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The harvesting of quantum resources from the vacuum state of a quantum field is a central topic in
relativistic quantum information. While several proposals for the harvesting of entanglement from the
quantum vacuum exist, less attention has been paid to other quantum resources, such as nonstabilizerness,
commonly dubbed magic and quantified by the stabilizer Rényi entropy (SRE). In this work, we show how
to harvest SRE from the vacuum state of a massless field, using accelerated Unruh-DeWitt detectors in
Minkowski spacetime. In particular, one can harvest a particular nonlocal form of SRE that cannot be
erased by local unitary operations. This nonlocal SRE is a fundamental quantity to study the interplay
between entanglement and nonstabilizer resources. We conclude our work with an analysis of the Clauser-
Horne-Shimony-Holt inequalities: when restricting to stabilizer measurements, i.e., Pauli measurements,
one cannot extract a violation from the quantum field.
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I. INTRODUCTION

The harvesting of quantum resources from the vacuum
state of a quantum field [1–4] plays a prominent role in the
interplay between quantum information and quantum field
theory, due to its applications in quantum information
processing [5,6], quantum gravity [7–13], black holes
physics [14,15], and newly discovered phenomena such
as energy teleportation [16,17].
Harvesting consists in extracting or unlocking a quantum

resource originally located in a quantum system, e.g., a
quantum field, where it cannot be exploited, and moving it
into another quantum system, e.g., a detector, from which
the harvested resource can then be used to perform useful
tasks. The most prominent and known example of these
protocols is entanglement harvesting: the vacuum state of a
free field is entangled with respect to the bipartition given
by two accelerating observers [18–20] and through an
entanglement harvesting protocol it is possible to move the
entanglement from the field to a pair of detectors. This kind
of protocol has been analyzed in many different settings
[21–23], as one can change the kind of detector used for
harvesting [24,25] or consider causally disconnected [26]
or accelerated detectors [27,28].
Beyondentanglement,moregeneral quantumresources can

be harvested from quantum fields [29–33]. In this work, we
propose a novel protocol aiming at harvesting nonstabilizer-
ness, colloquially dubbed magic. Nonstabilizerness is the

fundamental resource necessary to achieve quantum advan-
tage in computational tasks, and it has thus received great
attention for its role in quantum information processing and
quantum complexity [34–37]. Indeed, from a complexity
perspective, evenmaximally entangled states canbe efficiently
simulated using classical resources [38–40], as long as they do
not possess resources beyond stabilizer ones.
As nonstabilizerness is a fundamental resource to

achieve quantum advantage, many measures for its quan-
tification have been proposed [41–44], such as the Wigner
negativity [45], the stabilizer rank [46] and the stabilizer
Rényi entropy (SRE) [47]. In particular, the SRE is the
unique computable magic monotone for pure states [48]
and it is computed from the expectation values of a
quantum state over the Pauli strings. SRE can be computed
in an efficient way by perfect sampling [49,50] and can be
extended to both qudits [51] and mixed states. This
resource is also experimentally measurable [52].
Nonstabilizerness is a central quantity in scenarios that

go beyond quantum information processing. It has been
proved that it plays a role in conformal field theories [53]
and in processes of state decoding from a black hole
[54,55]. Nonstabilizerness has been recently shown to be a
necessary ingredient in the context of simulations of
quantum gravity models [56,57], nuclear physics [58,59]
and dense neutrinos systems [60].
If one restricts to Pauli measurements, nonstabilizer

resources are also necessary to violate the Clauser-
Horne-Shimony-Holt (CHSH) inequalities [61]. This
restriction corresponds, in a resource theoretic spirit, to*Contact author: simone.cepollaro-ssm@unina.it
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the restriction to local measurements in establishing the
importance of entanglement for such violations [62].
In this paper, we study the harvesting of both SRE and

entanglement from the vacuum of a scalar field. We start
our analysis from an inertial setting, where some analytic
expressions can be derived, before turning our attention to
an accelerated reference frame. We show that both entan-
glement and SRE can be harvested from the scalar field. In
particular, the harvested SRE comes in a completely
nonlocal form called nonlocal stabilizer entropy MNL.
This quantity is nonlocal in the sense that it cannot be
erased by local unitary operations [56]. This is a particular
form of SRE that can only exist in entangled states, but not
in all of them, notably never in maximally entangled states.
At this point, it comes natural to ask whether the

harvested nonlocal resources can result indeed in nonlocal
effects as a violation of the CHSH inequalities [63–66]. The
answer is that there is no way that one, starting with a
resource-free state can violate CHSH inequalities by
resource harvesting. Moreover, even if one starts with an
initial state containing one of the two resources, there is no
way of extracting a violation of CHSH inequalities. In [67–
69], the authors study the behavior of the Bell operator for
two detectors interacting with quantum fields, but not with
the goal of harvesting. Starting with a state that violates
CHSH inequalities, they find that the violation decreases
for the interaction with a quantum field. The present paper
will also explain why a certain kind of coupling between
field and detectors will not allow for nonlocality detection.
In [33] a magic harvesting protocol has been proposed

using a three-level Unruh-DeWitt detector and a quantifier
known as mana [45]. Our work differs from [33] and goes
beyond it in at least two aspects.
First, as clarified by the authors in [33] the appearance of

nonstabilizerness in the detector’s final state is due solely to
the interaction of the detector with the quantum field, so there
is no actual harvesting of the resource. In this paper, we
harvest the nonstabilizer resource from the field in twoways:
in aweak sense, becausewe show that the protocol would not
be able to induce nonstabilizer resources if the quantum field
did not possess them and, in a strong sense, that the extraction
of a particularly strong form of SRE, the so-called nonlocal
SRE [56] is extracted through a protocol that is a free
operation for the associated resource theory. These notions
are cognate to that of resource embezzlement, see [70].
Second, as we use SRE in place of mana to quantify

nonstabilizerness, we are able to consider arbitrary states of
the detectors. This allows us to consider a different physical
setting, e.g., two causally disconnected observers moving
with two accelerating reference frames with parallel,
antiparallel, and perpendicular mutual acceleration.

II. SETTING

A. The harvesting protocol

We consider two pointlike detectors A and B moving in
an accelerated reference frame with respect to each other

(Fig. 1). These are modeled as two level systems with
Hamiltonian

HAB ¼ HA þHB ¼ Ω
2
ZA þ Ω

2
ZB;

where Zi with i ¼ A, B is the diagonal Pauli operator acting
on the Hilbert space of system A and B respectively. We
consider a massless scalar field ϕ in Minkowski space-time
described by the free Hamiltonian

Hϕ ¼
Z

d3p
ð2πÞ3 jpja

†
pap:

where a†p and ap are the creation and annihilation operators
obeying canonical commutation relations, and p is the
momentum.
The two detectors interact with the quantum field via the

interaction Hamiltonian (in the interaction picture)

HðiÞ
int ¼ λϵiðτÞμiðτÞ ⊗ ϕðxiðτÞÞ; ð1Þ

where i ¼ A, B and τ is the proper time. Here λ ≪ 1 is a
parameter gauging the strength of the interaction and ϵiðτÞ
is a switching function describing the turning on and off of
the interaction. The operator ϕðxiðτÞÞ is the usual field
operator whose Fourier expansion is

ϕðxÞ ¼
Z

d3p
ð2πÞ3

1ffiffiffiffiffiffiffiffi
2jpjp ðape−ip·x þ a†peip·xÞ

evaluated along the space-time trajectory of detector i.
Finally, the operator μiðτÞ acts on the detector as

μiðτÞ ¼ eþiΩτj1ih0j þ e−iΩτj0ih1j
¼ eþiΩτσþi þ e−iΩτσ−i :

Notice that in contrast with entanglement harvesting
protocols, in principle one does not need two detectors to
harvest non stabilizer resources, since this resource can be
highly nontrivial even for a single qubit. Here, we still use
two detectors. This choice allows us to study also the
interplay between entanglement and nonstabilizerness as
revealed in the nonlocal SRE and in their relationship with
violations of locality in the setting of the CHSH inequalities.

B. Entanglement and SRE

To quantify the entanglement of the state ρAB of the
detectors we use the concurrence C [71,72], which for the
case of two qubits reads

C ≔ maxf0; λ1 − λ2 − λ3 − λ4g

where λi are the eigenvalues, in decreasing order, of the
matrix R ¼ ρρ̃ and ρ̃ ¼ ðY ⊗ YÞρ�ðY ⊗ YÞ. Let us also
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notice that for the case of two qubits any measure of
entanglement is equivalent, so that using other measures of
entanglement, such as entanglement entropy or logarithmic
negativity would lead to the same results [73]. As the use of
entanglement measures in harvesting protocols has been
widely described in the literature on entanglement harvest-
ing, we refer the reader the references already cited in the
introduction for further details on entanglement measures
and harvesting.
Let us now focus on the other quantity of interest for our

analysis, the stabilizer Rényi entropy [47]. Loosely speak-
ing the SRE is a measure of how much the state of a
quantum system is “spread” over the Pauli basis. For pure
states, it is the unique computable monotone [48] for non-
Clifford resources that go beyond the stabilizer formalism.
Both quantum advantage and quantum complexity require
these resources. Indeed, stabilizer states and Clifford
operations play a central role in the framework of quantum
computation: the Gottesman-Knill theorem [38] states that
any quantum process involving only stabilizer states and
Clifford operations can be efficiently simulated classically
in polynomial time. For this reason, they would also not be
able to offer any quantum advantage.
Define now Pn the set of all n-qubit Pauli strings. A Pauli

string is an n-fold tensor product of Pauli operators, that is
Pn ¼ P⊗n

1 with P1 ¼ f1; X; Y; Zg. The n-qubit Pauli group
Pn is then defined as the group formed by the elements of
Pn multiplied by the phases f�1;�ig. The Clifford group
Cn is the normalizer of the Pauli group, that is the set of all
n-qubit unitary operators C mapping an element of the
Pauli group into an element of the Pauli group, or more
formally

Cn ¼ fC∈UðnÞ∶ ∀ P∈Pn; CPC† ¼ P0 ∈Png:

The set of pure stabilizer states is defined as the Clifford
orbit of any of the computational basis states fjiig, namely

STAB ¼ fCjii; C∈ CðnÞg:

Notice that the Clifford group is a discrete subgroup of the
Unitary group, so that for any number of qubit n the
cardinality jSTABj of the set of stabilizer states is finite.
The α-SRE MαðjψiÞ of an n qubits pure state jψi is

defined as the α Rényi entropy of the probability distri-
bution defined by [47]

ΞPðjψiÞ ¼
hψ jPjψi2

d
; P∈Pn;

where d ¼ 2n is the dimension of the Hilbert space, so that
the α-SRE can be written as

MαðjψiÞ ¼ ð1 − αÞ−1 log
X
P∈Pn

Ξα
PðjψiÞ − logd

In this work we use the 2-SRE M2 to quantify the amount
of nonstabilizerness in the detectors final state, which for
pure states turns out to be

M2ðjψiÞ ¼ − log

�
d
X
P∈Pn

ΞPðψÞ2
�

¼ − logðd−1Tr4ðψPÞÞ
¼ − logdTrfQjψihψ j⊗4g ð2Þ

where Q ≔ d−2
P

P∈Pn
P⊗4.

The 2-SRE can be extended to mixed states

M̃2ðρÞ ≔ M2ðρÞ − S2ðρÞ; ð3Þ

whereM2ðρÞ¼− logdTrfQρ⊗4g and S2ðρÞ¼− logTrfρ2g
is the 2-Rényi entropy of ρ. Plugging the expression for the
final state of the detectors ρAB into Eq. (3) one can find an

FIG. 1. Trajectories of accelerated UDW detectors: (a) detectors with parallel acceleration ak; (b) detectors with antiparallel
acceleration a∦; (c) detectors with perpendicular acceleration a⊥.
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expression for the SRE M̃2ðρABÞ as a function of the
acceleration a. Further details are reported in Sec. III C.
It is important to remark that for mixed states SRE does

not have the usual meaning of distillable nonstabilizer
resources. In this sense, it behaves exactly like the von
Neumann entropy for entanglement. SRE has always,
though, the operational meaning of quantifying the hard-
ness of certain quantum information protocols [74–76].
Moreover, the resource free states M̃2ðρÞ ¼ 0 are those that
cannot be purified in a stabilizer state [38,56]. The quantity
M̃2 is in fact a good proxy for this resource theory.
The nonlocal stabilizer entropy can be defined [56] as

MNL
α ðjψiÞ ≔ min

R¼UA⊗UB

MαðRjψiÞ

MNL
α ðρÞ ≔ min

R¼UA⊗UB

MαðRρR†Þ

for any α-SRE and for both pure and mixed states. MNL
α

represents the nonstabilizer resources that cannot be erased
by local unitary operations. It plays an important role in the
AdS-CFT correspondence, as it represents the holographic
dual of gravitational backreaction [56]. As MαðψÞNL

vanishes identically on both product and stabilizer states,
it quantifies the nonlocality of SRE and serves as a useful
probe to investigate the interplay between entanglement
and nonstabilizer resources. Notice that a LOCC protocol
would not be able to extract nonlocal SRE MNL

α . Thus, to
the extent that there is genuine harvesting of entanglement,
there is genuine harvesting of MNL in the strong sense.
While SRE could in principle be extracted by the field even
by a single detector, and this would not say anything about
the nonlocality of the field, extracting nonlocal SRE
necessitates two detectors interacting (locally) with an
entangled field.

C. CHSH inequalities

In this section, we analyze the role played by non-
stabilizerness in order to violate the CHSH formulation of
Bell’s inequality [61,77]. Starting with the state ω ¼
j00ih00j and considering a Bell operator B0 of the form

B0 ¼ Pð1Þ
A ðPð1Þ

B þ Pð2Þ
B Þ þ Pð2Þ

A ðPð1Þ
B − Pð2Þ

B Þ

with all the PðjÞ
i ∈ fX; Y; Zg, one easily obtains

b0 ¼ Tr½B0CωC†� ≤ 2 ð4Þ

where C is any unitary operation belonging to the Clifford
group. The meaning of Eq. (4) is that entanglement alone is
not sufficient to violate the CHSH inequality. Notice that
this is not in contrast with the usual setting of Bell’s
inequality in the CHSH setting, where measurements in any

direction are allowed, which in general require non stabi-
lizer resources to be performed [62]. One is then tempted to
check whether it is possible to harvest enough SRE and
entanglement as to violate the CHSH inequality, since this
would imply the possibility of harvesting nonlocality.
In the following, we restrict our measurements to be both

local and Pauli. In this way, there are no resources that go
beyond Clifford or locality. We thus define a Bell operator

B0 ≔ XAXB þ XAZB − ZAXB þ ZAZB ð5Þ

whose maximum value over the set of stabilizer states
trðB0ΦþÞ ¼ 2 is obtained for the maximally entangled state
jΦþi ¼ ðj00i þ j11iÞ= ffiffiffi

2
p

and it falls just short of viola-
ting the CHSH inequalities. We indicate with b0 ≡
Tr½ρABð0ÞB0� the value of the Bell operator at the initial
time t ¼ 0.

III. PERTURBATIVE EXPANSION AND
TECHNICAL RESULTS

In this section we are going to derive the explicit
expression for the CPT map mapping the initial state of
the detectors into the final state after the interaction with the
field has taken place. Furthermore, we are going to derive
the explicit perturbative expressions for the concurrence
and the SRE, up to order Oðλ2Þ. We will make explicit
example for the most significant case of the two detectors
starting in the state j00i, but analogous formulas can be
derived for any initial state of the field.

A. CPTP map of the detector

The state of the joint system evolves in the interaction
picture according to the Hamiltonian in Eq. (1), so that we
can write the unitary operatorU describing the dynamics of
the system as

U ¼ T exp

�
−i
�Z

dτAH
ðAÞ
int þ

Z
dτBH

ðBÞ
int

��
: ð6Þ

One can then compute the final state of the joint system as
jψfi ¼ Ujψ0i. Since we are interested in the resources of
the detector state, we can trace out the field degrees of
freedom and obtain the final (mixed) state of the detectors

ρAB ¼ Trϕ½Uρð0ÞU†� ≔ EðρABð0ÞÞ ð7Þ

where ρð0Þ ¼ ρABð0Þ ⊗ j0ϕih0ϕj.
In order to derive the completely positive trace preserv-

ing (CPTP) superoperator E mapping the initial state of the
detectors into the final one, we first expand perturbatively,
up to the order λ2, the operator U, obtaining
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U ¼ T exp

�
−i

Z
dt

�
dτA
dt

HðAÞ
int ðτAðtÞÞ þ

dτB
dt

HðBÞ
int ðτBðtÞÞ

��

¼ 1 − i
Z

dt

�
dτA
dt

HðAÞ
int ðτAðtÞÞ þ

dτB
dt

HðBÞ
int ðτBðtÞÞ

�

−
1

2

Z
dt

Z
dt0T

�
dτA
dt

HðAÞ
int ðτAðtÞÞ

dτA
dt0

HðAÞ
int ðτAðt0ÞÞ þ

dτB
dt

HðBÞ
int ðτBðtÞÞ

dτB
dt0

HðBÞ
int ðτBðt0ÞÞ

þ dτA
dt

HðAÞ
int ðτAðtÞÞ

dτB
dt0

HðBÞ
int ðτBðt0ÞÞ þ

dτB
dt

HðBÞ
int ðτBðtÞÞ

dτA
dt0

HðAÞ
int ðτAðt0ÞÞ

�
ð8Þ

Notice that we have written U in terms of the coordinate
time t, with respect to which the vacuum state of the field is
defined. What is left to do is to insert the power expansion
of U from Eq. (8) into Eq. (7). To simplify the notation, we
write the operator U as

U ¼ U0 þ U1 þU2 þOðλ3Þ

where Ui are just the corresponding powers of λ in Eq. (8).
Tracing away the field degrees of freedom one obtains

EðρABÞ ¼ Trϕ½U0ρð0ÞU†
0�

þ Trϕ½U1ρð0Þ þ ρð0ÞU†
1�

þ Trϕ½U1ρð0ÞU†
1 þ U2ρð0Þ þ ρð0ÞU†

2�

Let us then compute all the terms, starting from the zeroth
order one

Trϕ½U0ρð0ÞU†
0� ¼ ρABð0Þ:

The first order can be derived by considering the term
U1ρð0Þ

U1ρð0Þ¼−i
Z

dt

�
dτA
dt

HðAÞ
int ðτAðtÞÞþ

dτB
dt

HðBÞ
int ðτBðtÞÞ

�
ρð0Þ

This term, similarly to its Hermitian conjugate, will be null
after tracing away the field, since in the expression above
all the terms have only one field operator and the state of
the field is diagonal in the Fock basis.
We are thus left with the second order contribution. Let

us start from the term U1ρð0ÞU†
1

U1ρð0ÞU†
1¼

�Z
dt

�
dτA
dt

HðAÞ
int ðτAðtÞÞþ

dτB
dt

HðBÞ
int ðτBðtÞÞ

��
ρð0Þ

�Z
dt0

�
dτA
dt0

HðAÞ
int ðτAðt0ÞÞþ

dτB
dt0

HðBÞ
int ðτBðt0ÞÞ

��
ð9Þ

This time bilinear combinations of field operators will appear, so that some of the terms will not be null after tracing away
the field. To derive a more explicit expression, let us study explicitly the perturbative terms appearing in Eq. (9).
Specifically, let us study the term�Z

dt
dτA
dt

HðAÞ
int ðτAðtÞÞ

�
ρð0Þ

�Z
dt0

dτA
dt0

HðAÞ
int ðτAðt0ÞÞ

�

as all the other combinations of HðiÞ
int can be worked out in the same way. Writing explicitly the interaction Hamiltonian we

obtain�Z
dtϵAðtÞðeiΩτAðtÞσþA þ e−iΩτAðtÞσ−AÞ ⊗ ϕAðtÞ

�
ρABð0Þ ⊗ j0ih0jϕ

�Z
dt0ϵAðt0ÞðeiΩτAðt0ÞσþA þ e−iΩτAðt0Þσ−AÞ ⊗ ϕAðt0Þ

�

¼ ðσþAϕþðtÞ þ σ−Aϕ
−ðtÞÞρABð0Þ ⊗ j0ih0jϕðσþAϕþðt0Þ þ σ−Aϕ

−ðt0ÞÞ
¼ σþAρABð0ÞσþA ⊗ jEþ

A ihEþ
A j þ σþAρABð0Þσ−A ⊗ jEþ

A ihE−
Aj þ σ−AρABð0ÞσþA ⊗ jE−

AihEþ
A j þ σ−AρABð0Þσ−A ⊗ jE−

AihE−
Aj

Where we have defined ϵiðtÞ ¼ ϵðτiðtÞÞ dτidt and introduced the notation

ϕiðtÞ ¼ ϕðxiðtÞÞ ð10Þ

ϕi
� ¼

Z
dtϵiðtÞe�iΩτiðtÞϕi

jE�
i i ¼ ϕ�

i j0iϕ ð11Þ
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At this point one can trace away the field degrees of freedom obtaining

Trϕ

��Z
dt

dτA
dt

HðAÞ
int ðτAðtÞÞ

�
ρð0Þ

�Z
dt0

dτA
dt0

HðAÞ
int ðτAðt0ÞÞ

��

¼ hEþ
A jEþ

A iσþAρABð0ÞσþA þ hEþ
A jE−

AiσþAρABð0Þσ−A þ hE−
AjEþ

A iσ−AρABð0ÞσþA þ hE−
AjE−

Aiσ−AρABð0Þσ−A

where the inner products between states of the field are
worth

hE�
i jE�

j i ¼
Z

dtdt0ϵiðtÞϵjðt0ÞeiΩð�t�t0ÞWðt; t0Þ

and we have defined the Wightman functions

Wðt; t0Þ ¼ h0jϕðtÞϕðt0Þj0i:

At this point one has to realize that all other possible

combinations of HðAÞ
int and HðBÞ

int will give rise to similar
terms, and that the same holds also for terms stemming
from the trace of the second order operator U2. Once this is
realized, it is easy to see, after some standard algebra, that
the initial state of the detector is mapped into the final one
via

EðρABð0ÞÞ ¼ ρABð0Þ þ
X

i;j¼A;B

X
α;β¼�

hEα
i jEβ

j i
�
σαi ρABð0Þσβj −

1

2
fσβjσαi ρABð0Þg

�

For instance, when the detectors are initialized in the
state j00i, the final detectors density matrix ρAB is given by

0
BBBB@

1 − jEAj2 − jEBj2 0 0 M

0 jEBj2 hE−
AjEþ

B i 0

0 hE−
BjEþ

A i jEAj2 0

M� 0 0 0

1
CCCCA ð12Þ

where jEij2 ¼ hE−
i jEþ

i i is the probability of having the ith
detector excited after the interaction, hEþ

B jE−
Ai is the overlap

between the excited states of the two detectors and M ¼
−ðhE−

BjE−
Ai þ hE−

AjE−
BiÞ=2 is the probability that the two

detectors exchange a virtual particle. Once the parameters
of the interaction are fixed, all terms only depend on the
trajectories of the detectors, whose information is contained
in the Wightman functions. The reader can look also at
Appendix A for a detailed derivation of the final state of the
detectors in Eq. (11) and at Appendix B for the expression
of other final states when the detectors are initialized in
different states used in Sec. IV B.

B. Perturbative calculation of the concurrence

We now want to show the perturbative computation of
the concurrence for the final state of the detectors when

they are initialized in the state j00iAB. Let us first report
also here the formula of the concurrence C

CðρÞ ¼ maxf0; λ1 − λ2 − λ3 − λ4g

with the λi being the square roots of the eigenvalues of the
matrix R ¼ ρρ̃. In order to compute the concurrence, we
first need to compute the matrix ρ̃ ¼ ðY ⊗ YÞρ�ðY ⊗ YÞ.
For the final state of the detectors in Eq. (11), this matrix
can be written formally as

ρ̃ ¼

0
BBB@

ρ44 0 0 ρ14

0 ρ33 ρ23 0

0 ρ�23 ρ22 0

ρ�14 0 0 ρ11

1
CCCA

Notice that we have reintroduced the element ρ44: while
this is of order λ4, it will enter the expression for the
eigenvalues of ρρ̃ under a square rot, leading to a
contribution of order λ2 that shall not be neglected.
Indeed, this matrix element can be evaluated using the
same techniques of Appendix A, obtaining

ρ44 ¼ jMj2 þ jhE−
AjEþ

B ij2 þ jEAj2jEBj2 þOðλ6Þ

see [78] for further details.
At this point we can compute the square root of the

eigenvalues of the matrix R, obtaining

λ1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
ρ11ρ44

p þ jρ14j
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jMj2 þ jhE−

AjEþ
B ij2 þ jEAj2jEBj2

q
þ jMj þOðλ4Þ

λ2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
ρ22ρ33

p þ jρ23j
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jEAj2jEBj2

q
þ jhE−

AjEþ
B ij þOðλ4Þ

λ3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
ρ11ρ44

p
− jρ14j

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jMj2 þ jhE−

AjEþ
B ij2 þ jEAj2jEBj2

q
− jMj þOðλ4Þ

λ4 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
ρ22ρ33

p
− jρ23j

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jEAj2jEBj2

q
− jhE−

AjEþ
B ij þOðλ4Þ

First, let us notice that only terms up to the order Oðλ2Þ
appear in the final expression. Notice also the matrix
element ρ44 under the square root sign in the expressions
of λ1;3: when multiplied by the zeroth order term in ρ11, the
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contributions from ρ44 are of second order after one takes
the square root. Finally, following [78], we notice that the
greatest of these eigenvalues, when the two detectors are
entangled, is just λ1, so that the concurrence can be finally
written as

C ¼ maxf0; 2ðjMj −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jEAj2jEBj2

q
Þg þOðλ4Þ

Naturally, the same procedure can be repeated also for other
final states of the detectors following the same procedure.

C. Perturbative calculation of the SRE

At this point, we are left with the calculation of the SRE.
We will work out the calculation for the state in Eq. (12),
but the procedure can be easily generalized to any other
state. Starting from the definition in Eq. (3), we need to
compute the termM2ðρÞ ¼ Tr½Qρ⊗4�. For a 2-qubit system
one hasQ ≔ d−2

P
P∈P2

P⊗4 and d ¼ 4. The set of 2-qubit
Pauli strings includes the sixteen 4 × 4 matrices obtained
by all possible combinations of the tensor product of two
Pauli operators, namely

P2 ¼ f1 ⊗ 1; 1 ⊗ X; 1 ⊗ Y; 1 ⊗ Z;

X ⊗ 1; X ⊗ X;X ⊗ Y; X ⊗ Z;

Y ⊗ 1; Y ⊗ X; Y ⊗ Y; Y ⊗ Z;

Z ⊗ 1; Z ⊗ X; Z ⊗ Y; Z ⊗ Zg: ð13Þ

Using the properties of the trace, one can rewrite Eq. (3) as

M2ðρÞ ¼ − log
X
P∈P2

TrfPρg4
d

þ log Trfρ2g

To calculate the nonstabilizerness of the detectors state ρAB
in (12), one needs to sum the fourth powers of the traces of
the product between the density matrix and the 16 elements
of the Pauli group. To do this we follow the same approach
used for the concurrence, namely we first compute the
traces using a formal expression of the density matrix, and
then we compute the fourth power of these expressions and
cut all terms beyond the order λ2.
Assuming a matrix of the form shown in (11) one obtains

the following nonzero contributions

Trfð1 ⊗ 1ÞρABg ¼ ρ11 þ ρ22 þ ρ33 þ ρ44 ¼ 1þOðλ4Þ
Trfð1 ⊗ ZÞρABg ¼ ρ11 − ρ22 þ ρ33 − ρ44 ¼ 1 − 2jEBj2 þOðλ4Þ
TrfðX ⊗ XÞρABg ¼ ρ14 þ ρ�14 þ ρ23 þ ρ�23 ¼ hEAjEBi þ hEAjEBi� þM þM� þOðλ4Þ
TrfðX ⊗ YÞρABg ¼ iðρ14 − ρ�14 þ ρ23 − ρ�23Þ ¼ iðM −M� − hEAjEBi þ hEAjEBi�Þ þOðλ4Þ
TrfðY ⊗ XÞρABg ¼ ðρ14 − ρ�14 − ρ23 þ ρ�23Þ ¼ iðM −M� þ hEAjEBi − hEAjEBi�Þ þOðλ4Þ
TrfðY ⊗ YÞρABg ¼ −ρ14 − ρ�14 þ ρ23 þ ρ�23 ¼ −M −M� þ hEAjEBi þ hEAjEBi�Þ þOðλ4Þ
TrfðZ ⊗ 1ÞρABg ¼ ρ11 þ ρ22 − ρ33 − ρ44 ¼ 1 − 2jEAj2 þOðλ4Þ
TrfðZ ⊗ ZÞρABg ¼ ρ11 − ρ22 − ρ33 þ ρ44 ¼ 1 − 2jEAj2 − 2jEBj2 þOðλ4Þ:

Similarly to the case of the concurrence, one has then to
take the fourth power of all these contributions, and then
cut all terms beyond Oðλ2Þ, obtaining

Trfð1 ⊗ 1ÞρABg4 ¼ 1

Trfð1 ⊗ ZÞρABg4 ¼ 1 − 8jEBj2
TrfðX ⊗ XÞρABg4 ¼ 0

TrfðX ⊗ YÞρABg4 ¼ 0

TrfðY ⊗ XÞρABg4 ¼ 0

TrfðY ⊗ YÞρABg4 ¼ 0

TrfðZ ⊗ 1ÞρABg4 ¼ 1 − 8jEAj2
TrfðZ ⊗ 1ÞρABg4 ¼ 0

TrfðZ ⊗ ZÞρABg4 ¼ 1 − 8jEAj2 − 8jEBj2

where all the above quantities are meant up to Oðλ2Þ. One
can then sum up all the contributions above to get the
expression for the 2-SRE of the ρAB in Eq. (12)

M2ðρABÞ ¼ − log½1 − 4ðjEAj2 þ jEBj2Þ�
þ log½1 − 2ðjEAj2 þ jEBj2Þ�

where the first logarithm stems from the term proportional
to the fourth power of the expectations value over the Pauli
operators, while the second logarithm is just (minus) the
2-Rényi entropy of the detectors state.

D. Perturbative CHSH inequality

Let us finally show the perturbative expression of the
expectation value of the Bell operator in Eq. (5), for the
final state of the detector in Eq. (12). As the expectation
value of the Bell operator is linear in the density matrix
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elements, one can simply shove the perturbative final state
into the trace. Taking the trace of ρAB and the various Pauli
strings in the Bell operator B0 we obtain

Tr½ρABðXA⊗XBÞ�¼ρ14þρ41þρ23þρ32

¼hEAjEBiþhEAjEBi�þMþM�þOðλ4Þ
Tr½ρABðXA⊗ZBÞ�¼0

Tr½ρABðZA⊗XBÞ�¼0

Tr½ρABðZA⊗ZBÞ�¼ρ11−ρ22−ρ33þρ44

¼1−2jEAj2−2jEBj2þOðλ4Þ
Putting everything together we obtain

Tr½B0ρAB� ¼ 1 − 2jEAj2 − 2jEBj2 þ hEAjEBi
þ hEAjEBi� þM þM� þOðλ4Þ

A similar expression can also be found for the case of
initially entangled detectors, see Appendix B for further
details.

IV. RESULTS

A. The inertial scenario

Let us start our analysis from the simpler case of an
inertial setting, with the detectors initialized in the state
ρABð0Þ ¼ j00ih00j. In this case t ¼ τi, and the Wightman
function of the field can be computed analytically [78] as

Wðt; t0Þ ¼ 1

4πi
sgnðt − t0Þδðfðt; t0ÞÞ − 1

4π2fðt; t0Þ ð14Þ

where

fðx; x0Þ ¼ ðt − t0Þ2 − L2:

L being the initial separation between the detectors. We can
exploit this result to obtain an analytical expression for the
transition probabilities jEAj2; jEBj2 on which both the
concurrence and the SRE depend when the detectors are
initialized in the state j00iAB. We choose a switching

function of the Gaussian form ϵiðtÞ ¼ e−
τ2
i

2σ2 , obtaining
for the transition probabilities

jEij2 ¼
λ2

4π
½e−σ2Ω2 −

ffiffiffi
π

p
σΩerfcðσΩÞ�: ð15Þ

One can immediately notice that in this expression only the
frequency of the detectors Ω and the width of the switching
function σ play a role, so that the SRE will only depends
upon these parameters. We plot in Fig. 2 the SRE as a
function of the frequency Ω for various values of σ. One
can observe that the SRE decreases quickly when Ω
becomes larger than σ, becoming zero already for
Ω ≃ 2σ. Also, noticeably the SRE does not depend on
the initial separation L between the detectors.

As for the concurrence, one has to compute also the
matrix element M, which in the inertial setting can be also
analytically computed as

M ¼ i
λ2σ

4
ffiffiffi
π

p
L
e−σ

2Ω2−L2

4σ2

�
erf

�
i
L
2σ

�
− 1

�

One can immediately observe that in contrast with SRE, the
concurrence does depend on the initial separation L
between the two detectors.
To analyze the quantum resources of the evolved state,

we normalize these quantities with respect to λ2. This
choice ensures a well-defined comparison across different
parameters regimes and captures the leading-order behavior
in the perturbative expansion. Moreover, we study the
variation of both SRE and concurrence

ΔM̃2ðρABÞ ¼ M̃2ðEðρABÞÞ −M2ðρABð0ÞÞ
and similarly for the concurrence. Notice that in the inertial
case under examination this is just equivalent to computing
the concurrence and SRE of the final state, since initially
both resources are zero in the detectors state. This will not
be the case when studying the accelerated scenario with
different initial states, see Sec. IV B.
Let us now comment on the results in the plots in Fig. 2.

One can observe that for small values of σΩ, the final state
of the detectors has a significant amount of SRE, which
however goes quickly to zero for larger values of σΩ.
A similar behavior is observed for the concurrence. While
the behavior of the concurrence has been largely analyzed
in the literature on entanglement harvesting, let us focus on
the behavior of the SRE. The interpretation of this results is
easily given: while in an inertial reference frame the field is
in a stabilizer state, so that no resource is expected to be

FIG. 2. Plot of the SREas a function ofΩσ andof the concurrence
for different values of σ=L. The initial state of the detectors is
ρAB ¼ j00ih00j. For small values of the productΩσ one can see that
the final state of the detectors has significant amount of non-
stabilizerness. While this is in contrast with the vacuum state of the
field being a stabilizer state (i.e., SRE-free state), the presence of
SRE is explained by noticing that the interaction between the
detectors and the field is non-Clifford, such that some nonstabilizer-
ness is introduced in the system for small values of σΩ. On the other
hand, for Ωσ ≳ 1, one can get rid of this spurious contribution and
genuinely harvest SRE from the field.
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harvested, the interaction between the detectors and the
field is actually non-Clifford, so that some nonstabilizer-
ness is introduced in the system. Thus, in an inertial setting,
all nonstabilizerness is spurious, rather than harvested from
the field. However, this effect becomes negligible for large
enough values of σΩ. This will justify our choice of
parameters when studying the accelerated scenario, where
no analytical expressions can be obtained: by choosing
σΩ ¼ 2 we will ensure that all the harvested SRE will stem
from the acceleration, without contributions due to the non-
Clifford interaction between the detectors and the field.

B. Accelerated detectors: The parallel scenario

Let us now move to the accelerated setting Fig. 1. We
start our analysis by studying how the harvested SRE varies
with the physical parameters describing the system, namely
the frequency Ω of the two detectors, the interaction time σ
and the initial separation L between the two probes. Wewill
focus our analysis on the case of parallel acceleration. First
of all, in the case of accelerated detectors, the Wightman
functions are not analytically solvable, because of the
hyperbolic functions in the worldlines of the detectors
(see Appendix C). We thus rely on a numerical analysis, as
shown in Figs. 3 and 4.
From the plots in Fig. 3, for the detectors initialized once

again in the state ρABð0Þ ¼ j00ih00j, we can observe some
common features with the case of inertial reference frames.
In Fig. 3(a) we can observe that for small values of σΩ there
is a contribution to the SRE due to the interaction being non
Clifford. This effect is once again negligible for large
enough values of σΩ. In Fig. 3(b) we once again observe
the independence of the SRE from the initial distance
between the detectors.

Let us now turn our attention on the nature of the
harvested SRE. Specifically, we now want to focus on local
andnonlocal SRE, their interplaywith the concurrencewhen
varying the initial state of the detectors. As anticipated when
discussing the inertial setting, we set the interaction param-
eters to Ω ¼ 2, σ ¼ 1, and L ¼ 0.5, in order to avoid
spurious contributions given by the non-Clifford interaction
between the detectors and the field, and be sure that all the
SRE is effectively harvested from the field. Also in this case
we focus here on the parallel scenario, leaving the anti-
parallel and perpendicular cases in Appendix C.
Starting from different initial states of the detectors, we

compute the variation of SRE ΔM̃2ðρABÞ, of the concur-
renceΔCðρABÞ, of the expectation value of the Bell operator
in Eq. (5) ΔB0, and of the nonlocal SRE ΔMNL

2 ðjψiÞ with
respect to their initial state values. Specifically, we consider
three different initial states jψ0iAB of the detectors: the
resource-free state j00iAB, the maximally entangled, SRE-
free state jΦþiAB and the separable, SRE-full state j0iA ⊗
jTiB with jTi ¼ ðj0i þ eiπ=4j1iÞ= ffiffiffi

2
p

.
We summarize the initial values of the quantities of

interest for the different initial states in Table I. We compute
the variations ΔM̃2ðρABÞ, ΔCðρABÞ, ΔB0, ΔMNL

2 ðjψiÞ of

FIG. 3. Variations of SREΔM̃2ðρABÞ (solid line) and concurrenceΔCðρABÞ (dashed line), as a function of the (parallel) acceleration ak,
for various choices of parameters, with the detectors initialized in the state ρAB ¼ j00ih00j. In (a) we study the two resources for different
values of Ω, setting σ ¼ 1 and L ¼ 1. Notice that for Ω ¼ 1, for a ¼ 0 one has a nonzero SRE, in agreement with the observation made
in the inertial setting. One can also notice that the harvested SRE becomes larger for lower values of Ω. In (b) we plot the resources for
different values of the initial separation L between the detectors, setting Ω ¼ 2 and σ ¼ 1. Also in this case, one can observe the same
behavior obtained in the inertial setting, as the SRE does not depend on L, while the concurrence does.

TABLE I. Initial values of SRE M̃2, concurrence C, Bell
operator b0 and nonlocal SRE MNL

2 for different choices of
the initial state of the detectors ρABð0Þ.
ρABð0Þ M̃2 C b0 MNL

2

j00i 0 0 1 0
jΦþi 0 1 2 0
j0i ⊗ jTi ≃0.415 0 −

ffiffi
2

p
2

0
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our quantities as a function of the acceleration a for the
three choices of initial states, see Fig. 4.
In all cases, one harvests both entanglement C and SRE

M̃2. We see that the harvesting of resources is nonmono-
tone with the acceleration ak. Remarkably, if there is no
SRE in the initial state, all the harvested SRE is nonlocal,
so this is genuine harvesting in the strong sense. Even if
there is some local SRE in the initial state, most of the
harvested SRE is still nonlocal, see Fig. 4(c). In this latter
case, even the local part of the harvested SRE would not be

produced if the acceleration were zero, and the field would
be in a stabilizer state. At finite accelerations, the SRE in
the field enables the production of SRE in the detectors: this
is harvesting in the weak sense [79].

C. Nonlocal violations

Importantly, in all cases the CHSH is not violated. We
remark here that similar results are obtained, especially
regarding CHSH, for any choice of Pauli measurement in
the definition of the Bell operator B0, Eq. (5). If one starts

FIG. 4. Variations of SRE ΔM̃2ðρABÞ (solid line), concurrence ΔCðρABÞ (dashed line), nonlocal SRE ΔMNL
2 ðρABÞ (dashed-dotted line)

and value of Bell operator ΔB0 (dotted line) as a function of the (parallel) acceleration ak, together with the corresponding purity of the
state (see upper plots). Panels (a) Initial state j00i, (b) initial state jΦþi, (c) initial state j0iA ⊗ jTiB. In panel (a) and (b) the curves for
ΔM̃2ðρABÞ and ΔMNL

2 ðρABÞ overlap perfectly as all the harvested SRE is nonlocal. Notice that the state of the detectors, for the initial
state jψ0iAB ¼ j00i, is always pure with very good approximation.

FIG. 5. Plot of the variation of the nonstabilizerness, concurrence, expectation value of the Bell operator and nonlocal
nonstabilizerness as a function of the acceleration when the detectors are initialized in the maximally entangled state ρABð0Þ ¼
jΦþihΦþj for different values of the detectors frequency. In the plot we have set σ ¼ 1 and L ¼ 1. Different line shapes represent the
various quantities, while different colors represent different values of Ω, as in the legend. From a qualitative point of view, one can once
again observe that all the harvested nonstabilizerness is nonlocal. This feature, as explained in the main text, is the one responsible for
the nonviolation of the CHSH inequality. The only difference with respect to the scenario where the detectors are initialized in the state
j00ih00j is that the SRE also depends on the initial separation L. However, there are no choice of parameters for which the CHSH
inequality is violated.
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with resource-free states, there is not enough harvesting of
the resources to guarantee a CHSH violation. Furthermore,
if one saturates one of the resources, e.g., entanglement or
SRE (on one of the detectors), the interaction with the field
causes a loss of the resource as the other one is harvested.
This behavior is confirmed for different choices of param-
eters, as shown Fig. 5, where for different values of Ω one
can observe that the CHSH inequality is never violated. In a
way or another, the form of nonlocality displayed by CHSH
violations cannot be induced by the interaction with
the field.
Some explanations are in order: one can harvest sub-

stantial amounts of SRE and entanglement, and even non-
local SRE. However, it is not possible to harvest nonlocality
in the form of CHSHviolation from the quantum field.What
is at play here? There are two main elements to this result.
First, if all the SRE is nonlocal, there cannot be any violation
of the CHSH inequalities, as shown in [62]. Moreover, the
nature of the harvested SRE does not depend on the physical
parameters of the system, such as Ω, L, σ, but rather on the
formof the interaction between the detectors and the field, so
that no violation of the CHSH inequality would be observed
for any choice of these parameters. For a two-qubit system,
(pure) states possessing only nonlocal nonstabilizerness are
completely determined by their Schmidt coefficients asffiffiffi
x

p j00i þ ffiffiffiffiffiffiffiffiffiffiffi
1 − x

p j11i, see [56,80] and it is straightforward
to check that such states cannot violate the CHSH inequal-
ities for B0. So, as one only harvests nonlocal SRE, non-
locality effects lack the necessary resources. In our setting, at
least for the initial state j00i the time evolution, in spite of the
system being open, keeps the state approximately pure, see
the upper plot in Fig. 4(a) and these conclusions hold. But
there is more: one could in fact engineer detectors that
couple with a field in a different way, so that also local
nonstabilizer resources are injected. However, homogeneity
of space imposes that such process should be symmetric for
the exchange of the two detectors. One can prove that [62]
the onlyway of violatingCHSH inequalities is to prepare the
state in an asymmetric way, so such violations would be
impossible in principle for identical detectors.

V. CONCLUSIONS AND OUTLOOK

In this paper, we have shown a protocol for SRE
harvesting in both inertial and accelerated reference frames,
highlighting its main features and dependencies of the
physical parameters. The main result of the paper is that
SRE can be harvested from the vacuum state of a relativistic
quantum field and stored into the state of a detector
interacting with the field in an accelerated reference frame.
Moreover, SRE and entanglement can be harvested at the
same time, including the particularly strong form of non-
local SRE.
We have also shown that, at least with this protocol, it is

not possible to harvest nonlocality from the field, since
there is either not enough entanglement or enough SRE.

Even starting with a maximally entangled state, one can
harvest SRE in nonlocal form, but a trade-off of resources
happens so that the CHSH inequalities can never be
violated. This depends on the fact that only nonlocal
SRE is extracted, and in a symmetric way. This gives
the main ingredient to formulate a no-go theorem for
nonlocality detection in a field, which we will address in
future work. This will require also a proof about the
impossibility of violation of the Bell’s inequalities for
mixed states with maximal nonlocal magic.
In perspective, one wonders how steering and the Reeh-

Schlieder theorem can be used to transfer state preparation
in the field to state preparation of detectors [81].
It would also be interesting to study how the harvested

SRE depends on the dimensionality of the detectors. Then
one could also consider more realistic scenarios, for
instance, studying the case of finite detectors rather than
point like, or with different switching functions. Another
interesting possibility is to consider massive scalar field
moving along a trajectory in curved space-time instead of
the simple setting of Minkowski background.
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APPENDIX A: COMPUTATION OF THE
REDUCED DENSITY MATRIX

OF THE DETECTORS

In this section, we show how to derive the reduced
density matrix of the detectors when they are initialized in
the state j00i. For different choices of the initial state, the
procedure goes exactly the same.
Let us introduce the following notation to shorten

significantly the expressions:

ϵiðtÞ ¼ ϵðτiðtÞÞ
dτi
dt

; ϕiðtÞ ¼ ϕðxiðtÞÞ;

ϕi
� ¼

Z
dtϵiðtÞe�iΩτiðtÞϕi; jE�

i i ¼ ϕ�
i j0iϕ
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where i∈ fA; Bg. Using this notation, the interaction
Hamiltonian reads:

Hi ¼ λϵiðtÞðeiΩτiðtÞj1ih0j þ e−iΩτiðtÞj0ih1jÞ ⊗ ϕiðtÞ ðA1Þ

The evolution occurs in both proper times τA and τB, and
for small value of the coupling constant λ ≪ 1, the final
state can be expanded as

jψfi ¼ Ujψ ii ¼
X
n

λnjψ ðnÞ
f i ðA2Þ

To show this explicitly, we write U in terms of the
coordinate time t, with respect to which the vacuum state
of the field is defined.

Before showing the perturbative terms of the final state
jψfi, let us introduce the additional notation that will be
useful in the following:

ϕ�
i ðtÞ¼

Z
t

−∞
dt0ϵiðt0Þe�iΩτiðt0Þϕiðt0Þ; jE�

i ðtÞi¼ϕ�
i ðtÞj0iϕ

We can then compute the various terms of the series
expansion.

(i) Oðλ0Þ

jψ ð0Þ
f i ¼ 1jψ ii ¼ j00ij0iϕ ðA3Þ

(ii) Oðλ1Þ

jψ ð1Þ
f i ¼ −i

Z
dt

�
dτA
dt

HðAÞ
int ðτAðtÞÞ þ

dτB
dt

HðBÞ
int ðτBðtÞÞ

�
jψ ii

¼ −iλ
Z

dt½ϵAðtÞðeiΩτAðtÞj1ih0j þ e−iΩτAðtÞj1ih0jÞ ⊗ ϕAðtÞ

þ ϵBðtÞðeiΩτBðtÞj0ih1j þ e−iΩτBðtÞj1ih0jÞ ⊗ ϕBðtÞ�j00ij0iϕ
¼ −iλ

Z
dt½ϵAðtÞeiΩτAðtÞj10i ⊗ ϕAðtÞj0iϕ

þ ϵBðtÞeiΩτBðtÞj01i ⊗ ϕBðtÞj0iϕ� ðA4Þ

¼ −iλðj10ijEþ
A i þ j01ijEþ

B iÞ ðA5Þ

(iii) Oðλ2Þ

jψ ð2Þ
f i ¼ −

λ2

2

Z
dt

Z
dt0T

�
dτA
dt

dτA
dt0

HðAÞ
int ðτAðtÞÞHðAÞ

int ðτAðt0ÞÞ þ
dτA
dt

dτB
dt0

HðAÞ
int ðτAðtÞÞHðBÞ

int ðτBðt0ÞÞ

þ dτB
dt

dτA
dt0

HðBÞ
int ðτBðtÞÞHðAÞ

int ðτAðt0ÞÞ þ
dτB
dt

dτB
dt0

HðBÞ
int ðτBðtÞÞHðBÞ

int ðτBðt0ÞÞ
�
jψ ii ðA6Þ

Let us look first at one of these four integrals. For the term proportional to HAðτAðtÞÞHAðτAðt0ÞÞ we get:

Z
dt

Z
dt0

dτA
dt

dτA
dt0

HðAÞ
int ðτAðtÞÞHðAÞ

int ðτAðt0ÞÞjψ ii

¼
Z

dt
Z

t

−∞
dt0

dτA
dt

dτA
dt0

HðAÞ
int ðτAðtÞÞHðAÞ

int ðτAðt0ÞÞj00ij0iϕ

¼
Z

dt
Z

t

−∞
dt0ϵAðtÞϵAðt0ÞðeiΩτAðtÞj1ih0jA þ e−iΩτAðtÞj0ih1jAÞðeiΩτAðt0Þj1ih0jA

þ e−iΩτAðt0Þj0ih1jAÞj00iϕAðtÞϕAðt0Þj0iϕ
¼

Z
dt

Z
t

−∞
dt0ϵAðtÞϵAðt0Þe−iΩτAðtÞeiΩτAðt0ÞϕAðtÞϕAðt0Þj0iϕj00i

¼
Z

dtϵAðtÞe−iΩτAðtÞϕAðtÞjEþ
A ðtÞij00i

¼ j00iϕ−
AjEþ

A ðtÞi ðA7Þ
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Notice that the operator ϕ−
A act on the state jEþ

A ðtÞi
performing an integration over the time variable,
ensuring that the resulting state would not depend
on t.

The other combinations of Hamiltonians can be com-
puted in the sameway as above. One can show that the final
state at the second order in λ is given by:

jψ ð2Þ
f i ¼ −λ2ðj00iϕ−

AjEþ
A ðtÞi þ j11iϕþ

A jEþ
B ðtÞi

þ j11iϕþ
B jEþ

A ðtÞi þ j00iϕ−
BjEþ

B ðtÞiÞ ðA8Þ

Since we are interested in harvesting resources from the
detector state, we have to trace out the degrees of freedom
of the field ρAB ¼ Trϕjψfihψfj. Taking terms up to the
second order in λ, one obtains the following density matrix:

ρAB ¼

0
BBB@

1 − jEAj2 − jEBj2 0 0 M

0 jEBj2 hEþ
B jE−

Ai 0

0 hEþ
A jE−

Bi jEAj2 0

M� 0 0 0

1
CCCAþOλ4 ðA9Þ

where jEij2 is the probability of having the i-th detec-
tor excited after the interaction, M ¼ −ðhE−

BjE−
Ai þ

hE−
AjE−

BiÞ=2 is the probability that the two detectors
exchange a virtual particle and hEþ

B jE−
Ai ¼ hEþ

A jE−
Bi�

is the overlap between the excited states of the two
detectors.

APPENDIX B: FINAL STATE OF THE
DETECTORS FOR OTHER INITIAL STATES

In this section we report the final state of the detectors
given the initial states used in Sec. IV B, namely ρABð0Þ ¼
jΦþihΦþj and ρABðð0Þ ¼ ðj0i ⊗ jTiÞðh0j ⊗ hTjÞ.
When the two detectors are initialized in the state

jΦþihΦþj, the final state can be written as:

EðjΦþihΦþjÞ

¼ 1

2

0
BBB@

1 − jEAj2 − jEBj2 þM þM� 0 0 1 − jEAj2 − jEBj2 þ 2M

0 jEAj2 þ jEBj2 þ 2M0 Cþ C0 0

0 C� þ C0� jEAj2 þ jEBj2 þ 2M00 0

1 − jEAj2 − jEBj2 þ 2M� 0 0 1 − jEAj2 − jEBj2 þM þM�

1
CCCA

where

M0 ¼ hE−
AjE−

Bi þ hEþ
B jEþ

A i
2

M00 ¼ hEþ
A jEþ

B i þ hE−
BjE−

Ai
2

C ¼ hE−
AjEþ

B i þ hEþ
B jE−

Ai
C0 ¼ hE−

AjE−
Ai þ hEþ

B jEþ
B i

Notice also that M0 þM00 ¼ −M −M�, so that the final
state has trace 1. From this matrix elements one can also
derive a perturbative expression fore the expectation value

of the Bell operator, obtaining:

Tr½B0EðjΦþihΦþjÞ� ¼ 2 − 3ðjEAj2 þ jEBj2Þ
þ 6Re½M� þ Re½Cþ C0�

When the two detectors are initialized in the state

j0i ⊗ jTi, where jTi ¼ j0iþe−iπ=4j1iffiffi
2

p , one obtains the final

state with matrix elements:
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ρ11 ¼
1

2
ð1 − jEAj2Þ

ρ12 ¼
eiπ=4

2
ð1 − jEAj2 − jEBj2 − ihE−

BjE−
BiÞ

ρ13 ¼
1

2

�
−eiπ=4

C
2
þ e−iπ=4hE−

BjE−
Ai
�

ρ14 ¼
�hE−

BjE−
Ai − hE−

AjE−
Bi

4

�

ρ22 ¼
1

2
ð1 − jEAj2Þ

ρ23 ¼
hEþ

B jE−
Ai − hE−

AjEþ
B i

4

ρ24 ¼
1

2
ðeiπ=4hEþ

B jE−
Ai þ e−iπ=4MÞ

ρ33 ¼
jEAj2
2

ρ34 ¼
eiπ=4jEAj2

2

ρ44 ¼
jEAj2
2

;

where the other off-diagonal elements are just the complex
conjugate of the ones shown, and we have chosen to list the
elements rather than show the entire matrix for typographic
reasons.

APPENDIX C: THREE DIFFERENT
ACCELERATION SCENARIOS

In this section we give the expression for the spacetime
trajectories in the three different acceleration scenarios of
the two detectors, i.e., parallel ak, antiparallel a∦ and
perpendicular a⊥, and show how the matrix elements of
ρAB only depend on the acceleration in all three cases.

1. Parallel acceleration

Suppose the two detectors are accelerated along the x-
direction with acceleration ak and initial mutual distance L
fixed to 1. The trajectories of both detectors have the y ad z
coordinates set to 0 along the motion, while the t and x
coordinates are written in terms of the proper time as:

tA ¼ sinh akτA
ak

; ðC1Þ

xA ¼ L
2
þ cosh akτA − 1

ak
; ðC2Þ

tB ¼ sinh akτB
ak

; ðC3Þ

xB ¼ −
L
2
þ cosh akτB − 1

ak
: ðC4Þ

Let us look at the expression of the term jEAj2

jEAj2 ¼ hEþ
A jE−

Ai ¼
Z Z

e−
τA
2σ2e−

τ0
A

2σ2e−iΩðτA−τ0AÞ

×WðτA; τ0A; akÞdτAdτ0A ðC5Þ

where

WðτA;τ0A;akÞ≔ h0jϕAðxðτAÞ;tðτAÞÞϕAðxðτ0AÞ;tðτ0AÞÞj0i
ðC6Þ

¼−
1

4π2
1

ðtðτAÞ− tðτ0AÞ− iϵÞ2− jxðτAÞ−xðτ0AÞj2
:

ðC7Þ

is the Wightman function of the massless scalar field:
This function depends on the proper times and on the

acceleration according to the trajectories of the detectors.
Finally, after the integrations in (C5), the term jEAj2 is only
a function of the acceleration.
In a similar way, all the matrix elements can also be

derived as integral functions depending on the acceleration
parameter. For example, the off-diagonal term:

hEAjEBi ¼
Z Z

e−
τ2
A

2σ2e−
τ2
B

2σ2eiΩðτAþτBÞWðτA; τB; akÞdτAdτB
ðC8Þ

2. Antiparallel acceleration

The setting for antiparallel acceleration a∦ is the same as
the previous case, but one of the two detectors has the
spatial coordinate x with inverted sign:

tA ¼ sinh a∦τA
a∦

; ðC9Þ

xA ¼ L
2
þ cosh a∦τA − 1

a∦
; ðC10Þ

tB ¼ sinh a∦τB
a∦

; ðC11Þ

xB ¼ −
L
2
−
cosha∦τB − 1

a∦
: ðC12Þ

With the same calculations shown for the parallel case,
all the matrix elements of the detectors final state are
written as integrals of the Wightman functions and after
numerical integration over the proper times, all the terms
will functions of the acceleration a∦. In Fig. 6, we show the
harvested magic and entanglement together with the
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expectation value of the Bell operator for detectors with
antiparallel acceleration.

3. Perpendicular acceleration

Without loss of generality, we can take spacetime
trajectories of detectors in perpendicular acceleration a⊥ as:

tA ¼ sinh a⊥τA
a⊥

; ðC13Þ

yA ¼ cosh a⊥τA − 1

a⊥
; ðC14Þ

tB ¼ sinh a⊥τB
a⊥

; ðC15Þ

xB ¼ cosh a⊥τB − 1

a⊥
þ L: ðC16Þ

In Fig. 7, we show the harvested magic and entanglement
together with the expectation value of the Bell operator for
detectors with perpendicular acceleration.

FIG. 7. Plots of the harvested magic (local and non local) and entanglement, together with the expectation value of the Bell operator, as
a function of the acceleration a⊥ in the case of perpendicular acceleration. Panel (a) shows the evolution of the harvested resources when
the detectors start in the state jψ0iAB ¼ j00iAB. Panel (b) shows the harvested resources when the detectors start in the Bell state jΦþiAB.
Panel (c) shows the harvested resources when the detectors are initialized in the state jψ0iAB ¼ j0iA ⊗ jTiB. The upper plots show the
evolution of the purity of the state of the detectors.

FIG. 6. Plots of the harvested magic (local and non local) and entanglement, together with the expectation value of the Bell operator, as
a function of the acceleration a in the case of antiparallel acceleration a∦. Panel (a) shows the evolution of the harvested resources when
the detectors start in the state jψ0iAB ¼ j00iAB. Panel (b) shows the harvested resources when the detectors start in the Bell state jΦþiAB.
Panel (c) shows the harvested resources when the detectors are initialized in the state jψ0iAB ¼ j0iA ⊗ jTiB. The upper plots show the
evolution of the purity of the state of the detectors.
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