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We prove a quantitative isoperimetric inequality for the fractional
Gaussian perimeter using extension techniques. Though the expo-
nent of the Fraenkel asymmetry is not sharp, the constant appear-
ing in the inequality does not depend on the dimension but only
on the Gaussian volume of the set and on the fractional order.

1. Introduction

The Gaussian isoperimetric inequality states that among all sets with
prescribed Gaussian measure, the halfspace is the one with least Gaus-
sian perimeter. This result has been proved independently by Borell [6] and
Sudakov-Tsirelson [39]. In [15] it has been proved that halfspaces are the only
volume-constrained minimizers for the Gaussian perimeter, while in [3, 4, 17]
inequalities of quantitative type, that allow to relate the deficit between a
halfspace and a set with the same Gaussian volume with some function of
the Gaussian measure of their symmetric difference, are proved. In the same
vein, in [14], a quantitative isoperimetric result has been obtained for the
first eigenvalue of the Ornstein-Uhlenbeck operator with Dirichlet bound-
ary condition. The results in [17] have been improved in [34, 35]. On the
other side, fractional perimeters and nonlocal perimeters depending on more
general kernels have been object of great attention in the last years, since
they are related to nonlocal minimal surfaces [9, 33], phase transitions [40],
fractal sets [30] and many other problems. In the Euclidean setting, frac-
tional isoperimetric inequalities of qualitative and quantitative type have
been proved in [16, 28] and [27, 29], respectively. See also [19] where the
authors introduce a notion of fractional perimeter using a distributional ap-
proach and [21] where an isoperimetric problem with the competition of
two fractional perimeters of different order is studied. In [36] the authors

577

EZPXhaaLgDgDUtQxBUSkhZK2lskaK9YyPP6O7OJvuZZ+HuGGSnBVCagIlGZKL9YWo7xMR+e6D0XuaNbqszwaLWf9g/idN/GlViuks1JyS9AuSwGQmRS1dRaZ2vbeSgwSeICq801TGr+lMt9fXzIvZg==

EZPXhaaLgDgDUtQxBUSkhZK2lskaK9YyPP6O7OJvuZZ+HuGGSnBVCagIlGZKL9YWo7xMR+e6D0XuaNbqszwaLWf9g/idN/GlViuks1JyS9AuSwGQmRS1dRaZ2vbeSgwSeICq801TGr+lMt9fXzIvZg==



✐

✐

“5-Cito” — 2024/10/10 — 17:17 — page 578 — #2
✐

✐

✐

✐

✐

✐

578 Carbotti, Cito, La Manna, and Pallara

introduce a notion of fractional Gaussian perimeter using the by now well
known extension techniques introduced in [10, 38] and they prove a qualita-
tive isoperimetric inequality in the more general setting of abstract Wiener
spaces. Inspired by the paper [7], where the authors prove a stability esti-
mate for the fractional Faber-Krahn inequality, and taking into account the
extension technique of [38], we prove a quantitative isoperimetric inequal-
ity for a fractional perimeter in the Gauss space. Although the technique
is similar, we find a different exponent since the perimeter is given by the
Hs/2 norm of the characteristic function, while the first eigenvalue depends
on the Hs norm. See also [18] where the authors prove the same stability
result for the fractional capacity. Moreover, similarly to the local case (see
[3, 24]), the constant appearing in the inequality does not depend on the
dimension of the ambient space. This fact exploits Proposition 3.3 where
we prove that halfspaces have the same fractional Gaussian perimeter as
halflines having the same one dimensional Gaussian measure. To conclude,
we notice that the asymptotics as s → 0+ under the pointwise convergence
and the asymptotics as s → 1− under Γ-convergence have been studied in
[13] and in [12] in the present setting. In [20] the authors give a different
notion of Gaussian fractional perimeter of a measurable set E in a bounded
domain Ω ⊂ RN using a singular integral representation of the form

P γ
s (E; Ω) :=

∫

E∩Ω
e−

|x|2

4 dx

∫

Ec∩Ω

e−
|y|2

4

|x− y|N+s
dy

+

∫

E∩Ω
e−

|x|2

4 dx

∫

Ec∩Ωc

e−
|y|2

4

|x− y|N+s
dy

+

∫

E∩Ωc

e−
|x|2

4 dx

∫

Ec∩Ω

e−
|y|2

4

|x− y|N+s
dy,

and they prove the Γ-convergence of (1− s)P γ
s (E; Ω) to the Gaussian

perimeter as s → 1− exploiting techniques similar to the ones used in [1].
See also [5], where kernels with faster than L1 decay at infinity are taken
into account.

The precise statement of our main result is the following.

Main Theorem. Let N ≥ 1, s ∈ (0, 1) and m ∈ (0, 1). For any set E with
finite fractional Gaussian perimeter of order s and γ(E) = m we have

(1.1) Dγ
s (E) := P γ

s (E)− P γ
s (H) ≥ Cs,mAγ(E)

2

s ,
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where H is any halfspace with γ(H) = γ(E) and Cs,m is a positive constant
which depends only on s and m.

Here Aγ(E) denotes the Gaussian Fraenkel asymmetry: for the precise
definition of the quantities involved in (1.1) we invite the reader to check
Section 2. We notice that, as far as we know, the notion of perimeter used
here is not a particular case of the one given in [8, 37], where the authors
independently prove the local minimality of halfspaces for a broad class of
nonlocal perimeters using some calibration methods. See also the recent [11]
where the result is proved in the more general setting of Carnot Groups.

The paper is structured as follows. In Section 2 we introduce the notation
used throughout the paper and state some preliminary results. In Section 3
we recall the extension technique used to define the fractional Gaussian
perimeter of a measurable set (roughly speaking, we introduce a new “verti-
cal” variable in order to study an equivalent degenerate local problem in the
upper halfspace in one dimension more), we give some estimate of the rate of
convergence of the extension to the original function and we prove a crucial
result to obtain a dimension free constant in our Main Theorem. We also
give an approximation of the Gaussian fractional perimeter of the halfspace,
whose precise computation is not known up to our knowledge. Section 4 is
more technical; here we collect some useful results that relate the asymmetry
of a given measurable set with the asymmetry of some suitable level sets of
the extension. Section 5 is devoted to the proof of the Main Theorem. Finally,
in Section 6, we collect some remarks about our results and we discuss some
open problems arising from our analysis.

2. Preliminary results

For N ∈ N we denote by γN and HN−1
γ , respectively, the Gaussian measure

on RN and the (N − 1)-Hausdorff Gaussian measure

γN :=
1

(2π)N/2
e−

|·|2

2 LN ,

HN−1
γ :=

1

(2π)(N−1)/2
e−

|·|2

2 HN−1,

where LN and HN−1 are the Lebesgue measure and the Euclidean (N − 1)-
dimensional Hausdorff measure, respectively. When k ∈ {1, . . . , N} is a given
integer, we denote by γk the standard k-dimensional Gaussian measure;
when there is no ambiguity we simply write γ instead of γN .
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The Gaussian perimeter of a measurable set E in an open set Ω is defined
as

Pγ(E; Ω) =
√
2π sup

{
∫

E
(divϕ− ϕ · x) dγ(x) : ϕ ∈ C∞

c

(

Ω;RN
)

, ∥ϕ∥∞ ≤ 1

}

.

If Ω = RN , we denote the Gaussian perimeter of E in the whole RN simply
by Pγ(E). Moreover, if E has finite Gaussian perimeter, then E has locally
finite Euclidean perimeter and it holds

Pγ(E) = HN−1
γ

(

∂∗E
)

=
1

(2π)
(N−1)

2

∫

∂∗E
e−

|x|2

2 dHN−1(x),

where ∂∗E is the reduced boundary of E. We refer to [2] for the properties
of sets with finite perimeter.

We introduce the increasing function Φ : R → (0, 1) by

Φ(r) :=

∫ r

−∞
dγ1(t),

and its inverse Φ−1 : (0, 1) → R. We have

γ(Hω,r) = Φ(r)

and

Pγ(Hω,r) = e−r2/2,

where, for ω ∈ SN−1 and r ∈ R, Hω,r denotes the halfspace

Hω,r :=
{

x ∈ R
N s.t. x · ω < r

}

.

Moreover, the Gaussian perimeter of any halfspace with Gaussian volume
m ∈ (0, 1) is given by

(2.1) I(m) := e−
Φ−1(m)2

2 ,

where I : (0, 1) → (0, 1] is usually called isoperimetric function, and the
Gaussian isoperimetric inequality reads as follows

(2.2) Pγ(E) ≥ I
(

γ(E)
)

,

stating that halfspaces are the unique (see [15]) volume constrained minimi-
zers of the Gaussian perimeter. A sharp stability result for (2.2) has been
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obtained in [3]. Following [22], we introduce a suitable notion of symmetriza-
tion in the Gauss space. First, for any J ⊂ R we set

(2.3) J∗ =
(

−∞,Φ−1
(

γ1(J)
))

.

Then, for h ∈ RN with |h| = 1, we consider the projection x′ = x− (x · h)h
and write x = x′ + th with t ∈ R, and for every measurable function u :
RN → R we define the symmetrized function in the sense of Ehrhard

(2.4) u∗h
(

x′ + th
)

= sup
{

c ∈ R : t ∈
{

u
(

x′ + ·h
)

> c
}∗}

.

Notice that if u is (weakly) differentiable, u∗h is differentiable as well and the
inequality

∫

RN

|∇u∗h(x)|2 dγ(x) ≤
∫

RN

|∇u(x)|2 dγ(x)

holds, see [23, Theorem 3.1] for the Lipschitz case; the Sobolev case eas-
ily follows by approximation. Since symmetrization preserves the class of
characteristic functions, for every measurable set E ⊂ RN we may define
the Ehrhard-symmetrized set E∗

h through the equality

χE∗
h
= (χE)

∗
h.

We define the Gaussian Fraenkel asymmetry and the fractional Gaussian
isoperimetric deficit of a set E as

Aγ(E) := min
ω∈SN−1

γ(E△Hω,r)

γ(E)
,

and

Dγ
s (E) := P γ

s (E)− P γ
s (Hω,r),

where △ stands for the symmetric difference between sets and P γ
s (E) is the

s-fractional Gaussian perimeter of E, see Section 3. These definitions are
motivated by the fact that halfspaces are the optimal sets for the fractional
isoperimetric problem as well, see [36].

3. The extension technique and the fractional Gaussian

perimeter

In this section we collect the main results leading to the definition of the
fractional Gaussian perimeter of a set and some preliminary results. Our ap-
proach is based on the extension technique due to Caffarelli-Silvestre [10] in
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the Euclidean case and extended to wider frameworks, including the Gaus-
sian case, by Stinga-Torrea in [38]. In the sequel, for any 1 ≤ p < ∞ we use
the notation Lp

γ for the space Lp(RN , dγ) and recall that in the Gaussian
case the Ornstein-Uhlenbeck operator plays the same role as the Laplacian
in the Euclidean setting. The Ornstein-Uhlenbeck operator ∆γ is defined,
for u sufficiently smooth, as

(3.1) (∆γu)(x) := (∆u)(x)− x · ∇u(x).

Since it comes from the symmetric bilinear form

E(u, v) := 1

2

∫

RN

∇u · ∇v dγ,

we have that −∆γ is a positive definite selfadjoint operator which generates
a C0-semigroup of contractions, which we denote by et∆γ , in L2

γ (see, [31]

for a recent survey of the main properties of ∆γ , et∆γ and references). As
in [38], we can define its fractional powers by means of classical spectral
decomposition by the Bochner’s subordination formula (see e.g. [32])

(3.2) (−∆γ)
su :=

1

Γ(−s)

∫ ∞

0

et∆γu− u

ts+1
dt,

where Γ denotes the Euler Gamma function and the Ornstein-Uhlenbeck
semigroup et∆γ is given by the Mehler formula recalled in [31]

(

et∆γu
)

(x) :=
1

(2π(1− e−2t))N/2

∫

RN

u
(

e−tx− y
)

e
− |y|2

2(1−e−2t)dy

=

∫

RN

u
(

e−tx+
√

1− e−2ty
)

dγ(y).

Since for any λ > 0 it holds

(

1

|Γ(− s
2)|

∫ ∞

0

1− e−tλ

t
s

2
+1

dt

)2

= λs,

again by functional calculus and Bochner’s subordination formula we deduce

(3.3) (−∆γ)
s

2 ◦ (−∆γ)
s

2 = (−∆γ)
s.

For an equivalent definition of (−∆γ)
s and for other qualitative proper-

ties involving the fractional Ornstein-Uhlenbeck operator we refer to [26].
The next proposition is an easy consequence of selfadjointness.
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Proposition 3.1. For u, v ∈ Dom((−∆γ)
s) it holds

∫

RN

et∆γ (−∆γ)
svu dγ =

∫

RN

e
t

2
∆γ (−∆γ)

s

2 ve
t

2
∆γ (−∆γ)

s

2u dγ.

Proof. Since (−∆γ)
s and et∆γ are selfadjoint operators in L2

γ , from (3.3) and
the semigroup law we get

∫

RN

et∆γ (−∆γ)
svu dγ =

∫

RN

et∆γ (−∆γ)
s

2 ◦ (−∆γ)
s

2 vu dγ

=

∫

RN

(−∆γ)
s

2 e
t

2
∆γe

t

2
∆γ (−∆γ)

s

2 v u dγ

=

∫

RN

e
t

2
∆γ (−∆γ)

s

2 ve
t

2
∆γ (−∆γ)

s

2u dγ.

□

As pointed out by Stinga and Torrea in [38], the fractional powers of the
Ornstein-Uhlenbeck operator can be obtained through an auxiliary problem,
as it happens in the Euclidean case, see [10].

Theorem 3.2. Let ϕ ∈ Dom((−∆γ)
s). The solution of the extension prob-

lem

(3.4)

{

∆γx
V + 1−2s

z ∂zV + ∂2
zV = 0 in R

N+1
+

V (x, 0) = ϕ(x) in RN .

is given by

(3.5) Uϕ(x, z) =
1

Γ(s)

∫ ∞

0
et∆γ (−∆γ)

sϕ(x)
e−

z2

4t

t1−s
dt

and it satisfies

− lim
z→0+

z1−2s∂zUϕ(x, z) = K2s(−∆γ)
sϕ(x),

where

(3.6) K2s :=
2s|Γ(−s)|
4sΓ(s)

.

Coming to fractional Sobolev spaces, for s ∈ (0, 1) in the spirit of [38] we
define the space Hs

γ as the space of functions u ∈ L2
γ such that the following
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seminorm

[u]2Hs
γ
:= inf

{
∫∫

R
N+1
+

(

|∇xv|2 + |∂zv|2
)

z1−2sdγ(x)dz :

v ∈ H1
loc

(

R
N+1
+

)

, v(·, 0) = u

}

is finite. If for a function u the infimum is achieved, the minimizer U ∈
H1

loc(R
N+1
+ ) of the above functional is a weak solution of (3.4) with u in

place of ϕ. In particular, when u = χE for some measurable set E, we define
the fractional Gaussian perimeter of E as

P γ
s (E) :=

1

2
[χE ]

2

H
s
2
γ

.

After this preparation we define an inner product in Hs
γ by

⟨u, v⟩Hs
γ
= K2s

∫

RN

v(−∆γ)
su dγ = K2s

∫

RN

u(−∆γ)
sv dγ

whenever u, v ∈ Dom((−∆γ)
s). This gives the equality

[u]2Hs
γ
= K2s

∫

RN

u(−∆γ)
su dγ.

Note that when s < 1, using Bochner’s formula, we have

(3.7) [u]2Hs
γ
= K2s

∫

RN

u(−∆γ)
su dγ = K2s∥(−∆γ)

s

2u∥2L2
γ

for every u ∈ Dom((−∆γ)
s).

Let us prove that the fractional Gaussian perimeter of a halfspace is the
same in any dimension.

Proposition 3.3. For s ∈ (0, 1) and r ∈ R we set

Hr := (−∞, r) and HN
r :=

{

x ∈ R
N : xN < r

}

.

Then we have

P γ
s

(

HN
r

)

= P γ1
s (Hr),

i.e., P γ
s (HN

r ) does not depend on the dimension N .
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Proof. Let (y, z) ∈ R2
+, let v(y, z) be the solution of

(3.8)

{

∂2
yu− y∂yu+ 1−s

z ∂zu+ ∂2
zu = 0 in R2

+

u(y, 0) = χHr
(y) in R,

and consider

(3.9)

{

∆γx
u+ 1−s

z ∂zu+ ∂2
zu = 0 in R

N+1
+

u(x, 0) = χHN
r
(x) in RN .

We prove that w(x, z) := v(xN , z) solves (3.9). Indeed, we have

(3.10) ∆γw +
1− s

z
∂zw + ∂2

zw = ∂2
xN

v − xN∂xN
v +

1− s

z
∂zv + ∂2

zv = 0,

and

(3.11) w(x, 0) = v(xN , 0) = χHr
(xN ) = χHN

r
(x).

Putting together (3.10) and (3.11) we have that w solves (3.9). Now we note
that w has finite energy. Indeed,

∫∫

R
N+1
+

(

|∇xw|2 + |∂zw|2
)

dγN (x)z1−sdz(3.12)

=

∫∫

R2
+

(

|∂yv|2 + |∂zv|2
)

dγ1(y)z
1−sdz,

where we have used that γN = γN−1 ⊗ γ1 and

∫

RN−1

dγN−1

(

x′
)

= 1.

Since the functional

H1
loc ∋ ϕ 7→

∫∫

R
N+1
+

(

|∇xϕ|2 + |∂zϕ|2
)

dγN (x)z1−sdz

is strictly convex, it has only one critical point which coincides with the
minimizer. Hence we have proved that w(x, z) = v(xN , z) is the solution of
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the minimum problem

inf

{
∫∫

R
N+1
+

(

|∇xu|2 + |∂zu|2
)

dγN (x)z1−sdz :

u ∈ H1
loc

(

R
N+1
+

)

, u(·, 0) = χHN
r

}

,

and recalling the definition of P s
γ (H

N
r ), the equality in (3.12) gives the result.

□

Remark 3.4. As it will be clear later, in order to have a more accurate
control on the constant in the inequality (1.1) we need an approximation of
the value of the fractional Gaussian perimeter of the halfspace. Firstly, we
define the normalized Hermite polynomials as

hn(x) =
(−1)n√

n!
e

x2

2

(

d

dx

)n
(

e−
x2

2

)

.

It is well known that

−∆γ1
hn = nhn in R and

∫ +∞

−∞
hnhm dγ = δnm.

Thus now define the halflineHr := (−∞, r) and f r(x) := χHr
(x). We expand

f r on the basis given by hn and have

f r =

∞
∑

k=0

f r
khk.

It is quite simple to evaluate f r
k , indeed those are just the projection of f r

on hk and are given, for any k ∈ N ∪ {0}, by

f r
k =

∫ +∞

−∞
f rhkd γ =

1√
2π

∫ r

−∞

(−1)k√
k!

(

d

dx

)k
(

e−
x2

2

)

dx

=
(−1)k√
2πk!

(

d

dr

)k−1
(

e−
r2

2

)

,

where, with abuse of notation when k = 0

f r
0 =

1√
2π

(

d

dr

)−1
(

e−
r2

2

)

:=
1√
2π

∫ r

−∞
e−

t2

2 dt.
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Hence the following formula holds

P γ1
s (Hr) =

1

2

∫ +∞

−∞
f r(−∆γ1

)
s

2 f r dγ(3.13)

=
1

2

(

f r
0

∞
∑

k=1

k
s

2 f r
k

∫ +∞

−∞
hkdγ +

∞
∑

k=1

k
s

2

(

f r
k

)2

)

=
1

4π

∞
∑

k=1

k
s

2
1

k!

((

d

dr

)k−1
(

e−
r2

2

)

)2

=
1

4π
e−r2

∞
∑

k=1

1

k1−
s

2

h2k−1(r),

where in the second and the third equality, respectively, we used the fact
that

∫ +∞

−∞
h2kdγ = 1 and

∫ +∞

−∞
hkdγ = 0.

Now we use the asymptotic behavior of the Hermite polynomials (see [25,
Pag. 201, Formula 18]). After the change of variable x = r√

2
and the use of

Stirling’s formula for the Gamma function, we see that there exists ν ∈ N

such that

hk−1(r) ≃
(

2

π

)1/4 e
r2

4

(k − 1)
1

4

for k ≥ ν.

Therefore,

P γ1
s (Hr) ≃

1

4π

√

2

π
e−

r2

2

(

ν
∑

k=1

1

k1−
s

2

h2k−1(r) +

∞
∑

k=ν+1

1

k1+
1−s

2

)

≃ 1

4π

√

2

π
e−

r2

2

(

c(r, ν, s) +

∫ ∞

ν+1

dx

x1+
1−s

2

)

=

√

π

2

1

π2

(

c(r, ν, s) +
e−

r2

2 (ν + 1)−
1−s

2

1− s

)

,

where c(r, ν, s) is the partial sum up to k = ν that is uniformly bounded with
respect to s ∈ [0, 1] (since ν does not depend on s). Using Proposition 3.3
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this simply means that

lim
s→1−

(1− s)P γ
s

(

HN
r

)

= lim
s→1−

(1− s)P γ1
s (Hr)

≃
√

π

2

1

π2
e−

r2

2 =

√

π

2

1

π2
Pγ

(

HN
r

)

.

From now on to shorten the notation, we set UE = UχE
to denote the

solution of problem (3.4) when ϕ = χE .
The last proposition of this section gives an estimate of the rate of con-

vergence of the Stinga-Torrea extension and will be useful later.

Proposition 3.5. Let s ∈ (0, 1) and ϕ ∈ Dom((−∆γ)
s). Let Uϕ be the solu-

tion of the extension problem

(3.14)

{

∆γx
V + 1−2s

z ∂zV + ∂2
zV = 0 in R

N+1
+ ,

V (x, 0) = ϕ(x) in RN .

Then, the following estimate holds

(3.15)
〈

ϕ− Uϕ(·, z), ϕ
〉

L2
γ

=

∫

RN

ϕ
(

ϕ− Uϕ(·, z)
)

dγ ≤ β2sz
2s[ϕ]2Hs

γ

with

β2s :=
1

4sK2s

Γ(1− s)

Γ(1 + s)
,

where K2s is given in (3.6).

Proof. As a consequence of Theorem 3.2 we know that the solution Uϕ(x, z)
is given by

Uϕ(x, z) =
1

Γ(s)

∫ ∞

0
et∆γ

(

(−∆γ)
sϕ
)

(x)
e−

z2

4t

t1−s
dt.

Then, we can write

Uϕ(x, z)− ϕ(x) =
1

Γ(s)

∫ ∞

0
et∆γ

(

(−∆γ)
sϕ
)

(x)

(

e−
z2

4t − 1

t1−s

)

dt
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and using Proposition 3.1

〈

ϕ− Uϕ(·, z), ϕ
〉

L2
γ

=
1

Γ(s)

∫ ∞

0
dt

∫

RN

ϕet∆γ
(

(−∆γ)
sϕ
)

(

1− e−
z2

4t

t1−s

)

dγ

=
1

Γ(s)

∫ ∞

0

1− e−
z2

4t

t1−s
dt

∫

RN

e
t

2
∆γ
(

(−∆γ)
s

2ϕ
)

e
t

2
∆γ
(

(−∆γ)
s

2ϕ
)

dγ.

(3.16)

Now recall that the function v(·, t) = e
t∆γ

2 ((−∆γ)
s

2ϕ) is nothing but the
solution of the Cauchy problem

(3.17)

{

2∂tv = ∆γv (x, t) ∈ RN × (0,∞),

v(x, 0) = (−∆γ)
s

2ϕ(x) x ∈ RN

evaluated at t. Hence we have

d

dt
∥v(·, t)∥2L2

γ
=

∫

RN

v∆γv dγ =

∫

RN

vDiv
(

e−
|x|2

2 ∇v
)

dx(3.18)

= −
∫

RN

|∇v|2 dγ ≤ 0

which implies that the L2
γ norm is nonincreasing in the t variable. Hence,

using (3.7) and (3.18) formula (3.16) can be rewritten as

〈

ϕ− Uϕ(·, z), ϕ
〉

L2
γ

≤ 1

Γ(s)
∥(−∆γ)

s

2ϕ∥2L2
γ

∫ ∞

0

1− e−
z2

4t

t1−s
dt(3.19)

=
1

4s
Γ(1− s)

Γ(1 + s)
z2s∥(−∆γ)

s

2ϕ∥2L2
γ
= β2sz

2s[ϕ]2Hs
γ
,

with β2s as in the statement, and the proof is complete. □

Since we are interested in applying the above lemma to characteristic
functions and fractional perimeters, it is convenient to rewrite the above
lemma with ϕ = χE and s replaced by s/2. We notice that if ϕ is a characteri-
stic function, then Uϕ ≤ 1 everywhere (to prove it one uses the variational
formulation and shows that replacing any competitor v with min{v, 1} the
energy does not increase). This observation allows us to say that χE(χE −
UE) ≥ 0 in the whole R

N+1
+ . Then (3.15) reads

(3.20)

∫

E

(

1− UE(·, z)
)

dγ ≤ βsz
s[χE ]

2

H
s
2
γ

= 2βsz
sP γ

s (E).
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4. Estimates on the level sets of the extension

This section contains some technical results that are the core of the proof of
the Main Theorem. Our strategy follows the ideas in [7]: we first estimate
Dγ

s (E) from below with a quantity involving the asymmetry of the superlevel
sets of UE(·, z) and then, in a suitable range of values for the function UE

and for the vertical variable z, we show that the asymmetry of the superlevel
sets is estimated from below by Aγ(E).

The following proposition provides an enhanced version of an inequality
proved in [36]. In the spirit of [7, 29], given a set E, we apply the Stinga-
Torrea extension to the function χE and exploit the sharp Gaussian quanti-
tative inequality proved in [3].

Proposition 4.1. Let s ∈ (0, 1) and let E ⊂ RN be an open set with
P γ
s (E) < ∞. For t > 0 and z > 0, we set

Et,z :=
{

x ∈ R
N : UE(x, z) > t

}

, µz(t) := γ(Et,z),

and, for any m ∈ (0, 1)

f(m) :=
e

Φ−1(m)2

2

1 + Φ−1(m)2
.

Then for every halfspace H := Hω,r s.t. γ(H) = γ(E) we have

(4.1) P γ
s (E)− P γ

s (H) ≥ 1

2c

∫ ∞

0
z1−sdz

∫ ∞

0
f
(

µz(t)
)

A2
γ(Et,z)

I(µz(t))

−µ′
z(t)

dt

where c is the absolute constant in [3, Main Theorem].

Proof. We have

P γ
s (E) =

1

2
[χE ]

2

H
s
2
γ

=
1

2

(
∫∫

R
N+1
+

z1−s|∇xUE |2dγ(x)dz

+

∫∫

R
N+1
+

z1−s|∂zUE |2dγ(x)dz
)

.

For the z-derivative, we may compute (see [36, Lemma 3.2]).

(4.2)

∫∫

R
N+1
+

z1−s|∂zUE |2dγ(x)dz ≥
∫∫

R
N+1
+

z1−s|∂zU∗
E |2dγ(x)dz,
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while for the x-derivative, by using the coarea formula we have

∫∫

R
N+1
+

z1−s|∇xUE |2dγ(x)dz(4.3)

=

∫ ∞

0
z1−sdz

∫ ∞

0
dt

∫

{x∈RN :UE(x,z)=t}
|∇xUE |dHN−1

γ (x)

≥
∫ ∞

0
z1−sdz

∫ ∞

0

Pγ(Et,z)
2

∫

{x∈RN :UE(x,z)=t}
dHN−1

γ (x)
|∇xUE |

dt,

where we have used Hölder’s inequality with exponents (2, 2) to get

(4.4) Pγ(Et,z)
2 ≤

(
∫

∂∗Et,z

|∇xUE | dHN−1
γ (x)

)(
∫

∂∗Et,z

dHN−1
γ (x)

|∇xUE |

)

.

Now, we consider the Ehrhard-symmetrized of the set Et,z

E∗
t,z =

{

x ∈ R
N : U∗

E(x, z) > t
}

and, from the trivial inequality

(

Pγ(Et,z)− Pγ

(

E∗
t,z

))2 ≥ 0,

we easily obtain

(4.5) Pγ(Et,z)
2 ≥ Pγ

(

E∗
t,z

)2
+ 2Pγ

(

E∗
t,z

)(

Pγ(Et,z)− Pγ

(

E∗
t,z

))

.

Moreover the Main Theorem in [3] provides us with the following quantita-
tive inequality

(4.6) Pγ(E)− Pγ

(

E∗) = Pγ(E)− e−
r2

2 ≥ e
r2

2

4c(1 + r2)
Aγ(E)2,

for any set E such that γ(E) = m, with r = Φ−1(m), and for some absolute
constant c > 0, see the discussions in the Introduction of [3] and in [4].

Inserting (4.6) in (4.5) we conclude that

(4.7) Pγ(Et,z)
2 ≥ Pγ

(

E∗
t,z

)2
+

f(µz(t))

2c
Pγ

(

E∗
t,z

)

Aγ(Et,z)
2.
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If we put (4.7) into (4.3) we obtain

∫∫

R
N+1
+

z1−s|∇xUE |2dγ(x)dz(4.8)

≥
∫ ∞

0
z1−sdz

∫ ∞

0

P (E∗
t,z)

2

−µ′
z(t)

dt

+
1

2c

∫ ∞

0
z1−sdz

∫ ∞

0
f
(

µz(t)
)Pγ(E

∗
t,z)Aγ(Et,z)

2

−µ′
z(t)

dt

where we have the equalities

µz(t) = γ
(

E∗
t,z

)

=

∫ ∞

t
ds

∫

∂E∗
s,z

dHN−1
γ (x)

|∇xU∗
E |

,

µ′
z(t) = −

∫

∂E∗
t,z

dHN−1
γ (x)

|∇xU∗
E |

.

By using these facts we obtain

∫ ∞

0
z1−sdz

∫ ∞

0

P (E∗
t,z)

2

−µ′
z(t)

dt =

∫ ∞

0
z1−sdz

∫ ∞

0

P (E∗
t,z)

2

∫

∂E∗
t,z

dHN−1
γ (x)

|∇xU∗
E |

dt

=

∫ ∞

0
z1−sdz

∫ ∞

0

(
∫

∂E∗
t,z

|∇xU
∗
E |dHN−1

γ (x)

)

dt,

where we have applied Hölder’s inequality with exponents (2,2) as in (4.4).
In this case the equality occurs, as the functions |∇xU

∗
E |1/2 and |∇xU

∗
E |−1/2

are constant on the level plane ∂E∗
t,z. By applying the coarea formula we get

∫ ∞

0
z1−sdz

∫ ∞

0

(
∫

∂E∗
t,z

|∇xU
∗
E |dHN−1

γ (x)

)

dt(4.9)

=

∫∫

R
N+1
+

z1−s|∇xU
∗
E |2dγ(x)dz.
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By plugging (4.9) into (4.8) and summing with (4.2) we finally obtain

P s
γ (E) =

1

2

(
∫∫

R
N+1
+

z1−s|∇xUE |2dγ(x)dz +
∫∫

R
N+1
+

z1−s|∂zUE |2dγ(x)dz
)

≥ 1

2

(
∫∫

R
N+1
+

z1−s|∇xU
∗
E |2dγ(x)dz +

∫∫

R
N+1
+

z1−s|∂zU∗
E |2dγ(x)dz

)

+
1

2c

∫ ∞

0
z1−sdz

∫ ∞

0
f
(

µz(t)
)Pγ(E

∗
t,z)Aγ(Et,z)

2

−µ′
z(t)

dt

= P s
γ (H) +

1

2c

∫ ∞

0
z1−sdz

∫ ∞

0
f
(

µz(t)
)Pγ(E

∗
t,z)Aγ(Et,z)

2

−µ′
z(t)

dt,

hence, recalling that Pγ(E
∗
t,z) = I(γ(E∗

t,z)), we get the thesis. □

The next lemma roughly says that if we know how asymmetric is a set
and we are given another set which is not too different (in the measure sense)
from the first one, then the asymmetry of the second set can be controlled
from below by the asymmetry of the first one.

Lemma 4.2. Let E,F ⊂ RN be two measurable sets such that

(4.10)
γ(F△E)

γ(F )
≤ κAγ(F ),

for some 0 < κ < 1/2. Then

Aγ(E) ≥ 1− 2κ

cκ
Aγ(F ),

where cκ :=

{

1, if γ(E \ F ) = 0,

1 + 2κ, if γ(E \ F ) > 0.

Proof. The case Aγ(F ) = 0 is trivial, so we can suppose that Aγ(F ) > 0.
We take a halfspace H such that γ(H) = γ(E) and

Aγ(E) =
γ(E△H)

γ(E)
,

and the halfspace H ′ with γ(H ′) = γ(F ) and such that H is contained in
H ′ or vice versa. We recall that

γ(F△E) = ∥χF − χE∥L1
γ
,
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and by using the triangle inequality we obtain

Aγ(E) =
γ(E△H)

γ(E)
≥ γ(F )

γ(E)

(

γ(F△H ′)
γ(F )

− γ(H ′△H)

γ(F )
− γ(F△E)

γ(F )

)

≥ γ(F )

γ(E)

(

Aγ(F )− 2
γ(F△E)

γ(F )

)

≥ γ(F )

γ(E)
(1− 2κ)Aγ(F ),

where in the second inequality we have used the fact that

γ
(

H ′△H
)

=
∣

∣γ(F )− γ(E)
∣

∣ ≤ γ(F△E).

In order to conclude, we need to get a lower bound for the ratio γ(F )/γ(E).
If γ(E \ F ) = 0, we have

γ(F )

γ(E)
=

γ(F )

γ(E ∩ F )
≥ 1.

If γ(E \ F ) > 0, we observe that

γ(F )

γ(E)
=

γ(F )

γ(E \ F ) + γ(E ∩ F )
≥ γ(F )

γ(F△E) + γ(F )
≥ 1

1 + κAγ(F )
.

We conclude by recalling that the Gaussian Fraenkel asymmetry is always
smaller than 2. □

Now we prove a technical result similar to [7, Lemma 4.2]. It states that if
we are not going too far in the vertical direction, then the level sets of the
extension of the characteristic function of a set E are comparable to E itself.

Lemma 4.3. For α > 0 fixed, the following implication holds:

if
1

4
≤ t ≤ 3

4
and 0 < z <

(

1

8αβsP
γ
s (E)

)
1

s

,

then

(4.11) γ
(

E \
{

x ∈ R
N : UE(x, z) > t

})

≤ 1

α

and

(4.12) γ
({

x ∈ R
N : UE(x, z) > t

}

\ E
)

≤ 1

α
.
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Proof. Fixed z ∈ (0,∞), we set

BE,z :=
{

x ∈ E :
(

1− UE(x, z)
)

> 2βsP
γ
s (E)αzs

}

.

Then, by using the Markov-Chebychev inequality and (3.20), we get

(4.13) γ(BE,z) ≤
1

2βsP
γ
s (E)αzs

∫

E

(

1− UE(·, z)
)

dγ ≤ 1

α
.

We now take t and z as in the statement. Then for every x ∈ E such that
UE(x, z) ≤ t, we have

1− UE(x, z) ≥ 1− t ≥ 1

4
> 2αβsP

γ
s (E)zs

that is

{

x ∈ R
N : UE(x, z) ≤ t

}

∩ E = E \
{

x ∈ R
N : UE(x, z) > t

}

⊂ BE,z.

By using (4.13), we get (4.11). Inequality (4.12) can be obtained in the same
way replacing E with Ec and using UEc = 1− UE . □

Next proposition is an easy application of the previous Lemmas 4.2 and 4.3
and is one of the main ingredients in the proof of our Main Theorem.

Proposition 4.4. For t ∈ [14 ,
3
4 ] and z ∈ (0, z0], where

z0 :=

(Aγ(E)γ(E)

72βsP
γ
s (E)

)
1

s

,

we have

(4.14)
∣

∣γ(Et,z)− γ(E)
∣

∣ ≤ 2

9
γ(E)Aγ(E)

and

(4.15) Aγ(Et,z) ≥
5

13
Aγ(E).
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Proof. Observe that by using (4.11) and (4.12) in Lemma 4.3 with the choice

α :=
9

Aγ(E)γ(E)
,

we get

γ(Et,z△E)

γ(E)
=

γ(E \ Et,z)

γ(E)
+

γ(Et,z \ E)

γ(E)

≤ 2

α

1

γ(E)
=

2

9
Aγ(E).

Finally, by triangle inequality we have

γ(E)− γ(Et,z△E) ≤ γ(Et,z) ≤ γ(E) + γ(Et,z△E),

thus by joining the last two estimates we get (4.14). We can now apply
Lemma 4.2 with κ = 2/9, so we obtain

Aγ(Et,z) ≥
1− 4

9

1 + 4
9

Aγ(E) =
5

13
Aγ(E),

and this concludes the proof. □

5. Proof of the main theorem

Now our goal is to prove that

(5.1) Dγ
s (E) = P γ

s (E)− P γ
s (H) ≥ Cs,mAγ(E)

2

s

where H is a halfspace such that γ(H) = γ(E) = m. We also observe that
if P γ

s (E) > 2P γ
s (H), then by using that Aγ(E) < 2

P γ
s (E)− P γ

s (H) > P γ
s (H) >

P γ
s (H)

2
2

s

Aγ(E)
2

s .

Therefore, we reduce ourselves to considering the case

(5.2) P γ
s (E) ≤ 2P γ

s (H).

We are now ready to prove our Main Theorem.

Proof of the Main Theorem. Since γ(E) + γ(Ec) = 1 and P γ
s (E) = P γ

s (Ec)
we can assume with no loss of generality that γ(E) ≤ 1

2 .
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We set

z1 :=

( Aγ(E)γ(E)

144βsP
γ
s (H)

)
1

s

,

by assumption (5.2), we have

z1 < z0 =

(Aγ(E)γ(E)

72βsP
γ
s (E)

)
1

s

,

where z0 is defined in Proposition 4.4. By using Proposition 4.1 in conjunc-
tion with Proposition 4.4, we have

P γ
s (E)− P γ

s (H) ≥ 1

2c

∫ ∞

0
z1−sdz

∫ ∞

0
f
(

µz(t)
)

Aγ(Et,z)
2 I(µz(t))

−µ′
z(t)

dt

≥ 1

2c

∫ z1

0
z1−sdz

∫ 3

4

1

4

f
(

µz(t)
)

Aγ(Et,z)
2 I(µz(t))

−µ′
z(t)

dt

≥ 25

338c
Aγ(E)2

∫ z1

0
z1−sdz

∫ 3

4

1

4

f
(

µz(t)
)I(µz(t))

−µ′
z(t)

dt

≥ 25
√
e

676c
Aγ(E)2

∫ z1

0
z1−sdz

∫ 3

4

1

4

I(µz(t))

−µ′
z(t)

dt.

where in the last inequality we used the fact that the function R ∋ x 7→
e(x) := e

x2

2

1+x2 is bounded from below by
√
e/2 and that f = e ◦ Φ−1. We

observe that by using (4.14) and the fact that Aγ(E) < 2, for every t ∈ [14 ,
3
4 ]

we get

5

9
γ(E) < γ(E)

(

1− 2

9
Aγ(E)

)

≤ µz(t) ≤ γ(E)

(

1 +
2

9
Aγ(E)

)

<
13

9
γ(E),

and so,

I
(

µz(t)
)

≥ min

{

I(ξ), ξ ∈
[

5

9
γ(E),

13

9
γ(E)

]}

=: σγ(E),

for every t ∈ [14 ,
3
4 ] and for every z ∈ [0, z1]. This in turn implies that

P γ
s (E)− P γ

s (H) ≥ 25
√
e

676c
σγ(E)Aγ(E)2

∫ z1

0
z1−sdz

∫ 3

4

1

4

1

−µ′
z(t)

dt.
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We estimate the inner integral in t by using Jensen’s inequality

∫ 3

4

1

4

1

−µ′
z(t)

dt ≥ 1

4

(

∫ 3

4

1

4

−µ′
z(t)dt

)−1

≥ 1

4

(

γ(E 1

4
,z)− γ(E 3

4
,z)
)−1

.

By using (4.14) with t = 1/4 and t = 3/4, we get

γ(E 1

4
,z)− γ(E 3

4
,z) ≤ γ(E)

(

1 +
2

9
Aγ(E)

)

− γ(E)

(

1− 2

9
Aγ(E)

)

=
4

9
γ(E)Aγ(E).

In conclusion, we get

P γ
s (E)− P γ

s (H) ≥ 9

4

25
√
e

676c

Aγ(E)

γ(E)

σγ(E)

4

∫ z1

0
z1−sdz

=
32 · 52
676c

Aγ(E)

γ(E)

σγ(E)

16

√
e

2− s
z2−s
1

=
34−

4

s · 52
132c

(

1

2

)
8

s
+2 √

e

2− s

σγ(E)γ(E)
2

s
−2

(βsP
γ
s (H))

2

s
−1

Aγ(E)
2

s ,

and this concludes the proof. □

6. Further remarks and open problems

Some comments on the constant Cs,m obtained in the Main Theorem
are in order: though it is quite explicit, unfortunately we only have an
upper bound for the constant c (coming from the sharp quantitative
Gaussian isoperimetric inequality in [3]) and we have only an approx-
imation of the value of the fractional Gaussian perimeter of the halfs-
pace provided by Remark 3.4. Moreover, the constant does not seem to
be stable as s → 0+ or s → 1− and the exponent 2/s of the asymme-
try does not seem to be sharp. Indeed, in complete similarity with the
Euclidean case proved in [27], we expect the optimal power to be 2 for
any s ∈ (0, 1) although the techniques we used do not lead to the ex-
pected sharp exponent even in the Euclidean case, as one can see in
[29] for the fractional perimeter or in [7] for a nonlocal spectral func-
tional.

The fact that Cs,m is independent of the dimension suggests to generalize
the result in infinite dimension, as usual in the framework of Gauss spaces,
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replacing RN with an infinite dimensional Wiener space. Unfortunately, at
the moment this is not possible using an argument of approximation via
cylindrical functions, even in the local case. Indeed, the proof of our result
relies on other papers where dimension-free inequalities are provided, such as
[3, 4]. Nevertheless, these results (as well as ours) do not extend directly to
the infinite dimensional case since the proofs use fine properties of sets with
finite perimeter and regularity results for almost minimizers of the perimeter
functional that are not available in infinite dimension.
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