
Contents lists available at ScienceDirect

Applied Mathematics and Computation

journal homepage: www.elsevier.com/locate/amc

Full Length Article

Data-informed mathematical characterization of absorption 

properties in artificial and natural porous materials

Elishan C. Braun a,1, Gabriella Bretti a,1, Melania Di Fazio b, 
Laura Medeghini b, Mario Pezzella c,d,1,∗

a CNR National Research Council of Italy – Institute for Applied Mathematics “M. Picone”, Via dei Taurini 19, Rome, 00185, Italy
b Sapienza, University of Rome – Department of Earth Sciences, Piazzale Aldo Moro 5, Rome, 00185, Italy
c CNR National Research Council of Italy – Institute for Applied Mathematics “M. Picone”, Via P. Castellino 111, Naples, 80131, Italy
dUniversity of Naples Federico II – Departments of Mathematics and Applications “R. Caccioppoli”, Via Cintia I, Naples, 80126, Italy

a r t i c l e  i n f o

2020 MSC:
65M32
65K10
76S05
86–10
76–11

Keywords:
Porous materials
Water diffusive models
Numerical simulations
Parameters estimation
Cultural heritage 

 a b s t r a c t

In this work, we characterize the water absorption properties of selected porous materials through 
a combined approach that integrates laboratory experiments and mathematical modeling. Specif-
ically, experimental data from imbibition tests on marble, travertine, wackestone and mortar 
mock-ups are used to inform and validate the mathematical and simulation frameworks. First, a 
monotonicity-preserving fitting procedure is developed to preprocess the measurements, aiming 
to reduce noise and mitigate instrumental errors. The imbibition process is then simulated through 
a partial differential equation model, with parameters calibrated against rough and smoothed 
data. The proposed procedure appears particularly effective to characterize absorption properties 
of different materials and it represents a reliable tool for the study and preservation of cultural 
heritage.

1.  Introduction

Mathematical modeling has been increasingly employed to understand and predict the complex degradation processes affecting 
cultural heritage (we refer to [1,2] for a comprehensive overview). Natural stones and artificial materials used in historical buildings 
and archaeological sites can be regarded as porous systems subject to different damaging processes due to the exposure to a variety 
of environmental and meteorological factors. Among all the causes, water infiltration is particularly relevant as it contributes to the 
formation of reactive flows (cf. [3,4] and references therein) and triggers processes such as salt-crystallization [5], penetration of air 
pollution [6,7] and biocolonization [8]. For this reason, the investigation of the capillary absorption properties of building materials 
is of high interest [9–12] and may offer valuable insights into degradation mechanisms.

The primary aim of this work is to provide a realistic characterization of the properties of commonly used building materials by 
integrating mathematical models with experimental measurements. For this purpose, we designed dedicated laboratory experiments 
from which we collected and analyzed data. Our approach relies on a data-informed Partial Differential Equation (PDE) model built 
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Fig. 1. Examples of natural stones and mortars in ancient buildings and archaeological sites.

upon the well-established Darcy’s law [13,14] that describes the water uptake into a porous medium, accounting for some material-
specific physical quantities, such as the diffusion rate and the residual saturation level, which are calibrated against data. Therefore, 
we address the inverse problem of determining the optimal model parameters by comparing the data with the simulation outcomes 
of a second order numerical method. For the parameters optimization, a multi-grid [15] particle swarm optimization algorithm is 
devised. Furthermore, in order to reduce the influence of potential instrumental errors during the calibration phase, we propose 
a differential fitting technique that retains the information from the experiments while yielding a monotonic imbibition function, 
consistent with its physical interpretation.

To the best of our knowledge, the scientific literature lacks similar contributions and detailed characterizations of the materials 
addressed in this work, especially for eco-friendly restoration mortars of new generation and wackestone. Indeed, these natural and 
artificial geomaterials were usually described from a minero-petrographic point of view, rarely taking a mathematical approach into 
consideration.

The paper is organized as follows. A description of the specific building materials we analyzed and of the laboratory experiments we 
conducted is provided in Section 2. The PDE model is presented in Section 3, where a quadratically convergent simulation method is 
provided, as well. Section 4 is devoted to data analysis, where the fitting technique for data preprocessing is introduced. The inverse 
problem pertaining to the optimal parameters selection is there formulated, as well. The calibration outcomes are presented and 
discussed in Section 5. Conclusions and future perspectives of our research are outlined in Section 6.

2.  Experimental setting and data

2.1.  Description of materials used in the laboratory experiments

Our analysis is performed through capillary water absorption tests conducted on samples of natural stones including white marble, 
travertine and wackestone, and artificial geomaterials such as hydraulic and aerial mortars. These materials are of interest due to 
their historical use in ancient constructions, with examples shown in Fig. 1.

White marble is a metamorphic rock formed by the recrystallization of limestone or dolomite under high-temperature and high-
pressure conditions. It is mainly composed of calcite crystals, with a granoblastic texture. Its porosity is usually very low and rarely 
exceeds 0.5% of the mass (we refer to [16–19] for further details). Travertine is a chemically precipitated rock formed by the deposition 
of calcium carbonate from water rich in dissolved CO2, typically from hydrothermal springs. Primarily consisting of calcite, it has a 
porous texture and exhibits color variations caused by mineral impurities. The travertine porosity is extremely variable and dependent 
on the deposit it comes from [20,21]. With the term wackestone is defined, according to the Dunham and Folk classification systems 
of limestones [22], a fine-grained mud-supported carbonate sedimentary rock. It presents a fine grain size and micritic matrix, with 
a very poor porosity. Bioclasts and microfossils are present and distributed within the matrix.

For our experiments, we selected three samples of white Carrara marble and six samples of travertine from a cave in Tivoli, all in 
the form of cubes with an edge length of 5 cm, as well as three wackestone specimens shaped as cylinders with a diameter of 4 cm and a 
height of 5 cm (see Fig. 2A). Regarding the artificial geomaterials, we prepared two classes of specimens (cf. Fig. 2B). Twelve hydraulic 
mortars cubic samples (OT) of volume 64 cm3 were prepared based on an ancient Roman recipe, using natural hydraulic binder and 
pozzolan as aggregate [23]. Furthermore, nine aerial mortar samples (GS, GSN and GSP) of size 4 × 4 × 2 cm were produced by mixing 
lime and sand with the addition of organic additives extracted from microalgae and acrylic additives, in order to propose a green 
solution for the restoration [24]. We refer to Table 1 for the ranges of porosity   of the monitored materials. It is important to note 
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Fig. 2. Materials samples employed for the laboratory capillary absorption tests.

Table 1 
Porosity ranges of monitored materials.

 Material  Porosity range   Reference
 Carrara Marble 0.50% − 4.00%  [18]
 Tivoli Travertine 0.27% − 16.67%  [20]
 Wackestone 0.05% − 0.25%  –
 GS-GSN-GSP 13.00% − 45.00%  [25–27]
 OT1-OT2-OT3-OT4 33.50% − 44.30%  producer data

that for natural materials and aerial mortars, the porosity ranges are derived from scientific literature, as variations in composition 
can lead to different characteristics. In the case of hydraulic mortar samples instead, which consisted of four distinct compositions, 
porosity was experimentally determined by the producer through mercury intrusion porosimetry, yielding values of 33.5% (OT1), 
38.8% (OT2), 40.2% (OT3) and 44.3% (OT4).

2.2.  Determination of capillary absorption coefficient and imbibition curve datapoints

Water absorption by capillarity was determined following the procedures specified by the Italian standard UNI EN 1925:2000 [28], 
in accordance with the European guidelines EN 1925:1999 [29]. Except for travertine, all samples exhibited uniform sedimentation 
planes, allowing an arbitrary choice of the absorption surface. For this specific material, however, tests were conducted on two sets 
of three samples: one with sedimentation planes parallel to the capillary rise direction and the other with planes perpendicular to it.

The tests were performed as follows. Samples of each material were preliminary dried in oven at 70 ± 5◦𝐶, until a constant weight 
was attained, then stored in desiccator until they reached room temperature. Afterwards, they were placed in a plastic box with a lid 
and partially immersed in distilled water to a depth of 3 ± 1 𝑚𝑚. Water absorption over time was assessed by periodically removing 
the samples from the water, lightly drying the immersed part using a damp cloth to remove water droplets and then weighing them. 
Measurements were taken at the following time intervals: 1, 3, 5, 10, 15, 30, 60, 120, 180, 240min for artificial materials, and up to 
360min for natural materials. After this initial phase, additional measurements were conducted every 24h for nine days for the 
natural specimens, while for the artificial ones only two further measurements were taken at 24 and 48h. Specifically, in compliance 
with the standards [28,29], we computed the amount of water absorbed per unit area by the specimens at time 𝑡𝑖, i.e.

𝑄𝑖
𝑑𝑎𝑡𝑎 =

𝑚𝑖 − 𝑚𝑑
𝐴

, 𝑖 = 0,… , 𝑁𝑑𝑎𝑡𝑎, (1)

expressed in 𝑔∕𝑐𝑚2, where

• 𝑚𝑑 is the mass of the dry specimen (𝑔),
• 𝑚𝑖 is the mass of the specimen measured at time 𝑡𝑖 (𝑔),
• 𝐴 is the area of the face immersed in water (𝑐𝑚2).

We remark that the quantities in (1) were derived for each sample. However, for the sake of the analysis, we considered the average 
values computed across all the specimens of the same material. To assess their representativeness, we evaluate, for each measurement 
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Fig. 3. Dispersion index across samples for all the materials considered in this study.

time 𝑡𝑖, the dispersion index 𝜎2(𝑡𝑖)∕𝜇(𝑡𝑖) across all samples, where 𝜇(𝑡𝑖) and 𝜎2(𝑡𝑖) denote the sample mean and variance, respectively. 
The results, shown in Fig. 3, indicate that the variability among samples is small compared to the corresponding mean values, thus 
supporting the use of averaged quantities in the analysis.

3.  Mathematical and numerical frameworks

The starting point of this study is a one-dimensional mathematical model describing the imbibition process in a porous material 
characterized by a porosity 𝑛0 and permeated by a liquid with density 𝜌𝑙 and viscosity 𝜇𝑙. Let 𝜃𝑙(𝑧, 𝑡) ∈ [0, 𝑛0] represent the fraction of 
volume occupied by the fluid at height 𝑧 ∈ [0,𝖧] and time 𝑡 ∈ [0,𝖳]. The mass balance equation then reads 𝜕𝑡𝜃𝑙(𝑧, 𝑡) = 𝜕𝑧𝑞(𝑧, 𝑡), where 
𝑞 is the volumetric flux expressed by Darcy’s law (see, for instance [13, Section 5.2] or [14, Section 2.6]) as follows

𝑞(𝑧, 𝑡) = −
𝑘
(

𝜃𝑙(𝑧, 𝑡)∕𝑛0
)

𝜇𝑙

(

𝜕𝑃𝑐
𝜕𝑧

(

𝜃𝑙(𝑧, 𝑡)
𝑛0

)

− 𝜌𝑙𝑔
)

, (𝑧, 𝑡) ∈ [0,𝖧] × [0,𝖳]. (2)

Here, 𝑃𝑐 (⋅) denotes the capillary pressure, i.e. the pressure difference across the liquid-gas interface, 𝑘(⋅) is the intrinsic permeability 
of the porous matrix to the vapor phase and 𝑔 represents the gravitational acceleration. For the sake of simplicity, and for the entirety 
of this paper, we omit the subscript 𝑙 and denote 𝜃𝑙(𝑧, 𝑡) as 𝜃(𝑧, 𝑡). Following the arguments in [5,12,30], we introduce the fluid 
saturation 𝑠(𝜃(𝑧, 𝑡)) = 𝜃(𝑧, 𝑡)∕𝑛0 ∈ [0, 1] and the absorption function 𝐵(𝑠(𝜃(𝑧, 𝑡))) such that

𝜕𝐵
𝜕𝑧

(𝑠(𝜃(𝑧, 𝑡))) = −
𝑘(𝑠(𝜃(𝑧, 𝑡)))

𝜇𝑙

𝜕𝑃𝑐
𝜕𝑧

(𝑠(𝜃(𝑧, 𝑡))), (𝑧, 𝑡) ∈ [0,𝖧] × [0,𝖳]. (3)

The identification of the function 𝐵(⋅) that reproduces the capillary rise properties of a specific porous material is a challenging 
task. A straightforward and phenomenological approach is based on the observation that no fluid flows when the saturation is below 
the residual saturation 𝑠𝑅 ∈ [0, 1), which ensures hydraulic continuity, or above the Maximal saturation 𝑠𝑆 ∈ (𝑠𝑅, 1]. Therefore, from 
a mathematical perspective, a reliable choice is to define 𝑑𝐵𝑑𝑠 (𝑠) as a compactly supported function with supp(𝐵′(𝑠)) = [𝑠𝑅, 𝑠𝑆 ] and a 
diffusion rate 𝐷 = max[𝑠𝑅 ,𝑠𝑆 ] 𝐵

′(𝑠) that is calibrated against experimental data. We denote by 𝐵′(𝑠) = 𝑑𝐵
𝑑𝑠 (𝑠) and 𝐵′′(𝑠) = 𝑑2𝐵

𝑑𝑠2
(𝑠), for 

𝑠 ∈ [0, 1]. A third-degree polynomial form for 𝐵(⋅), which results in a concave parabola for its first derivative, is proposed in [30]. 
An alternative formulation, which accounts for the separate contributions of capillary pressure and permeability, is presented in [12, 
Section 2.4.].

Here, in compliance with the empirical and phenomenological observations of [30, Section 3.2], we take

𝐵′(𝑠) = max
{

0,−
4𝐷(𝑠𝑅 − 𝑠)(𝑠𝑆 − 𝑠)

(𝑠𝑅 − 𝑠𝑆 )2

}

, 𝐷 = 𝐵′
(

𝑠𝑅 + 𝑠𝑆
2

)

, (4)
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Fig. 4. Absorption function and its derivative for different choices of parameters.

which yields

𝐵(𝑠) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

0, 𝑠 ∈ [0, 𝑠𝑅],
2𝐷
3

(𝑠𝑅 − 𝑠)2(−𝑠𝑅 + 3𝑠𝑆 − 2 𝑠)
(𝑠𝑅 − 𝑠𝑆 )2

, 𝑠 ∈ [𝑠𝑅, 𝑠𝑆 ],

2𝐷
3

(𝑠𝑆 − 𝑠𝑅), 𝑠 ∈ [𝑠𝑆 , 1].

(5)

We refer to Fig. 4 for some plots of the absorption function and its derivative for different choices of the parameters.
The primary objective of this study is to determine the model parameters in (5) for the materials described in Section 2 by 

comparing numerical simulations and experiments. To this end, we define the overall quantity of fluid absorbed by the specimen at 
time 𝑡 as

𝑄(𝑡) = 𝜌𝑙 ∫

𝖧

0
𝜃(𝑧, 𝑡) 𝑑𝑧, (6)

which represents a physically measurable property of the system and therefore a crucial intermediary between the continuous PDE 
model (7) and the experimental data in (1) (we recall that, for water, 𝜌𝑙 = 1 g/cm3). Regarding the fraction of fluid 𝜃, assuming small 
samples, we disregard the term 𝜌𝑙𝑔 in (2) that accounts for gravitational effects. Hence, from (2) and (3), we retrieve the Richards 
equation modeling the penetration of water

𝜕𝜃
𝜕𝑡

(𝑧, 𝑡) = 𝜕2𝐵
𝜕𝑧2

(𝑠(𝜃(𝑧, 𝑡))) = 𝜕
𝜕𝑧

(

1
𝑛0

𝜕𝐵
𝜕𝑠

(𝑠(𝜃(𝑧, 𝑡))) 𝜕𝜃
𝜕𝑧

(𝑧, 𝑡)
)

, (7)

which is valid for 0 ≤ 𝑧 ≤ 𝖧 and 0 ≤ 𝑡 ≤ 𝖳. To describe the onset of the imbibition process we set the initial condition

𝜃(ℎ, 0) = 𝑛0𝜒{0}(ℎ) + 𝜃̄𝜒(0,𝖧](ℎ), ℎ ∈ [0,𝖧], (IC)

where 𝜒𝐴 ∶ 𝐴 → {0, 1} denotes the characteristic function of the set 𝐴 ⊂ ℝ+
0 , while 𝜃̄ describes the moisture content of the ambient 

air, that is assumed to be constant. Then, denoted by SVD the saturated vapor density, we consider

𝜃̄ = SVD ⋅ UR = 𝛼𝑇 (𝛼0 + 𝛼1𝑇 + 𝛼2𝑇
2 + 𝛼3𝑇

3) ⋅ UR = 2.33 ⋅ 10−5, (8)

where 𝑇 = 27◦𝐶 is the average temperature during the experiment, UR = 80∕100 represents the percentage of humidity in the ambient 
air, 𝛼𝑇 = 10−6, 𝛼0 = 5.02, 𝛼1 = 0.32, 𝛼2 = 8.18 and 𝛼3 = 3.12 (we refer to [31] for further details on the topic).

We complement the PDE model (7) with the Dirichlet boundary conditions

𝜃(0, 𝑡) = 𝑛0, 𝜃𝑙(𝖧, 𝑡) = 𝜃̄, 𝑡 ∈ [0,𝖳], (DBC)

or the Robin boundary conditions

𝜃(0, 𝑡) = 𝑛0,
𝜕𝜃
𝜕𝑧

(𝖧, 𝑡) = 𝐾𝑤(𝜃̄ − 𝜃(𝖧, 𝑡)), 𝑡 ∈ [0,𝖳], (RBC)

where 𝐾𝑤 ∈ ℝ+ is the water exchange rate. A numerical method for the simulation of problem (7) with the conditions (DBC) and
(RBC) will be presented in Section 3.1.
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3.1.  Numerical method

In this section, we introduce a numerical method for approximating the solution of the Eq. (7). Since our interest lies in solving 
the inverse problem of determining the model coefficients from data, it is crucial to opt for a reliable, efficient and straightforward 
integrator.

Consider the uniform spatial and temporal grids 𝑧𝑗 = 𝑗Δ𝑧 and 𝑡𝑘 = 𝑘Δ𝑡, where Δ𝑧 and Δ𝑡 are the positive step-sizes. Let 𝑁𝑧 and 
𝑁𝑡 be positive integers such that 𝖧 = 𝑁𝑧Δ𝑧 and 𝖳 = 𝑁𝑡Δ𝑡. Denote by 𝜃𝑘𝑗 ≈ 𝜃(𝑧𝑗 , 𝑡𝑘), for 𝑗 = 0,… , 𝑁𝑧 and 𝑘 = 0,… , 𝑁𝑡. We propose the 
following Method of Lines (MOL) scheme

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝛼𝑘𝑗 =
(

𝐵(𝜃𝑘𝑗+1∕𝑛0) − 2𝐵(𝜃𝑘𝑗 ∕𝑛0) + 𝐵(𝜃𝑘𝑗−1∕𝑛0)
)

∕Δ𝑧2,

𝜃𝑘𝑗 = 𝜃𝑘𝑗 + Δ𝑡 𝛼𝑘𝑗 ,

𝛽𝑘𝑗 =
(

𝐵(𝜃𝑘𝑗+1∕𝑛0) − 2𝐵(𝜃𝑘𝑗 ∕𝑛0) + 𝐵(𝜃𝑘𝑗−1∕𝑛0)
)

∕Δ𝑧2,

𝜃𝑘+1𝑗 = 𝜃𝑘𝑗 + Δ𝑡
2 (𝛼𝑘𝑗 + 𝛽𝑘𝑗 ),

𝑗 = 1,… , 𝑁𝑧 − 1,
𝑘 = 0,… , 𝑁𝑡 − 1,

(9)

derived by semi-discretizing the PDE with a second-order central finite difference for the spatial derivatives, followed by a second-
order Heun’s approximation of the resulting ordinary differential equation (we refer to [32,33] for futher details on MOL procedures). 
The initial condition (IC) and the boundary conditions (DBC)-(RBC) are discretized as follows

𝜃0𝑗 = 𝑛0𝜒{0}(𝑧𝑗 ) + 𝜃̄𝜒(0,𝖧](𝑧𝑗 ), 𝑗 = 0,… , 𝑁𝑧, (dDIC)

𝜃𝑘0 = 𝑛0, 𝜃𝑘𝑁𝑧
= 𝜃̄, 𝑘 = 0,… , 𝑁𝑡, (dDBC)

𝜃𝑘0 = 𝑛0, 𝜃𝑘𝑁𝑧
=

4𝜃𝑘𝑁𝑧−1
− 𝜃𝑘𝑁𝑧−2

+ 2𝐾𝑤𝜃̄Δ𝑧

3 + 2𝐾𝑤Δ𝑧
, 𝑘 = 0,… , 𝑁𝑡. (dDRBC)

Additionally, we approximate the observable in (6) via a second order composite trapezoidal quadrature rule, i.e.

𝑄𝑘 = 𝜌𝑙
Δ𝑧
2

(

𝜃𝑘0 + 2
𝑁𝑧−1
∑

𝑗=1
𝜃𝑘𝑗 + 𝜃𝑘𝑁𝑧

)

≈ 𝑄(𝑡𝑘), 𝑘 = 0,… , 𝑁𝑡. (10)

The explicit MOL scheme (9) is second-order accurate both in time and space, offering an optimal balance between computational 
cost and accuracy. This is particularly advantageous in contexts where model calibration based on experimental data is required, as 
such tasks require multiple iterations of the scheme. In such cases, maintaining an explicit form ensures that the resulting algorithm 
remains straightforward to implement and not computationally demanding. A standard Von Neumann analysis (see, for instance 
[34–36] and references therein) establishes the stability of the scheme (9) when the CFL-like condition

Δ𝑡 ≤
𝑛0Δ𝑧2

max[0,1] |𝐵′(𝑠)|
, (11)

is satisfied.
In order to experimentally highlight the advantages of the MOL discretization (9), we compare it with the FTCS (Forward in Time, 

Central in Space) scheme adopted in [12, Section 3]. Specifically, we approximate the solution of problem (7)-(IC)-(DBC) with
𝑛0 = 0.285, 𝜃̄ = 6.25 ⋅ 10−2, 𝖧 = 8, 𝖳 = 60, 𝑠𝑅 = 0.219, 𝑠𝑆 = 1, 𝐷 = 9.80 ⋅ 10−4

and compare the mean space-time error and the experimental orders of convergence, defined as follows

𝐸(Δ𝑧,Δ𝑡) = 1
𝑁𝑧𝑁𝑡

𝑁𝑧
∑

𝑗=0

𝑁𝑡
∑

𝑘=0

|

|

|

𝜃𝑘𝑗 − Θ𝑘
𝑗
|

|

|

, 𝜌 = log2

(

𝐸(Δ𝑧,Δ𝑡)
𝐸(Δ𝑧2 , Δ𝑡2 )

)

. (12)

Here, the reference solution Θ𝑘
𝑗  is computed by the MOL method with Δ𝑧 = 2−9 and Δ𝑡 = 2−12. Fig. 5 and Table 2 report the simulations 

outcomes for different values of the stepsizes and confirm the quadratic convergence of the MOL integrator (9). Furthermore, the 
work precision diagram in Fig. 5 shows the mean errors with respect to the mean computational efforts over ten runs and confirms 
the superior performances of the MOL discretization (9) compared to the FTCS approach in [12, Section 3].

4.  Experimental data analysis

As discussed earlier, the total amount of fluid absorbed by the specimen, defined in (6), represents an experimentally measurable 
quantity that establishes a connection between the mathematical model and physical experiments. Because of its intrinsic physical 
interpretation, 𝑄(𝑡) is expected to exhibit a monotonically non-decreasing behavior until the saturation level is reached. Nevertheless, 
in certain instances, the experimental observations in (1) deviate from this expected monotonic trend, primarily due to measurement 
inaccuracies or instrumental limitations. This is particularly evident for natural materials. Moreover, for aerial mortars (GS, GSN and 
GSP), the filtration rate is exceedingly high, resulting in rapid saturation, which complicates the extraction of reliable information 
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Table 2 
Experimental convergence of the MOL and the FTCS 
methods.

 Stepsizes  Mean Space-time Errors  Exp. order
Δ𝑡 = Δ𝑥∕2 𝐸𝐹𝑇𝐶𝑆 𝐸𝑀𝑂𝐿 𝜌𝐹𝑇𝐶𝑆 𝜌𝑀𝑂𝐿

2−2 6.40 ⋅ 10−4 6.40 ⋅ 10−4  –  –
2−3 2.02 ⋅ 10−4 2.00 ⋅ 10−4 1.66 1.67
2−4 5.87 ⋅ 10−5 5.74 ⋅ 10−5 1.78 1.81
2−5 1.66 ⋅ 10−5 1.58 ⋅ 10−5 1.81 1.86
2−6 4.72 ⋅ 10−6 4.22 ⋅ 10−6 1.81 1.91
2−7 1.38 ⋅ 10−6 1.09 ⋅ 10−6 1.76 1.95
2−8 4.64 ⋅ 10−7 2.67 ⋅ 10−7 1.57 2.03
2−9 1.78 ⋅ 10−7 5.48 ⋅ 10−8 1.37 2.28

Fig. 5. Experimental convergence and performances of the FTCS and MOL methods.

about the initial stages of the process. To address these challenges, here we propose a monotonicity-preserving data fitting and 
reconstruction methodology. This approach aims both to extract physically consistent insights from experiments and to generate 
synthetic data in scenarios where direct measurements are absent. In addition, reducing such small irregularities may help mitigate 
the amplification of small data perturbations typically encountered in nonlinear inverse problems (see [37] for a thorough discussion 
of the impact of noise in nonlinear inverse problems).

4.1.  Monotonicity-preserving differential reconstruction of data

Let 𝑄𝑖
𝑑𝑎𝑡𝑎 ≈ 𝑄(𝜏𝑖), 𝑖 = 0,… , 𝑁𝑑𝑎𝑡𝑎, represent the observed experimental values at time 𝜏𝑖 ∈ [0,𝖳]. Denote by 𝔻 and 𝕃2 the spaces of 

real differentiable and Lebesgue square integrable functions, respectively. Given the space of smooth monotonic functions

 =
{

𝑓 (𝑡) ∶ 𝑓 ∈ 𝔻, log
(

𝑑𝑓
𝑑𝑡

)

∈ 𝔻, 𝑑
𝑑𝑡

(

log
(

𝑑𝑓
𝑑𝑡

))

∈ 𝕃2
}

, (13)

we aim to determine 𝑄∗ ∈  which minimizes the mismatch with the measurements in (1). Specifically, we seek for a solution to

𝑄∗ = argmin
𝑓∈

(𝑓,𝑄0
𝑑𝑎𝑡𝑎,… , 𝑄𝑁𝑑𝑎𝑡𝑎

𝑑𝑎𝑡𝑎 ), (14)

where  denotes a suitable loss function, whose explicit formulation will be detailed later on. The functional constrained optimization 
problem (14) is particularly challenging to solve, even for relatively simple loss functions. Therefore, here we introduce a different 
approach built upon the following result, proved in [38], which provides a characterization for the space  .

Theorem 1. Consider the functional space  defined in (13). Then, for each 𝑓 ∈  , there exists a function 𝑤𝑓 ∈ 𝕃2 such that 𝑭𝑤(𝑡) ∶=
[𝑓 (𝑡), 𝑑𝑓𝑑𝑡 (𝑡)]

𝑇  solves the ODE system

𝑑𝑭𝑤
𝑑𝑡

(𝑡) =
[

0 1
0 𝑤𝑓 (𝑡)

]

⋅ 𝑭𝑤(𝑡). (15)
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Table 3 
Number of polynomials and regularization weights applied in the 
reconstruction of datasets for different materials.

 Material 𝑀 𝜆

 Carrara Marble 25 3.000 ⋅ 10−6

 Tivoli Travertine 25 5.200 ⋅ 10−4

 Wackestone 25 1.000 ⋅ 10−4

 GS 25 2.245 ⋅ 10−3

 GSN 25 2.000 ⋅ 10−3

 GSP 25 2.000 ⋅ 10−3

The theoretical result established in Theorem 1 allows us to reformulate (14) as the task of identifying the unconstrained function 
𝑤𝑓 (𝑡), represented as a linear combination of basis functions. Specifically, we employ the truncated Legendre expansion [39]

𝑤𝑀
𝑓 (𝑡) =

𝑀
∑

𝑛=0
𝑐𝑛 𝑃

[0,𝖳]
𝑛 (𝑡) =

𝑀
∑

𝑛=0

𝑐𝑛
𝑛!𝖳𝑛

𝑑𝑛

𝑑𝑡𝑛
[

(𝖳 − 𝑡)𝑛𝑡𝑛
]

, 𝑡 ∈ [0,𝖳], (16)

where 𝑐𝑛 are the unknown coefficients and 𝑃 [0,𝖳]
𝑛 , 𝑛 = 0,… ,𝑀 , denote the shifted Legendre polynomials of degree 𝑛, expressed through 

Rodrigues’ formula (see, for instance, [40,41]). Using (15), we then formulate the following Cauchy problem
𝑑𝑭𝑀

𝑤
𝑑𝑡

(𝑡) =

[

0 1
0 𝑤𝑀

𝑓 (𝑡)

]

𝑭𝑀
𝑤 (𝑡), 𝑭𝑀

𝑤 (0) =
[

𝑄0
𝑑𝑎𝑡𝑎

(𝑄1
𝑑𝑎𝑡𝑎 −𝑄0

𝑑𝑎𝑡𝑎)∕(𝜏1 − 𝜏0)

]

, (17)

whose solution 𝑭𝑀
𝑤  is expressed as a function of the expansion coefficients vector 𝒄 = [𝑐0,… , 𝑐𝑀 ]𝑇 ∈ ℝ𝑀+1. Finally, we define the 

unconstrained minimization problem

𝒄∗ = argmin
𝒄∈ℝ𝑀+1

(𝑁𝑑𝑎𝑡𝑎
∑

𝑖=0

|

|

|

𝑄𝑖
𝑑𝑎𝑡𝑎 − 𝒆1 ⋅ 𝑭𝑀

𝑤 (𝜏𝑖; 𝒄)
|

|

|

2
+ 𝜆‖𝑤𝑀

𝑓 (𝑡; 𝒄)‖2𝕃2

)

, (18)

where 𝒆1 = [0, 1] is a row vector, 𝜆 > 0 and

𝜆‖𝑤𝑀
𝑓 (𝑡; 𝒄)‖2𝕃2 = 𝜆∫

𝖳

0
|𝑤𝑀

𝑓 (𝑡)|2 𝑑𝑡 = 𝜆𝖳
𝑀
∑

𝑛=0

𝑐2𝑛
2𝑛 + 1

,

is a regularization term obtained from (16) by exploiting the orthogonality of the shifted Legendre polynomials with respect to the 
Jacobi weight 𝑊 0,0(𝑥) = 1.

Here, we address problem (18) using the interior-point algorithm described in [42–44] and implemented in Matlab’s fmincon
function. Specifically, we configure the solver with optimality and step tolerances of 10−14 and exploit parallelization for gradient 
computations. Furthermore, regarding the evaluation of the objective function in (18), we approximate the solution to the ODE system
(17) using the Dormand-Prince explicit Runge-Kutta embedded method (cf. [45] and [46, Section 11.6]) of Matlab’s ode45 routine 
(we refer to [47] for a comprehensive description of Matlab ODE Suite).

The proposed differential reconstruction procedure has been applied to the average datasets of all the materials, both natural 
and artificial, except for hydraulic mortars (OT), for which it is not necessary. In addition to providing a smooth representation of 
the experimental observations, the reconstruction procedure yields a dense output that can support the calibration stage. It may be 
interpreted as a physically consistent form of data augmentation, since the reconstructed trajectories inherently belong to the space 
 in (13) and therefore preserve the monotonic behaviour expected for the capillary absorption process. This property is particularly 
useful for materials exhibiting very rapid capillary uptake, for which only a limited number of measurements are available in the 
transient regime.

The corresponding outcomes are reported in Fig. 6 for Carrara marble and for the travertine, in Fig. 7 for the wackestone and in 
Figs. 7 and 8 for three kinds of aerial mortars. Furthermore, the dimensions of the polynomial space in which the expansion (16) is 
computed, as well as the values of the weight 𝜆 for the different materials, are reported in Table 3. We remark that the value of 𝑀
has been chosen large enough to ensure a good representation capability and provide greater flexibility in the expansion, while still 
balancing the potential instability and numerical artifacts of the whole procedure.
Remark 1.  The reconstruction procedure has been performed on the average datasets after applying appropriate nondimensional-
ization and linear rescaling to the data and variables onto [0, 1]. Once completed, the reconstructed results are then mapped back to 
their original dimensional form by inverting these transformations. 

5.  Calibration of model parameters against imbibition data

As discussed in the previous sections, the determination of the function 𝐵(⋅) in (3) that accurately replicates the capillary rise 
properties of the materials introduced in Section 2 represents a challenging task. Here, we adopt for 𝐵(⋅) the formulation (5) and 
consider the PDE model (7) complemented with the Robin boundary condition (RBC). Using the average experimental or reconstructed 
datasets, we then calibrate the following parameters:
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Fig. 6. Monotonicity-preserving data differential reconstruction procedure applied to the averaged Carrara marble (left) and travertine (right) 
datasets.

Fig. 7. Monotonicity-preserving data differential reconstruction procedure applied to the averaged wackestone (left) and GS (right) datasets.

Fig. 8. Monotonicity-preserving data differential reconstruction procedure applied to the averaged GSN (left) and GSP (right) datasets.

• 𝑛0 ∈  , the porosity of the material, accounting for the ranges in Table 1,
• 𝑠𝑅 ∈ [0, 1), the residual saturation of the porous medium,
• 𝑠𝑆 ∈ (0, 1], the Maximal saturation level of the porous medium,
• 𝐷 ∈ [0, 𝐷̄] ⊂ ℝ+, the diffusion coefficient of water within the porous medium,
• 𝐾𝑤 ∈ [0, 𝐾̄] ⊂ ℝ+, the water exchange rate.

Define Ω =  × [0, 1) × (0, 1] × [0, 𝐷̄] × [0, 𝐾̄] ⊂ ℝ5 and denote by 𝒑 = [𝑛0, 𝑠𝑅, 𝑠𝑆 , 𝐷,𝐾𝑤]𝑇 ∈ Ω the vector of the parameters to be 
determined (with the values of 𝐷̄ and 𝐾̄ to be provided later). Let 𝑸𝑛𝑢𝑚 = {𝑄𝑘(𝒑; Δ𝑧,Δ𝑡)}0≤𝑘≤𝑁𝑡

 denote the approximated total quantity 
of fluid absorbed by the specimen, computed using the MOL scheme (9) as detailed in (10). Assume that, for each 𝑖 = 0,… , 𝑁𝑑𝑎𝑡𝑎,
there exists an integer 𝑘𝑖 ∈ {0,… , 𝑁𝑡} such that 𝜏𝑖 = 𝑘𝑖Δ𝑡, with 𝑄𝑖

𝑑𝑎𝑡𝑎 ≈ 𝑄(𝜏𝑖). Then, the calibration procedure consists in finding a 
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solution to
𝒑∗ = argmin

𝒑∈Ω

(

𝓁(𝑸𝑑𝑎𝑡𝑎,𝑸𝑛𝑢𝑚(𝒑; Δ𝑧,Δ𝑡)) + 𝜑(𝑄𝑁𝑑𝑎𝑡𝑎
𝑑𝑎𝑡𝑎 , 𝑄𝑘𝑁𝑑𝑎𝑡𝑎 (𝒑; Δ𝑧,Δ𝑡)

)

, (19)

where the loss function 𝓁(⋅) measures the discrepancy between the observed and simulated dynamics throughout the entire time 
interval [0,𝖳] and 𝜑(⋅) represents the final cost that depends on the state of the system at the time 𝖳.

More specifically, denoted by (𝒑) = (𝑸𝑑𝑎𝑡𝑎,𝑸𝑛𝑢𝑚(𝒑; Δ𝑧,Δ𝑡)) the set of all the possible warping paths 𝜋 = {{𝑖, 𝑘𝑗} | 𝑖, 𝑗 ∈
[0, 𝑁𝑑𝑎𝑡𝑎] ∩ ℕ} between the experimental data and the simulation outcomes, we consider

𝓁(⋅) =
𝜆2

𝑁𝑑𝑎𝑡𝑎

𝑁𝑑𝑎𝑡𝑎
∑

𝑖=0

|

|

|

𝑄𝑖
𝑑𝑎𝑡𝑎 −𝑄𝑘𝑖 (𝒑; Δ𝑧,Δ𝑡)||

|

2

(𝑄𝑖
𝑑𝑎𝑡𝑎)

2
+ 𝜆𝐷𝑇𝑊 min

𝜋∈(𝒑)
‖𝑄𝑖

𝑑𝑎𝑡𝑎 −𝑄𝑘𝑗 (𝒑; Δ𝑧,Δ𝑡)‖2, (20)

as a weighted sum of the Squared Relative Euclidean (SRE) and the Dynamic Time Warping (DTW) errors (we refer to [48,49] 
and references therein for further details) that quantify pointwise deviations and temporal misalignments of the data, respectively. 
Furthermore, we take the final cost as follows

𝜑(𝑄𝑁𝑑𝑎𝑡𝑎
𝑑𝑎𝑡𝑎 , 𝑄𝑘𝑁𝑑𝑎𝑡𝑎 (𝒑; Δ𝑧,Δ𝑡) =

{

𝜆𝜑, if |𝑄𝑁𝑑𝑎𝑡𝑎
𝑑𝑎𝑡𝑎 −𝑄𝑘𝑁𝑑𝑎𝑡𝑎 (𝒑; Δ𝑧,Δ𝑡)|2 > 𝜀𝜑,

0, otherwise,
(21)

with positive weight 𝜆𝜑 = 10 and threshold parameter 𝜀𝜑 = 10−4.

5.1.  The particle swarm multigrid approach

The optimization problem (19), arising from parameter estimation, is affected by the typical complications of inverse problems, 
such as strong nonlinearity, ill-posedness and high computational demands. Furthermore, the corresponding objective functional 
may be non-smooth and characterized by the presence of multiple local minima, which limits the effectiveness of gradient-based 
optimization methods. To address these difficulties, we adopt a gradient-free optimization strategy based on Particle Swarm Opti-
mization (PSO) (see, for instance, [50,51]), coupled with a multigrid scheme designed to enhance convergence and robustness across 
discretization levels, while simultaneously reducing computational costs. Regarding the PSO implementation, we employ the MAT-
LAB built-in function particleswarm with the following settings: the swarm size is set to 1000, the maximum number of iterations 
to 500 and the maximum number of stall iterations to 50. The function tolerance is set to 10−7, with both the self-adjustment and 
social-adjustment weights equal to 1.49. The initial swarm is uniformly distributed over the admissible parameter space Ω, in order 
to promote an unbiased exploration and avoid introducing preferred directions in the search process.

The proposed multigrid strategy relies on two resolution levels: a two-stages coarse phase, defined on a sparser spatio-temporal 
discretization, and a fine phase, associated with a denser grid.

Coarse phase - In the first stage, two independent optimization subproblems are solved in parallel with PSO. Each subproblem 
involves a simplified version of the objective functional (19), where only one of the two contributions appearing in (20) is retained. 
The resulting errors, here referred to as 𝜀2 and 𝜀𝐷𝑇𝑊 , are then employed to compute the weights 𝜆2 = 1∕𝜀2 and 𝜆𝐷𝑇𝑊 = 1∕𝜀𝐷𝑇𝑊 .
These values, computed for each material, are reported in Table 4.
In the second stage, the PSO is employed to minimize, on the coarse grid, the full functional (19), equipped with the weights 
retrieved from the previous step. For the entire coarse phase, the admissible porosity ranges   are set as reported in Table 1. 
In compliance with the experimental findings of [52], we consider 𝑠𝑅 ∈ [0.1, 0.75] and 𝑠𝑆 ∈ [0.5, 0.98]. Furthermore, we set 
𝐷̄ = 0.1 and take 𝐾̄ = 100 large enough to investigate both Neumann-like (lower values of 𝐾𝑤) and Dirichlet-like (higher values of 
𝐾𝑤) scenarios. Therefore, the parameter space for both the coarse stages reads Ω =  × [0.1, 0.75] × [0.5, 0.98] × [0, 0.1] × [0, 100] ⊂ ℝ5.

Fine phase - This phase consists of a sequence of 𝜈 ∈ ℕ optimization steps, each involving the minimization of the full objective 
functional (19) over a progressively refined parameter space Ω(𝑛), with 𝑛 = 1,… , 𝜈. Let 𝒑∗,0 ∈ Ω represent the optimal solution retrieved 
from the second step of the coarse phase. Each subsequent space Ω(𝑛) is recursively defined around the optimum 𝒑∗(𝑛−1) on Ω(𝑛−1) as

Ω(𝑛) =
5
∏

𝑖=1

[

𝑝∗(𝑛−1)𝑖 (1 − 𝜎(𝑛)𝑖 ), 𝑝∗(𝑛−1)𝑖 (1 + 𝜎(𝑛)𝑖 )
]

, 𝑛 = 1,… , 𝜈,

where 𝑝∗(𝑛−1)𝑖 , 𝑖 = 1,… , 5, denotes the 𝑖th component of 𝒑∗(𝑛−1) and 𝜎(𝑛)𝑖 ∈ (0, 1) is a user-defined local refinement radius (here, we set 
𝜎(𝑛)𝑖 = (2𝑛)−1 for each 𝑖). Furthermore, for each optimization step of this phase, the values of the stepsizes in (9) are chosen to satisfy 
the CFL condition (11) at the least refined level.

5.2.  Calibration results for different materials

The PSO-multigrid calibration procedure has been applied to all the materials described in Section 2. The corresponding optimized 
parameters and error metrics are reported in Tables 5 and 6 for natural materials and in Tables 7 and 8 for artificial ones. A direct 
comparison between the reconstructed data and the simulation results with calibrated parameters is provided with the Figs. 9–13. 
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Table 4 
Optimal weights for the loss function contributions associated with different 
materials, as determined during the coarse phase.

 Material 𝜆2 𝜆𝐷𝑇𝑊

 Carrara Marble 1.20 ⋅ 10−3 1.65 ⋅ 10−3

 Tivoli Travertine 3.34 ⋅ 10−2 9.13 ⋅ 10−2

 Travertine (parallel) 6.41 ⋅ 10−2 1.19 ⋅ 10−1

 Travertine (perpendicular) 7.35 ⋅ 10−3 4.41 ⋅ 10−1

 Wackestone 5.75 ⋅ 10−1 1.35 ⋅ 100

 OT1 1.87 ⋅ 100 1.77 ⋅ 10−1

 OT2 6.61 ⋅ 10−1 9.50 ⋅ 10−3

 OT3 1.40 ⋅ 10−1 4.70 ⋅ 10−3

 OT4 1.90 ⋅ 10−2 4.61 ⋅ 10−3

 GS 1.22 ⋅ 100 6.91 ⋅ 10−3

 GSN 9.52 ⋅ 100 5.89 ⋅ 10−3

 GSP 4.44 ⋅ 10−1 1.73 ⋅ 100

From a qualitative standpoint, the optimal parameter configurations generally yield simulated imbibition curves that adhere to the 
experimental profiles, effectively reproducing the dynamics of the observed phenomena.

A notable exception is represented by travertine. For this material, the discrepancy can plausibly be attributed to the presence 
of anisotropy planes in the material structure, features that may be present in the tested specimens but are not accounted for in the 
PDE model (7). In addition, the experimental data reported in Figs. 6 and 9 (right panel) may reflect an average behavior across 
specimens characterized by significant internal heterogeneity, a typical consequence of the complex geological processes involved in 
travertine formation. This heterogeneity may manifest in the orientation of anisotropy planes, which can vary from one specimen to 
another. For this reason, we introduce a distinction between two classes of samples: those with anisotropy planes oriented parallel to 
the water flow in the specimen, and those in which the planes are oriented perpendicularly. The results of the parameter estimation 
for the two classes of travertine are reported in Table 6 and further illustrated in Fig. 10. This classification provides a more refined 
interpretation of the experimental outcomes and highlights the relevance of structural anisotropy in the observed deviations.

In general, from a quantitative point of view, the final calibration error, defined as the value of the objective functional in (19), 
remains low for all the materials, including the travertine one. This outcome highlights the effectiveness of the combined use of the 
SRE and the DTW errors within the cost functional, which allows for a balanced evaluation of both amplitude and shape differences 
in the calibration process.

The results reported in Table 5 indicate that all the natural materials considered herein attain hydraulic continuity for comparable 
values of the residual saturation 𝑠𝑅. In particular, the water fraction required to initiate flow within the material amounts to 22.7%
for marble, 20% for travertine and 24% for wackestone. With regard to the maximum saturation 𝑠𝑆 , marble and travertine exhibit 
a similar behavior, reaching saturation when the pore space occupied by water corresponds to 88.4% and 81.6%, respectively. In 
contrast, wackestone specimens continue to absorb water until approximately 95% of the pore space is filled.

As for the diffusion coefficient 𝐷, wackestone exhibits the slowest value (𝐷 = 5.7 ⋅ 10−7), which reflects reduced diffusive trans-
port within the material and is consistent with a slower evolution of water absorption over time, whereas marble (𝐷 = 1.09 ⋅ 10−5) 
and travertine (𝐷 = 9.99 ⋅ 10−6) display comparable values. The behavior of wackestone can be attributed to its lower porosity: as 
suggested by the slope of the averaged imbibition curve (left panel of Fig. 7), the material absorbs water more gradually due to the 
limited number of pores (the calibrated open porosity being 0.22%). The similarity in diffusion rates between marble and travertine is 
consistent with the comparable slopes of their averaged imbibition curves (see Fig. 6). Although the calibration procedure indicates 
that travertine has a higher porosity (1.33% vs. 0.63%), which would in principle allow a larger volume of water to flow through the 
material, the diffusion coefficient 𝐷 remains of the same order as that of marble. This can be explained by the stratified structure of 
travertine, discussed above, which induces a more complex pore geometry and, consequently, higher tortuosity (see, e.g. [53]). Such 
effects may delay the filling of the pore space despite its larger volume. Furthermore, the heterogeneity of travertine is also reflected 
in the results reported in Table 6.

We now turn to the analysis of artificial materials, starting from aerial mortars (GSN, GS, and GSP). The results reported in Table 7 
indicate that the saturation parameters exhibit moderate variability across the three materials, without marked differences in their 
overall range. Furthermore, GSN and GS exhibit higher porosity values (24.20% and 29.61%, respectively) compared to GSP (20.09%). 
This difference is reflected in the steeper slopes of the corresponding averaged imbibition curves (right panel of Fig. 7 for GS, and 
Fig. 8 for GSN and GSP), which indicate a faster absorption process. Consistently, the estimated diffusion coefficients for GSN and GS 
(𝐷 = 7.55 ⋅ 10−2 and 𝐷 = 8.60 ⋅ 10−2, respectively) are significantly larger than that of GSP (𝐷 = 2.75 ⋅ 10−2). This behavior suggests 
that the higher pore volume in GSN and GS facilitates water transport within the material, leading to faster imbibition dynamics. 
Conversely, the lower porosity of GSP appears to limit water penetration, resulting in a reduced diffusion rate.

We consider hydraulic mortars (OT1–OT4), whose calibrated parameters are reported in Table 8. In this case, no clear correlation 
between porosity and diffusion properties emerges. In particular, although OT1 exhibits the highest porosity (44.33%), it is associated 
with the smallest diffusion coefficient (𝐷 = 2.23 ⋅ 10−4) among the considered samples. The residual saturation is nearly constant 
across the samples, with the exception of OT1, which exhibits a slightly higher value; a similar trend is observed for the maximal 
saturation. This behavior may be attributed to differences in the granulometric composition of the material, which could induce 
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Table 5 
Optimal parameters for the natural materials.
 Natural Materials
 Parameters  Marble  Travertine  Wackestone
 Residual saturation 𝑠𝑅 2.27 ⋅ 10−1 2.00 ⋅ 10−1 2.40 ⋅ 10−1

 Maximal saturation 𝑠𝑆 8.84 ⋅ 10−1 8.16 ⋅ 10−1 9.50 ⋅ 10−1

 Diffusion rate 𝐷 1.09 ⋅ 10−5 9.99 ⋅ 10−6 5.70 ⋅ 10−7

 Water exchange rate 𝐾𝑤 8.57 ⋅ 101 1.00 ⋅ 102 0
 Porosity 𝑛0 0.63% 1.33% 0.22%
 SRE error 2.94 ⋅ 10−2 1.25 ⋅ 10−1 1.29 ⋅ 10−1

 DTW error 3.79 ⋅ 10−2 2.85 ⋅ 10−2 3.70 ⋅ 10−2

 Objective function value 1.04 ⋅ 10−4 7.40 ⋅ 10−3 2.34 ⋅ 10−2

Table 6 
Optimal parameters for travertine groups classified by anisotropy plane ori-
entation.

 Anisotropic Natural Materials
 Parameters  Travertine (parallel)  Travertine (perpendicular)
 Residual saturation 𝑠𝑅 2.40 ⋅ 10−1 2.22 ⋅ 10−1

 Maximal saturation 𝑠𝑆 9.26 ⋅ 10−1 6.94 ⋅ 10−1

 Diffusion rate 𝐷 1.00 ⋅ 10−4 9.19 ⋅ 10−6

 Water exchange rate 𝐾𝑤 8.14 ⋅ 101 7.14 ⋅ 101

 Porosity 𝑛0 0.50% 1.86%
 SRE error 2.60 ⋅ 10−2 1.29 ⋅ 10−1

 DTW error 8.50 ⋅ 10−3 3.29 ⋅ 10−2

 Objective function value 6.04 ⋅ 10−4 8.40 ⋅ 10−3

Table 7 
Optimal parameters for the artificial materials.
 Artificial Materials (Aerial Mortars)
 Parameters  GSN  GS  GSP
 Residual saturation 𝑠𝑅 2.00 ⋅ 10−1 3.77 ⋅ 10−1 5.34 ⋅ 10−1

 Maximal saturation 𝑠𝑆 9.44 ⋅ 10−1 7.02 ⋅ 10−1 9.50 ⋅ 10−1

 Diffusion rate 𝐷 7.55 ⋅ 10−2 8.60 ⋅ 10−2 2.75 ⋅ 10−2

 Water exchange rate 𝐾𝑤 0 0 0
 Porosity 𝑛0 24.20% 29.61% 20.09%
 SRE error 2.10 ⋅ 10−4 7.15 ⋅ 10−5 3.30 ⋅ 10−1

 DTW error 1.75 ⋅ 10−2 1.10 ⋅ 10−2 8.00 ⋅ 10−2

 Objective function value 6.00 ⋅ 10−4 3.75 ⋅ 10−6 8.10 ⋅ 10−3

Table 8 
Optimal parameters for the OT samples. Here, the values of 𝑛0 have been 
provided by the producer.
 Artificial Materials (Hydraulic Mortars)
 Parameters  OT1  OT2  OT3  OT4
 Residual saturation 𝑠𝑅 3.19 ⋅ 10−1 2.00 ⋅ 10−1 2.00 ⋅ 10−1 2.00 ⋅ 10−1

 Maximal saturation 𝑠𝑆 9.50 ⋅ 10−1 7.81 ⋅ 10−1 6.83 ⋅ 10−1 8.80 ⋅ 10−1

 Diffusion rate 𝐷 2.23 ⋅ 10−4 9.00 ⋅ 10−4 7.51 ⋅ 10−4 5.40 ⋅ 10−4

 Water exchange rate 𝐾𝑤 1.00 ⋅ 102 0 0 6.00 ⋅ 10−4

 Porosity 𝑛0 44.33% 38.80% 40.20% 33.50%
 SRE error 1.80 ⋅ 10−2 4.00 ⋅ 10−3 6.70 ⋅ 10−3 1.87 ⋅ 10−2

 DTW error 1.34 ⋅ 10−1 2.23 ⋅ 10−1 9.75 ⋅ 10−2 1.39 ⋅ 10−1

 Objective function value 9.85 ⋅ 10−3 5.32 ⋅ 10−4 4.75 ⋅ 10−4 1.00 ⋅ 10−3

variations in pore structure and tortuosity. Variability in the diffusion coefficients and saturation parameters across the OT samples 
reflects the intrinsic heterogeneity of hydraulic mortars.

Finally, we note that the water exchange rate 𝐾𝑤, appearing in the boundary condition (RBC), primarily reflects the interaction 
between the material and the external environmental conditions, rather than intrinsic properties of the material itself.
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Fig. 9. Simulation of the data-informed mathematical model, compared against the reconstructed experimental imbibition curve for Carrara marble 
(left) and travertine (right).

Fig. 10. Simulation of the data-informed mathematical model, compared against the reconstructed experimental imbibition curves for Tivoli traver-
tine with parallel (left) and perpendicular (right) anisotropy planes.

Fig. 11. Simulation of the data-informed mathematical model, compared against the reconstructed experimental imbibition curves for wackestone 
(left) and GS (right).

5.3.  Impact of data smoothing on calibration accuracy

In this section, we assess the effectiveness of the structure-preserving data reconstruction procedure introduced in Section 4.1. To 
this end, we compare the outcomes of the same calibration problem (19) when applied to raw and smoothed datasets for the different 
materials. From a quantitative perspective, we introduce the point-wise calibration error

𝑝𝑡(𝜏𝑖) =
|

|

|

𝑄𝑖
𝑑𝑎𝑡𝑎 −𝑄𝑘𝑖 (𝒑∗; Δ𝑧,Δ𝑡)||

|

,
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Fig. 12. Simulation of the data-informed mathematical model, compared against the reconstructed experimental imbibition curves for GSN (left) 
and GSP (right).

Fig. 13. Simulation of the data-informed mathematical model, compared against the experimental imbibition curves for different kinds of mortars.

together with its maximum and mean values

∞ = max
𝑖=0,…,𝑁𝑑𝑎𝑡𝑎

𝑝𝑡(𝜏𝑖), 𝔼 = 1
𝑁𝑑𝑎𝑡𝑎 + 1

𝑁𝑑𝑎𝑡𝑎
∑

𝑖=0
𝑝𝑡(𝜏𝑖),

which quantify the discrepancy between the experimental observations and the numerical quantity (10), obtained by solving (7) with 
the calibrated parameters 𝒑∗.

The results, displayed in Fig. 14 and summarized in Table 9, highlight the positive impact of the smoothing procedure as a pre-
processing step for calibration. In particular, the errors obtained using smoothed data are generally lower than those associated with 
raw data. For some materials, such as wackestone, travertine and GS, the reduction is consistent across all time instances. For the re-
maining materials, a certain variability is observed; nevertheless, both the mean and maximum errors reported in Table 9 consistently 
favor the smoothed datasets. In addition, for natural materials, the use of smoothed data significantly reduces the computational cost 
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Fig. 14. Comparison of pointwise calibration errors obtained using raw and smoothed datasets for natural (top) and artificial (bottom) materials.

of the calibration procedure. The observed speed-up amounts to approximately 125% for marble, 111% for travertine, and 416.7% for 
wackestone.

From a qualitative standpoint, when raw data are used without preprocessing, the calibration procedure leads, in the case of 
travertine and wackestone, to an underestimation of the diffusion coefficient 𝐷. This, in turn, produces simulated dynamics that 
fail to reproduce the steady-state behavior observed in the experimental data. Conversely, for aerial mortars, the opposite trend is 
observed: the diffusion coefficient is overestimated, leading to an excessively rapid approach to saturation.

Table 9 
Comparison of mean and maximum calibration errors obtained using raw and smoothed datasets 
for natural and artificial materials.
 Calibration  Natural Materials  Aerial Mortars
 Errors  Marble  Wackestone  Travertine  GS  GSN  GSP
𝔼 (Smoothed) 1.01 ⋅ 10−3 2.16 ⋅ 10−3 5.21 ⋅ 10−3 1.79 ⋅ 10−3 5.32 ⋅ 10−3 1.96 ⋅ 10−2

𝔼 (Raw) 1.03 ⋅ 10−3 2.53 ⋅ 10−3 1.31 ⋅ 10−2 6.29 ⋅ 10−3 5.55 ⋅ 10−3 2.56 ⋅ 10−2

∞ (Smoothed) 1.74 ⋅ 10−3 7.61 ⋅ 10−3 1.15 ⋅ 10−2 5.01 ⋅ 10−3 1.03 ⋅ 10−2 4.81 ⋅ 10−2

∞ (Raw) 1.78 ⋅ 10−3 8.80 ⋅ 10−3 2.00 ⋅ 10−2 1.20 ⋅ 10−2 1.22 ⋅ 10−2 7.45 ⋅ 10−2

Applied Mathematics and Computation 528 (2026) 130132 

15 



E.C. Braun, G. Bretti, M. Di Fazio et al.

6.  Conclusions and future perspectives

This work presents a comprehensive, data-informed mathematical framework specifically designed to characterize capillary water 
absorption in porous materials commonly employed in contexts of relevance to heritage science. The proposed approach integrates 
targeted laboratory experimentation with well-established mathematical models to yield a material-specific quantification of key 
physical parameters. Specifically, the imbibition dynamics is described through Richards-type differential equation built upon Darcy’s 
law, and simulated via a second order explicit numerical scheme based on the method of lines technique. On the experimental 
side, a series of imbibition experiments have been performed on various natural and artificial porous materials, generating a broad 
dataset. Additionally, a novel monotonicity-preserving reconstruction technique has been developed to correct slight irregularities 
in the experiments data, attributed to measurement noise and instrumental limitations, while retaining the physical coherence of 
the underlying monotonic water uptake process. This preprocessing step is intended to mitigate small data perturbations that could 
otherwise be amplified by the inverse operator in the parameter estimation procedure. A dedicated calibration procedure, based on 
particle swarm optimization and enhanced by a multigrid hierarchical strategy, is introduced for the data-driven identification of the 
model parameters. The integration of the squared relative error, of the dynamic time warping distance and of an endpoint-discrepancy 
penalization term within the objective functional has effectively ensured accurate capture of both the overall evolution and the final 
state of the imbibition process. In conclusion, the outcomes for the monitored materials confirm the reliability of the comprehensive 
experimental-mathematical methodology we designed, which proves to be a versatile tool for analyzing water absorption phenomena 
in porous geomaterials, with potential applications in cultural heritage preservation.

Given the promising results of this study, several potential directions for future work emerge. A natural extension would involve 
incorporating anisotropy and heterogeneous permeability to better represent complex materials like travertine. Further investigation 
into additional degradation mechanisms, such as salt crystallization and pollutant transport, is also of high interest. Finally, apply-
ing the proposed techniques to in-situ datasets from historical structures could enable the model’s deployment as a diagnostic and 
predictive tool for real-world conservation efforts.

Data availability

Data will be made available on request. The data that support the findings of this study are available from the corresponding 
author, M. P., upon reasonable request.
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