Nonlinear Anal. RWA 87 (2026) 104450

Contents lists available at ScienceDirect

Nonlinear Analysis: Real World Applications

journal homepage: www.elsevier.com/locate/nonrwa i

)
Higher differentiability of minimizers for non-autonomous e
orthotropic functionals

Stefania Russo

Dipartimento di Matematica e Applicazioni “R. Caccioppoli”, Universita degli Studi di Napoli “Federico II”’, Via Cintia, 80126 Napoli, Italy

ARTICLE INFO ABSTRACT
Keywords: We establish the higher differentiability for the minimizers of the following non-autonomous
Anisotropic growth integral functionals
Sobolev regularity R
Higher differentiability Flu, Q) = /Z 4,60, |7 dx
o0& i X; »

with exponents p; > 2 and with coefficients g,(x) that satisfy a suitable Sobolev regularity. The
main result is obtained, as usual, by imposing a gap bound on the exponents p;, which depends
on the dimension and on the degree of regularity of the coefficients a;(x).

1. Introduction

In this paper, we investigate the differentiability properties of local minimizers of convex functionals, exhibiting an orthotropic
structure and depending also on the x—variable. More precisely, we consider

F(u, 22) ::/f(x,Du)dx, (1.1)
Q

where Q2 c R" is a bounded open subset, n > 2, u : 2 - R, and f : 2 X R" - [0,+0o0) has the following form

n

f=rxo=Y a@igP.

i=1
Here a;(x) are bounded measurable coefficients such that 0 < 4 < g;(x) < A for some constants 4, A, for every i = 1,2,...,n and a.e.
x € Q. For the exponents 2 < p; < p, < --- < p,, we shall denote by p = (p,, ps. ..., p,) and by

W) = {ue W@ u, € LD (@), i= 1,...,n},

loc loc

the corresponding anisotropic Sobolev space.
One can easily check that there exist positive constants L,/ depending on 4, A, p; such that

" pi=2
(Def(x,6) = Def(x,m), & =n)y > 1 Y (&1 + In ) 7 1€ =, (A1)

i=1

! pi=2
ID.f(x,8) = Def e, < L Y (& + )7 1€ =] (A2)

i=1
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for a.e. x € 2 and all £, 7 € R". Concerning the dependence on the x-variable, we assume that

aq(x)e W@y  vi=1,...n,

loc

so that, denoting by g(x) = max{|Da;(x)|}, we have that g(x) € L’ (£2) and the following inequality
1

loc

ID,f(x,8) = Def (1, O < |x = y| (@) + 8() D 1& 177 (A3)
i=1
holds for a.e. x,y € 2 and every & € R".
Let us recall the following definition of local minimizer.

Definition 1.1. A function u € Wkl)’cp(.Q) is a local minimizer of (1.1) if, for every open subset 2 € 2, we have F(u; Q) < F(p; Q)
forall p e u+ Wol"’(!?).

The energy densities f that satisfy anisotropic growth condition fit into the wider context of those with (p, g9)—growth condition
as follows

e < f O <A +1eP,  1<p<a

where p = c¢(p;) and ¢ = max{p;,i = 1,...,n}.

The regularity theory for functionals with non-standard growth conditions was first developed by P. Marcellini in the pioneering
works [1,2]. From the beginning it has been clear that local minimizers of functionals like 7 may become unbounded when the
ratio % is too large. Indeed, the gap % cannot differ to much from 1 and sufficient conditions to the regularity can be expressed as

4 <c(n)—>1las n— oo,
as proved by the counterexamples in [1-4]. Since then, a huge number of papers dealing with the (p, ¢)—growth problem have
been published (see, for example [5-20]). However, since it is impossible to provide an exhaustive list of references, we refer the
interested reader to the recent survey [21,22].

However, compared to these papers, the difference with our work lies in the fact that the behavior of our functional at (1.1)
depends on the components of the gradient and although they exhibit (p, ¢)-growth, they need to be treated with appropriate
arguments.

Actually, the regularity of local minimizers of functionals with orthotropic structure is a well-studied problem: for the specific
case of subquadratic nonstandard growth, some results can be found in [7,23-26], for f = 0. In the case of a right-hand side f # 0,
we refer to [25,27,28].

It has been recently proved in [24] (sub-quadratic case) and in [23] (superquadratic case) that any local minimizer U €
VVI(I)"C”(Q)angC(Q) is such that DU e Lfgc(Q, R") and |le | = Ux,- € I/Vkl)c2 (), fori =1, ...,n. One of the main difficulties of functionals
with orthotropic structure is that they are degenerate.

In [25] they even consider the following widely degenerate functional

! pi
F(u;.Q):Z/ l<|ux’|—5,-) dx+/fudx,
i1/ Pi Q

with u € Whl)f(.Q) NL®(Q), f € Wl(])‘c”/(.Q), and they proved the higher differentiability of the local minimizers, that is

loc

2oy
(|ux.| —6,.) P o ewl2@), i=1,...n
FTO)s gl
In particular, for local weak solutions of the anisotropic orthotropic p-Laplace equation (i.e. the case §; = 0), they get

P2 12 )
|“x,| 2 ux[GW‘(_Q), i=1,...,n

loc

Here we consider the case §; = 0, but differently from [23]-[25], we allow the presence of some coefficients g;(x) and we are
interested in the conditions that must be imposed on the coefficients in order to achieve analogous higher differentiability results
for the solutions. Our motivation comes from the recent paper by P. Marcellini [20], in which is clearly stated that currently there
are few known regularity results for problems of this type, in relation to the properties of the coefficients. Indeed, as far as we
know, few regularity results are available for the local minimizers of functionals with an orthotropic structure in the so-called
non-autonomous case (see [29]). We aim to fill this gap by trying to identify how the regularity of the functions a;(x) influences
that of the minimizer.

Actually, our main result consists in proving that a suitable Sobolev regularity of the coefficients a;(x) transfers into a higher
differentiability for the local minimizers of (1.1).

We recall that recent studies have shown that the weak differentiability of the map D; f, whether of integer or fractional order
with respect to the x-variable, is a sufficient condition to achieve higher differentiability (see [17,30-32] for the case of Sobolev
spaces with integer order and [33-37] for the fractional one) both in case of standard and non standard growth.
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In particular, the general requirement for obtaining higher differentiability for local minimizers is a Sobolev-type regularity
for the coefficients with an exponent r that is greater than or equal to the dimension n. When dealing with bounded minimizers,
the situation changes, and sufficient assumptions on the Sobolev regularity of the coefficients can be made independently of the
dimension (see [7,17,30,38]). Our result follows this approach. Even though the order of summability of the coefficients depends
on the dimension n, it does so only through the bound that allows us to handle locally bounded minimizers.

In the statement our main result, we shall use the auxiliary function V,,(¢) defined by

V@ = 1elT e, a.2)

for all ¢ € R”, the harmonic mean of p; defined by

n

==
N
LN
>

as well as its Sobolev conjugate p* = n”—_ﬁﬁ.

Our aim is to prove the following

Theorem 1.2. Let u € W''P(Q) be a local minimizer of (1.1) under assumptions (A1)-(A3) with exponents p; = 2,Vi=1,...,n such that

R . .
ey
and with a function g € Ly (), with r such that

r>p,+2. (1.4
Then

V, ) €EWLQ), Vi=1...n (1.5)

and the following estimates

n n o
Z </ |ux,.|p'+2dx) <c <Z Moy, i By + ||g||Lr(BR)) (1.6)
4 BR/4 4

i=1 i=1
and

n

n o
Z /B [ty |2|“x,»|p’_2dx <c <z o, e gy + ||g||U(BR)> , 1.7)
X ,
7

i=1 i=1
hold for every pair of concentric balls By /4 C BR € Q, where ¢ = c(n, p;, A, A, R) and ¢ = o(n, p;, q) are positive constants.

Now, we briefly describe the strategy of the proof, which, as usual, will consist of an approximation argument, a uniform a
priori estimate, and a passage to the limit. It is well known that the a priori estimate needs to be established for sufficiently regular
minimizers. Therefore, the first step is to establish higher differentiability for minimizers of functionals with Lipschitz continuous
coefficients, since this result is not available in the literature. As usual the higher differentiability is achieved with the use of the
well known difference quotient methods that is frequently used in this context (see the very recent paper [1,9,21]).

More specifically, for a given & > 0, we investigate the function

Fx, 0= Y b1 +e (1+ |¢|%”)2
i=1

where the coefficients b,(x) : 2 — R are non-negative and satisfy the following condition

[6;:(x) = b;(»
—_— < ®

L. =
X, yEQ,x#y |x - Y|

i

The first goal is to analyze the regularity properties of minimizers of the following functional

Fo(u, ) = / £.Gx, Du)dx.
Q

After, we aim to establish an uniform a priori estimate, which plays a crucial role in the proof of our main result. Finally the
Theorem follows by proving that the a priori estimate is preserved in passing to the limit.

We briefly describe the structure of the paper. After summarizing some known results and fixing a few notations, we prove a
lemma for approximating functionals to be used in the a priori estimates in Section 3. Eq. (4.3) is devoted to the proof of some a
priori estimates for solutions to a family of approximating problems. Next, in Section 5, we pass to the limit in the approximating
problems.
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2. Preliminaries

In this section we introduce some notations and collect several results that we shall use to establish our main result. We denote
by ¢ or C a general constant that may vary on different occasions, even within the same line of estimates.

In what follows, B(x,r) = B,(x) = {y € R" : |y — x| < r} will denote the ball centered at x of radius r. We will omit the indication
of the center x when no confusion arises.

We recall here the well known Sobolev-Troisi inequalities [29,39].

Lemma 2.1. Let E C R" be a bounded open set and consider u € Wol’p(E), pi=1forali=1,...,n, and set

n —_

1 1 . np
== z‘ =, = 2.1
P - (2.1)

S =
S
>

If p < n, then there exists a positive constant y depending only on the parameters {n,p,, ..., p,}, such that

n
el <7 ) g 1, -
i=1

If p=n, for every 1 < r < oo there exists a positive constant y, depending only on {n,r,p,,...,p,}, such that

n
lull, <7y [Znuxin,,i +||u||1] :
i=1

If p > n, there exists a positive constant y, depending only on {n, p,,...,p,}, such that

n
llulleo <72 [Z||uxf||pf + ||u||1] :
i=1

Now we recall a well-known iteration lemma (see [40, Lemma 6.1]).

Lemma 2.2. Let Z(t) : [p, R] — R be a bounded nonnegative function, where R > 0. Assume that for p <t < s < R it holds
ZW)<0Z(s)+As—-D""+Bs-nDP+C

where 0 € (0,1), A, B, C > 0,a > f > 0 are constants. Then there exists a constant ¢ = c(a, 0, f) such that
Zp)<c (A(R - “+B(R-p P+ c).
At this point, we recall a result that will become significant later (for the proof see [23, Proposition 4.3]).

Proposition 2.3. Letu € WI;‘C"(Q) and assume that there exists k € {1,2,...,n} such that
2 ) 1
[ty [Nt P77 € Ly (£2).

Ifue L (£2), then uy, € Llp (1‘:2(!2) and there exist constants C = C(n,p,) > 0 and y = y(p,) such that for every pair of concentric balls

B, C By € Q, it holds the following

1 14
lug, 1742 dx < C|lul 2 (/ g, |Pk-2dx+<—> / lu |"kdx>. (22
/Bp X) ) B Xp Xk Xg R—p Br Xk

We shall use the following local boundedness result for minimizers of the anisotropic functional defined at (1.1), whose proof
can be found in [41].

Theorem 2.4. Let the integrand f = f(x,¢) in (1.1) satisfy the following
Fx,8)=Fx, |l 1] - 16D, (2.3)
f(x, A8) < A f(x,&), for some u > 1 and for every A > 1.

If p, < p*, where p* is the Soboley exponent of p (p defined at (2.1)), then every local minimizer u of (1.1) is locally bounded.

For the function V, (&), defined at (1.2), we recall the following estimate (see e.g. [40, Lemma 8.3]).

Lemma 2.5. Let 1 < p < +oo. There exists a constants ¢; = c(n, p) > 0 and ¢, = c(n, p) > 0 such that

2 V&=V,
leP + )T < O HOF
& —nl

forany &,n € R, & #n.

=2
<c(EP+nH 2
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For further needs we state the following Lemma for the function Z;(&) = (1 + |& |2)%cf. the proof is obtained by combining [42,
formula 2.1] and [43, Lemma 2.2].

Lemma 2.6. Let § > 0. There exists a constant ¢; = ¢,(5) > 0 such that
2 2 2,3
e (Z5(&) = Zs(m), & —n)y = |E—nl* (L + |E]* + |n])2
We conclude this section with an algebraic inequality (see [40,44])

Lemma 2.7. For any a > 0, there exists a constant ¢ = c¢(a) such that, for all n,¢{ € R" \ {0}, n € N, we have

%|In|“‘1n—lél“‘14 <(nl+1eD =&l < e ln* ' = 1817 ¢ |-

2.1. Difference quotient
In this section we recall some properties of the finite difference quotient operator that will be needed in the sequel.

Definition 2.8. Let F be a function defined in an open set 2 C R”, let h be a real number, the finite difference operator 7, , F(x)
is defined as follows

T, F(X) := F(x + hey) — F(x),
where e, denotes the direction of the x; axis.
The function 7, , F is defined in the set
Q1= 1{x € Q : dist(x,00Q) > |hl} ={x € Q: x4+ he, € 2}
We start with the description of some elementary properties that can be found, for example, in [40]. When no confusion can arise,
we shall omit the index s, and we shall write simply 7, instead of 7,
Proposition 2.9. Let F € W'P(Q), with p > 1, and let G : Q — R be a measurable function. Then
D ©, F € WP(Q),) and
D(t,F) = 7;,(D;F).

(i) If at least one of the functions F or G has support contained in Q,, then

/Frthx=—/Gr,hFdx.
Q Q

(iii) We have
T(FG)(x) = F(x + h)7,G(x) + G(x)7, F(x).

The next result about the finite difference operator is a kind of integral version of Lagrange Theorem.

Lemma 2.10. If0<p<R, |h| < % 1< p<+ooand F, D,F € LP(By), then
/ |7y n F(X)|Pdx < c(n,p)lhl‘”/ | D F(x)|Pdx.
B,

Bg
Moreover,

/|F(x+h)|”dx§/ |F(x)|Pdx.
B Bp

P

We now state a lemma that will be needed in the sequel.

Lemma 2.11. Let F € L*(By). Suppose that there exist p € (0, R), and M > 0 such that

/ l7y F(x)|2dx < M?|h|?,
Bﬂ

— 2n
for every h such that |h| < %. Then F € L2 (B,) and

Fl| 2 <cM +||F|l2p,))»
[l ”LH(B) Il L2,

P

with ¢ = c¢(n, R, p).

We conclude by recalling the following



S. Russo Nonlinear Analysis: Real World Applications 87 (2026) 104450

Lemma 2.12. IfO<p<R, |h]| < ?, 1 < p<+oo and F € LP(By). If there exists a positive constant C such that
/ |74 F(0)Pdx < Clh|”, (2.4)
B,

for every h, then the distributional derivative D F belongs to L”(B,).
Moreover it holds

/ |IDF(x)|Pdx < C. (2.5)
B,

3. A preliminary regularity result

In this section we prove a regularity result for more regular problems with respect to (1.1) that will be needed in the
approximation procedure. More precisely, for e > 0 we consider

[ D= Y BIGIP e+ 167 ) GB.1)

i=1
with Lipschitz non-negative continuous coefficients b;(x) : 2 > R, i=1,...,n, i.e., the following condition holds

Lo o BN

i (3.2)
X, yEQ,x#y |x - Y|

Setting f(x,&) = ZLI b;(x)|& 1?7, one can easily check that

ID,f(x.6) = D f(r. Ol < Klx =y Y [&177! (A3)

i=1
for a.e. x,y € Q and every ¢ € R", where K = K(L;, p;).
We recall a Lipschitz regularity Theorem for the minimizers of the functional

re00 = [ fD0),
that can be deduced by [45, Theorem 2.2] in the case p = ¢ = p,.
Theorem 3.1. Let f satisfy (A1)-(A3’) and let u, € W'Px(2) be a local minimizer of
Fo(u,) := ,/_(2 fe(x, Du)dx. (3.3)

Then u, € Wlif" (£2) and the following estimate

1+ [ fix Dug)dx] ", (3.4)

[1Du || oo,y < €
Bg

holds for every pair of concentric balls B, C By € £, with C and ¢ positive constants depending on n, p,, p, € and R.

We would like to notice that, since the function f, satisfies standard p,-growth, in Theorem 3.1 we do not need to require that
Pn <1+ l,
P1 n
as done in [45].
We shall use the higher differentiability of the minimizers u, of F, that, as far we know, is not available in literature and that
is contained in the following

Lemma 3.2. Let f satisfy (Al), (A2) and (A3’) for exponents p; > 2,Vi = 1,...,n and let u, € Wli’cp "(£2) be a local minimizer of the
functional (3.3). Then we have

loc

(V,, (@))€ W 2(), Vi€ {1,...,n} and Vj € {1,...,n}.

Proof. We start by observing that u, solves the following Euler-Lagrange system

/(f:(x, Du,(x)) + (1 + | Du, |2)'7"Tf2 Du,, D)dx =0, (3.5)
0

for every ¢ € Wol’p (02, RM).
Fix a ball By € 2 and consider radii p < ¢ < R, a cut-off function 5 € C(‘)”(B,), withn =1on B, 0 <7 <1, |Dy| < -~ and

1=p
|h] < %. We test (3.5) with the function

P=7;_pn (”IZT/,h(ug))
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thus obtaining

/Q(fé(x, Du,(x)) +e(1 + |Du5|2)# Du,,7; D (n*7; 4(1,)))dx =0,
and hence, by (ii) of Proposition 2.9,

/Q@L,,fé(x, Du(x)) +e7;,(1 + |Du5|2)% Du,, D (1’7, (u,)))dx = 0. (3.6)
Since

D(n*t; ,(u,)) = 2nDnz; 1 (u,) + n*z; , Du,

and
7 pfe(x, Dug(x)) + €7, <(1 + | Du, |2)# Dué> = fe(x +e;h, Du (x + e;h) — fz(x + ejh, Du(x))
+ fe(x + e;h, Du,(x)) = fz(x, Du,(x))
ter, ((1 + 1D ) Du5<x)>,
we may rewrite equality (3.6) as follows
0= /Q(fg(x +e;h. Du(x + ¢;h) = f(x + ¢;h. Du (x)).1°7; , Du ) dx
+2 /Q<f§(x +e;h, Du (x +e;h) = fz(x + e;h, Du(x)), nDy; (1)) dx
+ /!2 (fe(x + €;h, Du(x)) = fz(x, Du(x)),2nDy; 5 (u,)) dx

+ /(f;;(x+ejh, Du,(x)) — f¢(x, Du (x)),n*t; , Du,) dx
Q

+ 2¢ /Q(Tj,h ((1 + |DuE(x)|2)pn2772 Dug(x)>,r/Drrrj’h(uE)) dx
+ 6/9(1”, <(1 + |Du€(x)|2)p%2 Dug(x)>,r/2‘rj,hDu£)dx
=N+ L+ K+ T+ T5+ Jg. 3.7)
Therefore
Jy 4+ Jg S Ll + 3] + |4 + | 5] (3.8)

From (A1), we infer

J =/Q(f5(x+ejh, Du,(x + ¢;h)) = fz(x + e;h, Du (x)), n*; , Du,) dx

pi=2

zz/nzz (I(ug)xi(x+ejh)|2+|(u£)xi(x)|2> 17 ), |*dx =: IRHS (3.9)
Q=1

The integral J can be estimated by using Lemma 2.6 for § = p, — 2, as follows
£ 2 2 2 =2 ) T
oz = | (14 1Du (et el +1Du o) 2 17D ()| =2 —RHS, (3.10)
Q

where ¢ = ¢(p,) is the constant appearing in Lemma 2.6.
Now we consider the term |J,|. By hypothesis (A2) and by Young’s inequality, we get

|2l =2

/ (fe(x +ejh, Du(x +e;h) — fe(x +e;h, D”e(x))’”’?x,-'fj,h(“s» dx
Q
pi=2

<p [ T (o e el 1 0F ) 1o, Pax
i=1

RHS
pi=2

+c,;/gg (10t G5+ e + 1), P ) 7 T2yl 1, [Pl

p

< pRHS +
g (t—p)?

/ B 1)y, (x+ ) + (), O I7; ()| Pdx
B i=1

2
C

SR L - Y
< PRHS + 2 Rl ey /B M @i ) (3.11)

7
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where to estimate the last integral in the right-hand side we used Theorem 3.1, Holder’s inequality and Lemma 2.10 .
Now, we turn our attention to |J3|. From condition (A3’) and the properties of #, we get

|J3] = |L(f€(x +e;h, Du (x)) — fz(x, Du (x)), 2nDnz; 5 (u,)) dx
<

n
<hKy / 20l 112 ne) 1)y, 7 dx

<|h|c(K) Z </ I ! 1)y, |17,—1dx>

K,R m
g )Zn(u)xumw)(/g ( corax)” (3.12)
R

where, as before, we used Theorem 3.1, Holder’s inequality and Lemma 2.10 .
Similarly as for the estimate of J;, from condition (A3’) and the properties of 7, we obtain

|y = |/(f¢(x+ejh, Du, (x)) — fz(x, Du,(x)), #*7; , Du, ) dx

’/Z a;(x +e;h) — a(x))l(u) [P 2('4) 7.0 (), dx

< clhl K Z/m s, 1), 1P dx

Pi—

< /anz (1010, Gx €, + 1) O ) = eyt s
i=1

RHS
n
ol Y [ o, i dx
i=1 7 By
n
< FRHS + ¢ || Z/ |ty 7 dx. (3.13)
i=1 7B

Pn

Now, we take care of |J5|. From Lemma 2.5, Young’s and Holder’s inequalities with exponents ”7” and
we get

5 and the properties of 7,

Pn=2
Js] <2 / 1,01+ 1Du, OP) T Dy o)l Il Dl p(u )] dx

<ce/(1+|Du (x + eI + 1Du (01 5 I, ,(Du, ()| 1l Dallz; () dx
< ;c/n (1 + D, (x + hep) P + [ Du, () 5 [ p(Dut, DI dx
—RHS
/(1+|Du (x+he )|2+|Du (x)| )7| h(u5)| dx
(t—p)2

-2

IA

Fn
LRES + &£ </ (1+ | Du,(x + he)| + | Du, (x)|)”"dx>
2¢ t—p)?

2
([psrs)
2

=2 =
» Pn
< LRES + ]2 (/ (1 + | Du, (x)|)""dx> " / | Du, |Pndx
2c (G P)2 B,
< LRHES + |h|2/ (1 + | Du, (x)] )" dx, (3.14)
2¢ (l Bg

where we used Lemma 2.10.
Inserting (3.9), (3.10), (3.11), (3.12), (3.13), (3.14) in (3.8) and reabsorbing the term RHS, we obtain

Pi—

’/9”2;('<us>x,»<x+ejh>|2+|<ue>x,-<x>lz)2 71100y, [P+ = REES

pi-2

<2p /anz (|(u£>x[(x+e,h>|2+|(u5)x,(x)|2) 1t Ay, Pdx
i=1
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2
L Znux 122, (/B () oax)”
1
K - b
+ )WZH M. (/B o)y <x>|Pfdx>
+cglhl? Z/ |(ue)y, 17 dx
i=1 7B

C
T

Since RHS is non-negative, we obviously have

|h|2/ (1 + | Du, (x)])P dx. (3.15)
BY

Pi—

7 /7% (10 e+ uo, o) T et P

pPi—=

</ Z 0 Gt e 10, 07 ) ), P+ = RIS, (3.16)

Hence, from (3.15) and (3.16), choosing g = Z and reabsorbing the first term in the right-hand side by the left-hand side, we get
n pi—2
I =2
! /Q 1Y (1000 G+ e P+ 1) P ) 7 1), P
i=1

2

£ o IAl? ;umgx,n’;';fgw < /B ) |(u5>xj<x>|pfdx> K
1
Zn(u Sl ( / |<u5>x,<x>|1’fdx> g
h? Pi g ce
+ el ;/Bluug)xj S

with a constant ¢ = ¢(/, K, R).
Applying Lemma 2.5 in the left-hand side of (3.17) and using that n = 1 on B,, we get

D / |74V, (W) )P dx < |h|2{
i=1 Bp (

I / (1 4+ | Du, (x)Prdx, (3.17)
B!

e)x ||Lm(B ) </B |(”s)xj(x)|pfdx> pj
R
L
i |L°°<BR> </BR |(u5>xj(X)|”f‘dx>p’

+c 2/ |(u)y, 1P dx
i=1 /B,

p)2 / (14 |Du, (x)|)p"dx}
and so

n n Y
Z/ |Tj’thi((uE)xi)|2dxSc|h|2 [Z||(ug)xi||Lp,-(BR)+e/ (1+|Dug(x)|)l‘ndx:| R (3.18)
i=1 7B, i=1 B

for positive constants ¢ = c¢(n, p;, p, R, 4, K, || Dul| ). Then we have that
12 .
Vp ((ue)y,) € W 2(), Vi=1,...,n

which implies in particular that

W), Pl 172 € L (2, Vi=1,..,nandVj=1,...n [
Remark 3.3. For further needs, we record that, by virtue of Lemma 3.2 it holds in particular that |(”6)x, X |2|(u6 )x; [Pi=? e LI‘OC(_Q).
Therefore, since by Theorem 3.1 we have that u, € L (), we are legitimate to use Proposition 2.3 to deduce that

(u.)y, € Li;c (@), Vi=1,..,n

4. A priori estimates

The main aim of this section is to establish the following a priori estimate which is the main step in the proof of our main result.
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Theorem 4.1. Let u € W''P(Q) be a local minimizer of (1.1) under assumptions (A1)-(A3) with exponents p; =2,Vi=1,...,n such that

in{p*,p, +2} if p, < p*,
< min{p*, p; +2} if p, ’ @1
pr+2 otherwise,

and with a function g € L; (£), with r such that

r>p,+2. (4.2)
If we assume that

V,w,)EWL @), Vi=1..n (4.3)

then the following estimates

n n o
Z </ luay, |"i+2dx> <c (Z e, e By + ||g||L’(BR)> 4.9
i=1 \" Br/a i=l

i=

and

n n -
¢ Z /BR |ux,»xj Izluxilp,idx <c <Z o, pri gy + ||g||Lr(BR)) , 4.5)
T

i=1 i=1
hold for every pair of concentric balls By /4 C BR € Q, where ¢ = c(n, p;, A, A, R) and ¢ = o(n, p;, q) are positive constants.
Proof. Fix a ball BR c Q and consider radii —R <p<s<t<t <r<R,a cut-off function n € Cy (B, withyn=1on B, 0<n<1,
| Dn| <= and |h] < =L, We test the Euler—Lagrange equation of (1.1) with the function
Q=71 (Pt s
thus getting

=/(fé(x+ejh,Du(x+ejh))—f:(x+ejh,Du(x)),;12rj’hDu)dx
Q
+ /(fé(x+ejh,Du(x+ejh))—f:(x+ejh,Du(x)),2nDnrj,hu)dx
Q
+ /(fg(x+ejh,Du(x))—fg(x,Du(x)),ZnDr]ijthx

/(ff(x+e h, Du(x)) = f¢(x, Du(x)), "t hDu) dx
= L+L+I;+1,
From the previous equality, we deduce that
I, < || + [ I3] + | 14]. (4.6)
By virtue of assumption (A1), we infer

I, = /(ff(x+ejh,Du(x+ejh))—ff(x+ejh,Du(x)),nz‘rj,hDu)dx

Pi—z

>1/ Z luy, Cx + ¢, + Ju (x)|2) T |7 pity,|>dx = IRHS. 4.7)

Now we con31der the term |I,|. By using hypothesis (A2), Young’s inequality, we get

| =

/ (fe(x +ejh, Du(x + e;h)) — fz(x + e;h, Du(x)), 21 ’Ixﬂj,h”) dx

<2t [ 2 g -+ e 0+ i ) eyl il

/9;722 (|uxi(x+ejh)|2+|ux‘(x)|2) = |7 ity 1 dx
i=1

J

RHS
pi=2

n
+c5/2 (|ux,.(x+e,-h)|2+|ux,.<x>|2) Pl pul? Iny, Pdx
Q=

Fr -2

/2 |ux‘(x+e h)|2+|u (x)| ) |1j,hu|2dx

< 2¢RHS +

s)2

10
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Pi pi—2

(ri)z Z(/ ('“x,(x+ejh>|2+qu,.(x)lz)7dx) e

/ Iz; hul”'dx p’

; p, ; I’x
<2¢RHS + (t—s)2 ,;(/B, lua, ()71 dx / [7; pul? dx) (4.8)

where in the last two inequalities we used that |Dy| < :, Holder’s inequality and Lemma 2.10. For the estimate of the last term
in (4.8), we have to distinguish between two cases, as done in [25].
Case 1: i<j<n. In this case we have that p; < p; and this allows us to Holder’s inequality as follows

<2eRHS +

Pi Pi

pj Pj
/ |rj,hu|pfdec(R,pi,p,~)</ |r,~,,,u|”fdx) Sc<R,pi,p,)|h|pf</ |ux,.|"fdx> . .9
B B, By

Case 2: j+1<i<n. Now, we have that p; > p; but, by assumption (4.1), we have p; < p, < p; +2 < p; +2 therefore by Holder’s
inequality we have

- 2
/ el dx < e(R.py.p,)) / el ) < e(Ropypy I / g 72} (4.10)
B, B, B,l

Let us explicitly remark that, by assumption (4.3) and Theorem 2.4, last integral in (4.10) is finite by the interpolation inequality
of Proposition 2.3.
Next, inserting (4.9) and (4.10) in (4.8), we infer

2

pi—2 pj
12| < 26 RHS + > Ihl? Z(/ lu, (0|7 dx) " / luy [P/ dx
, ! B,/ J
) 2
- pj+2
|h|2 / lu,, (x)|7 dx " / Juy P42
Z By ) By i

i=j+1
2
pi=2 »;
<2¢RHS + |h|2 (/ lu, (x)|”"dx> ne / lu, |7 dx
(f Z By B, !
D)
Ll ¥ () teorax) 7 +ﬁ|h|2</ |ux,.|"f+2>,
i=j+1 By By

where, in the last line, we used Young’s inequality. Therefore, we conclude that
2

pi—2 E
o ([ o) ([ o)

()

e Y (/) mcorax) +ﬁ|h|2</B |ux,.|"f+2>. (41D

i=j+1

|I,] < 2¢ RHS +

From condition (A3), Lemma 2.10, the properties of n and Holder’s inequality, we derive

3] =

/(fg(x +e;h, Du(x)) — fe(x, Du(x)), 2nDnz; yu) dx

52|h|2/n|nx|| il (864 1)+ 869 b 1P~
i=

= t - s 17l 2/ |7; nul (g(X+ h)+g(x)> lu,, [Pi=Ldx
- i=1 7B

—1

< |n| </ g(x)rdx> (/ Izl 71 l|ux| = a'x) " (4.12)
t—s B

J

IA

Notice that
1 r
pi+t2r-1

if and only if
42
. ”1+1, (4.13)
bj

11
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Inequality (4.13) is satisfied by virtue of assumption (4.2), once we observe that

pj+2
r>pﬂ+2>pj+2>p .

Thanks to Holder’s inequality and Lemma 2.10, we get

(r=1)(pj+2)-r

1
pj+2 1 (pj+2)(pi—Dr r(pj+2)
pj+2 r=D(pj+2-r
J < / |z; pul? ™= dx Z / luy, | J dx
B, i=1 B,

Notice that
4+ 2)(p; — Dr
G-
r=Dp;+2)—r
if and only if

(7 +2)(p; +2)
Z—

(4.14)
3pj—pit4
Inequality (4.14) is satisfied by virtue of assumption (4.2) and since

i+, +2)

i +2,
3pj—pi+4 b

once we observe that
pi<2p;+2

holds true by assumption (4.1).
Hence, we can apply Holder’s inequality and Lemma 2.10 to infer

-1
pizl

p,+2 n pi+2
J <¢(R) </ |Tj,hu|pf+2 dx> z </ |u, |P,+2 dx)
B, i=1
pi—1
pi+2
< c(R)|A| </ lu, |Pi+? dx> </ lu, [P+ dx> (4.15)

p, +2

Now inserting (4.15) in (4.12), using twice Young’s inequality and denoting by « = the conjugate of the exponent 2= '7 and §

. 2
the conjugate of B 1, we have
a

a

S Cp % )
I13] < Z — IhP? </B g dx) |l [Pi*2 dx
i= t

HMﬂZ( |uw”w>

a

as
2 r " 2 pi+2
M|Z< gmdﬂ +WﬂAy4/dx
n
HMﬁZ( |%w”w>

i=1

n Lﬁ n
mFZ( mwwﬁr+wwﬂ2</l%w“w>
i=1 B,

n
HMﬂZ( I%W“m>

i=1

I/\

I/\

as

Z Ihl2 </ (x)’dX> '
peril Br

+1h28 ) </ lu, P2 dx>. (4.16)
i=1 By

Similarly as for the estimate of I3, we obtain

IA

] =

/(fg(x+e h, Du(x)) = f¢(x, Du(x)), "t ;D) dx

12
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SCIhIZ/W eyt | (8 + ) + g0 L, 1 dx

pi=2

/Qr]22 (|uxl(x+ejh)|2+|ux‘_(x)|2) e h”xl dx
i=1

RHS

n
$edh Y, [ oPlug 7 (sx+ )+ 007 dx
i=1 72

-2

SSRHS+c£|h|ZZ</ g(x)’dx) </ luy, |"5d x>r ) (4.17)
Bg

i=1
We note that

42
Bt siersp+2
pir
which is true by assumption (4.2). Therefore applying Holder’s inequality in (4.17), we infer

n 2 p,ﬁl
|I,] < eRHS + ¢ |h|* Z </ g(x)’dx) / |u, |P+2dx
i=1 Br B
n pi+2 n
<eRHS +c, 4h? ) (/ ()" dx> "oy (/ |uxi|p"+2dx>
Br i=1 By

i=1
Y n
< eRHS + ¢, 4|n|? </ g(x)’dx> +1hPpY / |uy |P2dx ), (4.18)
’ Br i=1 By '
where we used Young’s inequality with exponents 2= *2 and 2 '+2 and y = y(p;)-
Inserting (4.7), (4.11), (4.16) and (4.18) in (4. 6) 'we get
n pi—2
o 3 (I e b O )
Q i
<3e / Z luy, Cx + e, ) + u, (x)|2> T | Sy, I2dx
. R 2
J Pi— P
Ce 2 . 7 ; 4
+ Pid r. Pid
TR (] o ax) (/B | x)
(pi— 2)(p,+2) n
2 i Pi pj 2 i+2
el 3 (] geomax) 7o apni Y </B |7 >
i=j+1 By i=1 4
_ﬂ 2 r T
L (/ £ dx)
Y
+egplnl? </ g(x)" dx) (4.19)
Br
Choosing ¢ = é, we can reabsorb the first integral in the right-hand side of (4.19) by the left-hand side thus getting
n pi—2
/ 7Y ( luy, (x + €, + uy, ()1 ) ? ey, [Pdx
2 =1
2
j pi—2 m
i P, j
t—s)2 Z (/ luy, ()17 dx) /B/ 17 dx
Bi=2(p;+2) n
2 ; Pi Pj 2 i+2
el _Z (/) wecoras) ™ sapur 3 (/B 17 >
i=j+1 i=1 1
5 as
Cp 2 (/ ; ) G
+—— |h| g(x) dx
t—s ; By
v
(4.20)

+cglhl? ( / g dx)
Bg

13
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Then, by Lemmas 2.5 and 2.12, letting |A| — 0, we obtain

n
Z(/ lu"r"/lzlu"rlp[—zdx)
i=1 By
c J pi=2 %
< (/ g (O dx) " (/ lu _|ﬂfdx>f
(t_S)z Z Bp i By X

5 (] mwren)F

i=j+1

(t - S)2

+e.p (/ g(x)" dx) +4ﬂz </ |uxi|1"+2> R (4.21)
Br i=1 By

which in particular yields for every i =1,...,n

i pp—2
2 i—2 ¢ “rn ; pi
[ Pl < = 3 ([ g omran) ([ ax)
B, (t—29) /=t Vg Bg

n (Pp—=2)(pi+2)

+(I_Cs)2 z (‘/BR lta., GOIPA dx) P pi

h=i+1

as

Eﬂ " -
([ i)
I—s = B
s (v o)+ B ([ ) az
Bgr h=1 By

Summing over i = 1, ..., n, the previous inequality, we infer

z (/ |ux,x’ |2|uxr lpi_de>
i=1 By
P72
[
(t ~ s)2 z z </ lu, GOIP dx) . </BR Juy, (0)|P1 dx)

e

i=1 h=1
n n (Pp=2(pi+2)
c e
+ s TN (g eormax)
(=92 I 55 Ve

as

PR .
+ "d
n[t_S’;(/BRg(x) x)

MK/MW»WZOwwﬂ]
B — B

-2

2
< 3 Z( Z/ lu, (O dx) ’ Z<1+Z/ lu, ()17 dx)p’
(t_s) i=1 h=17Br

(Pp=2)pi+2)

(l—s)2 2 Z (/ lu, GOIP dx) P pi

i=1 h=i+1

ad

Cp ! . -
+n|:t—s Z(/BRg(x) dx)

i=1

4 n
*Cep </ g(x)" dX> +4p Z </ |uxh|1’h+2>:|
Br h=1 \’/ By
n n @ n " ﬁ
c
=i ; <1 + Z/B ey, C0)Pn dx) : 2 <1 + ; /BR luy, GO dx)

(ph —2>(p, +2)

Cc
t— / g, (O dx) P17
(t_s)z i=1 h=i+1

ad

&G & , .
+n[t—s p;(/BRg(x) dx)

14
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+ep (/ g(x)’ dx) +4p Z </ |“xh|p"+2)]
B - B
n B
SGosp - s)2 < Z/ lu, GOIP dx> -n <1 +}; /BR Juy, () |7 dx)
¢ : @h=Di+2)
T b, Pp Pi
’ (=52 ;h:zi-:—l </BR i COT™ dx)

5
C, " ty
+n[t_ﬂs ’; <LRg(X)rdx>
s (], oros) + B ([ )]
B = By

-+
< t—s)2 < Z/ u, (x)|"h dx>
n (Pp=2)(pi+2)
c e
+ — luy, ()P dx) %
(=57 ;h;rl <'/BR " )

. as
=2 (), mres)”
+n g(x) dx
[t—s ’; By
+c&/,|h|2 </ g(x)" dx) +4ﬁ2 </ |uxh|/’h+2>] , (4.23)
Bg h=1 \7/ By

where @ = max{”‘p—_2,i =1,...,n}and f = max{f,i =1,...,n}.
From the hypothesis ’
12
Vpi (uxi) € VVloc (“Q)
and Proposition 2.3 together Theorem with 2.4, we have
u, € L@, Vi=1,...n

and the following estimate holds for every i = 1,...,n

14
pi+2 2 pi—2 I pi
/BH s, 172 < cllule [(/B iy, Pl | dx) T (/B iy | dx) ]
- 1 Y
< C||u||oc [(Ar |ux,x, |2|ux’ |P1 2dx> + m <AR |ux’ |p'dx> ] s (4.24)

with ¢ = ¢(n, p;) and y = y(p;).
Summing the inequality (4.24) over i = 1, ...,n and inserting the resulting inequality in (4.23), we find that

n
D ( / ltx, 17l |"f—2dx>
i=1 By
a+p
n%c - ( / |u, (x)|17, dx)
(-9 Bg

Cy Pi pj
(z—s)2 Z Z (/BR Juy, GO |71 dx)

j=1i=j+1

n as

c r
+ — ()rd>
252 ( ) seras
Pnt2
+c </ g(x)rdx>
Bg
i=1

n 14
- 2 ;
o B[] ) i (/) waras) | @29
Setting

n
TROEDY < /B i, 1 Ity V’I—de) dx
i=1 P

+ B E||ull

15
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inequality (4.25) can be written as follows

$(p) < Pellulloo(r) + o3 + — 4 — 2 (4.26)
t—s (t—-s?2 (r-—tYy
Choosing # > 0 such that 6 = pé|lu||, < 1 and since (4.26) holds true for every radii p < s <7 < ¢ <r, we may select radii selecting
radii
r—=p r—=p

3(r=»p)
=p+——Lt=p+t——, 1 =p+ —,
$EPT Y P ’ 4

sothatt—s=r—t = ’TT". Hence, (4.26) becomes

B <OpP) toyt 2 G @.27)
r—p (r=p?% (r—py

Since (4.27) holds true for every % < p <r< R, we are legitimate to apply Lemma 2.2 to the function ¢ : [i—{, R] — R, thus getting

R &g & &
"5(2)93*?*@*@ (4.28)
Recalling the definition of ¢(r), (4.28) yields that

n

n o
Z / litg s, Plus, 1P 2dx | < <2 et 1 Lri By + ||g||Lf(BR)> , (4.29)
Bg 4
s

i=1 i=1

where ¢ = ¢(p;,n,1, L, R) and ¢ = o(n, p;) Putting (4.29) in (4.24), we derive also

n n 4
Y[t < 3l + el ) - (4.30)
i=1 B§ i=1

for positive constants ¢ = c¢(n, p;, 4, A, R) and ¢ = o(n, p;).
Now, inserting (4.30) in (4.21), we infer for every i = 1,...,n and for every j = 1,...,n.

n

n c
D /B liy, e, 1Py, 1P dx 5c<2||ux,,||Lpi(BR>+||g||Lr<BR)> : (4.31)
. .
ry

i=1 i=1

which concludes the proof. []
5. Approximation

In order to perform the approximation argument, let us fix a non-negative smooth kernel ¢ € CyP(B(0)) such that /, B,0) p=1
and consider the corresponding family of mollifiers (¢, ),-o. We set, for a given ball B, € @,

k _
a; =a; * ¢y,

g (x) = max{| Daj (x)|} .1

and, for x € By, we define

n

Ao =Y dwler, (5.2)

i=1

for every k < dist(Bp, £2). We shall use the following
FX(u. Bg) 1= / TE(x &)dx
BR

and

Pn

rrwbg = [ (Feorerien )ax
R

One can easily check that fK(x,&) satisfies assumptions (A1)-(A2) and (A3’), with K = supg, 18k ()] that is finite since

ak(x) € W*(Bg) and then g, € L®(By).
We consider the variational problems

inf{/ (fk(x,Du)+s(1+|Du|2)p7”)dx : UEWOI’p"(BR)+u’7}, (5.3)
Bg

where

n_
u =uxg,

16
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is the mollification of the local minimizer « of (1.1), for a sequence of mollifier ¢,.

It is well known that, by the direct methods of the calculus of variations, there exists a unique solution “Z s Wol’p "(Bg) + u" of

the problem (5.3). Since the integrand f*(x, Dv) + £(1 + |Du|2)[% satisfies the assumptions of Theorem 3.1, we have that
n
Vo (uy )x) €W, loc (BR)

Hence we are legitimate to use estimate (4.4) of Theorem 4.1, to obtain that

n

(o2
i+2
2(/ @)y |“dx)<c<2/ d )y |P'dx+||gk||Lr<BR>>
i=1 Brya Br

-
Sc(l)<2/ df(X)|(uz£)x,.|p" dx+||gk||L’(BR)>
oy '
<Z f"(x,Duz,e)dx+||gk||mBR>)
.
<Z/ f"(x,DuZ,&>+e(1+|Duzqé|2>"z")dx+||gk||U(BR>> :

where ¢ is a positive constant that is independent on ¢, k and  and where we used that af(x) > A,Vi, k. Using the minimality of “Z .
in the right-hand side of previous estimate, we have that

n

o
pit+2 2. b
> |6 ), 1" Pdx ) < (e pall )+ e+ 1D DT ) dx + gl
s Brya Bgr

i=1
o
Pn
Sc(Z (fk(x,Du”)+£(1+|Du'l|2) 2 )dx+||gk||U(BR)> , (5.4)
: Bg

where ¢ is a positive constant that does not depend on 7, k and e.
Since u"! € W'Pi(By), the right-hand side of the previous estimate is finite, and therefore, the left-hand side of the previous
estimate is uniformly bounded with respect to ¢ for £ € (0, 1). Therefore there exists UZ such that, up to a subsequence,

u = v} weakly in W'P**(Bg) as e — 0.

By the weak lower semicontinuity of the norm, we get

n n
Z (/ |(UZ)X, |p.+2dx> < liminf Z </ |(”Zg)x[|pi+2dx>
i BRrya € i \UBru 7

i=1
n o
=c <2 f¥(x, DuMydx + ||gk||L’(BR)> , (5.5)
i=1 /Br

where we used (5.4) and that, since u” € W1 (Q), it holds
liminf e [ (1+ |Du"?)% dx = 0. (5.6)
£—0 By
Using the definition of f; at (5.2), we have that

F¥(x, Du"y = f(x, Du")dx
Br

< 2/ |ak(x) —a;(x)| |u” [Pidx. (5.7)

So the fact that
a¥(x) > a;(x) uniformly on compact sets
gives that
n
Jim Tl ~aoll /B g rax=o.
Therefore, passing to the limit as k — 0% in (5.7), yields
7K, Duydx — F(x, Du")dx. (5.8)

Br Br

By the properties of mollification it holds g, — g in L"(By), where g, has been found at (5.1) and g is the function appearing in (A3).
So, by (5.8), the right-hand side of (5.5) is uniformly bounded w.r.t. to k. Therefore there exists " such that, up to a subsequence,

v} = v" weakly in W'P*3(By) as k — 0.

17
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Again by the weak lower semicontinuity of the norm, (5.5) and (5.8), we get

n n

z (/ |(U'I)X’ |p,+2dx> < liminf z (/ l(UZ)x, |Pi+2dx>
i=1 BR/a ko3 BRr/a

<c (Z f(x, Du"ydx + ||g||L,(BR)> : (5.9)

i=1 7 Br

Now, we note that

f(x, Du") — f(x, Du)dx
Br

<

n
Y [ (aton 1 - oot )ax
i=1/ Br '

n
<X [ a7 -ty 1 |ax

i=1 / Br '

n

_ pi—1
<o [ aeo (1 + b)) - lax

i=1 /Br

! pi—1
<Y e(Ap) / (12 1+t 1) a2, = lax, (5.10)
i=1 Br

where we used the left inequality in Lemma 2.7, with & = |u, | and n = |u§/_| and a = p;.
Since, by property of mollification, it holds

”Z,. — uy, strongly in L”,
passing to the limit as # — 0% in (5.10), we have
f(x, Du") — / f(x, Du). (5.11)
Bg Bg
By virtue of (5.11), we observe that the right-hand side of (5.9) is uniformly bounded w.r.t. . Therefore there exists v such that,
up to a subsequence,

" — v weakly in W'P*2(B,) as n — 0.

Once again, by the weak lower semicontinuity of the norm, we derive

" n
2 (/ oy, |P*2dx ) < liminf Z / |(U")xi|p"+2dx
i=1 BRrya g Brys

n o
§1i’5nc<z f(x, Du"ydx + ||g||L’(BR)>

i=1 7/ Br
n o
=c<2 f(x, Dupdx + ||g||Lr(BR>) : (5.12)
i=1 7/ Br
In order to conclude the proof, it suffices to show that u = v a.e. in By.

By the weak lower semicontinuity of the functionals 7 and F* in WP(By), the weak convergence of v — v in W P+2(Bp),
(5.8) and v} — v" in WIP2(By), we get

f(x, Dvydx <liminf | f(x, DU”)dxsliminfliminf/ Fr(x, Du"ydx
Bg n Bg n k Br

<liminf liminf [ f¥(x, Dvl)dx
n k Bg

< liminf limkinf/ (fk(x, D)) + (1 + | Duj A% ) dx,
n By ~

where the last inequality is trivial, by the non-negativity of the last term.
Thanks to the weak convergence of u; , — v} in W'P**(Bg) and again the weak lower semicontinuity of functional ¥, we have
" f(x, Dv)dx < limninf limkinflimsinf 4/3]( (fk(x, Duz’g) +e(l+ IDuZ’£|2)p7n ) dx
< limﬂinf limkinf liméinf /BR (fk(x, Du") +e(1 + |Du'1|2)p7" ) dx
= nm” inf lim inf 7*x, Duydx, (5.13)

Br
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where we used the minimility of “Zg and (5.6). By (5.13), (5.8) and (5.11), we derive

f(x, Dv)dx < liminf f(x, Du")dx < / f(x, Du)dx, (5.14)
Br n Br Br

and then, by minimality of u, we infer

/ f(x,Dv)dx=/ f(x, Du)dx.
Bg By

By the strict convexity of & — f(x, &), we deduce that u = v. Then u € W!P+2 and so we can argue as in the proof of Theorem 4.1,
thus obtaining

n c

n
D /B lity, s, Pl 1P2dx | < e | D i, iy + el iy ) (5.15)
. .
r

i=1 i=1

and this conclude the proof.
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