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ON STRONG LEFSCHETZ PROPERTY OF 0-DIMENSIONAL

COMPLETE INTERSECTIONS AND VERONESE VARIETIES

ALEXANDRU DIMCA, GIOVANNA ILARDI, AND ABBAS NASROLLAH NEJAD

Abstract. We show that the Strong Lefschetz Property in degree 1 for a homo-
geneous 0-dimensional complete intersection holds if the corresponding associated
form, the Macaulay inverse systems, has a non-zero discriminant.

1. Statements of the main results

Let S = C[x1, . . . , xn] be the polynomial ring with the usual grading and n ≥ 3,
fj ∈ Sdj be a homogeneous polynomial of degree dj ≥ 2 for j = 1, . . . , n such that
the corresponding ideal

J(f) = (f1, . . . , fn)

is a 0-dimensional complete intersection. Consider the graded Artinian Gorenstein
algebra M(f) = S/J(f) with socle degree

(1.1) T =

n∑

j=1

dj − n.

In this paper we explore a possible new approach to a special case of the following well
known conjecture, saying that the Artinian algebra M(f) has the Strong Lefschetz
Property (SLP).

Conjecture 1.1. For any 0-dimensional homogeneous complete intersection ideal
J(f) ⊂ S, any integer k ∈ [0, T/2) and any generic linear form ℓ ∈ S1, the induced
multiplication map

ℓT−2k : M(f)k → M(f)T−k

is an isomorphism.

Remark 1.2. (i) Let f ∈ Sd be a reduced homogeneous polynomial of degree d ≥ 3.
By Euler formula the singular subscheme of the reduced hypersurface X = V (f) ⊆
Pn−1 is defined by the gradient ideal

J(f) := (f1 = ∂f/∂x1, . . . , fn = ∂f/∂xn).

The graded C-algebraM(f) := S/J(f) is called the Milnor algebra of f . If f defines a
smooth hypersurface in Pn−1, then J(f) is generated by a regular sequence and hence
M(f) is an Artinian Gorenstein graded C-algebra with socle degree T = n(d − 2).
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This setting is a special case of the case of 0-dimensional homogeneous complete
intersections described above, and even in this case Conjecture 1.1 is open in general.
(ii) Conjecture 1.1 (or a weaker form of it called the Weak Lefschetz Property) holds
for the monomial ideals where

fj = x
dj
j for all j = 1, . . . , n,

and for many other cases, including the case n = 2 not considered here, see for
instance [3, 4, 10, 11, 13, 14].
(iii) Note that the case k = 0 and any n ≥ 3 holds for obvious reasons. Indeed,
consider the degree m Veronese embedding

(1.2) vmn : P(S1) → P(Sm), ℓ 7→ ℓm.

Since the linear span of the Veronese variety

Vm
n = vmn (P(S1))

is the whole projective space P(Sm), this yields our claim if we take m = T . However,
even the cases n = 3, or k = 1, which are among the simplest ones, are open in general
as far as we know.

In this note we address the case k = 1 and give a sufficient condition on the ideal
J(f) such that SLP holds in degree k = 1 for the Artinian algebra M(f). Our setting
uses a new relation between 0-dimensional complete intersections, Veronese varieties
and Macaulay inverse systems, which we recall briefly now, before stating our result.

For a 0-dimensional complete intersection f as above, one can associate a homo-
geneous polynomial Af , called associate form of f , in the polynomial ring R :=
k[y1, . . . , yn], where yi are dual variable to xi [1, 2, 8]. More precisely, denote by

ω : Soc(M(f)) → C the linear isomorphism given by the condition ω(Jac(f)) = 1,
where Jac(f) is the determinant of the Jacobian matrix of the induced polynomial
mapping f : Cn → Cn. The associate form Af is defined by the formula

(1.3) Af (y1, . . . , yn) = ω((y1x1 + . . .+ ynxn)
T ),

where xi ∈ M(f) is the image of xi. With the notation from Remark 1.2 (i), it is
clear that

Jac(f) = Hess(f),

is the determinant of the Hessian matrix of the polynomial f .
Given a homogeneous polynomial F ∈ R of degree T , the apolar ideal of F is

defined by
IF = Ann(F ) = {g ∈ S | g ◦ F = 0} ⊆ R,

where the action of S on R is obtained by identifying xi with ∂/∂yi. Moreover, given
a finitely generated graded Artinian Gorenstein C-algebra S/J with socle degree T ,
there is a homogeneous polynomial F ∈ RT , unique up to scaling, such that J = IF .
Any such F is called a Macaulay inverse system for S/J . It is known that the
associate form Af (y1, . . . , yn) ∈ RT is a Macaulay inverse system for the Artinian
algebra M(f), see [1, Proposition 3.2]. With the notation from Remark 1.2 (i), we
denote by

Af (y1, . . . , yn) ∈ RT
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the Macaulay inverse system for the Milnor algebra M(f). With this notation our
first main result is the following.

Theorem 1.3. For any fixed multidegree d = (d1, . . . , dn) with

2 ≤ d1 ≤ . . . ≤ dn,

a generic 0-dimensional homogeneous complete intersection ideal J(f) ∈ S such that
deg fj = dj for all j = 1, . . . , n satisfies the following equivalent conditions.

(1) The projective hypersurface defined by

Af (y1, . . . , yn) = 0

is smooth.
(2) P(J(f)T−1) ∩ VT−1

n = ∅, where the intersection is taken in P(ST−1).

Note that the condition (1) can be rephrased by saying that the discriminant
∆(Af (y1, . . . , yn)) of the polynomial Af (y1, . . . , yn) is non-zero, hence a numerical
explicit condition. With the notation from Remark 1.2 (i), we have the following
direct consequence of Theorem 1.3.

Corollary 1.4. For any fixed degree d ≥ 3, a generic polynomial in Sd satisfies the
following equivalent conditions.

(1) The projective hypersurface defined by

Af(y1, . . . , yn) = 0

is smooth.
(2) P(J(f)T−1) ∩ VT−1

n = ∅, where the intersection is taken in P(ST−1).

The equivalence of the claims (1) and (2) in Theorem 1.3 follows from [1, Lemma
4.4], where the statement is for the Milnor algebra M(f) as in our Corollary 1.4
above, but the proof works in the general case, that is for the Artinian algebra M(f).
Moreover, Corollary 1.4 is proved in the same paper, see [1, Proposition 4.3]. To
do this, the authors construct some explicit hypersurfaces with isolated singularities.
By analogy, to prove Theorem 1.3, we construct some 1-dimensional almost complete
intersections, using some Bertini type theorems and generic choices of polynomials,
see Theorem 2.1 below.

Our second main result, and motivation for this note, is the following, showing
that for a specific generic class of Artinian (resp. Milnor) algebras the SLP in degree
1 holds.

Theorem 1.5. The SLP holds in degree k = 1 for any 0-dimensional homogeneous
complete intersection M(f) for which the ideal J(f) satisfies the equivalent conditions
(i) and (ii) in Theorem 1.3. In particular, the SLP holds in degree k = 1 for any
generic 0-dimensional homogeneous complete intersection M(f).

As a special case of this result, we get the following.

Corollary 1.6. The SLP holds in degree k = 1 for any Milnor algebra M(f), when
the polynomial f of degree d ≥ 3 is such the projective hypersurface f = 0 is smooth
and the Jacobian ideal J(f) satisfies the equivalent conditions (i) and (ii) in Theorem
1.3. In particular, the SLP holds in degree k = 1 for any generic polynomial f .
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2. Almost complete intersections and proofs of the main results

Consider the ideal K ⊂ S, generated by all the products xixj for all 1 ≤ i < j ≤ n.
The following is a key technical result for our proofs.

Theorem 2.1. For a given multidegree d = (d1, . . . , dn) such that

2 ≤ d1 ≤ . . . ≤ dn,

let gj be a generic polynomial in the vector space Kdj of homogeneous polynomials in
K of degree dj. Consider the ideal J j ⊂ S generated by the polynomials gi for 1 ≤
i ≤ j, where 1 ≤ j ≤ n and the corresponding varieties V j = V (J j) ⊂ P

n−1. Then
V j is a smooth complete intersection of multidegree (d1, . . . , dj) and of dimension
n − 1 − j for any j with 1 ≤ j ≤ n − 1. Moreover, V n = V (K) and hence consists
of the n points in Pn−1 given by the classes of the canonical basis e1, . . . , en of the
vector space Cn.

Proof. We prove the first claim by induction on j. We start with the case j = 1 and
note that V 1 : g1 = 0 is a general member of the linear system defined by Kd1 . Using
a Bertini type Theorem, see for instance [9], p. 137, it follows that V 1 is smooth
outside the base locus of Kd1 , which is precisely V (K) since K is generated in degree
2. At a point in V (K), say at the point e1 = (1 : 0 : . . . : 0) to fix the ideas, the linear
part ℓ1 of g1 localized at e1 comes from the monomials xd1−1

1 x2, . . . , x
d1−1

1 xn. Since
g1 is generic, these monomials occur in g1 with non-zero coefficients, and hence the
corresponding linear part ℓ1 is non-zero. It follows that V

1 is a smooth hypersurface
of degree d1. Assume that we have shown that V k is a smooth complete intersection
for some k < n−1. To show that V k+1 is a smooth complete intersection we proceed
as follows. Let p ∈ V k be any point which is not in V (K), and hence gk+1(p) 6= 0,
since gk+1 is generic inKdk+1

. Since V k is a smooth complete intersection of dimension
> 0, it follows that V k is irreducible, and hence V k+1 is a hypersurface in V k, which
is smooth at all the points outside V (K) by the same argument as above. Now at a
point in V (K), let’s say at the point e1 to fix our ideas, the tangent space at V k is
defined by the vanishing of k linear forms ℓ1, . . . , ℓk in x2, . . . , xn, which are obtained
as we have explained in the case of ℓ1 above. The linear part ℓk+1 of gk+1 localized at

e1 comes from the monomials x
dk+1−1

1 x2, . . . , x
dk+1−1

1 xn. Since gk+1 is generic, these
monomials occur in gk+1 with generic coefficients, and hence the corresponding linear
part ℓk+1 is not in the linear span of the linear forms ℓ1, . . . , ℓk. This implies that
V k+1 is indeed a smooth complete intersection. This completes the proof of the first
claim.

Now, to prove the second claim, note that V n−1 is a 0-dimensional complete in-
tersection, hence it is a finite set containing the set V (K). For any point q ∈
V n−1 \ V (K), the condition gn(q) = 0 defines a hyperplane in the space Kdn . Hence
for a generic gn one has gn(q) 6= 0 for any q ∈ V n−1 \ V (K). This completes the
proof of Theorem 2.1.

�

It follows that the ideal J(g) = Jn ⊂ S generated by the polynomials g1, . . . , gn is
a 1-dimensional almost complete intersection, as in [7] and in [12, Theorem 3.2]. Let
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I(g) be the saturation of the ideal J(g) with respect to the maximal ideal (x1, . . . , xn)
and consider the graded S-module

N(g) =
I(g)

J(g)
.

Then one has the following.

Theorem 2.2. With the above notation, the following holds.

(1) I(g) = K.
(2) N(g)1 = N(g)T−1 = 0.
(3) dim(S/I(g))T−1 = dim(S/J(g))T−1 = n.

Proof. First we note that the ideal I(g) consists exactly of the polynomial in S
vanishing on the set V (K), and hence I(g) = K, see if necessary the description of
the saturation of an ideal given in [6, Section 2] using local vanishing conditions. In
particular, I(g)1 = K1 = 0, which implies N(g)1 = 0. To prove the rest of the second
claim, we use the duality property of the graded S-module, see [12, Theorem 3.2],
and get

dimN(g)1 = dimN(g)T−1,

and this completes the proof of the claim (2). To prove the third claim, we recall
that

dim(S/I(g))p = deg I(g) = n

for all p ≥
∑n−1

j=1
dj − (n − 1) = T − (dn − 1), see [7, Section 1, in particular the

properties (P1)-(P4) and Lemma 1.1]. It follows that

dim(S/I(g))T−1 = n

and then the property (1) implies that

dim(S/J(g))T−1 = dim(S/I(g))T−1 = n.

�

2.3. Proof of Theorem 1.3. Note that the dimension one almost complete inter-
section ideal J(g) satisfies the condition

P(J(g)T−1) ∩ VT−1

n = ∅.

Indeed, Theorem 2.2 (1) implies that

J(g)T−1 = I(g)T−1 = KT−1.

Moreover, for any non-zero linear form ℓ ∈ S1, we clearly have

(2.1) ℓT−1 /∈ KT−1.

The condition P(J(f)T−1) ∩ VT−1
n = ∅ is an open condition, that is if it is satisfied

for a 0-dimensional complete intersection f = (f1, . . . , fn), then it is also satisfied
for a nearby 0-dimensional complete intersection f ′ = (f ′

1, . . . , f
′

n) with the same
multidegrees as f . In particular, it follows that the claim in Theorem 1.3 holds for
a given (multi)degree if it holds for just one 0-dimensional complete intersection
f = (f1, . . . , fn) of that given multidegree. Assume that this condition fails for all
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0-dimensional complete intersections of multidegree d and choose a sequence of such
complete intersections fm converging to the 1-dimensional complete intersection g

constructed in Theorems 2.1 and 2.2. Note that one has for the corresponding Artin
Gorenstein algebras

dimM(fm)T−1 = dimM(fm)1 = n

for any m. It follows that we get a sequence of linear subspaces P(J(fm)T−1) ⊂
P(ST−1) of codimension n. Passing to a subsequence if necessary, we may assume
that this sequence converges to a codimendion n subspace E of P(ST−1). Since
dimM(g)T−1 = n as well by Theorem 2.2, it follows that

E = J(g)T−1.

By our assumption, for anym there is a point pm ∈ P(J(fm)T−1)∩V
T−1
n . By passing to

a subsequence if necessary, we may assume that the sequence pm = (ℓ′m)
T−1 converges

to a point p = (ℓ′)T−1, which is both in E = J(g)T−1 and in VT−1
n . This fact is in

contradiction with (2.1), and in this way the proof of Theorem 1.3 is completed.

2.4. Proof of Theorem 1.5. Assume that SLP does not hold in degree k = 1 for
the Artinian algebra M(f). This means that for any generic linear form ℓ ∈ S1, there
is another linear form ℓ1 ∈ S1 such that

(2.2) ℓT−2ℓ1 ∈ J(f)T−1.

This is a closed condition, hence it would hold not only for generic ℓ, but for all
linear forms ℓ. Recall that the projective tangent space to the Veronese variety V T−1

n

at the point p = ℓT−1 is given by

(2.3) TpV
T−1

n = {ℓT−2ℓ1 | ℓ1 ∈ S1} ⊂ P(ST−1),

see for instance [5, Section 1]. Consider now the linear projection of P(ST−1) with
center P(J(f)T−1), which is a regular morphism

(2.4) π : P(ST−1) \ P(J(f)T−1) → P
n−1.

Consider now the composition

φ = π ◦ vT−1

n : P(S1) → P
n−1

which is again a regular morphism. The conditions (2.2) and (2.3) imply that the
morphism φ is never a submersion, and hence Sard Theorem implies that φ is not a
surjection. This is a contradiction, because the regular morphism

φ : P(S1) = P
n−1 → P

n−1

must be given by some homogeneous polynomials

h1, . . . , hn ∈ ST−1

such that the corresponding ideal I ′ = (h1, . . . , hn) is a 0-dimensional complete in-
tersection in Cn (otherwise φ is not defined everywhere on P(S1)). But such a 0-
dimensional complete intersection I ′ gives rise to surjective morphisms Pn−1 → P

n−1

as it is well known.
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