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Abstract
Physics-InformedNeural Networks have been introduced to learn the solutions toDifferential
Problems. ExtremeLearningMachines (ELMs), which are shallow feedforward architectures
based on random projection, have been utilized along with other types of Neural Networks.
Recently, ELM-based Physics-Informed Neural Networks have been combined with a func-
tional interpolation technique called the Theory of Functional Connections, leading to an
efficient method named the Extreme Theory of Functional Connections. The Extreme The-
ory of Functional Connections allows us to analytically satisfy the constraints, e.g., initial
and/or boundary conditions that complete the differential problem removing one of the lim-
itations of the traditional Physics-Informed Neural Networks frameworks: the need to learn
the constraints alongside learning the solution within the domain. In this work, we provide
upper bounds on the generalization error, in terms of the training error and number and
choice of training points, of The Extreme Theory of Functional Connections in learning the
solutions for the class of univariate Differential Problems. We fully cover three kinds of
problems: first-order initial value problems, higher-order IVPs, and second-order two-point
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boundary value problems. The theoretical results for these three cases are validated with
numerical experiments on some benchmark linear and non-linear problems. Furthermore,
the resolution using the proposed method is tested by comparing the results obtained with
the ones computed by MATLAB’s routines, and the proposed method outperforms the other
solvers in terms of accuracy and computational efficiency.

Keywords Differential Equations · Generalization Error · Physics-Informed Neural
Networks · Scientific Machine Learning · Extreme Learning Machine

Mathematics Subject Classification 65N35 · 65N75

1 Introduction

Differential Equations (DEs) are a powerful mathematical tool used to model many real-
world problems in many different fields, such as physics, engineering, finance, biology,
chemistry, oceanography, and epidemiology, to name a few. Therefore, there is a need to
have accurate, efficient, robust, and reliable tools to solve problems modeled via DEs. The
problems governed by DEs can be grouped into twomacro-categories: forward problems and
inverse problems. In the former, the task is to evaluate the function that solves the DEs (e.g.,
the heat flux in the heat transfer equations). In the latter, the task is to retrieve the parameters
governing the DEs given data about the DE solution and/or its derivatives (e.g., to estimate
the thermal conductivity in the heat equation, given some data on the heat flux).

There exist many DEs solvers. For Ordinary DE (ODEs), the most common and widely
used solvers are the Runge-Kutta family methods [3, 25]. For Partial DEs (PDEs) the most
common and widely used solvers are Finite Element Method (FEM) [29, 45, 53], Finite
Difference Method (FDM) [33], Finite Volume Method (FVM) [22, 43], Isogeometric Anal-
ysis (IgA) [6], Spectral methods [5]. All these methods represent state-of-the-art DE solvers.
They have been used for years for academic research and by industries and companies in
many disciplines because they are accurate, robust, and reliable. Nonetheless, they present
some non-negligible limitations. Some limitations of these state-of-the-art DEs solvers are
that these methods are affected by the curse of dimensionality [2], and they are not designed
to tackle inverse problems; see also [50] and references within.

Neural Networks (NNs) represent a solution to the limitations listed above. Employing
NNs to tackle problems involving DEs has been introduced in the ’90s. See, for instance, Ref.
[19, 35]. However, only recently, thanks to the pioneeringwork byRaissi et al. [44], NNs have
started to become widespread as a tool to tackle problems involving DEs. In [44], the authors
introduced and formalized the concept of Physics-Informed Neural Networks (PINNs) for
solving forward and inverse problems involving DEs. PINNs belong to the broader family
of the Physics-Informed Machine Learning (PIML) frameworks [34]. PIML frameworks
employ physics, usually modeled via DEs, and data to drive the training ofMachine Learning
(ML) algorithms. With PINNs, the data-physics-driven training aims to minimize the Mean
Square Error (MSE). The total MSE is the sum of the MSE of the NN and the data, the MSE
of the DE residuals (where the NN approximates the DE unknown solution), the MSE of
the NN, and the DE constraints (e.g., initial and/or boundary conditions). When solving a
forward problem, this training results in the NN parameters (e.g., weights and bias) that best
approximate the DE unknown solution. When solving an inverse problem, the results of this
training are the NN parameters along with the unknown DE governing parameters. PINNs
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solve only forward problems when data are unavailable, and training is performed solely in
a physics-driven fashion. Within this scenario, PINNs are numerical methods to solve DEs.

Thiswork focuses only onPINNs trained in a physics-driven fashion.Our goal is to provide
upper bounds on the generalization error in approximating the DEs solution of a novel PINN
framework developed by the authors. We focus on three differential problems: first-order
initial value problems (IVPs), higher-order IVPs, and second-order order two-point boundary
value problems. This novel PINN framework combines PINNswith a functional interpolation
technique called the Theory of Functional Connections (TFC). TFC has been introduced by
Mortari in [42]; it is a general mathematical framework for linear functional interpolation.
It derives functionals, called Constraint Expressions (CEs), containing a free function and a
functional that always satisfies a set of specified linear constraints. These functionals reduce
the solutions search space of constrained problems to just the subspace of functions that
analytically satisfy the specified linear constraints. All the details on building these CEs are
provided in [30, 37, 39] along with TFC applications, see also [9, 15, 31, 32, 38]. When
solving DE, the original TFC employs orthogonal polynomials as free functions. This choice
is ineffective when solving PDEs with more than two independent variables, as it makes the
TFC suffer from the dimensionality curse. To avoid this limitation, PINNTFC-basedmethods
use NNs as free functions. Two PINN TFC-based methods have been introduced: Deep-TFC
and Extreme Theory of Functional Connections (X-TFC) [1, 50]. Deep-TFC [40] employs
deep NN as a free function, while X-TFC employs shallow NN trained via the Extreme
Learning Machine (ELM) algorithm. Both allow to satisfy analytically the DEs constraints
removing one of the main limitations of the traditional PINN frameworks: the need to learn
separately the DE constraints and the DE solution within the domain, see ad ex. [52] for a
discussion on how this affects the overall determination of the solution. The ELM algorithm
[27, 28] randomly samples input weights and bias. Thus, the training is needed solely for the
output weights and is performed via least-squares. ELMs have been successfully applied for
solving Ordinary Differential Equations (ODEs) and PDEs [4, 10, 20, 21, 23]. In all these,
the constraints are not included in the formulation, as it is instead done in X-TFC.

Although the development of X-TFC was driven by the need to have an accurate, reliable,
effective, and robust TFC-based method for large-scale PDE, X-TFC has resulted in being
accurate, reliable, effective, and robust even for ODEs: it has already been employed to
learn the solutions of several ODE classes [36]. In [16] and [17], the authors use X-TFC to
learn the solution for a class of rarefied gas dynamics problems. In [49] and [14], they adapt
and employ X-TFC to solve stiff nonlinear dynamical ODE systems for the Point Kinetic
Equations (PKEs) with temperature feedback for nuclear reactor dynamics and stiff chemical
kinetics, respectively. In [13], X-TFC is used for integro-DEs, and in [12] it is used to tackle
sharp-gradient problems. In [48], X-TFC is employed for epidemiological compartmental
models for parameter estimation. Finally, X-TFC has widely been used to learn the solutions
of a class of optimal control problems via indirect method [7, 8, 46, 47], in particular for
space applications and now in the groundfloor method for more challenging applications,
such as black-box and gray-box systems identification [1, 11].

Despite all these excellent results on the efficient application of the method, it still lacks
theoretical explanations, and only a few convergence estimates are available. One of the main
results of this work is to present estimates for the so-called generalization error by following
the procedure proposed by Mishra and Molinaro [41] to be applied to X-TFC to fill this gap
and make X-TFC trustworthy. In the three classes of problems considered, these results are
proved and then tested in benchmark cases. Our test always confirms the available bounds
and emphasizes that, in some cases, these are too pessimistic.
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The manuscript is organized as follows. In Section 2, we introduce the use of X-TFC
in the different classes and discuss how the network is trained, namely fixing the training
set, the residuals, and the loss function. In the same section, Theorems 1, 2, and 3 give the
generalization error estimates for the DE classes mentioned above. In Section 3, the algo-
rithm is described and numerical results are presented and discussed for the three classes of
problems. In summary, the numerical results show that the proposedmethod has a wide range
of applicability and that the error bounds–although sometimes pessimistic–are confirmed by
the tests, while for stiff problems the approach needs to be enhanced with adaptive strategies.
Extended conclusions are given in Section 4.

2 Estimate on the Generalization Error of X-TFC for DEs

In the present section, we detail the training of the proposed method and introduce the
generalization error estimate in the different classes. We are interested in estimating the
generalization error εG ∈ R for X-TFC, which is defined, according to [41], as

εG =
(∫ T

t0
||u(t) − u∗(t)||2dt

)1/2

(1)

where u(t) denotes the true solution and u∗(t) the one computed via X-TFC, within in
the domain t0 ≤ t ≤ T . It has been previously established in [50] that randomly chosen
parameters in the activation functions lead to a neural network that falls within the ELM-
type training framework [28]. This allows for universal approximation and interpolation-type
results [27]. We recall that ELMs are Random projection NN that are widely used in various
applications. See the review papers [18, 26, 51]

2.1 First Order Initial Value Problems

In this section, we derive an estimate of the generalization error when using X-TFC for
learning the solution of a general system of non-linear first-order ODEs.

A general system of n first-order non-linear ODEs is posed as follows,

⎧⎨
⎩
du
dt

= f (u, t) ∀t ∈ [t0, T ] , T ≥ t0

u(t0) = u0
(2)

Here, u0 ∈ R
n is the initial conditions, u ∈ R

n defined in [t0, T ] ⊂ R is the solution of (2),
and f is the non-linear forcing term. We assume that f is globally Lipschitz i.e., there exists
a constant C f ≥ 0 (independent of t) such that,

|| f (v) − f (w)|| ≤ C f ||v − w||, v,w ∈ [t0, T ]. (3)

In order to apply the X-TFC algorithm to learn the solution of (2), we need to specify the
training set S and define the residuals.
Training set Consider the time domain [t0, T ] ∈ R. We choose the training set S =
{ti }1≤i≤N ⊂ [t0, T ], based on suitable quadrature (training) points. According to Ref. [41],
these points can be any quadrature points, corresponding to a suitable time grid-based com-
posite Gauss quadrature rule or randomly selected points.
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Residuals In order to apply the X-TFC algorithm, we need to define the residuals. We
approximate the solution of (2) with the following CEs,

ui (t;β i ) = g(t;β i ) + s(t)ηi (4)

where g(t;β i ) is a single layer NN with random features, s(t) is called a supporting function
and can be defined by the user, see [42]. Finally, η ∈ R

n is a vector of constant coefficients
that are found by imposing the initial conditions.

In this trivial example we use s(t) = 1, from which we get ηi = ui,0 − g(t0;β i ) and
substituting in 4 we get the CEs

ui (t;β i ) = g(t;β i ) + ui,0 − g(t0;β i ) (5)

and their derivatives,
dui (t;β i )

dt
= dg(t;β i )

dt
(6)

Thus, we can write the CE in a vectorial form,

uβ(t) = u(t;β) = gβ(t) + u0 − gβ(t0) (7)

and their derivatives,
duβ(t)

dt
= d gβ(t)

dt
. (8)

Finally, we define the following residuals:

R(t;β) = Rβ(t) = [R1,β . . .Rn,β ]T = d

dt
uβ(t) − f (uβ(t), t) (9)

Loss function To learn the unknown solution, we need to minimize the following vectorial
loss function,

L(β) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

R1(t1;β)
...

R1(tN ;β)
...

...

Rn(t1;β)
...

Rn(tN ;β)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

∈ R
n·N (10)

The X-TFC algorithm is now completely specified and it can be run for learning the solution
of the non-linear first-order ODE system of Eq. (2), which we denote as u∗ = uβ∗ , where
β∗ are the computed optimal output weights.

We are interested in estimating the generalization error for X-TFC (1), that is the error
emerging from the approximation of the true solution, u(t), via X-TFC, within the domain
t0 ≤ t ≤ T . We estimate the generalization error in terms of the training error εT ∈ R

defined as,

ε2T =
N∑
i=1

wi ||Rβ∗(ti )||2 (11)
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wherewi are the quadratureweights. The reader can note that Eq. (11) is computed a posteriori
once the training is completed.

According to Ref. [41], we assume the following for the quadrature error: for any function
y ∈ Cl([t0, T ]), the quadrature rule corresponding to quadrature weightswi at points ti ∈ S,
with 1 ≤ i ≤ N , satisfies,∣∣∣∣∣

∫ T

t0
|| y(t)||dt −

N∑
i=1

wi || y(ti )||
∣∣∣∣∣ ≤ Cquad(|| y||Cl )N -α (12)

where α > 0 and different order quadrature rules can be used.
The estimate of the generalization error for X-TFC is given in the following theorem.

Theorem 1 Let u ∈ Ck([t0, T ]) be the unique classical solution of the non-linear problem
(2) with the dynamics f satisfying Eq. (3). Let u∗ = uβ∗ be the solution approximated
via X-TFC, corresponding to loss function (10). Then, the generalization error (1) can be
estimated as,

εG ≤ CDE
(
ε2T + CquadN

-α) 12 (13)

where CDE ∈ R is given by

CDE =
(
e−(1+2C f )t0

1 + 2C f

(
e(1+2C f )T − e(1+2C f )t0

)) 1
2

(14)

and Cquad ∈ R is
Cquad = Cquad(||R||2Ck−1)

so that it depends on the number of training points, the quadrature scheme used, and the
residuals evaluated on the training points.

Proof By the definitions of the residuals (9), and the system (2), we can verify that the error
û = u∗ − u satisfies the following equation,

d û
dt

= f (u∗, t) − f (u, t) + R, ∀t ∈ [t0, T ]
û(t0) = 0

(15)

Here, we have denotedR = Rβ∗ for convenience of notation. Multiplying both sides of Eq.
(15) by û yields,

û · d û
dt

= û · [ f (u∗, t) − f (u, t)
]+ û · R

where · is the inner product. That is,
1

2

d

dt
||û||2 = û · [ f (u∗, t) − f (u, t)

]+ û · R (16)

By leveraging on the following inequality
(
û − R)2 ≥ 0, Eq. (16) is bounded by,

1

2

d

dt
||û||2 ≤ ||û|| ∣∣| f (u∗, t) − f (u, t)

∣∣ | + 1

2
||R||2 + 1

2
||û||2

By Eq. (3), we have the following,

1

2

d

dt
||û||2 ≤ ||û||C f ||u∗ − u||︸ ︷︷ ︸

||û||
+1

2
||R||2 + 1

2
||û||2
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Rearranging we get,
d

dt
||û||2 ≤ (1 + 2C f

) ||û||2 + ||R||2

Integrating the above inequality over [t0, T̄ ] for any t0 ≤ T̄ ≤ T , we obtain,

||û(T̄ )||2 ≤
(∫ T̄

t0
||R||2dt

)
+
((

1 + 2C f
) ∫ T̄

t0
||û||2dt

)

where ||û(t0)||2 = 0 because of the CE and,(∫ T̄

t0
||R||2dt

)
≤
(∫ T

t0
||R||2dt

)

since ||R||2 ≥ 0 and t0 ≤ T̄ ≤ T . Thus,

||û(T̄ )||2 ≤
(∫ T

t0
||R||2dt

)
+
((

1 + 2C f
) ∫ T̄

t0
||û||2dt

)

Applying the integral form of the Grönwall’s inequality to the above, we get

||û(T̄ )||2 ≤
(∫ T

t0
||R||2dt

)(
e(1+2C f )(T̄−t0)

)

Integrating over [t0, T ] in dT̄ ,

ε2G =
∫ T

t0
||û(T̄ )||2dT̄ ≤

(∫ T

t0
||R||2dt

)
(
e−(1+2C f )t0

1 + 2C f

(
e(1+2C f )T − e(1+2C f )t0

))

That is,

ε2G ≤
(
e−(1+2C f )t0

1 + 2C f

(
e(1+2C f )T − e(1+2C f )t0

))

(
N∑
i=1

wi ||R(ti )||2 + Cquad(||R||2Ck−1)N
-α

)

Thus,

ε2G ≤
(
e−(1+2C f )t0

1 + 2C f

(
e(1+2C f )T − e(1+2C f )t0

)) (
ε2T + Cquad(||R||2Ck−1)N

-α)

Finally,

εG ≤
(
e−(1+2C f )t0

1 + 2C f

(
e(1+2C f )T − e(1+2C f )t0

)) 1
2 (

ε2T + CquadN
-α) 12

where,
(
e−(1+2C f )t0

1 + 2C f

(
e(1+2C f )T − e(1+2C f )t0

)) 1
2

= CDE ≥ 0,∀t0 ≤ T ∈ R
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This completes the proof. �	
The estimate (13) bounds the generalization error in terms of training and quadrature

errors. The training error is computed once the training is completed. As long as X-TFC is
well trained, i.e., the training error is small, the bound (13) implies that the generalization
error will be small for a large enough number of training points, and if we can control the
constant CDE.

2.2 The Case of Higher-Order Initial Value Problems

By following the steps of the previous derivation, we derive an estimate of the generalization
error when using X-TFC for learning the solution of a general system of non-linearmth order
ODEs.

A general system of n non-linear mth order ODEs is posed as follows,⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

u(m)
t = f (t, u(0)

t , u(1)
t , . . . , u(m−1)

t ) ∈ R
n ∀t ∈ [t0, T ] , T ≥ t0

u(0)
t (t0) = u0 ∈ R

n

u(1)
t (t0) = u(1)

0 ∈ R
n

...

u(m−1)
t (t0) = u(m−1)

0 ∈ R
n

(17)

where m is the derivative order, u(l)
t ∈ R

n with l = 0, . . . , m − 1 are the initial conditions
(the subscript t means that the derivative is with respect to t), u(0)

t = u ∈ R
n defined in

[t0, T ] ⊂ R is the solution of (17), and f is the non-linear forcing term.
We assume that f is globally Lipschitz i.e., there exists a constant C f ≥ 0 (independent

of t) such that the condition (3) holds.
By setting the following, ⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

x1 = u(0)
t , ∈ R

n

x2 = u(1)
t , ∈ R

n

...

xm = u(m−1)
t , ∈ R

n

(18)

we get the following system,⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

x(1)
1,t = u(1)

t = x2 ∈ R
n

x(1)
2,t = x3 ∈ R

n

...

x(1)
m−1,t = xm ∈ R

n

x(1)
m,t = f (t, x1, x2, . . . , xm−1) ∈ R

n

s.t.

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

x1(t0) = x1,0 = u0 ∈ R
n

x2(t0) = x2,0 = u(1)
0 ∈ R

n

...

xm−1(t0) = xm−1,0 = u(m−2)
0 ∈ R

n

xm(t0) = xm,0 = u(m−1)
0 ∈ R

n

which, in compact form it becomes,⎧⎨
⎩
dX
dt

= F(t, X), ∈ R
(n·m)×1 ∀t ∈ [t0, T ] , T ≥ t0

X(t0) = X0 ∈ R
(n·m)×1

(19)

where X = [xT
1, . . . , x

T
m]T, ∈ R

(n·m)×1, which is equivalent to system (2). Notice that in the
new notation, the Lipschitz condition (3) holds for F.
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Now, in order to apply the X-TFC algorithm to learn the solution of (19), we need to
specify the training set S and define the residuals.
Training set The same that was stated for the system of first-order ODEs holds.
Residuals In order to apply the X-TFC algorithm, we need to define the residuals. We
approximate the solution of (19) with the following CEs,

x1,i (t;β i ) = ui (t;β i ) = g(t;β i ) +
m∑
j=1

s j (t)η j,i (20)

where g(t;β i ) is a single layer NN with random features, s(t) ∈ R
1×m is a vector of

supporting functions, which can be defined by the user, see [42]. Finally, η ∈ R
m×n is

a matrix of constant coefficients that are found by imposing the initial conditions. In the
following we set

s j (t) = (t − t0) j−1

( j − 1)! (21)

from which we get
η j,i = u( j−1)

i,0,t − g( j−1)
t (t0;β i ) (22)

We have β = [β1, . . . ,βn], with β i ∈ R
L , ∀i = 1, . . . , n, where L is the number of

neurons in the hidden layer.
The kth derivatives with respect to t are,

x (1)
k−1,i,t (t;β i ) ∈ R, k = 2, . . .m

x (1)
k−1,i,t (t;β i ) = xk,i (t;β i ) = u(k−1)

i,t (t;β i ) = g(k−1)
t (t;β i ) +

m∑
j=1

s(k−1)
j,t (t) η j,i

(23)

and,
x (1)
m,i (t;β i ) = u(m)

i,t (t;β i ) = fi
(
t, x1(t;β i ), x2(t;β i ), . . . , xm−1(t;β i )

)
(24)

Then, we define the following residuals,

R(t;β) = Rβ(t) = [RT
1,β . . . ,RT

m,β ]T = d

dt
Xβ(t) − F(Xβ(t), t) ∈ R

(n·m)×1 (25)

Loss function To learn the unknown solution, we need to minimize the following vectorial
loss function,

L(β) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

R1(t1;β) = x(1)
1,t (t1) − x2(t1)
...

R1(tN ;β) = x(1)
1,t (tN ) − x2(tN )

...

...

Rm(t1;β) = x(1)
m,t (t1) − f (t1, x1, x2, . . . , xm−1)

...

Rm(tN ;β) = x(1)
m,t (tN ) − f (tN , x1, x2, . . . , xm−1)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

∈ R
((n·m)·N )×1 (26)

where Rk = 0 ∈ R
n, for k = 1, . . . ,m − 1 because of the CE definition.
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The X-TFC algorithm is now completely specified, and it can be run for learning the
solution of the non-linear first-order ODE system of Eq. (19), which we denote as X∗ = Xβ∗ ,
where β∗ are the computed optimal output weights.

We are interested in estimating the generalization error for X-TFC, which is defined as

εG =
(∫ T

t0
||X(t) − X∗(t)||2dt

)1/2

∈ R (27)

εG , according to [41] and references within, is the error emerging from the approximation
of the true solution, u(t), via X-TFC, within in the domain t0 ≤ t ≤ T . We estimate the
generalization error in terms of the training error εT ∈ R defined as,

ε2T =
N∑
i=1

wi ||Rβ∗(ti )||2 = (28)

=
N∑
i=1

wi

⎡
⎢⎢⎢⎢⎢⎣

⎛
⎜⎜⎜⎜⎜⎝

m∑
k=2

(
x∗(1)
k−1(ti ) − x∗

k(ti )
)2

︸ ︷︷ ︸
0 due to (23)

⎞
⎟⎟⎟⎟⎟⎠

+

⎛
⎜⎜⎝x∗(1)

m (ti )︸ ︷︷ ︸
u∗(m)
t (ti )

− f (ti , x∗
1, x

∗
2, . . . , x

∗
m−1)

⎞
⎟⎟⎠

2

⎤
⎥⎥⎥⎥⎥⎦

which is computed a posteriori once the training is completed.
The considerations of the quadrature error are the same made for the system (2). The

estimate of the generalization error for X-TFC is given in the following theorem. It is noticed
that theorem 2 can also be considered as a corollary for theorem 1.

Theorem 2 Let X ∈ Ck([t0, T ]) be the unique classical solution of the non-linear problem
(19) with the dynamics F satisfying Eq. (3). Let X∗ = Xβ∗ be the solution approximated
via X-TFC, corresponding to loss function (26). Then, the generalization error (27) can be
estimated as,

εG ≤ CDE
(
ε2T + CquadN

-α) 12 (29)

where εT is given by Eq. (28), the constant CDE is given by Eq. (14), and

Cquad = Cquad(||R||2Ck−1)

which is a positive constant depending on the number of training points, the quadrature
scheme used, and the residuals evaluated on the training points.

Proof The proof of theorem 2 is analogous to the proof of theorem 1. Hence, it is not reported.
�	

2.3 The Case of Second-Order Order Two-Point Boundary Value Problems

By the same steps, we derive an estimate of the generalization error when using X-TFC for
learning the solution of a general system of non-linear second-order BVP.

A general system of n non-linear second-order BVPs is posed as follows,⎧⎪⎪⎪⎨
⎪⎪⎪⎩

d2u
dt2

= f
(
t, u,

du
dt

)
∀t ∈ [t0, T ] , T ≥ t0

u(t0) = u0
u(T ) = uT

(30)
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Here, u0 ∈ R
n is the initial conditions and uT ∈ R

n is the final condition, u ∈ R
n defined in

∈ [t0, T ] ⊂ R is the solution of (30), and f is the non-linear forcing term.
We assume that f is globally Lipschitz, i.e., there exists a constant C f ≥ 0 (independent

of t) such that the condition (3) holds.
By set the following, ⎧⎨

⎩
x1 = u, ∈ R

n

x2 = du
dt

∈ R
n

(31)

we get the following system,

⎧⎪⎨
⎪⎩
dx1
dt

= du
dt

= x2

dx2
dt

= d2u
dt2

= f (t, x1, x2),
s.t.

{
x1(t0) = x10 = u0
x1(T ) = x1T = uT

(32)

which in compact form becomes,⎧⎪⎪⎨
⎪⎪⎩

dX
dt

= F(t, X), ∈ R
(n·2)×1 ∀t ∈ [t0, T ] , T ≥ t0

x1(t0) = x10 ∈ R
n×1

x1(T ) = x1T ∈ R
n×1

(33)

where X = [xT
1, x

T
2]T, ∈ R

(n·2)×1, and F satisfies (3).
Now, in order to apply the X-TFC algorithm to learn the solution of (33), we need to

specify the training set S and define the residuals.
Training set The same that was stated for the system of first-order ODEs holds.
Residuals In order to apply the X-TFC algorithm, we need to define the residuals. We
approximate the solution of (30) with the following constrained expressions,

x1,i (t;β i ) = ui (t;βi ) = g(t;βi ) +
2∑

k=1

sk(t) ηk,i ∈ R (34)

where g(t;β i ) is a single layer NN with random features, s(t) ∈ R
1×m is a vector of

supporting functions that can be defined by the user, see [42], and η ∈ R
m×n is a matrix of

constant coefficients which are found by imposing the initial conditions. In the following,
we set

s1(t) = T − t

T − t0
s2(t) = t − t0

T − t0
(35)

from which we get

η1,i = u0,i − g(t0;β i ) η2,i = uT ,i − g(T ;β i ) (36)

We have β = [β1, . . . ,βn], with β i ∈ R
L , ∀i = 1, . . . , n, where L is the number of

neurons in the hidden layer.
Their derivatives with respect to t are,

x2,i (t;β i ) = d

dt
x1,i (t;β i ) = d

dt
ui (t;β i ) = d

dt
g(t;β i ) +

2∑
k=1

d

dt
sk(t) ηk,i ∈ R (37)

and
d

dt
x2,i (t;β i ) = fi (t, x1, x2) (38)
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Then, we define the following residuals,

R(t;β) = Rβ(t) = [RT
1,β ,RT

2,β ]T = d

dt
Xβ(t) − F(Xβ(t), t) ∈ R

(n·2)×1 (39)

Loss function To learn the unknown solution, we need to minimize the following vectorial
loss function,

L(β) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

R1(t1;β) = d

dt
x1(t1) − x2(t1)

...

R1(tN ;β) = d

dt
x1(tN ) − x2(tN )

R2(t1;β) = d

dt
x2(t1) − f (t1, x1, x2)

...

R2(tN ;β) = d

dt
x2(tN ) − f (tN , x1, x2)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

∈ R
((n·2)·N )×1 (40)

where R1 = 0 because of the CE definition.
The X-TFC algorithm is now completely specified, and it can be run for learning the

solution of the non-linear first-order ODE system of Eq. (33), which we denote as X∗ = Xβ∗ ,
where β∗ are the computed optimal output weights.

We are interested in estimating the generalization error for X-TFC, which is defined as

εG =
(∫ T

t0
||X(t) − X∗(t)||2dt

)1/2

∈ R (41)

where εG , according to [41] and references within, is the error emerging from the approxi-
mation of the true solution, X(t), via X-TFC, within in the domain t0 ≤ t ≤ T . We estimate
the generalization error in terms of the training error εT ∈ R defined as,

ε2T =
N∑
i=1

wi ||Rβ∗(ti )||2 = (42)

=
N∑
i=1

wi

⎡
⎢⎢⎢⎢⎢⎣
(
d

dt
x∗
1(ti ) − x∗

2(ti )

)2

︸ ︷︷ ︸
0 due to (37)

+

⎛
⎜⎜⎜⎜⎜⎝

d

dt
x∗
2(ti )︸ ︷︷ ︸

d2

dt2
u∗(ti )

− f (ti , x∗
1, x

∗
2)

⎞
⎟⎟⎟⎟⎟⎠

2⎤
⎥⎥⎥⎥⎥⎦

∈ R

which is computed a posteriori once the training is completed.
The considerations of the quadrature error are the same made for the system (30). The

estimate of the generalization error for X-TFC is given in the following theorem.

Theorem 3 Let X ∈ Ck([t0, T ]) be the unique classical solution of the non-linear problem
(33) with the dynamics F satisfying Eq. (3). Let X∗ = Xβ∗ be the solution approximated
via X-TFC, corresponding to loss function (40). Then, the generalization error (41) can be
estimated as,

εG ≤ CDE
(
ε2T + CquadN

-α + ||x̂2(t0)||2
) 1
2 (43)
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where εT is given by Eq. (42), the constant CDE is given by Eq. (14), and

x̂2(t0) = x∗
2(t0) − x2(t0)

which is a function of the residuals R,

x̂2(t0) = x̂2(t0)(||R||2Ck−1)

and is estimated as typical in shooting methods. Details can be found in [24]. Also

Cquad = Cquad(||R||2Ck−1)

which is a positive constant depending on the number of training points, the quadrature
scheme used, and the residuals evaluated on the training points.

Proof By the definitions of the residuals (39), and the system (33), we can verify that the
error X̂ = X∗ − X satisfies the following equation

d X̂
dt

= F(X∗, t) − F(X, t) + R, ∀t ∈ [t0, T ]
x̂1(t0) = 0

x̂1(T ) = 0

(44)

Here, we have denotedR = Rβ∗ for convenience of notation. Multiplying both sides of the

ODE (44) by X̂ yields

X̂ · d X̂
dt

= X̂ · [F(X∗, t) − F(X, t)
]+ X̂ · R

where · is the inner product. That is,
1

2

d

dt
||X̂||2 = X̂ · [F(X∗, t) − F(X, t)

]+ X̂ · R (45)

By leveraging on the following inequality
(
X̂ − R

)2 ≥ 0, Eq. (45) is bounded by,

1

2

d

dt
||X̂||2 ≤ ||X̂|| ∣∣|F(X∗, t) − F(X, t)

∣∣ | + 1

2
||R||2 + 1

2
||X̂||2

By (3), we have the following,

1

2

d

dt
||X̂||2 ≤ ||X̂||C f ||X∗ − X||︸ ︷︷ ︸

||X̂||

+1

2
||R||2 + 1

2
||X̂||2

Rearranging, we get,
d

dt
||X̂||2 ≤ (1 + 2C f

) ||X̂||2 + ||R||2

Integrating the above inequality over [t0, T̄ ] for any t0 ≤ T̄ ≤ T , we obtain,

||X̂(T̄ )||2 − ||X̂(t0)||2 ≤
(∫ T̄

t0
||R||2dt

)
+
((

1 + 2C f
) ∫ T̄

t0
||X̂||2dt

)

where,
||X̂(t0)||2 = ||x̂1(t0)||2 + ||x̂2(t0)||2
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with ||x̂1(t0)||2 = 0 because of the CE.
Also, (∫ T̄

t0
||R||2dt

)
≤
(∫ T

t0
||R||2dt

)

since ||R||2 ≥ 0 and t0 ≤ T̄ ≤ T . Thus,

||X̂(T̄ )||2 ≤
(∫ T

t0
||R||2dt + ||x̂2(t0)||2

)
+
((

1 + 2C f
) ∫ T̄

t0
||X̂||2dt

)

Applying the integral form of the Grönwall’s inequality to the above, we get

||X̂(T̄ )||2 ≤
(∫ T

t0
||R||2dt + ||x̂2(t0)||2

)(
e(1+2C f )(T̄−t0)

)

Integrating over [t0, T ] in dT̄ ,

ε2G =
∫ T

t0
||X̂(T̄ )||2dT̄ ≤

(∫ T

t0
||R||2dt + ||x̂2(t0)||2

)
(
e−(1+2C f )t0

1 + 2C f

(
e(1+2C f )T − e(1+2C f )t0

))

That is,

ε2G ≤
(
e−(1+2C f )t0

1 + 2C f

(
e(1+2C f )T − e(1+2C f )t0

))

(
N∑
i=1

wi ||R(ti )||2 + Cquad(||R||2Ck−1)N
-α + ||x̂2(t0)||2

)

Thus,

ε2G ≤
(
e−(1+2C f )t0

1 + 2C f

(
e(1+2C f )T − e(1+2C f )t0

)) (
ε2T + Cquad(||R||2Ck−1)N

-α + ||x̂2(t0)||2
)

Finally,

εG ≤
(
e−(1+2C f )t0

1 + 2C f

(
e(1+2C f )T − e(1+2C f )t0

)) 1
2 (

ε2T + CquadN
-α + ||x̂2(t0)||2

) 1
2

where,

(
e−(1+2C f )t0

1 + 2C f

(
e(1+2C f )T − e(1+2C f )t0

)) 1
2

= CDE ≥ 0,∀t0 ≤ T ∈ R

This completes the proof. �	
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3 Numerical Tests

Various problems have been solved using X-TFC: three first-order IVPs, two second-order
IVPs (as representative for high-order problems), two second-order two-point boundary value
problems, and end with systems of ODEs that are equivalent to these last. For each class, we
have selected at least one linear and one nonlinear problem. For all the numerical examples
presented in this paper, the support functions used within the X-TFC correspond to the
monomial set, that is, sk(t) = tk−1. The selected problems are benchmark problems with
known solutions.Having the analytical solutions allows us to compute the generalization error
and therefore to numerically test the theoretical findings. All the considered DEs are coded in
MATLAB2022a and runwith an Intel Core i7 - 9700CPUPCwith 64GBofRAM.Moreover,
our results were compared with those obtained using MATLAB solvers: ode45.m (explicit
nested Runge-Kutta) for the linear IVPs, ode23t .m (implicit trapezoidal) for the nonlinear
IVPs and bvp4c.m for the second-order order two-point boundary value problem. MATLAB
solvers are used to recover the reference numerical solution and to compare computational
costs and execution time. When using the Matlab routines, we pay attention to the structure
of the output to evaluate how many points the code uses effectively to produce the result.
This needs attention because the routine extrapolates the result when giving the output so
that the number of points given in the output is not the one used for the computations. As
an example, when using ode45, we used the routine in two settings: with the usual tolerance
requirements (default) and with some very strict ones (with options). In the case of non-linear
IVPs, we chose to compare the behavior with the trapezoidal method ode23t because for non-
linear problems both methods have to solve a non-linear iteration. Finally, for the two-point
boundary problems, we found that the comparison with the routine bvp4c can be performed
profitably, both being collocationmethods. In particular, bvp4c is a finite difference code that
implements the three-stage Lobatto IIIa formula. Also for these two routines, the comparison
is made with default requirements and with strict ones (with options). Final comparisons of
efficiency and accuracy are dome with the strict requirements, these giving accuracy similar
to the one obtained by X-TFC. As can be easily understood, the Matlab reference routines
are highly developed to achieve efficiency, while our implementation is far from optimized.
However, the comparison gives excellent performance for our code, and only in the stiff
problem, Matlab’s code overperforms the proposed method.

For each problem, we show the numerical results in four figures and one table. For all
figures, errGtrain corresponds to the generalization error for the training points, errGtest

corresponds to the generalization error for the test points, errT corresponds to the training
error, bound corresponds to the generalization error bound, as computed from the theory,
and elapsed time is the time required to compute the solutions. Moreover, the plots are
organized as follows:

1) First plot with two panels. On the left, analytical solution, MATLAB solver solutions
(with two settings), andX-TFC solution (with 100 neurons trained on 100 randompoints).
On the right, the absolute error on training points for the three numerical solvers: X-TFC
and MATLAB solver.

2) Second plot with convergence varying the number of neurons (L) for a fixed number of
training and test points (N = 100, and Ntest = 20) randomly selected.We plot the general-
ization error on training points, training error, generalization error bound, generalization
error on test points, and elapsed time.

3) Third plot with convergence varying the number of training points (N ) for a fixed number
of neurons (L = 100) and test points (Ntest = 20); training and test points are randomly
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selected. As in the previous case, we plot the generalization error in training points, the
training error, the generalization error bound, the generalization error in testing points
and training time.

4) Convergence compared to MATLAB solver results, where we report the generalization
error at training points and the generalization error at test points (both for the MATLAB
solver and X- TFC), training error, generalization error bound, and training time, varying
the number of neurons for fixed number test points and training points. When these are
available and not too much, we have used as training points for X-TFC the collocation
points used by the MATLAB solvers in the strict setting. The test points are selected
randomly.

In particular, errGtrain and errGtest are calculated as the root mean square error (RMSE)
between the X-TFC solution and the exact solution at the training points and the test points,
respectively, and errT is calculated as the RMSE between the residual of the differential
equation and zero.

In order to exploit the generalization error bounds shown in (13),(29), and (43), we note
that a quadrature of the residual is a good approach only if there are enough training points
and it does not oscillate between. In order to obtain a good estimate, in the numerical test
presented we compute this bound as

bound = C1

∫ t f

t0
f 2bound(t)dt (46)

where fbound is a conservative estimate of ‖R‖. Here we consider a function such that

fbound(t) − ‖R(t∗)‖ = L(t − t∗) (47)

t∗ is the closest training point to t and L is an estimate of the Lipschitz constant of R:

L = max
t∗∈S ‖ d

dt
R(t∗)‖ (48)

In this way both small number of training points and oscillating residuals are penalized,
resulting in a higher bound.

For all the DEs we used the following hyperparameters for X-TFC: hyperbolic tangent
as activation function, input and bias are sampled from U(−3; 3). The choice for these
hyperparameters is completely arbitrary as in Ref. [50] the authors perform a sensitivity
analysis showing that X-TFC, at least for this class of problems, is not sensitive to the choice
of these hyperparameters.

In the tables, we finally summarize the comparison between Matlab’s reference solution
and X-TFC in similar settings. All numerical results confirm the theoretical findings.

Before reporting our numerical test, we report in the next subsection 3.1 the structure of
the numerical algorithm used later.

3.1 AlgorithmDescription

In this section, our aim is to present the discrete analogous of the general framework
presented before, so to highlight the simple resolution setting, see Section 3.1.1. We explore
more specifically the linear case in Section 3.1.2. Being the method implicit, in the nonlinear
case we need a solver, and this is detailed in Section 3.1.3, where we also present a pseudo-
code. In Figure 1 we give a graphical abstract of the proposed method in the case of the
resolution of one of the test problems, the one that we detail in Section 3.4.2.
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Fig. 1 Diagram for using ELM in a Physics-Informed Machine Learning framework

3.1.1 General Set-up

In the ELM framework we introduce the matrix H ∈ R
N×L such that

Hl j = σ(w j tl + b j ) l = 1, . . . , N j = 1, . . . , L (49)

where each row is the vector of outputs of the neurons in the hidden layer at time tl , which
is an element of the training set. The input weights w j and the bias of the neurons in the
hidden layer b j are fixed, therefore the optimization is performed only on the output weights
in β. In the following we will consider the matrices H (k) ∈ R

N×L , whose components are
the time derivatives of the components of H :

H (k)
l j = wk−1

j σ
(k−1)
t (w j tl + b j ) k = 1, . . . ,m + 1 (50)

Supporting functions: S ∈ R
N×m

Slk =
⎧⎨
⎩

(tl−t0)k−1

(k−1)! I V P[
T−tl
T−t0

tl−t0
T−t0

]
BV P

l = 1, . . . , N k = 1, . . . ,m (51)

We refer to the first m − k + 1 columns of S as S(k).
Network’s output at the boundary: E ∈ R

m×L

Ekj = w
(k−1)
j σ

(k−1)
t (w j t0 + b j ) k = 1, . . . ,m j = 1, . . . , L (52)

We refer to the last m − k + 1 rows of E as E(k). Conditions at the boundary: F ∈ R
m×n

Fki =
{
xk,i,0 k = 1, . . . ,m i = 1, . . . , n I V P

x1,i,k k ∈ {0, T } i = 1, . . . , n BV P
(53)

We refer to the last m − k + 1 rows of F as F(k).
We can now compute the function and its derivatives:

C(k) = H (k) − S(k)E(k) ∈ R
N×L (54)

D(k) = S(k)F(k) ∈ R
N×n (55)

X (k) = C(k)β + D(k) ∈ R
N×n (56)
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And finally, the residual can be computed as

R = H(k+1)β − F(t, X (1), . . . , X (m)) ∈ R
(n·N )×1 (57)

to which we associate the following loss function:

L = 1

2
‖R‖22 (58)

3.1.2 Linear Problem

If the differential problem is linear, every component of F is a linear combination of the
components of X and its derivatives. Then there exist coefficients ai,h,k and di such that

Fi (t, X) =
n∑

h=1

m∑
k=1

ai,h,k(t)xk,h(t;βh) + di (t) ∈ R (59)

It is important to note that the coefficients can also be time-dependent, and in the training
phase (in which we consider a total of N points in time) we can associate to them the vectors
with the N evaluations:

Fi (t, X) =
n∑

h=1

m∑
k=1

ai,h,k � xk,h + di ∈ R
N (60)

Where � is the Hadamard product of two vectors.
Substituting (56) in (60) we get

Fi (t, X1, . . . , Xk) =
n∑

h=1

m∑
k=1

ai,h,k �
(
C(k)βh + D(k)

h

)
+ di

=
n∑

h=1

(
m∑

k=1

ai,h,k ∗ C(k)

)
βh +

n∑
h=1

m∑
k=1

ai,h,k � D(k)
h + di

Where ∗ is a Khatri-Rao product and in this case means that each element of ai,h,k multiplies
the corresponding row of C(k).

Combining thiswith (56) and (57)we get a set of n·N linear equationswhere the unknowns
are the n · L elements of β.

3.1.3 Nonlinear Problem

In the nonlinear case the solution can be approximated bymeans of an Iterative Least-Squares
procedure.

This routines usually involve the numerical estimation of the jacobian ∂R
∂β

, but if an

analytical expression of the jacobian ∂F
∂xk

(the derivatives of F with respect to the original

function u and its time derivatives) is available, we can exploit it in order to compute ∂R
∂β

in
a more efficient way.

Starting from (57) and applying the chain rule and the total time derivative we get

Jli jh = ∂Rli

∂β jh
= H (m+1)

l j δih −
m∑

k=1

∂Fil
∂xk,h

C (k)
l j (61)
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which in matrix form can be written as

J = ∂R
∂β

= In ⊗ H(k+1) −
m∑

k=1

∂F
∂xk

∗ C(k) ∈ R
(n·N )×(n·L) (62)

where in this case ∂F
∂xk

∗ C(k) means that each element of ∂F
∂xk

multiplies the corresponding

row of C (k).
In this work we use a Gauss-Newton method and (62) in order to get a more efficient

computation of the Jacobian matrix of the residuals vector. In order to make clear all the
steps of the resolution, we provide a pseudo-code in Algorithm 1.

Algorithm 1: Solution of a nonlinear ODE of order m in n dimensions, the procedure
is different for IVP’s and BVP’s only in the way lines 6 and 8 are executed.

1: Require t0, T , N , L, X0, XT , F(t, X), ∂F
∂xk

(t, X)

2: set M ∈ R

3: get w ∈ R
L : w j ∈ U(−M, M) j = 1, . . . , L

4: get b ∈ R
L : b j ∈ U(−M, M) j = 1, . . . , L

5: compute H(k) ∈ R
N×L k = 1, . . . ,m + 1 as in (50)

6: compute S ∈ R
N×m as in (51)

7: compute E ∈ R
m×L as in (52)

8: compute F ∈ R
m×n as in (53)

9: compute C(k) ∈ R
N×L k = 1, . . . ,m as in (54)

10: compute D(k) ∈ R
N×n k = 1, . . . ,m as in (55)

11: initialize
β = 0, X̂

(k) = D(k), R = −F(t, X̂
(1)

, . . . , X̂
(m)

), Lnew = ‖R‖22, Lold = ∞, counter = 0
12: while (Lnew > tol1) & (|Lnew − Lold | > tol2) & (counter < max I terations) do
13: compute J ∈ R

(n·N )×(n·L) as in (62)
14: compute �β = J†R
15: update β = β + �β

16: compute X̂
(k) = C(k)β + D(k), k = 1, . . . ,m

17: compute R = H(m+1)β − F(t, X̂
(1)

, . . . , X̂
(m)

)

18: set Lold = Lnew
19: compute Lnew = ‖R‖22
20: increase counter
21: end while
22: return w, b, β

In all the examples shown in the following, the parameters tol1, tol2 andmax I terations
are set to 10−10, 10−10 and 100, respectively.

The way of selecting the input weights and the biases of the neurons in the hidden layer
is also arbitrary, and the uniform sampling in a given interval is the most common approach.
In the following, we always set M = 3.

3.2 First Order Initial Value Problems (IVPs)

3.2.1 First Order Linear IVP

The first order IVP in this example is given by an ODE and its initial condition is as follows:
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Fig. 2 Analytical, ode45, and X-TFC solutions (left) and absolute errors (right) for training points, in the case
of the first order linear IVP (63). XTFC is trained on 100 random points, with 100 hidden neurons, ode45 uses
11 points (10 + initial condition) with default options and 33 points (32 + initial condition) with bound 10−10

on absolute and relative error

⎧⎨
⎩
du

dt
= −2tu ∀t ∈ [0, 1]

u(0) = 1
. (63)

where the exact solution is given by,

u(t) = e−t2 .

Figures 2, 3, 4 and 5 followwhat is presented in Section 3,whichwe refer to for the descrip-
tion of these figures. In Table 1 accuracy and computational costs -measures in execution
time- are reported for rapid comparison.

Here, we only point out some additional remarks:
- ode45 has been selected as a reference method because it is explicit and, in the case of

solving linear problems, also XTFC is explicit, so the comparison can be made fairly.
- In Figure 3 we can see how performance varies by varying the number of neurons L .

In particular, the generalization errors at the training points and test points, and the training
error decrease from 0 to 100 neurons, until they reach the value of about 10−15 for a greater
number of neurons. The generalization error bound and the computational time are invariant
when varying the number of neurons (in the order of 10−1 and 10−4 seconds, respectively).

- In Figure 4 we can see how performance varies by varying the number of training points
(N). We chose to start from N = 100 and increase by 100. The number of hidden neurons L
is fixed to 20. In this plot, we can see that the procedure is stable when increasing the training
set and the computational cost, measured through time of execution, is slowly increasing.
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Fig. 3 Computed errors for the first order linear IVP (63) calculated varying the number of neurons with fixed
training and test points. We report X-TFC generalization error on training points, generalization error on test
points, training error, generalization error bound, and training time. Notice that elapsed time is plotted on a
dedicated scale

Fig. 4 Computed errors for the first order linear IVP (63) calculated varying the number of training points
with fixed neurons and test points. We report X-TFC generalization error on training points, generalization
error on test points, training error, generalization error bound, and training time. Notice that elapsed time is
plotted on a dedicated scale

- In Figure 5 the comparison with the Matlab solver shows that our code, even if not
optimized, compares well with the reference method in this case. This can be noticed in
terms of both computational cost, measured through the execution time, and overall accuracy,
measured through the different computed errors, see also Table 1.
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Fig. 5 Convergence in comparison with MATLAB solver results for the problem in eq. (63). Plot reports
generalization error on training points and generalization error on test points (both for MATLAB solver and
X- TFC), training error, generalization error bound, and training time, varying the number of neurons for fixed
number of test points and training points. XTFC is trained on the 33 points used by ode45, for an increasing
number of hidden neurons

Table 1 Summary of the comparison between ode45 and XTFC for the resolution of the first order linear IVP
(63)

XTFC, L=30 XTFC, L=60 ode45

errT 1.10 · 10−12 3.44 · 10−14 4.32 · 10−12

errG 5.06 · 10−14 3.73 · 10−15 4.32 · 10−12

average time (ms) 2.4 2.6 1.6

3.2.2 First Order Nonlinear IVP

The second example is given by a nolinear ODE and its initial condition is as follows:⎧⎨
⎩
du

dt
= (1 − 2t)u2 ∀t ∈ [0, 1]

u(0) = 1
. (64)

Where the exact solution is given by

u(t) = 1

t(t − 1) + 1
.

Figures 6, 7, 8 and 9 followwhat is presented in Section 3,whichwe refer to for the descrip-
tion of these figures. In Table 2 accuracy and computational costs -measures in execution
time- are reported for rapid comparison.

Here, we only point out some additional remarks:
- ode23t has been selected as a reference method because it is implicit and, in the case

of solving nonlinear problems, also XTFC is a nonlinear method, so the comparison can be
made fairly.
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Fig. 6 Analytical, ode23t, and X-TFC solutions (left) and absolute errors (right) for training points, in the
case of the first order nonlinear IVP (64). XTFC is trained on 100 random points, with 100 hidden neurons,
ode23t uses 12 points (11 + initial condition) with default options and 2242 points (2241 + initial condition)
with bound 10−10 on absolute and relative error.

Fig. 7 Computed errors for the first order nonlinear IVP (64) calculated varying the number of neurons with
fixed training and test points. We report X-TFC generalization error on training points, generalization error
on test points, training error, generalization error bound, and training time. Notice that elapsed time is plotted
on a dedicated scale

123



   22 Page 24 of 44 Journal of Scientific Computing           (2026) 107:22 

Fig. 8 Computed errors for the first order nonlinear IVP (64) calculated varying the number of training points
with fixed neurons and test points. We report X-TFC generalization error on training points, generalization
error on test points, training error, generalization error bound, and training time. Notice that elapsed time is
plotted on a dedicated scale

Fig. 9 Convergence in comparison with MATLAB solver results for the problem in eq. (64). Plot reports
generalization error on training points and generalization error on test points (both for MATLAB solver and
X- TFC), training error, generalization error bound, and training time, varying the number of neurons for fixed
number of test points and training points. XTFC is trained on 100 points, and the results are compared to
ode23t, which uses 2242 points
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Table 2 Summary of the comparison between ode23t and XTFC for the resolution of the first order nonlinear
IVP (64)

XTFC, L=50 XTFC, L=100 ode23t

errT 3.39 · 10−12 3.32 · 10−12 3.87 · 10−8

errG 7.08 · 10−13 3.56 · 10−14 3.87 · 10−8

average time (ms) 1.1 3.8 3.7

- In Figure 7 and 8 we can see what already highlighted in the linear case. Our code has
not to be changed and presents very good performance.

- The execution time grows a little bit fast, but this is related to the solution of nonlinear
problems, and overall the computational cost is also favorable in this case with respect to the
execution time of the reference method, as can be seen in Figure 9 and Table 2.

3.2.3 Stiff First Order Nonlinear IVP

We consider a nonlinear ODE with steeper solutions as follows:⎧⎨
⎩
du

dt
= (1 − 2t)u2 ∀t ∈ [0, 1]

u(0) = 1
α

. (65)

Where the exact solution is given by

u(t) = 1

t(t − 1) + α
.

When α = 0.25 the solution is singular and as it approaches this value from above the ODE
becomes stiff, we consider values α = 0.33, α = 0.27 (See Figs. 10, 11, 12, 13, 14, 15, 16,
17)

3.3 Second-Order IVPs

3.3.1 Second-Order Linear IVP

The third example is given by a second-order ODE subject to two constraints at the initial
point as follows:⎧⎪⎨

⎪⎩
t2

d2u

dt2
− t(t + 2)

du

dt
+ (t + 2) u = 0 ∀t ∈ [1, 2]

u(1) = 1,
du

dt
|1 = 0

. (66)

Where the exact solution is given by

u(t) = (2 − et−1) t .

Figures 18, 19, 20 and 21 follow what is presented in Section 3, which we refer to for
the description of these figures. In Table 3 accuracy and computational costs -measures in
execution time- are reported for rapid comparison.

Results seem very similar to what was obtained in the first-order case in Section 3.2.1,
thus we omit to repeat them and refer to the remarks reported there.
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Fig. 10 Analytical, ode23t, and X-TFC solutions (left) and absolute errors (right) for training points, in the
case of the first order nonlinear IVP (64). XTFC is trained on 100 random points, with 100 hidden neurons,
ode23t uses 29 points (28 + initial condition) with default options and 5437 points (5436 + initial condition)
with bound 10−10 on absolute and relative error.

Fig. 11 Computed errors for the first order nonlinear IVP (64) calculated varying the number of neurons with
fixed training and test points. We report X-TFC generalization error on training points, generalization error
on test points, training error, generalization error bound, and training time. Notice that elapsed time is plotted
on a dedicated scale
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Fig. 12 Computed errors for the first order nonlinear IVP (64) calculated varying the number of training points
with fixed neurons and test points. We report X-TFC generalization error on training points, generalization
error on test points, training error, generalization error bound, and training time. Notice that elapsed time is
plotted on a dedicated scale

Fig. 13 Convergence in comparison with MATLAB solver results for the problem in eq. (64). Plot reports
generalization error on training points and generalization error on test points (both for MATLAB solver and
X- TFC), training error, generalization error bound, and training time, varying the number of neurons for fixed
number of test points and training points. XTFC is trained on 100 points, and the results are compared to
ode23t, which uses 5437 points
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Fig. 14 Analytical, ode23t, and X-TFC solutions (left) and absolute errors (right) for training points, in the
case of the first order nonlinear IVP (64). XTFC is trained on 100 random points, with 100 hidden neurons,
ode23t uses 49 points (48 + initial condition) with default options and 9572 points (9571 + initial condition)
with bound 10−10 on absolute and relative error.

Fig. 15 Computed errors for the first order nonlinear IVP (64) calculated varying the number of neurons with
fixed training and test points. We report X-TFC generalization error on training points, generalization error
on test points, training error, generalization error bound, and training time. Notice that elapsed time is plotted
on a dedicated scale
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Fig. 16 Computed errors for the first order nonlinear IVP (64) calculated varying the number of training points
with fixed neurons and test points. We report X-TFC generalization error on training points, generalization
error on test points, training error, generalization error bound, and training time. Notice that elapsed time is
plotted on a dedicated scale

Fig. 17 Convergence in comparison with MATLAB solver results for the problem in eq. (64). Plot reports
generalization error on training points and generalization error on test points (both for MATLAB solver and
X- TFC), training error, generalization error bound, and training time, varying the number of neurons for fixed
number of test points and training points. XTFC is trained on 100 points, and the results are compared to
ode23t, which uses 9572 points
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Fig. 18 Analytical, ode45, and X-TFC solutions (left) and absolute errors (right) for training points, in the
case of the second order linear IVP (66). XTFC is trained on 100 random points, with 100 hidden neurons,
ode45 uses 16 points (15 + initial condition) with default options and 52 points (51 + initial condition) with
bound 10−10 on absolute and relative error.

Fig. 19 Computed errors for the second order linear IVP (66) calculated varying the number of neurons with
fixed training and test points. We report X-TFC generalization error on training points, generalization error
on test points, training error, generalization error bound, and training time. Notice that elapsed time is plotted
on a dedicated scale
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Fig. 20 Computed errors for the second order linear IVP (66) calculated varying the number of training points
with fixed neurons and test points. We report X-TFC generalization error on training points, generalization
error on test points, training error, generalization error bound, and training time. Notice that elapsed time is
plotted on a dedicated scale

Fig. 21 Convergence in comparison with MATLAB solver results for the problem in eq. (66). Plot reports
generalization error on training points and generalization error on test points (both for MATLAB solver and
X- TFC), training error, generalization error bound, and training time, varying the number of neurons for fixed
number of test points and training points. XTFC is trained on the 52 points used by ode45
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Table 3 Summary of the comparison between ode45 and XTFC for the resolution of the second order linear
IVP (66)

XTFC, L=50 XTFC, L=100 ode45

errT 2.17 · 10−12 1.50 · 10−12 7.95 · 10−12

errG 1.86 · 10−13 8.44 · 10−14 7.95 · 10−12

average time (ms) 3.2 5.1 1.2

Table 4 Summaryof the comparisonbetweenode23t andXTFC for the resolution of the secondorder nonlinear
IVP (67)

XTFC, L=50 XTFC, L=100 ode23t

errT 1.49 · 10−11 3.11 · 10−11 2.54 · 10−8

errG 2.07 · 10−10 8.69 · 10−9 2.54 · 10−8

average time (ms) 5.4 14 8.2

3.3.2 Second-Order Nonlinear IVP

In this example, the problem is a second-order nonlinear ODE, subject to two constraints at
the initial point as follows:

.

⎧⎪⎨
⎪⎩
d2u

dt2
+ u

du

dt
= e−2t sin t (cos t − sin t) − 2e−t cos t ∀t ∈ [0, π]

u(0) = 0,
du

dt
|0 = 1

. (67)

Where the exact solution is
u(t) = e−t sin t .

Figures 22, 23, 24 and 25 follow what is presented in Section 3, which we refer to for
the description of these figures. In Table 4 accuracy and computational costs -measures in
execution time- are reported for rapid comparison.

Results seem very similar to what was obtained in the first-order case in Section 3.2.2,
thus we omit to repeat them and refer to the remarks reported there.

3.4 Second-Order Order Two-Points Boundary Value Problems (BVP)

The boundary value problems considered in this paper are treated as a specific case of ODEs
with the match of special conditions. For this reason, all that has been commented on before
applys and we report figures and tables as before, comments are not repeated.

3.4.1 Second-Order Order Linear BVP

In this example, we aim to solve a two points BVP modeled by the following linear ODE
and constraints (See Figs. 26, 27, 28, 29 and Table 5)⎧⎨

⎩
d2u

dt2
− du

dt
= 0 ∀t ∈ [0, 1]

u(0) = 1, u(1) = 0
. (68)
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Fig. 22 Analytical, ode23t, and X-TFC solutions (left) and absolute errors (right) for training points, in the
case of the second order nonlinear IVP (67). XTFC is trained on 100 random points, with 100 hidden neurons,
ode23t uses 45 points (44 + initial condition) with default options and 4079 points (4078 + initial condition)
with bound 10−10 on absolute and relative error.

Fig. 23 Computed errors for the second order nonlinear IVP (67) calculated varying the number of neurons
with fixed training and test points. We report X-TFC generalization error on training points, generalization
error on test points, training error, generalization error bound, and training time. Notice that elapsed time is
plotted on a dedicated scale
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Fig. 24 Computed errors for the second order nonlinear IVP (67) calculated varying the number of training
points with fixed neurons and test points. We report X-TFC generalization error on training points, general-
ization error on test points, training error, generalization error bound, and training time. Notice that elapsed
time is plotted on a dedicated scale

Fig. 25 Convergence in comparison with MATLAB solver results for the problem in eq. (67). Plot reports
generalization error on training points and generalization error on test points (both for MATLAB solver and
X- TFC), training error, generalization error bound, and training time, varying the number of neurons for
fixed number of test points and training points. XTFC is trained on 100 points and the results are compared to
ode23t, which uses 4079 points
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Fig. 26 Analytical, bvp4c, and X-TFC solutions (left) and absolute errors (right) for training points, in the
case of the second order linear BVP (68). XTFC is trained on 100 random points, with 100 hidden neurons,
bvp4c uses a mesh with 10 points with default options and 303 points with bound 10−10 on absolute and
relative error

with exact solution as follows:

u(t) = 1 − e(t−1)

1 − e−1 .

3.4.2 Second-Order Order Nonlinear BVP

In this last example, we aim to solve a two points BVP modeled by the following nonlinear
(Burgers-type) ODE and constraints

⎧⎨
⎩
d2u

dt2
+ u

du

dt
= e−2t sin t (cos t − sin t) − 2e−t cos t ∀t ∈ [0, π]

u(0) = 0, u(π) = 0
. (69)

with exact solution as follows: (See Figs. 30, 31, 32, 33 and Table 6)

u(t) = e−t sin t .

3.4.3 System of First-Order Order Nonlinear BVPs

In this last example, we aim to solve the same two points nonlinear BVP but modeled as a
system of nonlinear ODEs
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Fig. 27 Computed errors for the second order linear BVP (68) calculated varying the number of neurons with
fixed training and test points. We report X-TFC generalization error on training points, generalization error
on test points, training error, generalization error bound, and training time. Notice that elapsed time is plotted
on a dedicated scale

Fig. 28 Computed errors for the second order linear BVP (68) calculated varying the number of training points
with fixed neurons and test points. We report X-TFC generalization error on training points, generalization
error on test points, training error, generalization error bound, and training time. Notice that elapsed time is
plotted on a dedicated scale

⎧⎪⎪⎨
⎪⎪⎩

dv

dt
+ uv = e−2t sin t (cos t − sin t) − 2e−t cos t ∀t ∈ [0, π]

du
dt = v

u(0) = 0, u(π) = 0

. (70)
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Fig. 29 Convergence in comparison with MATLAB solver results for the problem in eq. (68). Plot reports
generalization error on training points and generalization error on test points (both for MATLAB solver and
X- TFC), training error, generalization error bound, and training time, varying the number of neurons for fixed
number of test points and training points. XTFC is trained on 100 points, and the results are compared to
MATLAB’s bvp4c, which uses 282 points

Table 5 Summary of the comparison between bvp4c and XTFC for the resolution of the second order linear
BVP (68)

XTFC, L=30 XTFC, L=60 bvp4c

errT 1.23 · 10−14 5.53 · 10−14 7.67 · 10−14

errG 1.12 · 10−13 1.43 · 10−12 7.67 · 10−14

average time (ms) 3.9 4.6 65

Table 6 Summary of the comparison between bvp4c andXTFC for the resolution of the second order nonlinear
BVP (69)

XTFC, L=50 XTFC, L=100 bvp4c

errT 4.66 · 10−12 1.66 · 10−13 4.26 · 10−13

errG 2.00 · 10−11 1.76 · 10−12 4.26 · 10−13

average time (ms) 6.9 18 77

with exact solution as follows: (See Figs. 34, 35, 36 and 37)

u(t) = e−t sin t .
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Fig. 30 Analytical, bvp4c, and X-TFC solutions (left) and absolute errors (right) for training points, in the
case of the second order nonlinear BVP (69). XTFC is trained on 100 random points, with 100 hidden neurons,
bvp4c uses a mesh with 24 points with default options and 817 points with bound 10−10 on absolute and
relative error.

Fig. 31 Computed errors for the second order nonlinear BVP (69) calculated varying the number of neurons
with fixed training and test points. We report X-TFC generalization error on training points, generalization
error on test points, training error, generalization error bound, and training time. Notice that elapsed time is
plotted on a dedicated scale
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Fig. 32 Computed errors for the second order nonlinear BVP (69) calculated varying the number of training
points with fixed neurons and test points. We report X-TFC generalization error on training points, general-
ization error on test points, training error, generalization error bound, and training time. Notice that elapsed
time is plotted on a dedicated scale

Fig. 33 Convergence in comparison with MATLAB solver results for the problem in eq. (69). Plot reports
generalization error on training points and generalization error on test points (both for MATLAB solver and
X- TFC), training error, generalization error bound, and training time, varying the number of neurons for fixed
number of test points and training points. XTFC is trained on 100 points, and the results are compared to
MATLAB’s bvp4c, which uses 934 points
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Fig. 34 Analytical, bvp4c, and X-TFC solutions (left) and absolute errors (right) for training points, in the
case of the second order nonlinear BVP (69). XTFC is trained on 100 random points, with 100 hidden neurons,
bvp4c uses a mesh with 24 points with default options and 817 points with bound 10−10 on absolute and
relative error. .

Fig. 35 Computed errors for the second order nonlinear BVP (69) calculated varying the number of neurons
with fixed training and test points. We report X-TFC generalization error on training points, generalization
error on test points, training error, generalization error bound, and training time. Notice that elapsed time is
plotted on a dedicated scale
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Fig. 36 Computed errors for the second order nonlinear BVP (69) calculated varying the number of training
points with fixed neurons and test points. We report X-TFC generalization error on training points, general-
ization error on test points, training error, generalization error bound, and training time. Notice that elapsed
time is plotted on a dedicated scale

Fig. 37 Convergence in comparison with MATLAB solver results for the problem in eq. (69). Plot reports
generalization error on training points and generalization error on test points (both for MATLAB solver and
X- TFC), training error, generalization error bound, and training time, varying the number of neurons for fixed
number of test points and training points. XTFC is trained on 100 points, and the results are compared to
MATLAB’s bvp4c, which uses 817 points
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4 Conclusions

We have derived upper bounds on the generalization error, in terms of the training error
and number and choice of training points, of X-TFC in learning the solutions of univariate
DEs.We focused on first-order initial value problems (IVPs), higher-order IVPs, and second-
order order two-point boundary value problems. The theoretical results are validated with
numerical experiments on some benchmark linear and nonlinear ODEs. Furthermore, the
results are compared against those generated with MATLAB solvers: ode45 (for the linear
IVPs), ode23t (for the nonlinear IVPs), and bvp4 (for the TPBVPs). X-TFC outperforms
the MATLAB solvers both in terms of accuracy and computational effort. For all the cases,
X-TFC reaches the machine-level accuracy with a lower computational time. Furthermore,
it has to be considered that X-TFC is not (at all) optimized as the MATLAB solvers are.
For instance, for a more complex problem, where domain decomposition may be required
to achieve better performances, MATLAB solvers will most likely achieve better results
than X-TFC. This has been noticed in the stiff problem, where convergence is slower and
MATLAB’s solver ode23t overperforms the proposed method. Therefore, leveraging on this
paper’s results (in particular on the superiority of X-TFC on simple benchmark problems
such as those considered in this manuscript), work is in progress to optimize X-TFC. In
particular, the authors are working on adaptive domain-decomposition techniques for both
IVPs and TPBVPs. Moreover, in future works, the authors will focus on the consequences of
these theoretical findings on the solution of optimal control problems tackled with indirect
methods (calculus of variation and Pontryagin Minimum Principle), which usually belong to
one of the categories of problems treated in this paper (TPBVPs).
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