"o
is the variation vector field.

3. Proofs of main results
3.1. Proof of Theorem 1.1

First of all, we prove the Pélya-Szegs type quantitative inequality contained in Theorem 1.1. Here, the convexity of the setting is
crucial, as we want to take advantage of the comparison with cones explained in Remark 2.7 and the Alexandrov-Fenchel inequalities
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for convex sets.

Proof of Theorem 1.1. The chain of inequalities (25)-(26)
dy(£2(p), 2) < dypy(C(p), 2) < %D(Q)
gives the following inclusions

. m  dy(2,Bg) . 1
u€emO] : pu> 2("+2)W} Cc {M € [m,0] : dpy(2,C(w) < —2(n+2)dH('Q’B_Q)}

| (29)
C : —_—
c {ﬂ € [m,0] © dy(2,2(u) < 2nt2) dy (L2, Bg)} s
where the smallest set is well defined from (19). We define
—_ . dy(£2, Bg) m  dyu(2,Bg)
—inf S s _m H o) | _ H Q
p=m {” €lmol s wz S T @ } 2n+2) D@ (30)

and we observe that for all x4 € [u,0], the sublevel set Q(u) satisfies the hypothesis of Lemma 2.2, hence

Q
a( Q) > %

Proceeding as in [3], we have

. | - 1[0 s (Dxwuu;
(k+DH(u, Q)= [ (~w)S (D u)ydx = — Sk (D u)u;u; dx = — —————dH"" dy,
o k Jo k Jm Joow [Vul

where we have applied the divergence Theorem and the Coarea formula. We can now apply identity (28) on d2(u) and the
Jensen inequality, obtaining

0 / L
1\ /O ~ [ 2 Okt A ]
k(k + l)Hk(u, Q) = <Z i)/ / ‘Tk_1|VM|k dHn—l du> <Z i) H _ .
B o oau - [/ag( ) k=1 dH”—l]
m 1) |Vul

As a consequence of Proposition 2.3, it follows

Okl 1ymt1 ek dg_1(2(u)
— dH = Q _—
/m(m Val 1w, & (k) i

so, recalling the definition of mean radii (16) and applying the quantitative isoperimetric inequality (17) with i = k — 1 and
j =k, we have

0
ne1 | @ "™
k(k+ DH u; Q) 2 < >nwn - =
k-1 (de-l ) Ckfl(g(ll))
m du
0 k+1
n—1 R Qp) (n+1p, = =
> (k _ 1>nwn [1 + o= Do, a, (_Q(u))] du

a8 k
m du
0 0

1 EImHQ(n) 1 SRR [ (k+ D+ 1),
= (k— 1)"“" Tk dnt <k— 1)" " [Zn(n— Dn—k+ 1)(0,,“712 (€00 du.

u 1)
(dﬁk—l )k (de—l )k
m du m du

where the last inequality follows from the inequality

(1+x)“21+%x,Va>0,Vx€[0,l]. (31)

Now let us study the two integrals separately. The first integral, as also observed in [3], is precisely

0
—k
- Gohewy .
<k_1>nwn Wdﬂ—(k-‘r])ka(uk_l,Qk_l).
m du

We aim to bound from below the second integral in terms of the Hausdorff asymmetry of Q. Let us consider the threshold u
defined in (30), for u € [u,0] we can apply the propagation Lemma 2.2 and the bound (24), obtaining
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0
nk(Q 3
<n_l>nwn [ (ﬂk))[ (k+ 1)(n+ 1)B, o3 (Q(”))]
k-1 (@)
m du

n(n—1n—k+ Do, "

0
s ) w3 ke (K@)
> K (n, k)aH Q) ——dyu > x(n, k)aH () (1 - ) — —d
) F )
H dp H du
7 n—k n43 ‘ 1
> Ky (n. k) (1 - —) i (DG ——dn.
m dg
" du )

where the constant is
n+3

_ n—1 1 T (k+1)(l’l+1)ﬂ,1
Kl("’k)_<k—1>() n—Dn—k+1)

To conclude, we perform the change of variable r = {,_,(2(x)) and a Jensen inequality, and we have
0

2

1

<d¢k | )"
du

—\ n—k nt3
o\, k)<1— %) a0 (@-KQ) du

"
—\ n—k n+3 Cp—1(€2) k+1
= Ky (n, k) (1 - ﬁ) L QR ((uz_l)’(r)) dr
m Ck—1(Q(w)
- k+1 m
> 1y (n, k) (1 - K) CO > @@,
m l(Q)

By (30), we can bound

1-B) s (23 (32)
m) - \2n+2))’

and we obtain

143 4kt

P2 ) 2 nmkEm e T (@0 Q) (

K+l
Hy (u; 2)— Hy(u §n71(9)> ’

D(Q)

where the new constant is

ety = K10 (2n+3 "k
2ET T kk+ D \ 21+ 2)

Finally from (18), the thesis follows. []

Remark 3.1. In [5], it was observed that the P6lya-Szegs type inequality

H(Q.u) > H(QF_,ul_)

holds true for every function u with convex sublevel sets.
Our result Theorem 1.1 remains valid when the convexity hypothesis is relaxed to the p—convexity, for some p € (0, 1], in the
sense that we can consider any negative function u such that the power

—(—u)?

is convex. A p-convex function defined on a convex set has convex sublevel sets, so the Pélya-Szeg6 type inequality holds for it,
and in this case, Theorem 1.1 reads as follows: let u € C%(2) be a negative p-convex function, with p € (0, 1], defined on an open,
bounded and convex set 2 which vanishes on 042, then there exists a positive constant C = C(n, k, p) such that

243 kel
Hy(Q,u)— H (2 ui_)>Cay 7 (@) TH@)lull S, (33)
and
o (n+ P nk
Cln.k.p) = <"_1> (w"“> e < 2n+ 3 ) . (34)
=1/ \ na, 2T k(- —k+1) V2D

Theorem 1.1 leads to a quantitative inequality for the eigenvalue of the k-Hessian operator. The eigenvalue of the k-Hessian
operator is the only real number 1,(£2) such that
S, (D%u) = A(Q)(-w*  in L,
u=0 on 042,

(35)

10
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has a solution (see [4]). We recall the following variational characterization of the eigenvalue
(k+ DH Q)

k+1
el )

Q) = u € CXH(R), u k-convex, ulyn =0

As a consequence of the result in [3] and Remark 2.6 we have that the eigenvalue of the k-Hessian operator is minimum on the
ball in the class of convex sets for which the eigenfunction has convex level sets, provided that the (k — 1)-th quermassintegral is
fixed. In particular, the following corollary holds if one assumes that there exists a p-convex eigenfunction. We recall that evidence
of that are contained in [6,7].

Corollary 3.1. Let © be an open, bounded and convex set of R". Assume that the solution u to (35) is p-convex, for some p € (0, 1], then

there exists a positive constant Cy = C4(n, k, p, 2) such that
n+3 | k+1
43 | ktl

Q) = A (2 ) = Cyay} 7 (Q),
where

Cyn,k, p, 2) = Cn, k, p)(k + D, ¢ 2 (2)

and C(n, k, p) is given in (34).

Proof. Let u be the eigenfunction in (35). We remark that Cavalieri’s principle and Alexandrov-Fenchel inequality (13) imply
+o0 +oo
/(—u)k“ dx = (k + 1)/ *l{—u >t} dt < (k + 1)/ *|{—u_ > 1} dt = / (—uf_ ) dx.
Q 0 0 2
Then, from Remark 2.6 and Theorem 1.1 it follows that
(k+ DH(u; 2) (k+ DH @y 52,

() = (2 =

” ||k+l ” * |k+l
Lk+l(_(2) k—1 L"'H(QZ_])
> (k+ I)Hk(WQ) Hk(uk 1 k 1)
g 12 e
k=1
(k+ DC(n, k, pPEI= 2 @)ullfH ) w3kt
> Do ().
- llz_ 1155 &
-1 Lk+1(g* ]

Let us observe that the constant can be replaced with a constant independent of u, indeed

(k+ D, k, = (@Dl o) a2kQ)
>k + 1DHC(n, k, p)——
g2, 121
- Lk*‘](_Q;_])

=(k + DC(n k. pa, ' 24 (),
where we have used the inequality

* k+1 * k+1 *
R P N P

and the identity |2} || = w,&p (). O

Let us define the k-Torsional rigidity as
k+1
lall3l,

T(£) = sup CESWATN) i u€ CHR), u k-convex, ul,o =0 ¢, (36)

the supremum in (36) is achieved by the solution to

Sk(D2u) = (Z) in Q, 37)
u=0 on 0.

Another consequence of the result in [3] and Remark 2.6 is that the k-Torsional rigidity is maximum on the ball in the class of
convex sets for which the solution to (37) has convex level sets, provided that the (k — 1)-th quermassintegral is fixed. Indeed,

Ve (o, i )k“

T(2)= <
(k+ DH(u; D= U+ l)Hk(u

ST
k1521 -

In particular, the following corollary holds as a consequence of Theorem 1.1 and Remark 2.6.

11
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Corollary 3.2. Let 2 be an open, bounded convex set of R". If there exists a p-convex solution to (37), for some p € (0, 1], then there
exists a positive constant Cs = Cs(n, k, p, 2) such that

w3, kbl
1 1 > CSaHz " (Q),

TQ T@Q_)~
where

Cs(n k. Q) = C(n k. PSP (),

w’,i

and C(n, k, p) is the constant in (34).

Proof. Proceeding as in Corollary 3.1 we have

1 L (k+ DH Q)  (k+ DH @ 12 )
k+1 k+1
T(Q) T2 ) ”u”LT(.Q) (% IHLT(QL)
Hy(u; Q) — Hy(u;_; )
>k+1) k kkﬂkl kl
I g
2k k+1 K
(k+ DCm, ke, PR @, ) P )
= llt_ 1! K '
Moy L‘(!)Z_l)
Finally, since
* k+1 k+1 % k+1 _ k+1 k+1 n(k+1)
i g ) < Wi e 1201 = el g 0,
we have
1 1 el

. —k<n+2) s
7@ T(_Q,g )_ C(n k,p)¢,_ T (Day, (). O

3.2. Proof of Theorem 1.2
We now proceed with the proof of the second result.

Proof of Theorem 1.2. Let f(|x|) be the Schwartz rearrangement of the function f given in problem (5). Let u be the solution to
(5) in A(R2) N C3(Q), u;_l be its (k — 1)-symmetrized and let u® be the solution to (6). We recall the explicit integral representation

of the radial solution u":

1

% i
W(x) =— % / < _”+k/ FOs)s"™ lds) dr, (38)
() ) I

where R is the radius of the ball in which ¥ is defined.
We integrate both sides of Eq. (5) on the sublevel set Q(u), and we proceed as in Section 3.1, obtaining

k FG)dx =k/ S (D?u)dx = <"‘ 1>/ oy |Vul* dH™" >
P P k=17 Jaau
n—k —

o & Q) . <,, - 1> [Sma(eIM)
> > nw, ———

(dckfl )" &8, () k=1 (dc:H )"

du du

where in the last inequality we have applied the quantitative quermassintegral inequality (17) and the constant is

(n+ Dk + 1B,
2n(n—)(n—k+ Do,

n+

<1 +x3(n, K)a, (Q(u))>

K3(n, k) =

On the other hand, we can apply the Hardy-Littlewood inequality and we have

1260)] 2\ 7
k/ fdek/ Va <—> da <
Q) 0 wy,

o @ 7, ! Gt
k f = da = knw, (" dr.
0 @y 0

If we rewrite the previous inequality in a more compact form, we have

12
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n+3 ¢ (1)
L+ ky(n ba,? () < R k) < S 1) Q) / 0 ar,
k-1

and if we erase both members to the power 1 /k we get
1

Kk3(n, k) "Jz'z g |k ek / 0/ -1 g
+ () < i (Z:i) < (L2(w) f(r)r ar | ,

that can be rewritten, thanks to (38), as

k n+3
'“(2'; Doz @y < L=t Ck LY (G Q). (39)
Now, let us integrate (39) between u and 0, with
ue{vem0] : §_(2W) <|x|}, (40)

we have

0 3 0 3
p > (G (2(w) +/ Kky(m Ka,) () dv > w0 (G Q) + /* Ky, oy} (V) dv,
m u

k—1

where the constant is

_ i3(n, k)
k4(n, k) = T
If we pass to the supremum on the set (40), by the definition of (k — 1)-symmetrized of u, we have
0 n+3 0 n+3
up_(x) = uo(Ck,l(u;z_l(x))) + / Ky (n, k)a QW) dv > u(x) +/ Ky(n, k)a (L(v))dv, (41)
U Uy

here we used the inequality u®(_ 1(uz_1(x))) > u%(x) which holds because u° is increasing. Once again, we want to bound the integral

in the right-hand side of (41) in terms of the Hausdorff asymmetry of Q. As in the proof of Theorem 1.1, we consider the threshold
(30), so we can apply the propagation Lemma 2.2, obtaining

0 n+3
u;zfl(x) — uO(x) > / Ky(n, k)oc QW) dv

i
Y1

0 w3
> / ky(n, e, (2()dv (42)
max{uy;_, (x).1}
n+3

> i5(n ke, } (2) (—max{z,u;_ (x)}).
where
Ks5(n, k) = k4(n, k)2_n2i

From the last inequality, we find that
n+3

* 0 2
ey —u ”Lm(giq) > Kks(n, k)aHz Q)(—n), (43)
that can be rewritten thanks to (30) as

n+s
. 0 3 _om 6
ey, —u ”L“’(QZ,I) 2 Ks(n, kK)ay, (9)< 2nt2) D@

Finally, from (18) the thesis follows. []

Remark 3.2. In [16][Theorem 1.2], the authors proved the analogous of our Theorem 1.2 in the case of the Laplacian, obtaining
R

2-n
[l |If1l

where a;(Q) is the Fraenkel asymmetry of Q. In that case, once a threshold is defined and one obtains a partial result as in (43), it is
more subtle to conclude and obtain (44). In our case, the comparison with cones in Remark 2.7 allows us to conclude more easily.

> Cal(Q), (44)

3.3. Proof of Theorems 1.3 and 1.4
Now, we want to take advantage of inequality (7) to prove the comparison on the k-Hessian integral H, contained in Theorem 1.3.

Proof of Theorem 1.3. The proof is very similar to the proof of the Hardy-Littlewood inequality, indeed it follows from Cavalieri’s
principle and Fubini’s Theorem

13



A.L. Masiello and F. Salerno Nonlinear Analysis 255 (2025) 113776

Sx) —u(x)
/(—u)Sk(Dzu) dx = /(—u)fdx :/ </ ds) </ dt) dx
Q Q 2 \Jo 0
+o0 +o0
=/ / </ )((fx)(x))({ﬂm)(x)dx) dsdt
0 0 Q
+oco +oo
:/ / H{f>stn{-u>t}|dsdt
0 0

+oo +o0
5/ / min{[{f > s}, [{—u > 1}]} ds dt.
0 0

Let us observe that the Alexandrov-Fenchel inequalities (13) imply

- T Wi (=ut > 1))\ 7T
e 1 <, (B2 D) w(M) (=, > 1]

@y @y

where the last equality follows from the fact that {-u;_, >t}isa ball, while from the definition of the Schwarz symmetrization,
we have

17> s) =]/ > ).

moreover, the sets {—u;_, > 1} and {f° > s} are concentric balls, and this implies

+00 +o0
/(—u)Sk(Dzu)dxs/ / min{|{f > s}|, [{—u> t}|} dsdt
Q

+oo
/ / min{|{f* > s}, [{~ui_, > 1}]} dsdr

O
= / (—uy_)f0dx < / (—u") " dx
QF N

k—1 Qk—l

= / (—u®) S, (D*u°) dx.
o

k—1

We are now ready for the proof of Theorem 1.4. Here, we make use of what we proved in Theorems 1.2 and 1.3.

Proof of Theorem 1.4. From the proof of Theorem 1.3 it follows that
/ (—u)S) (D*u) dx < / (—up_) /0 dx,
Q 2

Sk—]

that combined with (42) gives
H @, 25 ) — Ho(u, Q) > H (W, Q) — / (—ur_)f0dx =/ W, —u")fdx
QF *

k—1 'Qk—l

n+3
> K5(n, ka,} (2) / fO(=max{z,uf_})dx.
2

As the final step, we need to bound the right-hand side, and this can be done by considering that we are integrating a positive
function
n+3
H(, 25 ) = Hy(u, ) > k5(n, ke, } () FO(=mydx

wy_ <u}

(A N DA
= ks Ry (DD / (L) | da
0 y,
where the last equality holds as both u} _

oiom L[
s Jo

is decreasing as f is decreasing, so we can bound

. - 1 * 1
e, <E} u o7 (Q) A
[ (£ o LR i 0y,
0 y ng 1(‘9) @y

Moreover, the measure of the sublevel set can be bounded, thanks to (24) and (32)

Hup_y <m} = Wo(Qp_ () = 0,852 (1) = 0,5} (2_, () > @, < ) &)

2n+3 \" .
_wn<2(n +2)> (),

,and f 0 are radially symmetric functions. Let us recall that the function

14
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and then

1

i3 n ¢ () n

0 A = — [ 2n+3 k=1 ol [ a \"
HE Bg) = Hidi 202 s ey (200 <2(n n 2)) /0 / <co_> da

As in the proof of Theorems 1.1 and 1.2, we can bound the threshold x thanks to (18) and (30), so to obtain
i ||M||L°°(Q) ,_|
2n(n + 2)

and observing that

/wng,f,gm ol a 3
f <—> daz || fllpiq).
0 w, @

then the proof is complete. []

a3,(£2),

n

Remark 3.3. Let us observe that also Theorems 1.2 and 1.4 hold more in general if we assume that the solution to (5) is p-convex,
for some p € (0, 1].
Theorem 1.2 reads as follows: there exists a positive constant C, = C,(n, k, p) such that
0
oy, —u ”Lm(.Q;:_l) B

> Cra (£),

P
[lell oo 2y H
where
1

(n+ Dk + 1), < @y >F
2T nk(n - D(n — k + D, \ 2012

Cy(n, k) =

On the other hand, Theorem 1.4 can be generalized as follows: there exists a positive constant C‘3 = C‘3(n, k, p) such that

H Q) - HwQ) | #341
k k—1 k ZC3aH2 P (Q),

|Iu||L°°(Q)||f||L1(Q)

where
1
5 (n+ Dk + 1), W, »
Gnb) =~ <2(n + 2)1n > p
277 nk(n —1)(n — k + Do, ©n
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