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Abstract

In this paper, we study the thermo-elastodynamics of nonlinearly viscous solids in the Kelvin-
Voigt rheology where both the elastic and the viscous stress tensors comply with the frame-
indifference principle. The system features a force balance including inertia in the frame
of nonsimple materials and a heat-transfer equation which is governed by the Fourier law
in the deformed configuration. Combining a staggered minimizing movement scheme for
quasi-static thermoviscoelasticity [2, 37] with a variational approach to hyperbolic PDEs
developed in [5], our main result consists in establishing the existence of weak solutions in
the dynamic case. This is first achieved by including an additional higher-order regularization
for the dissipation. Afterwards, this regularization can be removed by passing to a weaker
formulation of the heat-transfer equation which complies with a total energy balance. The
latter description hinges on regularity theory for the fourth order p-Laplacian which induces
regularity estimates of the deformation beyond the standard estimates available from energy
bounds. Besides being crucial for the proof, these extra regularity properties might be of
independent interest and seem to be new in the setting of nonlinear viscoelasticity, also in
the static or quasi-static case.
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1 Introduction

Understanding the coupling between mechanical and thermal phenomena in viscoelastic
solids has been a mainstay in the mathematical and physical literature over the last decades.
Even at small strains, the problem is notoriously difficult since the heat-transfer equation has
no obvious variational structure due to the low regularity of data. In fact, after the pioneering
work of DAFERMOS [16—19] in one space dimension, new fundamental ideas related to the
existence theory for parabolic equations with measure-valued data developed in [9, 10] were
needed to obtain results in three dimensions [8, 11, 12, 47]. At large strains, the problem
is still considered to be extremely difficult even in the isothermal case, due to the highly
nonlinear nature of models respecting material frame indifference [1]. For some results
without temperature coupling, we refer to [39, 40] for existence of global-in-time weak
solutions for initial data sufficiently close to a smooth equilibrium and to a local-in-time
existence result [35]. By now, more general settings can only be treated by passing to weaker
solution concepts such as measure-valued solutions [20, 21, 31]. Resorting to energy densities
with higher-order spatial gradients, i.e., to so-called nonsimple materials [49, 50], existence
of weak solutions has been shown in [26, 37] for the quasi-static case (without inertia) and
in [5] for the dynamic case (with inertia). The variational approach adopted in these papers
is quite flexible and has led to various extensions in the last years, ranging from models for
dimension reduction [27-29], to problems with self-contact [13, 14, 34], approximability
[15], diffusion [51], or homogenization [30], to applications for fluid-structure interactions
[5-7, 33].

Nonlinear frame-indifferent models in thermoviscoelasticity were analyzed only very
recently [2—4, 37], again adopting the concept of nonsimple materials, yet neglecting inertial
effects. The goal of this work is to extend this analysis to the setting of thermo-elastodynamics
including inertia. While our work follows the Lagrangian perspective, let us mention that
in the last years several works appeared in the isothermal and nonisothermal framework
which employ the alternative Eulerian approach instead, see [43—46, 48]. In this context,
higher-order gradients are involved rather in the dissipative than in the conservative part,
which sometimes is referred to as multipolar viscous solids. Besides adopting the Lagrangian
framework, a main motivation of our work is to establish an existence result without higher-
order regularization of the dissipation.

We now introduce the large-strain model in more detail. In the Kelvin-Voigt rheology,
the force balance of a nonlinearly viscoelastic material in a setting of nonsimple materials is
given by the system

f=pd2y —div(dpW(Vy,0) + 3;R(Vy, 3 Vy,0) — V(DH(Ay))) in[0,T]x .
(1.1)

Here, [0, T] is a process time interval with 7 > 0, Q C R? (d = 2, 3) denotes the reference
configuration, y: [0, T] x Q — R is the time-dependent deformation, 6: [0, T] x Q —
[0, oo) denotes the temperature, and f: [0, T] x Q — RY is a volume density of external
forces acting on 2. The free energy density W : R?*? x [0, co) — R U {400} depends on
the deformation gradient Vy (with placeholder F € R4*?) and respects frame indifference
under rotations as well as positivity of the determinant of Vy. Additionally, adopting the
framework of nonsimple materials, the stored energy features a contribution depending on
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the Laplacian Ay given in terms of a convex potential H : R? — R with p-growth for some
p > d. Finally, R: R¥*¢ x R?*4 x [0, 00) — R denotes a (pseudo)potential of dissipative
forces (F is the time derivative of F'). As observed by ANTMAN [1], R must comply with a
time-continuous frame indifference principle meaning that R can be written in terms of the
right Cauchy-Green tensor C := FT F and its time derivative C := FT F 4+ FT F, see (D.1)
below for details.

The system (1.1) is coupled to a heat-transfer equation of the form

cy(Vy, 0) 8,0 = div(K(Vy,0)VO) + 0zR(Vy, Vo y,0) : Vory + GB%QW(Vy, 0) : Vo,y
in[0, T] x €, (1.2)

where cy (F,0) = —08029W(F , 0) is the heat capacity, K denotes the matrix of the heat-
conductivity coefficients, and the last term plays the role of an adiabatic heat source. This
corresponds to a heat transfer modeled by the Fourier law in the deformed configuration
which is pulled back to the reference configurations and thus includes dependence on the
deformation gradient. The coupled system (1.1)—(1.2) is complemented with suitable initial
and boundary conditions, see (2.18)—(2.19) below.

The goal of this article is to establish an existence result for weak solutions to the nonlinear
thermo-elastodynamic system (1.1)—(1.2), see Theorem 2.5. Our proof strategy heavily hinges
on two recent advances in the variational analysis of nonlinearly elastic solids: we combine
the staggered minimizing movement scheme for proving existence results in quasi-static
thermoviscoelasticity [2, 37] with a variational approach to hyperbolic PDEs [5] which
allows to include inertia.

In the following, we describe the main ingredients for the proof in more detail. The fun-
damental idea in [5] consists in replacing the acceleration term ,08t2t y by a discrete difference
pa’y_ﬁ'hiy('_h) which allows to turn the hyperbolic problem (1.1) into a parabolic one. The
latter time-delayed problem can be approximated by a time-discretized scheme as in [2, 37]
with time step 7 > 0. Then, given solutions to the discretized problems with two different
length scales t and & (called the velocity and the acceleration time scale, respectively), one
first passes to T — 0 and afterwards to 47 — 0 to obtain a weak solution for (1.1). As in
[37], a generalized version of Korn’s inequality [38] relying on the second-order regulariza-
tion is essential in order to tame the nonlinearity arising from the frame indifference of the
dissipation term. Concerning the coupling to the heat-transfer equation, the approach in [2,
37] crucially relies on the theory of parabolic equations with measure-valued right-hand side
[10]. A delicate part of the proof lies in the passage to the limit T — 0 in the dissipation
term 0 R(Vy, Vo,y,0) : Vo, y, see (1.2). For this, strong convergence of the time-discrete
approximations Vo, y. is indispensable which is guaranteed by exploiting the convergence
of a mechanical energy balance, cf. [37, Proposition 5.1] for details.

Although all techniques mentioned above are crucial ingredients in our work, it turns out
that they do not suffice in the setting with heat coupling and inertia. The main reason lies in
missing regularity which impedes the derivation of a mechanical energy balance. To explain
this issue, let as consider the simplified problem

pdZy — Ady + A(AYIPT2AY) = f, (1.3)

which arises from (1.1) by neglecting the first Piola-Kirchhoff stress tensor 0 W, and con-
sidering a linear variant of 9 R as well as a p-homogeneous variant of H. In the quasi-static
case p = 0 or in the time-delayed problem where ,083, y is replaced by the discrete difference
pa’y_a'hiy('_h), a test of the time-discretized problem with d;y and an integration by parts
(neglecting boundary terms) leads to the natural energy bounds Ay € L*°([0, T']; L?(S2))
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and V3,y € L*([0, T]; L>(2)). Then, in the case p = 0, a mechanical energy balance
is achieved by testing (1.3) with 9,y, cf. [2, Equation (4.11)]. In this context, the term
A(JAy|P~2Ay) might in principle not have the correct duality coupling to apply the chain
rule. However, since the other two terms f and A9,y are in duality, also the delicate fourth-
order term can be handled by comparison. In contrast, for p > 0, the two terms p8,2, y and
A(|Ay|?P —2A y) are not in duality and the chain rule (and thus the mechanical energy balance)
may fail.

This fundamental issue has already been observed in [37, Remark 6.6]. A possible
workaround lies in adding an additional regularization for the dissipation, see (2.17a), which
in the simplified setting reads as

pogy — Ady + A(AYIP 2 Ay) — e, Ay = . (1.4)

With the test 9, y, this induces the energy bound VA9, y € L%([0, T1; L3(€2)) which is strong
enough to recover the chain rule. In this case, a mechanical energy balance can be guaranteed
and we can follow the strategy devised in [2, 37] and [5], see Theorem 2.2. (Note that we
choose a simple higher-order regularization which does not comply with the principle of
dynamical frame indifference. A frame-indifferent regularization would necessarily be very
nonlinear.) This regularized setting is related to [46] where existence results under higher-
order regularizations of the dissipation have been derived in a Eulerian settting. Yet, a main
motivation of our work is to derive an existence result without such regularization.

Our strategy relies on passing to a weaker formulation of the heat-transfer equation (1.2)
which is inspired by the derivation of a total energy balance (see [37, Equation (2.21)] or
(2.28) below) and does not feature the delicate dissipation term dzR(Vy, Vo, y, 0) : Vo,y,
see (2.27) for details. On a formal level, the idea is to test (1.1) with 9,y which allows
to replace the dissipation term in (1.2). As discussed above, however, this test is actually
not allowed in (1.3). Therefore, we perform this replacement first on the regularized level
(1.4), and afterwards we pass to the limit ¢ — 0. This procedure leads to a modified weak
formulation of the system which does not guarantee a mechanical energy balance but has
the essential feature that the total energy is in equilibrium with the work by external body
forces and heat sources, see (2.28). Moreover, the solution concept introduced here becomes
a standard weak solution or a strong solution once the necessary regularity properties for the
deformation and the temperature are available.

Although curing the issue with the dissipation, the passage to the weaker modi-
fied setting causes a new problem: the resulting weak formulation features a third-order
term V(DH(Ay)) which is not compatible with the available energy bound Ay €
L°°([0, T1; LP(L2)), see below (1.3). Therefore, it is necessary to improve the regularity
of the deformation. Loosely speaking, this is achieved by testing (1.3) with — Ay which after
integration by parts (omitting any boundary terms) leads to an elliptic estimate. In fact, using
Va;y € L2([0, T1; L*(Q)), the first term | [ 82 yAy drdx| < C||V8,y||iz([0 @ =€
is controlled. Assuming p = 2 for simplicity here, the second and third term can be controlled
as

T
‘ /0 /Q Aa,y . Ay dr dx' < C||V8,y||€L2([O’T];L2(Q))||VAy||L2([O,T];L2(Q))

< CIIVAYI 20, 11:L2(9))>

T
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This allows to obtain the control VA y € L2([0, T']; L?(2)) which suffices to give sense to the
term V(D H (Ay)) in the weak formulation. Again, on a rigorous level, this test is performed
for the regularized problem (1.4) with e-independent bounds, and then the regularity for
y is obtained in the limit of vanishing regularization ¢ — 0, see Proposition 3.11 and
Lemma 3.12 for details. More precisely, for given p > d, the additional regularity reads as

(1+ |Ay|)”T’2 IVAy|? € L%([0, T]; L%(S2)), see Theorem 2.5. Even in the nonlinear case of
p # 2, the regularity estimates introduced here rely on the theory for the Laplace operator
only and as such are independent of nonlinear regularity techniques. This seems to be a
special feature of the fourth order p-Laplacian, which was observed by the authors very
much to their surprise. Up to their knowledge, it has not been used before.

Besides being crucial for our proof, the result might be of independent interest and
improves the known regularity properties also for results in the quasi-static case (p = 0)
[2, 37] or in the isothermal case [26]. It seems that even in the static case of elastic minimiz-
ers this extra regularity property has not been shown previously. Let us mention, however,
that compared to [2, 26, 37] the regularity issues force us to impose Dirichlet conditions on
the entire boundary 9€2.

Let us mention that our existence result on weak solutions only guarantees nonnegativity
of the temperature. We expect the third law of thermodynamics to hold as well, i.e., the
temperature cannot reach absolute zero. To the best of our knowledge, results on positivity
of the temperature in fully nonlinear coupled systems of thermoviscoelasticity are scant, see
[4] for a first result in the setting without acceleration and references therein. In the present
context, this issue is currently open and deferred to future research.

The plan of the paper is as follows. Section 2 introduces the nonlinear model and states
our main results. Then, the results are proved in Sections 3—5. We start by considering the &-
regularized problem and introduce a discretized solution with time stepping t of the parabolic
approximation with time delay # > 0. This introduces a three layer approximation, and we
successively pass to the limits in the layers, namely firstin T (Section 3), then in / (Section 4),
and eventually in the regularization ¢ (Section 5). It is important to mention that all essential
a priori bounds are already established on the t-level in Section 3 and transfer over to the
limits t — 0, 7 — 0, and ¢ — 0. Moreover, some additional higher-order bounds based
on elliptic regularity theory are provided (see Lemma 3.12) that blow up in the limit ¢ — 0.
Still, they are crucial to perform the final limiting passage in the heat-transfer equation to
control some ¢-dependent terms resulting from the regularization, see Proposition 5.4 for
details.

2 The model and main results
2.1 Notation

Denoting by d € {2, 3} the dimension, we indicate by & C R? an open bounded set with
Cs—boundary and fix p € (d, 2*), where 2* = oo for d = 2 and 2* = 6 for d = 3. In what
follows, we use standard notation for Lebesgue, Sobolev, and Bochner spaces. By 1; we
denote the indicator function of aset / C Ror J C €. The lower index 4 means nonnegative
elements, i.e., Li(Q) denotes the convex cone of nonnegative functions belonging to L2(£2)
and a similar definition is used for H _}_(Q). Mean integrals are denoted by f . We also set
Ry = [0, 4+00). Let a A b := min{a, b} for a,b € R. Moreover, we let Id € R?*? be
the identity matrix, and id(x) := x stands for the identity map on R?. We define the subsets
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SO(d) ={A e R¥*9: ATA =1d, detA = 1}, GLT(d) = {F € R¥*?: det(F) > 0},
and ngxnf = {A € R?¥4. AT = A}. Furthermore, for a matrix F € RY*? we write
FT=@FMNH =@F"H!, and given atensor G (of arbitrary dimension and order), |G| will
denote its Frobenius norm. We write the scalar product between vectors and matrices as - and
;, respectively. The tensor product of two vectors vy, vz € R4 is denoted by v ®@u; € Réxd,
As usual, in the proofs generic constants C are strictly positive and may vary from line to
line. If not stated otherwise, all constants only depend on d, p, €2, and the potentials and data
defined in Subsection 2.2 below. We frequently use a scaled version of Young’s inequality
with constant A € (0, 1) by which we mean ab < la? + C,\b‘/ for a, b > 0, exponents
q, q' > 1 with 1/q + 1/q’ = 1, and a suitable constant C; > 0.
For Q C R and p as above, we introduce the set of admissible deformations by

Vig = [y e W2P(:RY): y = id on 9%, det(Vy) > 0in Q] @.1)

and we say that the absolute temperature 6 is admissible if 6 € LL(Q).

2.2 Energies and their respective potentials

The variational setting described in the sequel mostly coincides with the one from [2], up
to a more special choice of the strain-gradient energy. In the following, let Co > 1 be some
fixed positive constant.

Mechanical energy and coupling energy: The elastic energy W Vg — R is given by

WA(y) = / We(Vy)dx, 2.2)
Q
where W': GLT(d) — R, is a frame indifferent elastic energy potential with the usual

assumptions in nonlinear elasticity. More precisely, we require:

(W.1) welis C2%;
(W.2) Frame indifference: We'(QF) = We(F) forall F € GL*(d) and Q € SO(d);
(W.3) Lower bound: We'(F) > CLU(|F|2 + det(F)™) — C for all F € GL"(d), where
d
q= ppfd
Adopting the concept of 2nd-grade nonsimple materials, see [49, 50], we also consider a
strain-gradient energy term 'H: Via — R4, defined as

H(y) = / H(Ay)dx. 2.3)
Q
Here, H: R? — R, is of the form
H(v) = h(lv]) 249
for v € RY, where h: Ry — Ry is defined as

his) == / ' max{20, po? 1} do. (2.5)
0

The definition of h ensures that H is uniformly convex and has p-growth. More precisely,
we have

(H.1) H is uniformly convex and C';
(H.2) Frame indifference: H(QAy) = H(Ay)inQforall y € Vig and Q € SO(d);
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(H.3) |v|? < H(v) < Co|v|” and |DH (v)| < Co|v|P~! forall v € R?,
where DH (v) = (9y, H(v))f:1 = max{2, p|v|?~2}v is the gradient of H with respect to v.
The mechanical energy M : Yia — R is then defined as
M(@y) = W) + H (). (2.6)

Besides the mechanical energy, we introduce a coupling energy WP': Yig x L EF(Q) — R
given by

WPy, 0) = /Q WeP(Vy, 0)dx, (2.7)

where WePl: GL+(d) x R4+ — R describes mutual interactions of mechanical and thermal

effects, and satisfies

(C.1) Wl is continuous, and C2 in GL*(d) x (0, 00);

(C.2) WPHQF,0) = WPY(F,0) forall F € GLT(d),6 > 0,and Q € SO(d);

(C.3) WPH(F,0) =0forall F € GLt(d);

(C4) |WPHF,0) — WPH(F,0)| < Co(1 4 |F|+ |F)|F — F|forall F, F € GLt(d),
and 0 > 0;

(C.5) Forall F € GL™(d) and # > 0 it holds that

Co(1 4+ [F))

O pWPLF, 0)] < Co. |97, WPH(F,0)] < ,
10Fp W(F, 0)] < Co, |95 W (F, 0)] < max(@. 1)

1
— < =095, WPL(F, 0) < Co.
Co

Notice that, by (C.3) and the second bound in (C.5), df WeP! can be continuously extended
to zero temperatures with dp WePL(F,0) = 0. For F € GL*(d) and 6 > 0, we define the

total free energy potential
W(F,0) = W(F) + WP'(F, ). (2.8)

Dissipation potential: The dissipation functional R: YVia x H'($2; RY) x LL(Q) — R4 is
defined as

Ry, y,0) ::/ R(Vy,Vy,0)dx, (2.9)
Q

where R: R¥*? x R¥*4 x R, — Ry is the potential of dissipative forces satisfying

(D.1) R(F, F,0) := $D(C,0)[C,C] = 5C : D(C,0)C, where C := FTF,C = FTF +
FTF,and D € CREYY x Ry; ROy with Dyjyy = Djiy = Duij for 1 <
i k1< d; . .

(D.2) CLO|C|2 <C:D(C,0)C < Co|CP* forall C, € € RYx and 6 > 0.

Notice that Assumption (D.1) implies that the viscous stress d; R(F, F, 0) is linear in the
time derivative C as well as (see e.g. [2, (2.8)])

3:R(F, F,0)=2FD(C,0)C. (2.10)
We also define the associated dissipation rate £ : R?*4 x R4*? x R, — R, as
E(F,F,0)=03;R(F,F,0): F =2R(F, F,0), 2.11)

where the second identity follows from (2.10) and Assumption (D.1), see also [2, (2.9)].
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Below, for technical reasons explained in (1.4), we will also consider a regularized version
of the dissipation R : Yia x H>(Q; RY) x LL(Q) — Ry, defined as

Re(y, y,0) :=/ R(Vy,vy,e)der%/ IVAF|? dx (2.12)
Q Q

for a small regularization parameter & > 0.

Heat conductivity: The map K: Ry — Rfyxmd denotes the heat conductivity tensor of
the material in the deformed configuration. We require that K is continuous, symmetric,
uniformly positive definite, and bounded. More precisely, for all 6 > 0 it holds that

1
— < K(0) < Co, (2.13)
Co

where the inequalities are meant in the eigenvalue sense. We define the pull-back
K: GLT(d) xRy — R%xd of K into the reference configuration by (see [37, (2.24)])

sym
K(F,0) :=det(F)F'K@©)F~T.

Thermal energy and total internal energy: Following [2, 4, 37], the (thermal part of the)
internal energy W™ : GL*(d) x (0, oo) — R is defined as

WIN(F, 0) = WPY(F, 0) — 03y WP(F, 6). (2.14)

Using (C.3) and the third bound in (C.5), we see that W can be continuously extended to
zero temperatures by setting W (F, 0) = 0 for all F € GL™(d). Furthermore, by the third
bound in (C.5) we have that

PWN(F,0) = —002, WP (F,0) € [Cy',Col  forall F e GLY(d) and 6 > 0.

Along with (C.3) this shows that the internal energy is controlled by the temperature in the
sense that

1 .
—60 < W'(F,0) < Cob. (2.15)
Co
Finally, we define fotal internal energy functional £: Yig X LL(Q) — R, by
E(y,0) = M©y) +W"(y,0)  with W"(y, 0) == / Win(Vy,0)dx.  (2.16)
Q

We remark that the above assumptions on the potentials coincide with the ones in [2, Section
2.1], up to the fact that, differently to [2, (2.4)], we only allow the potential of the strain-
gradient energy to depend on the norm of the diagonal Ay of V2y (cf. formulas (2.3)~(2.4)
above). Moreover, for d = 3, the range of p € (3, 6) is restricted as we need the Sobolev
embedding H3(Q:; RY) cc W>?(Q; RY). Eventually, in contrast to [2], in the definition
of admissible deformations, see (2.1), we need to impose Dirichlet conditions on the entire
boundary 9<2 as this allows us to apply elliptic regularity results. We refer to [37, Examples
2.4 and 2.5] for a class of potentials satisfying all assumptions above.

2.3 Equations of nonlinear thermoviscoelasticity with inertia: Existence of weak
solutions

Let I := [0,T] where T > 0 denotes a time horizon, let p > 0 be a constant mass
density in the reference configuration, let « > 0 be a constant heat-transfer coefficient, let
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f e WL L2(2; RY)) be a time-dependent dead load, and let 6, € wll; Li(BQ)) be
an external temperature. Moreover, let ¢ > 0 be a regularization parameter, where ¢ = 0
corresponds to the setting without regularization. In the strong form, we study the system

f=pdky—div(drW(Vy,0) +3;R(Vy, 3 Vy,6)

— V(DH(AY)) + €8, VA%y), (2.17a)
— 002, WP(Vy, 0)8,0 = div(K(Vy, 0)V6) +E(Vy, 3, Vy, 0)
+002, WP (Vy, 0) : 8,Vy +eld, VA, (2.17b)

coupled with the boundary conditions

y=id in/l x 9%, (2.18a)
DH(Ay) =0 inl x 9%, (2.18b)
gdyAy =eA’y =0 inl x 9%, (2.18¢)
K(Vy,0)VO -v+«k0 =k, inl x 3IQ (2.18d)
and subject to the initial conditions
y©0)=yo, %y0) =y,  6(0) =06y, (2.19)

for initial values yyp € )iq, y{) S HO1 (22; ]Rd), and 6y € Li_(Q). We refer to [37, Section 2]
for a thorough explanation of this model. We highlight that, compared to [37], we include
inertial effects, i.e., the mechanical equation features the term pd2y. Moreover, for ¢ > 0
there are regularizing terms both in (2.17a) and (2.17b), complemented with the additional
natural boundary condition (2.18c). In the regularized setting, we will assume stronger initial
conditions for the deformations, namely yo € y{f;g and y(’)’ . €H 3Q;RYH N HO1 (€2 RY),
where

Vif={y € Ya N H* RN 3,Ay(1) = Ay(r) = 01 l-ae. in 92} (2.20)

We now first treat the case ¢ > 0 and afterwards we address the system without regularization.

Existence of weak solutions for the regularized system

We introduce the notion of weak solutions related to (2.17a)—(2.18d) for ¢ > 0. Following
the lines of [37, (2.28)—(2.29)], one can show that (2.17a) together with (2.18a)—(2.18c) is
equivalent to the weak formulation (2.21) below. Besides the regularizing term, the only
difference in (2.17a) compared to [37] is the presence of the inertial term. Arguing as in
[37, (2.16)—(2.17)], we can rewrite the heat-transfer equation (2.17b) in terms of the internal
energy w, as

dwe = div(K(Vye, 0)V0: ) +E(Vye, 3 Vye, 0)+eld, VAY: >+ WP (Vye, 0,) 1 8, Ve,
where we have used (2.14) and the identity
dwe = IF WP (Vye, 0) 1 8, Vye — 002 WP (Vye, ) 1 8, Vye — 007 WP (Vye, 0:)8,6; .

Taking also (2.18d) into account, this yields the following weak formulation.
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Definition 2.1 (Weak solutions to the regularized thermo-elastodynamic system for vis-
cous solids) Let yo. € Vg, y), € H (@R N HJ(Q:RY), 6y € L3(Q), f €
W5 L2(Q; RY)), and 6, € WHI(I; L2 (9R2)). We say that a pair (ye, 6,) with
oo T, I(r. g3co- nd 2(r. 3c0- od 1ro. dy)*

Ye € L(I; Yia) N H'(I; H3 (@ RD) 0 H2(I; (H3(Q: RY) 1 HY (@ RY)¥),

0. € L*(I; H{())
is a solution to the regularized thermo-elastodynamic system with initial conditions
o.e, y(’),s,Oo) if y.(0) = yo.¢, 0;y:(0) = y(’),s, the internal energy we = W™ (Vye, 6;)
lies in L2(1; H'(Q2)) N H'(I; (H'(2))*) and satisfies w,(0) = wo = W"(Vyo., 60),

and the following equations are satisfied for every z € C (] x ;R withz =0on I x 9Q
and for every ¢ € C®°(I x Q):

0://8FW(Vy£,95):Vzdxdt
1JQ

+//DH(Ay8)-Adedt+8//BtVAyg:VAzdxd
1JQ 1Jg 2.21)

+//8FR(Vya,81Vyg,9£):Vzdxdt
1JQ

+,0/<3t2,ya,z)dl—//f~zdxdz,
1 1Ja

0:// /C(V}’S,GE)V@-V(pdxdt—l—/(atwg,(p)dt
1JQ 1

—K// (6, — 6)p dH " dr
1J0Q

= [ (6930089500000 + 0 WH T30 18,9 + el VAN P g e
1JQ
(2.22)

where (-, -) denotes the duality pairing of H3(Q: RYHN H(} (€2; RY) and its dual or of H!($2)
and its dual, respectively.

By a density result, one could choose the test functions also in the larger spaces
L2(I; H3(; RY) N HY (2 RY)) (for z) and L2(I; H'(2) N C%(Q)) (for @) The first main
results of the paper read as follows.

Theorem 2.2 (Existence of weak solutions to the regularized system) Let p € (2, +00) if
d =2orp e (3,6) ford = 3. Assume that (W.1)-(W.3), (H.1)-(H.3), (C.1)-(C.5), (D.1)-
(D.2), and (2.13) hold true. Let & > 0. Let yo. € Vii', ¥y, € H*(Q:RY) N Hy (2 RY),
0 € L2(Q), f € W L2(Q;RY)), and 6, € W''(I; L3.(09)). Then, there exists
a weak solution (ye, 0;) to the regularized thermo-elastodynamic system with initial data
Ooe, y(’),s, 6p) in the sense of Definition 2.1.

For weak solutions, we can derive energy balances and some regularity properties. Recall
(2.6) and (2.16).

Theorem 2.3 (Regularity of solutions and total energy balance) In the setting of Theorem
2.2, we find weak solutions (ys, 0) satisfying y. € L*(I; y{f,g). Moreover, for each t € I,
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the system satisfies the mechanical energy balance

0 '
MOE@) + 2183 Oy + /0 /Q

(6756, 0V 32, 000) + el VAV dx + WP (Ve 6) 1 8,V ) ds

o t
= MOu) + S Mgy + [ [ £ dras 2.23)

the thermal energy balance

!
/wg(t)dx:/wo,gdx—l—/ /
Ja JQ Jo Ja

(6756, 0932, 00) + el0, VAV + 0 WP (V3 6,) : Ve ) dx ds (224)

t
+K// 0 — 6,)dH " ds,
0 JoQ

and the total energy balance

EQe(0), 0:(0) + S 10302 g

p t _ t
=6(yo,e,eo>+Eny(’),eniz(m+// €O — 0,) dHC ldH/ /f-atygdxds.
0 JoQ 0 JQ
(2.25)

‘We emphasize that the energy balances are well-defined pointwise for each ¢ € [ since the
regularity of the deformation and the temperature imply y. € C(I; W27 (Q2:; R%)), 3y, €
C(I; L*(22:; RY)), and w, € C(I; L?(R2)), where we use that p < 2* and [42, Lemma 7.3].
The total energy balance (2.25) arises by summing (2.23) and (2.24). In particular, we observe
that the system is closed for k = 0 and f = 0. Still, an exchange of mechanical energy and
thermal energy is possible due to the (regularized) dissipation rate £(Vyg, 0;Vye, 0:)) +
€18,V Ay,|? and the adiabatic heat source 3z WP (Vy,, 8,) : 8; Vy, which cancel out in the
summation of (2.23) and (2.24).

Existence of weak solutions for the system without regularization

Our goal is to remove the regularization by passing to the limit ¢ — 0 for weak solutions
(¥, B¢) in the sense of Definition 2.1. Unfortunately, the available a priori bounds and com-
pactness results yielding a limit (y, #), see Lemma 5.1 below, are not strong enough as
they guarantee convergence of all terms in (2.21)—(2.22) except for the acceleration 8,2, Ve In
(2.21) and the dissipation rate £(Vy,, 0; Ve, ;) in (2.22). Accordingly, also the validity of
the mechanical and thermal energy balances (2.23)—(2.24) cannot be expected in the limit
e — 0as

t t
lirninf/ / E(Vye, 0:Vye, 0:)dxds > / / &(Vy, 9;Vy,0)dxds
e=0 Jo Ja 0 Ja
is possible under the available compactness results. In [2, Lemma 4.5] and [37, Proposi-

tions 5.1 and 6.6], equality was guaranteed by a chain rule for the mechanical energy (see
[37, Proposition 3.6]) which also allowed to derive a mechanical energy balance. Due to the
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presence of the inertial term, it appears to be impossible to adapt this strategy to the current
setting.

We overcome this difficulty by appealing to a weaker formulation of the mechanical and
the heat-transfer equation, see also [24, 41] for a similar approach. In (2.21), it suffices to
perform an integration by parts in time to deal with the term 2 y.. The passage to a weaker
form of (2.22) is based on the observation that the delicate dissipation term cancels in the
summation of (2.23) and (2.24). More precisely, this passage is achieved by testing (2.21) with
z = 0,y and adding the result to (2.22). This leads to the following notion of weak solution,
whose form will be explained in more detail by a formal computation in (2.29)—(2.33) below.

Definition 2.4 (Weak solutions to thermo-elastodynamic system for viscous solids) Let yy €
Yia» yp € H' (2 RY), 60 € LL(Q), f € WH(I; LA RY)), and 6, € WHI(1; LT (39)).
We say that a pair (y, 6) with

y e L®(; Vi) NH'(I; HU(:RY), 6 e L'(1; Wil (),
DH(Ay) € L*(I; W5 (Q; RY))

is a solution to the thermo-elastodynamic system with initial conditions (yo, ¥o» Bo) if the
following equations are satisfied for every z € C*°(1 x Q; R?) with z = 0 on I x 32 and
z(T) = 0, and for every ¢ € C®°(I x Q) with ¢(T) = 0:

0://BFW(Vy,0):Vdedt+//DH(Ay)~Azdxdl (2.26)
1JQ 1JQ

+//HFR(Vy,B,Vy,G):Vzdxdt—p//8,y-3,zdxdt
1JQ 1JQ

—//f-zdxdt—p/yé-z(O)dx,
1Je Q

0:///C(Vy,9)V0-Vgodxdt—K// (Gb—Q)cded_ldt—//(pf~8,ydxdt
1JQ 1J0Q 1JQ

- // (W (Vy) + H(Ay) +w + §|a,y|2)at¢ dx dr
1JQ
- / (We(Vy0) + H(Ayo) + wo + §|y6|2)<p(0) dx
Q
+// (BFW(Vy,H) +3-R(Vy, va,y,e)) L (8ry ® Vo) dx dr
1JQ

—// DH(AY) - 3, yAgp dxdt—Z// V(DH(Ay)) : (0;y ® Vo) dx dt,
1JQ 1JQ
(2.27)

where for shorthand we set w = Wi“(Vy, 0) and wy == Wi“(Vyo, 6p).

By a density result, one could choose the test functions also in the larger spaces
L2(I; W2P(; RY) N Hy (2 RY) N H'(I; LS (Q; RY)) (for z) and CO(1; C*(Q) N
HY(I; C%(Q)) (for @), wheres > 1 ford =2ands = % ford = 3.

In particular, we observe that, due to the lack of regularity of 32y and 8w, the initial
conditions of 9,y and w are given implicitly in a weak form, relying on an integration by

parts in time. An important aspect of the weak formulation (2.27) is that it directly guarantees
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the total energy balance. Indeed, for each ¢t € I such that

t+4

t+4
lim /ydxds:/y(t,x)dxe WP (Q; RY), lim][ /a,ydxds
=0Jr—5 Ja Q §=0Ji-5 Ja

=/ dy(t,x)dx € L* (4 RY),
Q

t+6

lim /wdxds = / w(t, x)dx € LY(Q)
Q Q

8—0/;_s

(and thus for a.e. t € I), we can test (2.27) with ¢ givenby ¢ = 1 on (0,7 — §), ¢ =0 on
(t+48,T)and ¢’ = —% on (t — 6, t+34). Inthe limit § — 0, after rearrangement, this yields

/Q(WEI(Vy(I)) + H(Ay(®) +w(r) + glazy(t)lz) dx

t
:/ (Wd(vyO)+H(Ay°)+w0+g|y6|2)dx+;c/ / (Qb—Q)de_lds
¢ 0 JoQ

t
+//f-8tydxds, (2.28)
0 JQ

which is exactly the total energy balance, cf. also (2.25). Whereas a total energy balance still
holds, the respective form of (2.23) and (2.24) may become inequalities. In some sense, this
weaker form based on a replacement is inspired by fluid-mechanics for compressible heat
conduction fluids, where the conservation of the total energy is guaranteed by transferring
the heat equation into an inequality for the entropy [22, 23], see also [24, 41] for a similar
approach.

Theorem 2.5 (Existence and regularity of weak solutions) Let p € (2, +00) ifd =2o0rp €
(3, 6) ford = 3. Assume that (W.1)-(W.3), (H.1)—(H.3), (C.1)—(C.5), (D.1)—~(D.2), and (2.13)
hold true. Let yo € Yia, ¥, € Hg(RY), 6 € L3(Q), f € WII(T; L2(Q; RY)), and
0, e whi(r; Li (0€2)). Then, there exists a weak solution (y, 0) to the thermo-elastodynamic
system with initial data (yo, y{, 60) in the sense of Definition 2.4. The weak solution satisfies

y e L2(I; H3(Q; RY)) and (1 + |Ay|)pT’2|VAy|2 e L3(I x Q).
Note that (2.28) holds and (2.18b) is satisfied in the sense of traces.
Formal derivation of the weak formulation
Let us close this section with a formal derivation of equation (2.27) which will be made
precise below in Proposition 5.3 for the regularized system. Assuming sufficient regularity

for y and 6, let us check that the formulations in (2.27) and (2.22) (for ¢ = 0) coincide. First,
an integration by parts in time shows that, for ¢ = 0, (2.22) is equivalent to

0=// K(Vy,0)VO -V dxdt—// (E(Vy,B,Vy,G)+8FWCPI(Vy,9):BZVy)(p dx dt
1JQ 1JQ
+K// O —6,)p d’Hd_ldt—// wB,godxdt—/ woe(0) dx
1J0Q 1JQ Q

for every ¢ € C®(I x Q) with o(T) = 0. Now, we test (2.21) with z := d;y¢p for ¢ €
C°(I x Q) with ¢(T) = 0. Using (2.8), (2.11), expanding V(9;y¢), and rearranging the

(2.29)
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terms, we obtain
—//S(Vy, 8,Vy,9)(pdxdt—// ArWP(Vy, 0) : 9, Vypdxds
1JQ 1JQ

:// apwe‘(vy,e):a,vy<pdxdz+//apW(vy,e):(8,y®V<p)dxdt
1Je 1Je (2.30)

+//8FR(Vy,8,Vy,9):(8ty®V(p)dxdt+//DH(Ay)-A(E),ygo)dxdt
1Jg 1J@

—//f~8,y<pdxdt+p//(patzty-atydxdt.
1JQ 1JQ

By the chain rule, the fundamental theorem of calculus, and ¢(7") = 0 we get

2 1 d 2 1 2
@d;y - dydxdt = = —(ploryl*) dxdr — = 8]0, y|* dx dt
1/ 2 )1 )qdt 2 )1 )a

_ 1 /12 1 2
=—= [ Iyl e0) — = 0|9, y|” dx dr. (2.31)
2 Ja 2 )1 Je

Moreover, by integration by parts in €2 and since 9,y = 0in I x 92 (recall that y(t) € Viq),
we have that

//DH(Ay)~A(8,y<p)dxdt=// DH(Ay) : (pd; Ay +23,VyVe + 8, yAg) dx dt
1JQ 1JQ
(2.32)

:// DH(Ay):atAygadxdt—// DH(Ay) : 0;yApdx dt
1JQ 1JQ
—2// V(DH(Ay)) : (0;y ® Vo) dx dt.
1JQ
Eventually, by the chain rule and by integration by parts with ¢(7') = 0 we get
// o(0r W (Vy) : ;Vy + DH(Ay) - 9 Ay)dx dt
1JQ
d
‘://(p—(Wel(Vy)—i-H(Ay))dxdt
1JQ dr
== | o0 (w0 + Haw)ar— [ [ ap(wlwy) + ) axar,
Q 1JQ

(2.33)
Combining (2.29)—(2.33) we infer (2.27).

Outline

The rest of the paper is structured as follows. In Section 3 we consider a time-delayed
parabolic system for a time-delay 2 > 0, whose existence is established by a minimizing
movement scheme with time discretization T > 0. In Section 4 we pass to the limit 7 — 0
and prove existence of solutions to the regularized system, see Theorem 2.2. Eventually in
Section 5 we pass to the limit ¢ — 0 and show Theorem 2.5. Importantly, all relevant a priori
estimates are established already on the level T > 0 in Section 3 and immediately transfer to
the limits T — 0, 7 — 0, and ¢ — 0.
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3 Minimizing movements for time-delayed parabolic system

We fix a regularization parameter ¢ > 0 and a time-delay h > 0. For convenience, without
further notice, we assume that 7/h € N. In this section, we include the ¢-dependent reg-
ularizing term in (2.17) and we suppose more regular initial conditions yo, y;, denoted by
Y065 yé’ - As done in [5], by replacing the acceleration term pa},y by a discrete difference
p%y(-—h)’ we turn the hyperbolic problem (2.17a) into a parabolic one. The main goal
of this section is to prove the following existence result for the resulting problem, where for
convenience we use the notation I, .= [—h, T].

Theorem 3.1 (Weak solutions of the time-delayed regularized problem) Let T, h, ¢ > 0,
Yo,e € y;eig, y(’),s S H3(Q; Rd) N HO1 (2; Rd), and 6y € L%_(Q). Then, there exist y;, €
L®(I; Vi) N H (In; H?(2: RY)) with yi (1) = yo,e + 1y}, for all t € [—h,0] and 6, €
L2(I; HL(Q)) such that wy, == W™(Vy,, 6,) € L>(I; H'(Q) N H'(I; (H'(Q))*) with
wp(0) = wo ¢ == Wi“(Vyo,g, 6o) and the following holds true: For all z € C®(I x Q; R%)
satisfying z = 0 on I x 92 we have

// <3FW(Vyh, On) + 0 R(Vyp, 0, Vyn, 9h)> :Vz+ DH(Ayy) - Az
1Ja

+ 80, VAyy : VAzdx dt (3.1a)

Z//f-zdxdt—ﬁ//(B,yh(t)—Btyh(t—h))-zdxdt,
1Je hJrJa

and for all o € C*®°(I x Q) it holds that

// K(Vyn, 00) V0, - Vo — (E(Vyn, & Vyn, 0p) + dr WP (Vyy, 0) 1 3 Vyy) @ dx dr
/e

T (3.1b)
—g/ /|8IVAyh|2<pdxdt—I—/(E);wh,(p)dt=/c// 6, — 0o dH " dr,
0 Q 1 1JoQ

where (-, -) denotes the duality pairing between HY(Q) and (H'(2))*.

A similar notion of weak solutions has already been considered in [2, 37]. The main
differences of the above equations (3.1a)—(3.1b) to, e.g., [2, (2.19)-(2.20)] is the presence of
the additional s-dependent terms arising from the time-discretization of the acceleration as
well as the regularizing terms depending on ¢, which induce better regularity properties of the
solutions. The solutions also depend on &, which we however do not include in the notation for
simplicity. The proof of existence follows along the lines of the reasoning from [2, Sections
3 and 4] and is based on a minimizing movement scheme. To keep the presentation concise,
many proofs in this section will only be sketched, highlighting primarily the differences to
the arguments in [2].

3.1 Staggered minimizing movement scheme and its well-definedness

We introduce a discrete time-step t € (0, h) and without further notice we assume that
h/t € N. This also implies 7/t € N. If not stated otherwise, all constants encountered in
this section are independent of t, %, and ¢. Given any sequence (ax)iez, we introduce the
notation for discrete differences as

Seap = KWL p e (3.2)
T
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Theorem 3.1 will be shown via a staggered mmlmlzmg movements scheme. Let yp . € RYAG id >
yO c€H 3L RN Ho ($2; RY), and 6y € L2 < (€2). We first define the initial conditions of
the scheme by

(k) .—

v =y +kry), forke{—h/r, ..., 0} and 6L =6

Note that the time-discrete deformation is also defined for negative times, which will allow us
to prove that the solution yy, in (3.1a)—(3.1b) satisfies y; (#) = yo, - + ty(/)ﬂ3 forallt € [—h, O].

Now, suppose that for k € {1,..., T/t} we have already constructed (y(o) 91(0)), o
(yr G=1) Q(k_l)) (The solutions also depend on i and &, which we do not include in the
notation for simplicity.) Let f(k) = Jfk hr f@)yde =11 (I;f_l)r f () dt, and for shorthand
we denote by (-, -)2 the scalar product in L2(; RY). Recalling also (2.6), (2.7), and (2.9),

the next deformation y( ) is defined as a solution of the minimization problem

. _ 1 _ _ _
min {M(y) + WP (y, 057Dy 4 —R(yED y — y &0 glk=D)
yEVanH (@ Rd) T

+—||my vayks 1>||L2(Q)—<f§">,y>z (3.3)

-1
pT ’y_)’r s y(k h/r)
h T e’

Supposing that yik) exists, we define Gr(k) as a solution to the minimization problem

6
1 . .
min {// — (Wn@y®, ) = Wiy, 6k ) ) ds d
peHl (@ lJaJo T

1
+§/ K(vy*=b 9*k=Dyyg . ve dx
Q
—/Q(BFWCPI(Vyk D g%y 1 5, vy 4 g(vyk=D s, vy® gk=D)

tels, VAP 2 /\T_])de
/ © — )2 i~ ‘} (3.4)

where ) := (k NAGYT

The minimization problem (3.3) differs from the one used in [5] due to the presence of
the additional e-regularizing term and a different discretization of the acceleration term. In
[5, Definition 3.3, Theorem 3.5], the term

k—1
pT ‘y —yh ][’” ‘2
— || - vdr
h T k=Dt L2(Q)

for a generic v € L?(0, h) is used. By replacing v with d;y(- — k), one can then construct
a t-discretized solution in the small time interval (0, #). Then, a successive repetition of
the argument yields a time-discrete solution on [0, T']. Here, instead, we simply use the
discretized solution &, y(k h/o) which directly allows us to construct time-discrete solutions
in the entire time horizon [0, 7']. The minimization problem (3.4) coincides with the thermal
(k)|2 A 771, In this context, the

step used in [2], except for the regularizing term £|§; VAy
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truncation by 7!

3.4 below.
We now show the well-definedness of the above minimization problems. In this regard,
the following properties of the mechanical energy are useful.

is necessary to guarantee well-posedness of the problem, see Proposition

Lemma 3.2 (Coercivity of M) Given M > 0 there exists a constant Cy; > 0 such that for
all y € Yig with M(y) < M it holds that

- 1.
Iyllw2r@) < Cm>  Nylicti-am@) < Cus 1(Vy) 1||clfa!/n(g‘z) <Cum, det(Vy)=> Cn in .
3.5)

Proof By the definition of H, the first inequality in (H.3) and (W.3) we see that
—cole+ [ 1Ay dr = M) = M.
Q

and hence
IIAyllfp(Q) <M+ ColR2] =

Asy—id e W2P(Q; RN Wol”’ (2: RY) by the definition of Viq, we then derive from [32,
Lemma 9.17] and the regularity of d<2 that

Iy = idllyzg) < ClAY L@y < CHYP

for a constant C independent of M. Our choice of the elastic potential W¢' satisfies all
assumptions imposed in [37]. Consequently, [37, Theorem 3.1] applies which directly leads
to (3.5). O

Proposition 3.3 (Existence of the mechanical step)

For any M > O there exists 1y € (0, 1] such that forall t € (0, vo) andk € {1, ..., T/}
the following holds: Let yﬁk_l) € Via N H3(; RY) satisfy M(yik_l)) < M and let GT(k_l) IS
Hj_(Q). Then, the minimization problem (3.3) admits a solution ygk) € Via N H3(Q; ]Rd)
solving the corresponding Euler-Lagrange equation, i.e., forall z € H3(; Rd)ﬂHO1 (Q: RY)
it holds that

/ (apW(Vy<’<> 0%y 4+ 9, R(Vy*D 5, vy egk—U)) L V2
Q
+ DH(Ay§k>) Az + 8. VAY® 1 VAzdx
/ ® . / 8oy — 8, y*MTy . zdx. (3.6)
Moreover, there exists a constant Cpy > 0, possibly depending on M, such that

T
M(y<">)+—||8fw, ||L2(Q)+ "8, v Ay N2
3.7
< Cu(+ 112 wq) + —uafy(" "N -

Proof The proofis similar to the one in [2, Proposition 3.5]. We start by showing compactness.
To this end, let (y,), C Yia N H3(2; R?) be a minimizing sequence for the minimization
problem in (3.3). Using ygk_l) as a competitor in (3.3), we may suppose that each y, satisfies

_ & —
M) + WP (3, 05D 4 R(y(k Do =0T + IV Ay = VATV,
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-1
Yn — )/r s y(k h/r)

T

— (R, 0 + 22

2h L2(Q)
< M) WP ED D) — (f 0,y 1>>2+ ||8zy”‘ KA e

As the mechanical energy M satisfies the same coercivity properties as the one in [2], see
Lemma 3.2, we can apply the generalized Korn’s inequality in the form [37, Corollary 3.4]
(see also [38] for its original formulation). Consequently, reasoning similarly to the proof of
[2, Proposition 3.5] for the terms involving M, WP R and fr(k), see [2, Equation (3.9)],
we can find Cp; > 0 and 79 € (0, 1), possibly depending on M, such that for 7 € (0, 7o)

1 _
(1—cMr>M(yn>+?||Vyn—Vy£" Dlaigy + ||VAyn—VAy<" Y20
+0T Yn —yik b 5y h/f)
2h e L2(Q)
<+ CuIMOED) + (14 1£P 1320, + ||afy<k "N g

By the definition of f; ®) and Jensen’s inequality we see that

2 2
) £ )”LZ(Q) - T/ ‘]{k 1)rfdt i = T/]{k hr fIPdrdx < 1f172xg)-

Then, choosing tp small enough such that Cy 79 < § and using M(ygkfl)) < M, we see
that, after possibly increasing Cyy, it follows

1 _ &
M)+ o 1Von = VP o) + - IV AR = VAYE VI, g

CM‘L'
y y(k—l)
n T k— h/r)
| 5O S WV
+ 2h Ve L2(Q)
<Cu(l+ ||f||L2(,XQ)>+ =18y |2 @) (3.8)

By Young’s inequality with power 2 and constant A € (0, 1) we derive that

k k—1 k—1
IVAY, = VAYE 17, o) = IVAYIT 2 g, — 2 / Vayn s VAV de+ vayt R, o

(—1+ 1/2)vay$=D)2

> (1= 0)[VAy,? L)

“LZ(Q)
Choosing A = 1/2 above and combining with (3.8) this leads to

||VAy<k DI Z(Q)+—||8fyf ”/”n’;(m

This implies sup, <y ||VAy,,||Lz(Q) < oo and, in view of (H.3), in particular shows

sup,en 1AYnll g1y < 00. As Q was assumed to have a C5—b0undary and (y,)n C Vi,
elliptic regularity for the operator A implies

lyn — idll 30 < CllAYRll 10y,

and thus sup, ey [|Vnll g3(q) < oo. Consequently, as p < 2%, we can select a subsequence

(without relabeling) such that y, — y strongly in W27 (€2; RY) as well as y,—y weakly in
H3(Q; RY).
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Existence of minimizers then follows by standard lower semicontinuity arguments. Also,
recalling (3.2), the derivation of the Euler-Lagrange equation (3.6) is standard, see the proof
of [2, Proposition 3.5] for some details. Eventually, estimate (3.7) directly follows from (3.8),
after passing to the limit n — oo and using standard lower semicontinuity arguments. O

Proposition 3.4 (Existence of the thermal step) For any M > 0 there exists 7y € (0, 1] such
that for all T € (0, r9) and k € {1, ..., T /t} the following holds: Let ygk_l), yik) € Vi be
such that M(yikil)) < M and let Oﬁkfl) € Hi(Q). Then, the minimization problem (3.4)

admits a solution OT(k) e H JIF(Q) solving the corresponding Euler-Lagrange equation, i.e.,
forall ¢ € H'(Q) it holds that
0 :/ srw®edx + / K(Vy*=D 6&=Dyge® . gy dx 4 K/ 0% — oMy dn?-!
Q Q Q ’

- /Q (WP (VyED 0%y 5. VW 4 E(VyET, 5, vy®, 0 Y)

+18: VAP PR At pdx, (3.9)
where we shortly write w1V = Win(Vyik_l), Gr(k_l)), wgk) = Win(Vygk),OT(k)), and
5 w® w®© (=1

Wy = ——

T

Proof The thermal step differs from the one used in [2] only by the regularization of the
dissipation term E(Vygk_]), 87 Vygk), I(k_l)) by 8|8TVAy§k)|2 A =L, Therefore, the state-
ment immediately follows from [2, Proposition 3.8] since an inspection of its proof shows
that for the existence of Gﬁk) it is enough that the dissipation term lies in L% (R2) (see
Steps 1 and 2) and for nonnegativity of 9§k) it is enough that the dissipation is larger than

|8 VyINT vy &= 4 (wy$=T 5 vy®)2 see [2, Remark 3.9] and (D.1). o

3.2 Existence of time-discrete solutions

In the previous subsection, we focused on one step in the staggered scheme. Our next goal is to
prove the existence of time-discrete solutions and to derive first a priori bounds independent
of T, h, and &. We set

Cf = ”f”W]*l([;Lz(Q))’ (310)

and note that by the fundamental theorem of calculus it holds that

1f D2 < CrCy forallr el 3.11)
where here and in the following C7 denotes a constant possibly depending on 7.
Given the sequences yﬁo), yﬁk) and 9,(0), Gr(k) for some k € {1, ..., T/t}, as
described in Subsection 3.1, for/ € {0, ..., k} we define

FO =P, 0 = (fUr), ya,
where the total internal energy £ is defined in (2.16). Then, using (W.3) we find
(£ ), y0)a| < min{FD, EGP, 60} + CrCF + C(1+ Cp), (3.12)
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see also [2, Lemma 3.10]. Finally, for/ € {0, ..., k} we also define
1
Gl =70+ o 182 (3.13)

2 h m=l—h/t+1

which corresponds to adding also a suitably averaged kinetic energy. The main result of this
subsection reads as follows.

Proposition 3.5 (Existence of time-discrete soluiions) Let Cy be as in (3.10) and GO e as
in (3.13). For any T > 0, there exist a constant Ct > 0, corresponding constants

/:2@6Tc/'(g(0)+67(1+C?)+K// eded*Idr), M =2M'+ CrC%,
' IJ9Q ’

aswell as a constant Cpy > 0and scalar ty € (0, h] only depending on M above such that the

Sollowing holds true: For each t € (0, 79) such that h/t € N the sequences yi‘”, e ygT/ 2
andG(O) e, I(T/f) constructed in Subsection 3.1 exist, and forallk € {0, ..., T /t} it holds
that
PT o
k) plk) 0]
Eo0, 6N+ 55 2 18 Iag = M, (3.14)
I=k—h/T+1

k
Zr(ua Vy(l)||L2(Q) +&)|8, VAyD ||L2(Q)) <CuM(1+T)+CrCy.  (3.15)
=1

The first estimate corresponds to a bound on the total energy and the second one is a bound

on the (regularized) strain rate. The proof relies on the following two lemmas.

Lemma 3.6 (Inductive bound on the total energy) For any M, T > 0 there exist constants
Cy > 0and Ct > 0 only depending on M and T, respectively, such that the following

holds true: Suppose T € (0, 1) is chosen such that for k € {1, ..., T/t} the sequences
ygo), e, yik) nd 9(0) o, ik) constructed in Subsection 3.1 exist. Moreover, assume

that GO < M foralll € {0, ..., k — 1} with GV as in (3.13). Then, it holds that

kt
g<k)fg(°)+CMrvk+Cr(1+c})+x/ /deHd”dt
0 Q2

)T

+c2g<’> / 130 0l 2 .

(-t

where C > 0 is a universal constant, and

V= z/w,wgm)ﬂdx. (3.16)
Q

Lemma 3.7 (Inductive bound on the strain rates) Given M, T > 0, there exist a constant
Cy > 0and t9 € (0, 1] only depending on M, and a constant Ct > 0 only depending on
T such that for T € (0, tp) the following holds: Suppose that the sequences y( ). , ygk)

and 0§0), RV ,(k)for somek € {1, ..., T/t}constructed in Subsection 3.1 exist. Moreover,
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suppose that g < M foralll € {0, ..., k— 1} with G¥ as defined in (3.13). Then,

k
> (1890 gy + 18 VAN 1255
=1
o (3.17)

0
= Cu (MO0 + S 130329, + CrCF) + Cut Y (14 MOD).
=0

Proof of Proposition 3.5 Once Lemmas 3.6-3.7 are proved, the proof of Proposition 3.5 fol-
lows by an inductive argument using the discrete Gronwall’s inequality and Propositions
3.3-3.4. We refer to [2, Theorem 3.13] for all details (cf. also [2, Lemma 3.11, Lemma
3.12)). O

‘We now proceed with the proof of the lemmas. As an auxiliary result, we show A-convexity
of We and WeP!, The result is closely related to the estimate in [15, Subsection 2.3], which
improved upon [37, Proposition 3.2], where local A-convexity has been shown.

Lemma 3.8 (A-convexity of W¢ and WPY) For any M > 0 there exists a constant Cpy > 0
such that for all y1, y» € Yig with M(y1), M(y2) < M and 6 € L' (), we have

/Q W (yy) dx > /Q W (y) dx + /Q dFW(Vy1) 1 (Vyz — Vyr) dx
2
- CM”V}’Z - V)’I ”LZ(Q)
/ WPl(y,, 0) dx > / WPl (y1,60) dx + / IFWP (Vyr,6) :
Q Q Q
(Vy2 = Vy1) dx — CullVy2 = Vyill g

Proof We first prove the statement for W¢. By Lemma 3.2 there exists a constant Cy
depending on M such that for all x € Q and [ € {1, 2} it holds that

Vi)l < Cyy,  det(Vyi(x)) = (3.18)

1
Cy’
By the continuity of the determinant we can find §3; > 0 such that for all A € (0, 1) and
Fi, F» € GLT(d) with |Fy], |F2| < C3%,, det(Fy), det(F2) > C% and |F1 — F2| < 8y we

M

have that det(AF; + (1 — A) F>) > ﬁ The set
M

1
K:={FeGL"(d): |F| < Cjy, det(F) >
2C%,

is a compact subset of GL T (d). Hence, by the C2-regularity of W¢! it follows that
Cy = sup |32 W (F)| < o0.
FekK

With &), as above, let us define the set G := {x € Q: |Vy2(x) — Vy1(x)| < §p}. Moreover,
we define y; = (1 —t)y; + ty, for ¢ € [0, 1]. By the previous reasoning, for every x € G it
holds that Vy;(x) € K and
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10 W (Vy; (1) — ap W (Vy1 (0))] < Cp| Yy (¥) — V1 (0)] < Car|Vya(x) — V1 (x)].
(3.19)

On the one hand, by the Gateaux differentiability of Wel (see [37, Proposition 3.2]) and the
chain rule we have that

1
/Wel(Vyz) dx—/ Wel(Vyl)dx:/ /BFWel(Vyt):(Vyz—Vm)dxdt.
G G 0 G

On the other hand, using (3.19) we can estimate

1 1
‘/ / IFW(Vy) 1 (Vyz — Vyr) dxde —/ / aFW(Vy1) 1 (Vyz — Vyr)dx dt
0 JG 0 JG
< CullVy2 = Vyill3sq)-
By the definition of G we also see that, by possibly increasing Cyy, it holds
[ owiar= [ welemax - [ awelom s (V- V) ax|
Q\G Q\G QG
- / (W VyD)l + W (Vy2)l + 8u|8r W (V)|
“Jae 8%

< CullVy2 = Vyilja ) (3.20)

|Vys — Vyi|* dx

where we used that Wel(Vyl), Wel(Vyg), and |0 WCI(Vy1)| are uniformly bounded by
(3.18). The combination of the last three estimates gives the statement for wel.

The argument for WeP! is similar. However, the bounds in (3.19) and (3.20) do not follow
immediately from the compactness of K due to the presence of the temperature § € L' ().
To obtain the analogous bounds, we use (C.4), the first inequality in (C.5), and (3.18). ]

As a second auxiliary result, we establish a bound on the mechanical energy.

Lemma 3.9 (Mechanical energy bound in the time-discrete setting)
Given M > 0, there exists a constant Cpy > 0 such that the following holds: Suppose

that for t € (0, t9) and k € {1, ..., T /t} the sequences y§°), AU ygk) and 950), R Gf(k)
constructed in Subsection 3.1 exist, and that G <M foralll € {0, ..., k — 1}. Then, it
holds that
o k k
Mo+ D 18l + D r(zRg(yi’*”, 8y, 007D)
I=k—h/T+1 =1

P ) (—h/7) )2
+ E”‘Sr)’f - Sl'yt ||L2(SZ)

k
o _ _
< MO0+ L0 agy — 7Y /Q B WP(VyI-D 00-D) 5,930 dx
=1

k
£ 5y 0 + Cut Vi,
=1

where R is given in (2.12) and Vi in (3.16).
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Proof Using Proposition 3.3 for [ in place of k, (2.11), and testing (3.6) with z = a,y§” it

follows that

0 =/ arw vy 04Dy 5,.vy®D + DH(AYD) - 8. AyD + 68,V AYD 1 5,V AyD dx
Q
(3:21)

+ [ D 5w 00 D dx = [ A0y
Q Q

0 _
+ */ (Bryg) - 5:)’? h/r)) . 5ry§l) dx.

hJa

By the convexity of H (see (H.1)) it follows for [ € {1, ..., k} that
H(AYI™D) > H(AyD) + / DH(Ay®) - (AyI™D — Ay dx = H(AYY)
Q
- r/ DH(AY®D) - 8. Ay dx, (3.22)
Q

where we recall the notation in (2.3). We now perform a similar argument for the elastic
energy. Using (3.10), (3.12)=(3.13), and G < M forl € {0, ..., k — 1}, we get

MOE) = gD + (£ = Do), 3y 22670 4 € + €€ < 2M + €+ CrCF
(3.23)

forall/ € {1, ..., k}. Thus, we can apply Proposition 3.3 forall/ € {1, ..., k}, where now
Cy may also depend on 7 and f. Then, using again G < M forl € {0, ..., k — 1}, by
(3.7)wefind foralll € {1, ..., k} that

MOP) < Cu(L+1f 132 wqy) #2607 <2M +Cu(1 4+ CrCH.  (3.24)

Consequently, by (3.2), (3.23)~(3.24), and Lemma 3.8 applied for y; = y” and y, = y{/™

we find

T / W (Vy®y: 5, vy dx = W (yD) — WA (yI=D) — €72 / 16:Vy{|? dx
Q Q
(3.25)

for a possibly larger Cjs, where we recall the definition in (2.2). Multiplying (3.21) by t,
using (3.22) and (3.25), and summing over / € {1, ..., k}, we conclude

k
0 _
M) + =3 / (83 = 8o yI ™M) 6y dx
=179

#20 e[ 68050, 00D dx + el VAN s )
=1

k
< MOu = 7Y [ w0000 1,930 ax
Q
=1

k
+1Y (P 8y + Cut Vi, (3.26)
=1
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where we employed the definitions in (2.6) and (3.16). Using the identity

= [ (o3 =530 710) 503 dx = 501850 B
—18ey N0 g + 1803 = 8oy TP Ta o),

summing over [ € {1, ..., k}, and recalling the definition y\™ =

{=h/t,...,0} we derive that

= yo,. +mrty), form e

k 0
szz Zrus YW =8y N+ Do Ty~ Do T8I
=1 I=k—h/t+1 I=—h/t+1

k

—Zrnszyi” Sy ™M N+ D Ty Ny — PG gy (327
I=k—h/t+1

We apply Lemma 3.8 first for y; = yilil) and y; = yg), then for y; = y( and y, = y([ l),

and sum the equations to get
0= / (0, WPy, 00=0) — 9 WPy =D, 60 7D)) -
Q
(Vyd= —vyh)dx — 2CM12/ 16:VyD 2 dux.
Q

Rearranging and summing over/ € {1, ..., k} yields

T Z/ 8FW°pl(Vy(l) 04=Dy — grweP (vyl=D, 95’*”)) 8, VyDdx > —2CytVi.

(3.28)
Eventually, recalling (2.11)—(2.12), the combination of (3.26), (3.27), and (3.28) concludes
the proof. O

We now proceed with the proofs of Lemma 3.6 and Lemma 3.7.

Proof of Lemma 3.6 Recalling the argument in (3.23), we observe that Proposition 3.4 is
applicable by passing to a larger value of M. We test (3.9) (for / in place of k) with ¢ = 1 to
obtain

0:/ <5rw£1) —3FWCPI(Vy§l‘”,9,(Z_”):STVyﬁl) s(Vy(l D5, Vy(l) 951_1))dx
Q
—elo VAYT P AT de
—I—/c/ (91(1) _gélz)de—1.
a0 '

Multiplying this equation by 7, summing over / € {1, ..., k}, and adding to the estimate in
Lemma 3.9, by (2.11)—(2.12) we discover that

k

Ky 4 PT o) (k)
MOP) + 0 Y el + [ 0l
I=k—h/t+1

P2
= M()’O,a) + /Q wo, e dx + §||yo,£||L2(Q)
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k k
i _
+rY (FP 8y Ty K / ) =00y dH™! + Cyt Vi,
a0
=1 =1
where wg , = Wi“(Vyo,s, 0o). Recalling the definition of £ in (2.16), we conclude that

k

k) o)y, PT 02

5(yf ,9-; )+E Z ”8‘(.)]1 ”LZ(Q)
I=k—h/7+1

k

P
< £00.6:00) + S 150,el 72y T CuVie+ 7 Y (R 8300
=1

k
+Ty K /89(9;2 — 6Dy dHeT, (3.29)
=1

Now, we estimate the last two terms on the right-hand side of (3.29). By the nonnegativity
of Gt(l) and the definition of Gb(lz we can bound

k k kt
tZK/ (eb(fl—egl))dﬁd—lgrzx/ egfidﬁd—lzx/ / 6, dH ! dr.
= Jia = Ja 0o Jao
(3.30)

We define the piecewise affine function y; (r) = ’_(l%l)fyg) + ”%’yil*” fort € [((I-1)7, 7]

and [/ € {1,...,k}, and note that 3,y§” = 9,y:(t) fort € ((I — 1)z, I7). Consequently,
integration by parts yields

k kt
> (0. 8y, = /O (f(@), 35 ()2 dt = (f(kT), $(kT))2 — (£ (0), Yo.e)2

=1
kT

=, 0 f (@), e (0)2dt < (f(kT), Yo (kT))2 — (f(0), yo,6)2

kt
+ [ 1 Ol Ol b (3:31)
By Poincaré’s inequality and (W.3) we have for every ¢ € ((/ — 1)z, I7) that
19: D172y = CUVI T2 + 199017 20) = C(L+WGID) + WD),

Therefore, by (3.11), (3.12), the definition of G) in (3.13), and /s < 1 + s forall s > 0 we
get

kT
/0 10 £ ) L2 15 Ol 20

k It
=Y (1WA WD) [ a0l o
=1

(Dt

k It
<C Z ((g(l—l) + g(l>) /(1 ) 18 f Ol 12 dt) +Cr(Cyr + C}).
=1 -
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Then, using an index shift and C 7 < % + %C} we get
kt
/0 190 £ Ol 2 15 (Ol 20

< cz(g”)/ . (19 fF Ol L2 + ||atf(r+r>||Lz<Q>)dt) +Cr(1+CY)

for a possibly larger C7 > 0. Plugging this into (3.31) and using (3.30) to estimate the terms
on the right-hand side of (3.29), we conclude the proof by the definition of 6" in (3.13). O

Proof of Lemma 3.7 Applying Lemma 3.9 and using the nonnegativity of M we get

k
Yot /s(Vy(’ D 5, vy 64Dy dx + g5, VAy§’>||Lz(m) (3.32)
=1
o k
< M(yoe) + Elly(),allsz(Q) -1 Z/QBFchl(Vyg—l)’ 60Dy : 5.7y® dx
=1

+t Z(f(” 8ey)2 + CutVe.

As MOY™y < oM + € + CrC% forall [ € {1, ... k}, see the argument in (3.23),
employing also Lemma 3.2 we can apply the generahzed Korn s inequality in the form [37,
Corollary 3.4], leading to

1
-1 ! -1 02
/Q g(Vy!D, 5, vy® ol D)y dx > o 18: V317 g (3.33)

for a constant Cps depending on M, T, and f. By Holder’s inequality, Poincaré’s inequality,
and Young’s inequality with constant A € (0, 1) we derive that

1D, 8yl < CUFP N 20 18: VYD 120y < —||f D12 + 18 VP12 q)-
(3.34)

Choosing A < ﬁ above, summing over / € {1, ..., k}in (3.33)—(3.34), and plugging into
(3.32), we find

k k k

1 1
s Vet Z vel|8: VAV 1720, = T D tllseVy T + D Tells VAR 172,
=1 =1

(3.35)
o k
< M(yo.e) + Ellyé,glliz(m —1 Z/QE’FWCPI(WS‘”, 60Dy : 5,V dx
=1

+CytVi + CyCrCl,

where we also used (3.11). Since [dF WPH(F, 0)| < 2Co(1 + |F|) < 2Co(2 + |F|?) for all
F € GL"(d) and > 0, see [2, Lemma 3.4], applying Young’s inequality, (W.3), and (2.6)
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we get for some Cy, > 0 that

k

1
tz/a WP (vy =D gDy ;5 vy® dx < @Zf”s vy ||i2(g)
=1

+CM1:Z/(1+|Vy(l D12y dx

(=1
Ska-i‘CMfZ T+ ML),

Plugging this into (3.35), and possibly decreasing 7o such that C,zW 70 < % holds true, we get

k

U] P 2
iCn k+2wn8 VAY Iy = MGoe) + 2156l 72

k
+Cut Y (14 M) + CuCrCt
=1

for Cp; > O sufficiently large. Multiplying both sides with 4C), then leads to the desired
estimate (3.17). ]

3.3 A priori bounds, compactness, and regularity

Given y(o) e (T/  and Or(o) . QI(T/ ? from Proposition 3.5, we define the following

interpolations: for kel{=h/t,....,T/t}, lety (kt) = Y. (kt) = y.(kt) = y(k) and for
te((k—1rt,kt)let

. kt—t _ t—(k—-—Drt
Ve =30y 0=y 5 =y 0. 336)

A similar notation is employed for 6., 6., and éf, for wy, w,, and W, and for 7,. The next
proposition lists several a priori bounds for the sequences of interpolations.

Proposition 3.10 (A priori bounds and compactness) Let T', h, ¢ > 0 and to be as in Propo-
sition 3.5. Then, there exists a constant C only depending on T, yo ¢, y()’ o 00, f, and 0, such
that for all T € (0, t9) with T /h € N and h/t € N the following bounds hold true:

1921l oty wr ey + 11 det(VI) ™ i, <) < €, (3.37a)

t
1Vl ety mt ) + S[ng]][ , 119 Yz (S)”iz(g) ds + Vel Il 21, w3 < €. (3.37b)
1€[0,T1J1—

10l oo L1y + 1Wellpoor:i@y < C- (3.37¢)

Moreover, for each q € [1, %) andr € [1, %) we can find constants Cq > 0 and C, > 0
such that

10l Lacrxe) + 1We |l Larxe) < Cq. (3.37d)

IVOclLrxe) + IVWellLraxe) < Cr. (3.37e)
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Moreover, there exist yy € C(I; Yia) N H' (In; H3(2; RY)) and 6, € L' (I; Wh1(Q)) with
Yr(t) = yo,e + tyéygfor allt € [—h, 0] and 6}, > 0 a.e. such that, up to taking subsequences
(not relabeled), as T — 0 it holds that

$e—yn weakly in H'(I; H(2; RY)), (3.384)
Y, = yn strongly in L (Ij; W2 RY)) and strongly in L (I;; WP (S RY)),
(3.38b)
0:—0p and We—wy weaklyin L' (I; W' (Q)) for any r € [1, ), (3.38¢)
0, = 60, and wy — wy strongly in L*(I x Q) forany s € [1, ‘ldiz), (3.38d)

where wy, == Wi“(Vyh, 0r). Note that the convergence in (3.38b) also hold true for y or Vr
instead of y,. Moreover, the convergences in (3.38c) and (3.38d) remain true after replacing
0 (W) with 0, (w,) or 0z (W), respectively.

Proof Except for the estimate on |9, y; || L2(I,: H3(%))» the bounds (3.37a)—(3.37c¢) are a direct
consequence of the a priori bounds (3.14)—(3.15) from Proposition 3.5, Lemma 3.2, (2.15),
and our definition of the different interpolations in time, where we particularly use that
Y (@) = yoe + ty()’g for t € (—h,0). The remaining estimate in (3.37b) is based on the
bound

19:VIzllL2s, x0) + Vella: VA, 2, <o) < C (3.39)

provided by (3.15). Elliptic regularity for the operator A and the fact that 3, y; = 0 on I, x 32
imply

119 Yz ||L2(1h;H3(Q)) < Cl|9;A¥. ||L2(Ih;H1(Q))~ (3.40)

Eventually, we use the interpolation inequality [[Av|z2(q) < CIVAV| 12y + ClIVVll 12
for all v € H3(; RY) which can be shown by the standard contradiction-compactness
argument. This along with (3.39)—(3.40) indeed yields the remaining bound in (3.37b).

The proof of (3.37d)—(3.37¢) relies on a proof of a weighted L2-bound on the temperature
gradient, namely

T
n _
/0 /7(1+w)1+n|sz|2dxdt§C (3.41)
Q T

for any n € (0, 1), where C is a constant only depending on 7. We refer to e.g. [2, Theorem
3.20] for further details. It thus remains to show (3.41). As noticed in the proof of Proposition
3.4, our thermal step coincides with the one from [2] up to adding the term |6, VA yik) RN
to the dissipation §(Vy§k71), 8¢ Vygk), Qf(kfl)). The proof of the weighted L2-bound (3.41)
in [2, Lemma 3.19] relies only on a uniform L '_bound on the dissipation. In view of (3.37b),
a uniform L!-bound (in 7, &, and ¢) is still available in the current setting and the arguments
in [2, Lemma 3.19] also apply here.

The a priori bounds along with a diagonal sequence argument show (3.38a)—(3.38d).
More precisely, the convergence (3.38a) is a straightforward consequence of the a priori
bound (3.37b) and Banach’s selection principle. The convergences in (3.38b) follow from
the embeddings H3(2; RY) cc WP (Q; RY) cc W (Q; RY) (recall that p € (3, 6) for
d = 3), and (3.37b) along with the Aubin-Lions’ lemma. Next, (3.38c) follows from (3.37d)—
(3.37e). Eventually, the convergence in (3.38d) and the identification wy, = Win(Vyy, 61)
can be shown using the bounds (3.37d)—(3.37¢), the Aubin-Lions’ lemma, and interpolation
with the bound in (3.37¢). For further details we refer, e.g., to [2, Lemma 4.2]. O
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We proceed with further regularity results for y; which hinge on a special case of elliptic
regularity, see Lemma A.1 in the appendix. This will allow us to prove better regularity for
the temperature variable, see Corollary 3.13 below, and it will also be instrumental for the
passage ¢ — 0 in Section 5.

Proposition 3.11 (Higher regularity of the deformation) Let T, h, ¢ > 0 and T € (0, 19)
be as in Proposition 3.5. Then, y; € L2(I; H*(Q; RY)), 0;y; € L3(I; H3(S; RY)), and for
eacht € I the time derivative 9,3y, satisfies the boundary conditions

WA Y (1) = Ad (1) = A28, 9:(1) =0  H  '-ace. in 9. (3.42)

Note that §; only has H*-regularity in space due to the regularity of the initial condition
Y0.e» see (2.20). The next lemma provides some useful bounds on Ay, and on A?$,, which
will be particularly crucial for passing to the limit ¢ — 0 in Section 5. Define

2p

. — 343
= L —2d G99

and note that o € (%, 1) since p > 2 ford =2 and p € (3,6) ford = 3.

Lemma 3.12 (Bounds from regularity) Let T, h, ¢ > 0. Then, for to sufficiently small
depending on € and h such that Proposition 3.5 is applicable and for v € (0, 19), there exists
a constant C > 0 only depending on T, yo ¢, yé,s, 6o, f, and 6, such that

_ _ p=2 _
1AV 2wty + 1AV T VAT 2%y < C(1+ Velyoellgay + 1906l m1))-

(3.44)

I A% Dell 2 gy < Ce™2(1+ Vellyo.el o + 1566l 1 @) (3.45)

IVDH(AY ) p2g. 10 () = C(l + «/E||YO,5||H4(Q) + ||y(/)7g||H1(Q))7 (3.46)
~ _lto

A8 yell L2 m2 @) < Ce 2 (1+ %l|y0,sl|H4(Q) + ||)’(/),5||1-11(Q))~ (3.47)

We postpone the proofs of the two results to the end of the subsection and first present the
following consequence.

Corollary 3.13 (Further a priori bounds) Let T, h, ¢ > 0 and ty be as in Proposition 3.5.
Then, there exists a constant C; > 0 only depending on T, ¢, yo¢, y(’)’s, 6o, f, and 6, such
that for all Tt € (0, ©o) with T /h € N and h/t € N the following bounds hold true:

10l 227 11 @)y + 1 Well 2011y < Ces (3.48)
1Dzl g1 (r; 1 (0 < Ces (3.49)
1921227, 54 () < Ce- (3.50)

In particular, 6, and wy, from Proposition 3.10 satisfy 0, wy, € L3(I; HY(Q)) and wy, €
H'(I; (HY(2))*) with w(0) = WN(Vy,e, 60). Moreover, yj lies in L(I; Yig®).

Proof First, by elliptic regularity along with the boundary conditions y,; = id and Ay; =0
on I, x 32 (see (2.1), (2.20), and (3.42)), and the fact that 2 has C>-boundary, we get

15 (1) — ]l gy < CIAS: Dl m2ey. 1A Ol 20y < CIA* (D120
fora.e.t € Ij. This along with (3.45) shows (3.50). Moreover, y, € L>(I; yi'f,g) (see (2.20))
follows from (3.37b), (3.42), (3.47), and the fact that yo . € Vig.
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Due to (3.47), we find that £]3, VAP, |? is bounded in L2(Iy; L*(2)) for a bound
depending on ¢, but independent of t and h. Therefore, the term dr WCPI(VXr,QT) :
Vyic +&(Vy 0V, 0,) + €10, VAP |> A ™! appearing in the second line of (3.9)
is bounded in L2(I;; L*(S2)) for a bound depending on &, but independent of T and A.
This regularity allows us to apply the a priori estimates in [37, Proposition 4.2]. This yields
(3.48)—(3.49), and then the regularity of the limits 6, and wj, is a direct consequence of weak
compactness. By [4, Lemma 4.5(iii)] we getﬂh, wy, € C(I; L*(2)) which along with (C.1)
and y, € C(Ip; Yia) also shows wy (0) = W™ (Vyg ¢, 6p). This concludes the proof. O

We now come to the proofs of Proposition 3.11 and Lemma 3.12. As they are purely of
technical nature, the reader might want to skip these proofs on first reading of the paper.

Proof of Proposition 3.11 We recall the notation in (3.36) and for convenience we drop the
index 7 in the entire proof. As a preliminary step, we first show § € H'(I; H*(Q2; R?)), and
afterwards the statement.

Step 1 (3 € H'(I; H*(; R?))): We show that, if y € L2(I; W29 (2; RY)) for some
q € [p,2(p — )], then

$e H'(I; W (@i RY), 5 e LA(I; w210+ (Q; RY)), (3.51)

wherem:ooford:Zandn::%—l>Of0rd:3,aswellas

WARHH =0 MY '-ae. ondQ. (3.52)

Once this has been shown, this argument can first be applied for ¢ = p by (3.37a), and then
by a bootstrapping argument, after a finite number of repetitions depending on 7, we get
e H'(I; HY(Q; RY)).

Let us show (3.51)—(3.52). Suppose that y € L>(1; W9 (2; R?)) forsome g € [p, 2(p—
D). For ¢ € I, we define g3(t) € X7 in the dual space of X, = W“ﬁ)/(g; RY) N
Hi (2; RY) by

0. 2) = [ DHAT0) Az + (9 W V50, 000 + 9 R0, 8,550),60) : Ve d
—/7(t)~zdx+%/ @5 — 33 — ) - zdx (3.53)
Q Q

for all z € X,. By (H.3) and the assumption y € L2(I; W>4(Q; RY)) we get DH(AY) €
L3(I; L% (€2: R)) and thus g3rd € LQ(I; X;;) by the bounds from Proposition 3.10. Fixing
z€ X, N H3(Q; RY) and using z as a test function in (3.6), we derive that

— 8/ VA1) : VAzdx = (g70), 2), (3.54)
Q

i.e., g3 represents the regularization of third order. Due to (3.54), forevery ¢ € I we canapply
Lemma A.1(a) for u == 9, $(r). With (A.2)~(A.3) this shows 8,5 € L2(I; W* 7T (Q: RY))
as well as (3.52). As yo¢ € igg , the above statements together with (2.20) directly lead to
y € HI(I; W‘L% (2; Rd)). By Sobolev embedding we get that y € L2(I; Wz*’(Q; Rd)),

where r = (ﬁ)**. Since ¢ > p and thus o5 = %, we getr = oo ford = 2 and ford = 3
we have r = (3%)(3 — 2%)_1 > % = g(1 + 7). This concludes the proof of (3.51).
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Step 2 (Proof of the statement): From now on we can suppose that § € H'(I; H*(Q; R?)).
Due to this improved regularity of $, we have for each r € I and any z € C°(£2; R9) that

/ DH(AY(t)) - Azdx = —/ V(DH(AY(t))) : Vzdx. (3.55)
Q Q

Recalling (2.4)~(2.5), an elementary computation for a general v € H*(Q2; R?) yields that
pointwise a.e. in 2 it holds that

2VAv if plAv|P2 <2,
V(DH(Av)) =
p(p —2)|Av|P~* AV ® ((VAv)TAv) + plAv|P72VAY else.
(3.56)
Taking the Frobenius norm on both sides of (3.56) we see a.e. in 2 that
2IVA if p|Av|P~2 <2,
V@) < VA ) A (3.57)
p(p — DIAv|P7=|VAv| else.

By Sobolev embedding we have that H2($; RY) ¢ L®(Q; R?) for d = 2, 3. Hence,
Ay € L® x Q;R%). In particular, this shows V(DH(AY)) € L*(I x Q;R?*¢) and
therefore, recalling the definition in (3.53) and (3.55), we derive g3rd e L%(I; H~1(9; RY))
by arbitrariness of z, where we have used that C2°(£2; R9) is dense in HOl (€2:; RY). (Now,
(-, -) stands for the duality pairing between H] (Q2; RY) and H ! (Q; RY).) By Lemma A.1(b),
(3.52), and the bounds from Proposition 3.10 we derive that 9,y € L3(I; H(2; RY)) and
that 9, y satisfies

”8[5)”L2(1;H5(Q)) < Cep (3.58)
for a constant C; ;, depending on ¢ and /. Moreover, we have the boundary condition
A%3,3(1) =0 HY lae. ondQ forrel. (3.59)

To conclude the proof, it remains to show Ad; y(¢t) = 0 Heae. ondQfors e I. Defining
forz € H := H3(Q; RY) N HY (2 RY)

(g2(1), z) = —s/ VA3, $(t) : VAzdx
Q
- / (8 W (V3 (0), 00)) + 8 R(Vy (1), 9 V5(1), 6(1))) : Vzd
Q
+/ f(@) - zdx — L / 0 y(t) — 0 y(t — h)) - zdx,
Q h Jo
we can rewrite (3.53)—(3.54) as
[ pH@T0)- 2= (0.2 (3.60)
Q
fort € I,i.e., g?" represents the term with second derivative. Using the improved regularity

of 3;y and the boundary conditions (3.52) and (3.59), the first integral in the definition of
g2"(r) can be written as

/VAa,y(r) : VAzdx=—/ Aza,y(t)~Azdx+/ A} () - AzdH!
Q Q Q2
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:/ VAzatfz(t):Vzdx—/ A3, 5(t) - 9,z dHI!
Q Q2
:/ VA28, (1) : Vzdx

Q

foreachz € H. As 9;y € L2(I; H?(Q; RY)), this shows gznd(t) e H1(2; R?) for each
t € I. Now, it is standard to find v(t) € H] (Q; RY) such that (g>"(1), z) = [, v(t) - Azdx
forall z € H?(Q; RY) N HJ (Q; RY), see (A.16)~(A.18) below for details. Given an arbitary
¢ € L*(2; RY) and choosing z € H*(Q; RY) N HJ (Q; R?) with Az = ¢, this along with
(3.60) shows

/Q (DH(AY(1)) — v(1)) - 9 dx = 0.

This yields DH (AY(t)) = v(t) a.e. in  and thus it holds that DH(Ay(t)) = 0 HA1-
a.e.on 02 fort € I. Since

DH(®v) = max{2, plv|’?lv=0 < v=0¢R?

and yo . € y{f;g, this concludes the proof of (3.42). ]

Proof of Lemma 3.12 For notational convenience, we define the weighted Bochner space
Wz ey = IWT =1 - ll2a.aq):

and employ a similar notation for Sobolev spaces. We first note that it is not restrictive to
establish the bounds (3.44)—(3.47) only for the weighted space. Indeed, by extending 6, and
f suitably on the time interval [T, T + n] for some > 0 small, we can establish time-
discrete solutions on the time interval [—h, T + n], see Proposition 3.5. Then, a control
on | - ”LZTM([U,TH]:L"(Q)) will directly imply a control on || - [[z2(;.14(g)) for a constant
additionally depending on 7. To simplify notation, we use the interval / = [0, T'] instead of
[0, T + n] in the sequel. As in the proof of Proposition 3.11, we omit the index t.

Step 1 (Proof of (3.44) and (3.45)): As ;9 € L2>(I; H*(Q2; RY)) with 8,A8,5(1) = 0
Hae. ondQforr e I by Proposition 3.11, by an integration by part we can rewrite the
e-dependent term in (3.6) as

/ eVAYY: VAzdx = —/ eA23,% : Azdx —|—/ g0y AP 1 AzdH!
Q Q Fle

= —/ eA%3,% : Azdx (3.61)

Q
foreach r € ((k — D)7, kt) and z € H3(Q2; R4 N H(; (2; RY). Thus, by approximation we
can test (3.6) with functions in H*(Q; RY) N Hj (Q; RY). As A$ € L2(I; H*(Q; RY)) with
AY() =0 HY ae. ondQfors eI by Proposition 3.11 and the fact that yp . € y;f,g (see

(2.20)), we discover that z(¢, x) = (T — t)Ay(t, x) fort € ((k — 1)z, k) is a valid test
function in (3.6). After summation and rearranging terms, and employing (3.61) this yields

e//Aza,ﬁzAzﬁ(T—t)dxdz—//DH(Ay)~A2y(T—z)dxdt
1JQ 1JQ
:// (3pW(VY,0) + 3;R(Vy, 3, V$,0)) : VAH(T — 1) dx dr (3.62)
1JQ -

—//?-Aﬁ(z)(T—t)dxdt—i—B// (8:3() — 3,3t — b)) - AT — 1) dx dr.
1Je hJrJa
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(The advantage of multiplying with (7" — r) will become apparent in (3.68) below.) Using
(3.42) and yo ¢ € )}ir:ig we integrate by parts in the second term on the left-hand side above,
which leads to

—// DH(AY) - A2H(T — t)dx dt

1JQ

=// V(DH(A@):VAﬁ(T—t)dxdt—// DH(AY) - 3y AH(T — 1) dHA L dr
1JQ 1J0Q

2/I/QV(DH(A?)):VAY(T—t)dxdt—Cr||V(DH(A§))||L2(1XQ)||VA3,)3||L2(1XQ)’

where in the last step we exploited the definition in (3.36). In view of (3.56), we get that
/,/Q V(DH(AY) : VAY(T — 1) dx dt
= /I/Qmax{Z, PIATIPVATIA(T — 1) dx dt
+ /, /Q Lypiayir-2222(p — DIVANT AV |AVIPHT — 1) dx dt
- /I/Qma"{zv PIATIP VAT - 1) dx dr.

By yo. € Vi and (3.58) we find | AVl (@) < Cen and 3]l 12¢. 53y < Cen-
Then, again using (3.56)—(3.57) and (3.37b) we eventually find

—// DH(AY) - A2(T —t)dx dt
1JQ

Z//max{z,pmﬂp—z}wAﬂz(T—t)dxdt—fcg,,,. (3.63)
1JQ

By the chain rule we write

//Aza,y.Azy(T—z)dxdr
1JQ
/d 1/ 24512 1 2412
- —(f |25 (T—t)dx)dt—kf// |A2$2 dx dr
1 di\2 Jq 2J1/)e
_! AP drdr — L A2y 3.64
—5 J Q| )’| X t_E“ )’O,s”Lz(Q)- ( )

By the definition of Vig and y € L°°(I; Via), it follows that 8, y(z) = 0 H?1-a.e. in 9K for
t € 1. Hence, integrating by parts leads to

/ / G50 — 05 — b)) - AT — 1) dx dr
1JQ

= —//(atvy(z) — V9t —h) : VH@)(T — 1) dx dr.
1JQ

Now, using the substitution t — ¢ — h we derive

4 / / @5 () — 85t — b)) - AF(O)(T — 1) dx d
1JQ
h
- n+p/ Ve ;][ VH)(T — 1) dr dx (3.65)
Q 0
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T
— ][ / 0, Vy(t) : Vy()(T — r)dx dt,
T—h JQ

where

T—h - us T—h
H:zp/ (T—z)/a,vy(z):vy([“Lh) Vy(t)dxdt—p/
0 Q h 0

/ 0, Vy(t): Vy(t + h)dxdr.
Q

Using that w = ff‘”’ 9;Vy(s) ds and applying Holder’s inequality, we can
check that

T < CI VI gy + CIAVI 20y VI 200y < CUVING 121200
Combining (3.62)—(3.65) then leads to

—p— _ & N Te
// max{2, p|Ay|” 2}|VAy|2(T—z)dxdr+—// 1A% dxdr — == [18%y0. 172 g
/e 2J1e 2

5// (aFW(V?,Q)+8FR(vy,a,v9,@):VAy(T—z)dxdz—//?-A&(T—z)dxdt
1JQ - 1JQ

" (3.66)
+1Cen + CIVIIZ1 1200 T p/Q Vy0.e :]{) VH()(T — 1) dr dx
T
- p][ / 9 Vy(@): V() (T —1)dx dt.
Jr-hnJQ
In view of the bounds (3.37a)—(3.37¢), we have that
sup 10 W(VY, 0) + 0;R(Vy, V3, O)ll 201 xqy < +00,
h>0,e€(0,1)
sup ”y”Lm(l;Wll’(Q)) + ”5)”H1(1;H1(Q)) < 400 . (367)
h>0,e€(0,1)

where we use (W.1), (C.4), and (D.1). Moreover, we choose 19 small enough such that
790Ce,n < 1. Hence, by Holder’s inequality, the weighted Young’s inequality, and by the
boundary condition Ay(t) = O for a.e. ¢t € [0, T] and H ae. in 992 (see (2.20) and
Proposition 3.11), we infer from (3.66) that

~ _ _,p=2 _
Vel A*Hll 20 xq) + FAYIL2 (111 () + HAVEZ VAV 2 (1.12(0)
< C(1+ellyoellga + 130l a1 @) (3.68)

for some constant C > 0 independent of ¢ € (0,1) and 2 > 0, where the notation
L%(I : H'(2)) has been introduced at the beginning of the proof. Here, the factor (T — 1)
guarantees that the last term on the right-hand side of (3.66) can be controlled uniformly in
h. This shows (3.44) and (3.45).

Step 2 (Proof of (3.46)): We proceed with (3.46). In view of (3.57), it holds that

=2 N2
|VDH@AT)| = C(1+187]) T |(1+1a7) 7 vay|
a.e. in Q. By using Holder’s inequality for %/ + % = 1 we estimate

2
p=2 /
2

_ L p=2p o p=2 .\ P
||VDH(Ay)||i%_<[;u,/<9))EC'/I(/Q (14 1A5) 20D (VT —t (1 +|AY]) 2 |[VAY])? dx> de
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< ClIL+ IATIIEZ oo I+ 1ATD T VAT (3.69)

L3(I;L2(Q)

Note that | Ay]| is uniformly bounded in L*°(I; L? (2; R%Y) by (3.37a). Hence, (3.46) follows
from (3.68).

Step 3 (Proof of (3.47)): Finally, we prove (3.47). In view of Corollary 3.11, we may
test the mechanical equation (3.6) with z = (T — 1)3; Ay (¢) for t € ((k — 1)1, kt). After
summation and rearranging terms this yields

—s//a,VAy:a,VAZ’ﬁ(T—z)dxdz—// DH(AY) - 9; A’$(T — ) dx dr
1JQ 1JQ
=// (0pW(VY,0) 4+ 0 R(Vy, 8 V3,0)) : 9, VAHT — 1) dx ds

//f AT —t)dxdt + = //(B,y(t)—a,y(t—h)) HAH(T — 1) dx dt.

Integrating by parts the left-hand side and the last term on the right-hand side above, by the
boundary conditions 9, A9,y = 0 and 3,y = 0 on 92 for ¢ € I, we get that

e// |a,A2§|2(T—r)dxdz+//V(DH(Ay)):a,VAy(T—z)dxdr
1JQ 1JQ

=// (3rW(VY,8) + 0 R(Vy, 3,V$,0)) : , VAFT — 1) dx dr
1JQ -

T
—//?-a,Ay(T—t)dxdz—ﬁ/ /(atvy(r)—a,vy(r—h)):
1Je hJo Ja

9, Vy()(T —r)dxdr.

(3.70)

We denote the last term on the right-hand side of (3.70) (without negative sign) by ITr. An
expansion yields

p ~
Iy = 2h (||3tv)’(f)||L2(Q) ||3tVy(f h)”LZ(Q)

+ ||a,Vy<r) — V5~ W) 250 (T — 1) dt

o T—h
- 5/ / IB;Vy(t)I dx dr + ][ / |8,Vy(t)| (T —1t) dx dt

Y o2
5||Vyo,a||Lz<Q)]{) (T —1yds

% /I/Q 10,V 5(t) — V5t — h)2(T — 1) dx dr . (3.71)
Combining (3.70) and (3.71) and applying Holder inequality, we deduce that
N0 A5 175 1120y < IVOHAI 12 (110 @) 10V AN 12 1.0 2)
+VTI@FW (VY. 0) + 8 R(Vy, V3, 0))||Lz<,xm||afVA§||L;‘(,;Lz<Q»
+ VT f 213 AS 112 11200 + 2 ||y0 Mg -

Then, by (3.67)—(3.69), Holder’s inequality, and Poincaré’s inequality along with A9,y = 0
on I x dQ2 we derive

24112 5
ello: A y”LQT(I;L2(Q)) = Ccd+ «/gllyo,sllm(g) + ||)’(/),g||H1(Q))”anAYHL%}(];LP(Q))
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+ClYo.e - (3.72)

By the Gagliardo-Nirenberg interpolation inequality with 8 = pz—_pzd @€ @©,aspe(36)
ford = 3), see e.g. [42, Theorem 1.24]) forr = p, =0,k =1, and p = g = 2, we get

2
”atVA)’”LZ (I;LP(Q) = = ||3tVAy||L2 (I; L2()) + ||atVA)’||L2 a: Lz(Q))Hatv Ay”L2 (:L2(Q))"

By elliptic regularity for the operator A and the fact that Ad;y = 0 on I x 92 we get
18, VA L2aiey < Clidy A%S| 12 (1;1(2)- Then, using the weighted Young’s inequality

for A > 0 and exponent % we get

2(179)

||8tVA)A’||L2 I:Lr(Q) = ||3,VAy||L2 L2y T C(er 779||8IVA)7”L2 (I:L2())

+CeMIB AT 1200
The bound /213, $ll 12(. 3¢y < C given by (3.37b) and the fact that 315 = ¢ € (5, 1)
(see (3.43)) yield

0 6‘

18V ASN 12 1510y < Ce™' /2 + Cre™ T 6™ = +C5A||3tA2y||L2(I 2@

24
< C)\S e +C8)“||8YA y”LZ 8 LZ(Q))

Multiplying inequality (3.72) by €€ and choosing A sufficiently small we get
NN 120y = CO+Vely0elms@) + 1506l @) + Ce2loe )

for some constant C > 0 independent of ¢ € (0, 1) and of & > 0. This concludes the proof
of (3.47) by using (3.42) and an elliptic regularity estimate. O

3.4 Proof of Theorem 3.1

In this subsection, we separately discuss the limiting passage T — 0 for the mechanical and
the heat-transfer equation, leading to (3.1a) and (3.1b), respectively.

Lemma 3.14 (Convergence of the mechanical Equation) Let (yy, 6) be as in Proposition
3.10. Then, for any test function z € C®(I x S R?) satisfying z = 0 on I x 92 we have
that (3.1a) holds.

Proof By (3.38a) we have that 3,9, —yj, weakly in L>(I},;; H3($2; R%)) and by (3.38b) it
holds that y, (1), y, (1), Y, (t) — yp, strongly in WP (€2; R?) fora.e.t € I. Moreover, (7)<,
(y;)z,and (Xf)f are bounded in L®(I; WP (Q; RY)) independently of T and 4. Hence, we
deduce (3.1a) by testing (3.6) with z, summing over k, and passing to the limit as T — 0
using the generalized dominated convergence theorem. Here, we crucially use that 93 R is
linear in the second entry, cf. (D.1). ]

Before we concern ourselves with the limiting passage in the heat-transfer equation, we
establish a mechanical energy balance for (yj, 6p,).
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Lemma 3.15 (Mechanical energy balance) Let (yn,0n) be as in Proposition 3.10 with
yi(0, -) = yo,¢ satisfying (3.1a). Then, for any t € I we have the mechanical energy balance

t

0 t
M(yh<r)>+5][ 13y ()17 2 g ds + / 2Re (Yh, 0 yn, On) ds
t—h 0
1Y ! 2
+ E/o 19y (5) = By (s — W17 ds

P t
= M(yo,e) + Ellyé,slliz(g) - /o /QapWCpl(Vyh, Oh) 1 0 Vypdxds

t
+/ /f-a,y,,dxds. (3.73)
0 JQ

Proof By the regularity y, € H'(I; H3(2; R?)), using the chain rule for A-convex func-
tionals (see [37, Proposition 3.6] and Lemma 3.8), we first observe that the mechanical energy
defined in (2.6) satisfies that t —> M (y,(¢)) lies in W1 (1) and that

d
EM(y;,) = / DH(Ayp) : 9; Ay, dx —|—/ AW (Vyp) - 9, Vy,dx forae.rel.
Q Q
(3.74)
We test the equation (3.1a) with z := 9;y, 1[0, +], and obtain by (2.11)

t t
//(8FWel(Vyh)+3FW°pl(V)’h,9h)):B,Vyhdxds—i-/ / DH(Ayp) - 3; Ay dx ds
0 JQ 0 JQ

t t
—/ / f-8tyhdxds+£/ / (8,yh(s)—8,yh(s—h))-azyh(s)dxds
0 JQ 0 JQ

t t
=—/ /ZR(Vyh,atVyh,Qh)dxds—e/ / |3,VAyh|2dxds.
0 Ja 0 Ja

Applying the chain rule (3.74) we find

t t
M(yh(t))—M(yo,s)Jr/o /Qﬁprl(Vyh,Oh):anyhdxds—/O /Qf'at)’h dx ds
(3.75)

t
=—/ / (2R 30 0930 60) + £10, ¥ Ay ) dr s
0 Q

13
- g/o /Q (8 yn(s) = B yn(s — h)) - dryn(s) dx ds.

Denoting the last term on the right-hand side by IT (without negative sign), and expanding it
as in (3.71), we derive

t

P
(1930 ()72 () = 193 (s = M2y + 13y (8) = Bryn(s — W72 ) ds

:EO

o[ 2 P 0 2
== 0 K ds — = ) d
2]{_[1 ” t)’h(Y)HLz(Q) s 2][/1 ” tYh (S)HLZ(Q) s

I1

t
0
+2 /0 1809 (5) = B (s — ), ds.

@ Springer



111 Page 38 of 54 S.Almi et al.

Plugging this into (3.75) and using (2.12) as well as 9, y, (s) = y(’)’a fors € (—h, 0), the proof
of the mechanical energy balance is concluded. O

Lemma 3.16 (Convergence of the heat-transfeL equation) Let (yp, 0y) be as in Proposition
3.10. Then, for any test function ¢ € C*°(I x Q) equation (3.1b) is satisfied.

Proof The essential point is to show strong convergence of the strain rates, namely
V9 — Vd;yp and VAY, $, — VA, y, strongly in L>(I; L*(R2; RI*?)). (3.76)

Once this is achieved, using the convergences in (3.38a)—(3.38d), we can almost verbatim
follow the proof of [2, Proposition 4.6], recalling that the scheme for the heat-transfer equation
differs from the one in [2] only by the regularizing term |3, VA3, |> A !, see (3.9) and [2,
Equation (3.11)]. The only difference is that for the term

/ 0;wr e dx
Q

in (3.9) we do not perform an integration by parts in time, but directly pass to the limit using
that 8,1, —d,wy, in L2(I; (H'(2))*) by Corollary 3.13. This gives (3.1b).

The argument for showing (3.76) is along the lines of [2, Lemma 4.5] or [37, Proposition
5.1], and relies on passing to the limit in the mechanical energy balance. We briefly sketch
the argument. In view of the notation in (3.36), we can write the discrete mechanical energy
estimate in Lemma 3.9 as

T T
— 1Y ~ ~
MF(T)) + EJ[T Ol di + /0 2Re(y. . 8. 0,) dr
4 g 2
+E ||8t}’}‘[(t)_3I§/f(t_h)||L2(Q) dt

T
P A
< M0.2) + S 1506720 — /0 /Q dr WP (y_,6,) 1 Ve dx dr

T
+/O (f(0),3:3:(0), dt + CytVr)r.

Employing (3.38a)—(3.38d), standard lower semicontinuity arguments (see [2, Equation
(4.15)] and also [25, Theorem 7.5] for a general result) imply,

lim inf M(y(T)) 2 M(ya(T)). (3.77a)

hmlnf/ /S(Vy V.0, )dxdt>/ /S(Vyh,f),Vyh 0y) dx dt,
(3.77b)

hmlnf/ /8|8IVAy,| dxdt>/ /8|3,VAyh|2dxdt (3.77¢)
—0

P P
li f ) t dr > — ) t , 3.77d
imin 2][T_h 19: 92 (D172 df = 2][T_h 19 v (D) 172, A (3.77d)

T T
. .. P N ~ 2 14 2
liminf 2 /O 19:56(6) = 8i3elt = DI22gq, dr = 2 /0 13030 (0) = Byt — W22y
(3.77¢)
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Since [y (f (1), 3902 dt — [y [ f - dyndxdr, as well as [) [ 0p WP (y_.0,) :
9, V9, dx dt converges to fOT Jo OF WP (Vyp, 6,) + 8, Vyy dx dr by (3.38a)—(3.38d), and
©Vr/r — 0as T — 0 by (3.37b), using the mechanical energy balance (3.73), we find that
all estimates (3.77a)—(3.77¢) are actually equalities, see [2, Equation (4.15)] for details on
this argument. In particular, the convergence in (3.77b) implies the first part of (3.76), by
repeating the arguments in [2, Equation (4.16)ff.]. Eventually, the convergence in (3.77c)
provides the second part of (3.76). O

Proof of Theorem 3.1 The statement follows by collecting the regularity for yy, 65, and wy,
given in Proposition 3.10 and Corollary 3.13, and the identification of the limiting equations
in Lemmas 3.14 and 3.16. O

4 Vanishing time-delay

We recall that for each T, h, ¢ > 0, Theorem 3.1 guarantees the existence of (y;, 0y) such
that y, € L*(I; yi‘gg) NHY Iy, H3 (S RY)), 6, € L3I, Hi (£2)), and such that equations
(3.1a)—(3.1b) hold. We also recall that y;, (t) = yo,c + ty(’)’s for t € [—h, 0]. The goal of this
section is to pass to the limit 4~ — 0 in (3.1a)—(3.1b). We start by a compactness result.

Lemma4.1 (Compactness) There exist y. € L™ (I; Vi) NH (I3 H3(; RY)) with y. (0) =

Yoo and 0, € L>(I; HL(Q)), as well as w, = W"(Vy,,6,) € L*(I; H/(Q) N
HY'(I: (HY())*) with ws(0) = wo,e such that, up to selecting a subsequence (not rela-
beled), it holds that

ya—ye weakly in H' (I; H3(S; RY)), (4.1a)
yi = ye strongly in C(I; WH (2 RY)) and strongly in C(I; W>P(S2; RY)), (4.1b)
Op — 0, and wy — w, strongly in L*(I x Q) forany s € [1, ddiz), (4.1¢)
Op—0, and wp—w, weakly in L>(I; H'()), (4.1d)
wp—w, weakly in H'(I; (H'(Q))*). (4.1e)

Proof As the a priori bounds derived in Proposition 3.10 and Corollary 3.13 are independent
of h, we see by the lower semicontinuity of norms that the same bounds hold true for (yy, 6)
in place of (y;, 8;). Then, (4.1a)—(4.1c) can be obtained exactly as in the proof of Proposition
3.10, and (4.1d) —(4.1e) follow from the bounds in Corollary 3.13 by weak compactness and
the Aubin-Lions’ lemma, see also [37, Proposition 5.1]. O

We collect a priori bounds for the limits (yg, 6) which directly follow from Proposition

3.10, Lemma 3.12, Lemma 4.1, and lower semicontinuity: for each ¢ € [1, %) and r €
[1, Z—ﬁ) we can find constants C, C,, and C, independent of & such that

Ve ll oo r: w2 ey + 11 det(Vye) ~Hizexay < €. (4.22)

Vel i (rxey + Ve Yel 2 3@y < C. (4.2b)

16l oo r; 1)) + lwellooqr L)y = € (4.2¢)

10l La(rx) + llwellLagxe) < Cy, (4.2d)

IVOllLraxa) + IVwellLraxa) < Cr. (4.2e)
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Furthermore, there exist o € (%, 1) and C > 0 independently of & with

2
NAYe 2 m1 @)y + 1AVl 2 V(AY) 2 x0) < C(l + «/E”)’O,s”[-ﬂ(g) + ||)’(/),£||H1(Q)),

(4.3a)

IVDH Ayl 2,10 @y < C(1+ Velyoellusa) + 1906l a1 @) - (4.3b)

188 yell 2.2y < Ce™ (14 Velyoelnay + 136l @)- (4.3¢)
Moreover, we have

Aye(t) = 3,Ay.(t) =0 ondQforae.t €1, (4.42)

Adye (1) = 3,A8,y:(t) =0 ondQforae.rel. (4.4b)

In particular, (4.4b) follows from the boundary conditions deduced in Proposition 3.11, the
estimates obtained in Lemma 3.12 on (9, y5 )5, and a compactness argument, while (4.4a) is
a consequence of (4.4b) and the fact that y , € izg , see (2.20).

The rest of the section is devoted to the proof of Theorems 2.2 and 2.3. In particular, we
show that (y,, 6) is a solution to the regularized system (2.21)—(2.22). As the second bound
in (3.37b) transfers uniformly to 9, yy, there exists y’T’ . € LZ(Q; ]Rd) such that, as h — O,

T
][ d;yn(s) ds—yz . weakly in L%(S:; RY). (4.5)
T—h

Proposition 4.2 (Auxiliary mechanical equation) Let (y., 0:) be as in Lemma 4.1. Then,
(Ve, 0¢) satisfies

0://BFW(Vys,GS):Vzdxdt—F// DH(Ay,) - Azdx dt
1JQ 1JQ

+8//8,VAy5:VAzdxdt
1JQ

—//f~zdxdt+//BFR(Vya,a,Vys,Hg):Vzdxdt (4.6)
1JQ 1JQ

—p//&,ysw‘)tzdxdt
1JQ

+p/Q(y’T,e -2(T) = yg.¢ - 2(0)) dx,

foreveryz € C®(I x 2 RY) withz =0on I x 3.

Proof Notice that by a change of variables we can rewrite (3.1a) forevery z € C®°(I x 2; R?)
withz =0on I x 92 as

//DH(Ayh)-Az+(BFW(Vyh,Qh)—l-apR(Vyh,a;Vyh,Qh)):Vzdxdt
1JQ

T—h
t+h)—z(t
+e//8tVAyh-VAzdxdt—p/ /atyh(t)-wdxdt
1Ja 0 Q h

h T
—,o/y(/)‘s-][ z(t)dzdx—l—p][ /a,yh(t).z(t)dxdt=//f.zdxdt.
Q 0 —h JQ 1JQ
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By the smoothness of z and (4.5) it directly follows that

h T
/ Yo.e - ][ 2(t)dt dx — / Yoo - 2(0) dx ][ / By () - 2(t) dx dt
¢ 0 Q@ T-nJo
_)/y/T.a’Z(T)dx ash — 0.
o T

Moreover, the convergence in (4.1a) and the smoothness of z show by weak-strong conver-
gence

T—h T
t+h)—z(t
/ /a,yh(r).Z(J“hAdxdte/ /8tyg~8,zdxdt as h — 0.
0 Q 0 Q

By (4.1b), assumption (H.3), and the generalized dominated convergence theorem, we derive
that

//DH(Ayh)-Azdxdt%//DH(Ayg)-Azdxdt ash — 0.
1Jg 1Jg

Finally, by (4.1a)—(4.1c) the convergence of all remaining terms follows, leading to the desired
equation (4.6). O

Proposition 4.3 (Mechanical equation) Let (yg,0;) be as in Lemma 4.1. Then, (y, 6)
satisfies (2.21). Moreover, it holds that Btztyg e L¥(I; (H3 (S RYH N HOl (2; R with
||812tyg||L2(,;(H3(QmH01 @ = C for a constant C > 0 independent of €. In particular,

dye € C(; L2 RY) with 8,ye(0) = v, and 8,ye(T) =y .

Proof In view of (4.2a)—(4.2¢), all time integrals in (4.6) except for p f I f o 0rye - Orzdx dr
lie in L2(I; (H3(Q) N HO1 (2))*), where for the nonlinear term [, [ DH(Ay) - Azdx dr
we particularly use (H.3), (4.2a), and the fact that Az € L2(I; L?(S2)) for each z €
L(I; H3(Q) N H} (R)) (p € (3,6) for d = 3). More precisely, the corresponding operator
norms are uniformly bounded independently of ¢. Then, by definition of weak derivatives
we get that 8% Ve € L2(I; (H3(SZ; RN HO1 (2; Rd))*) exists and is bounded independently
of £. Moreover, an integration by parts in time shows (2.21) for z € C®(I x Q; R9) with
z=0o0n/7 x R and z(0) = z(T) = 0. Then, by a density argument we observe that the
assumption z(0) = z(T') = 0 can be dropped. Eventually, d;y. € C(I; L2(Q; RY)) follows
from [42, Lemma 7.3], and 9y, (0) = y(’), o aswell as 9,y (T) = y’T’ . follow by integration
by parts in time of (2.21) for general z € C®(I x ; R?) and a comparison with (4.6). O

We proceed with a mechanical energy balance which is the analog to the one in (3.73).
We note that the balance can be formulated for each ¢ € I since y, € C(I; W2P(€2; R?))
and 8y, € C(I; L2(Q; RY)).

Lemma 4.4 (Mechanical energy balance) Let (y., 6;) be as in Lemma 4.1 satisfying (2.21).

Then, for any t € I we have the mechanical energy balance (2.23).

Proof Since 97y, lies in L2(I; (H*(2; R?) N HJ (Q; RY))*), see Proposition 4.3, by an
approximation argument we can test (2.21) with z = 9;y. 1|0 ;] and obtain

t
//<8FW"1(V)’£)+8FW°pl(Vya,98)):S,Vygdxdt
0 Q
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t
+/ /DH(Ays):atAygdxds
0 JQ

! t t
= _/ 2Re(Ye, 0 Ye, Og) ds — p/ (atztya 0rye) ds +/ / S 0yedxds. (4.7
0 0 0 JQ

Using the chain rule we find

"2y ads =2 [ L deds = 2o 2 Pyt 112
o 0 ( l‘l‘ys’ 1y8> S_E 0 Qa' l‘y£| X S_EH lyh(t)”LZ(Q)_EHyO,g”LZ(Q)-

Combining this with the chain rule in (3.74) (for y, in place of yj;) and plugging into (4.7),
the proof is concluded, using again (2.11)—(2.12). O

Proposition 4.5 (Heat-transfer equation) Let (ye, 6:) be as in Lemma 4.1. Then, (yg,0;)
satisfies (2.22).

Proof As in the proof of Lemma 3.16, the essential point is to show strong convergence of
the strain rates, namely

Vd;yn — Vo, ye and VA y, — VA, y, strongly in L>(I; L>(92; R*9)), (4.8)

as then one can pass to the limit in each term by using the convergences in (4.1a)—(4.1e).
Rearranging the terms in (3.73), dropping one nonnegative term, and passing to the liminf
as h — 0, by the convergences in Lemma 4.1 we get

T
. 4 2
lim inf (M (0 (T)) + Ei[r 92 g ds + /1 2Re (vt By, 64) di
0 .
< MO0+ S5 g+ fim [ [ f-arnaxar
—lim// dr WP (Vyp, ) ¢ 8,V yp dx d
h—=0Jr Jo

p
= MO+ S5 gy + [ [ £y arar
1JQ

—// A WP (Vye, 6,) 1 8, Vy, dx dr. 4.9)
1JQ
By the convergences in Lemma 4.1 and standard lower semicontinuity arguments we get

li}?ljng(Yh(T)) = M(ye(T)),

v

lim inf / 2R (v, 3y, On) di / YRe(ye. By ye. 60) di,
h—>0 1 I

T
Y o 2 I 2
h;ln_)uolf Ef]"'fh ||at)’h (S)HLQ(Q) ds = E ||3t)’s(T)||L2(Q) (410)

For the first two estimates we also refer to [2, Equation (4.15)] and the last one follows from
(4.5) and Proposition 4.3. Combining (4.9)—(4.10) with the mechanical energy balance in
Lemma 4.4, we conclude that all inequalities in (4.10) are actually equalities. Then, (4.8)
follows exactly as in the final argument of the proof of Lemma 3.16. O
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Proof (Proofs of Theorems 2.2 and 2.3) The weak formulation, the regularity properties of
(Ye, 0, we), and the initial conditions for y., d;ys, we follow from Lemma 4.1, Proposition
4.3, and Proposition 4.5. The mechanical energy balance is given in Lemma 4.4.

Concerning (2.24), we observe that by density we can test (2.22) with functions ¢ €
WLL(I) which are independent of the space variable x and satisfy ¢(7) = 0. For t € (0, T)
fixed, we define the test function ¢ withp = 1on (0, —8),¢ = Oon (t+8, T),and ¢’ = — %
on (t — 4, t + ). Then, by an integration by parts in time for the term fl (0;we, @) dt, in the
limit § — 0, (2.22) yields

t
0= [ = (607500752, 6) 4 06 WP (T30, 00) 8,93+ €13, Y Ay )
0

t 1 t+38
—K/ / (0 — 6:) dH " dr + lim — /wgdxdt—/ wo.e dx.
o Jag §—028 Ji—s Ja Q

Asw, € C(I; L*(Q)) by Lemma4.1 and [42, Lemma7.3], we find lims_o 5 ["* [ we dx
ds = fQ we (t, x) dx, which concludes the proof of (2.24). Eventually, (2.25) follows by
summation of (2.23) and (2.24). O

5 Vanishing regularization: Proof of Theorem 2.5

This section is devoted to the analysis of the limit of the regularized thermo-elastodynamic
system (2.21)—(2.22) as ¢ — 0. This will show existence of solutions to the system (2.26)—
(2.27),1.e., Theorem 2.5. First, given initial data yy € )iq and yé € I-{l(} (2; Rd), we consider
suitable regularizations yg . € if;g (see (2.20)) and y(’), c€H 3(Q; RY) such that

Yo.e = yoin WHP(Q;RY) and  yj, — ypin H'(Q; R, (5.1)
lim sup %l'yo,&‘”H“(Q) < +00. (5.2)
e—0

This can be achieved by considering regularizations (¢,), C CZ°(2; R%) with Qe = Ay €
LP(:; RY), and choosing yp . € C*(; R?) N Yia as the solution to Ayoe = ¢¢. Then,
Ay = Aype = 0 on 92 holds by construction and (5.1)—(5.2) can be achieved
by the elliptic regularity estimate ||yo.: — yollw2r@) < ClIlA(Yo,e — Yo)llLr (), see [32,
Lemma 9.17].

For every ¢ > 0, in Theorem 2.2 we have shown the existence of a solution (y, 6;)
to the regularized thermo-elastodynamic system (2.21)—(2.22). In the following lemma, we
summarize the compactness properties of such sequences.

Lemma5.1 Let (y.,0:) be a sequence of solutions to (2.21)—(2.22) with initial data
Ooe, y(’),s, 6o) given by Theorem 2.2. Then, there exists (y, 0) € (L*°(I; YVia) NHN(I; HY(Q;

R9Y)) x L(I; Wj_’l (2)) such that, up to a subsequence, it holds for any q € (1, 2*) that

Ve — y weakly* in L (I; WP (S RY)) and weakly in H'(I; H' (2, RY)),  (5.3a)

Ve = y in L¥(I; Wh®(€: RY)) and in L*(I; W>P(Q; R?)), (5.3b)
dye — Oy in L*(I; L9(S:; RY)), (5.3¢)
0:—60 and we—w weakly in L' (I; W' (Q)) for any r € [1, 4£3), (5.3d)
0o — 0 and we — win L*(I x Q) foranys € [1, £2). (5.3e)
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where w == W"(Vy, 6).

Proof The convergences in (5.3a) and (5.3d)—(5.3e) as well as the first convergence in
(5.3b) are obtained arguing as in the proof of Proposition 3.10, relying on the estimates
(4.2a)—(4.2e). As for (5.3c), we apply the Aubin-Lions’ lemma as follows: by (4.2b) we
have that d;y. is bounded in L2(I; HY(Q; Rd)) and Proposition 4.3 yields that 8,2,y5 is
bounded in L2(1; (H3(€2: RN HO1 (2; R9))*). Hence, (5.3¢) holds by the compact embed-
ding H'(€: R?) cc L1(Q; RY) for g < 2*. The identification w = W"(Vy, §) follows
as in the proof of Proposition 3.10, cf. also [2, Lemma 4.2]. Note that by (4.3a) and elliptic
regularity we follow that y, is bounded in L*(I; H*(Q2; R%)). Consequently, yet another
application of the Aubin-Lions’ lemma using also the boundedness of 9, y, in LZ(I x §2; R?)
shows the second convergence in (5.3b). ]

5.1 The mechanical equation

We recall that the mechanical equation (2.21) is equivalent to the formulation in (4.6).

Proposition 5.2 Let (y, 0) be as in Lemma 5.1. Then, (y, 0) satisfies (2.26).

Proof We test (4.6) with z € C®(I x $; R?) with z = 0in I x d$2 and z(T) = 0. Thanks
to the convergences in (5.3a)—(5.3e) and to assumptions ((W.1)), ((H.1)) and ((H.3)), ((C.1)),
((D.1)), and (5.1), we have that
// OFW(Vye, 0,) : Vzdx dt — // oFpW(Vy,0): Vzdxdr, (5.4a)
1Ja 1Jg
// DH(Aye) - Azdxdt — // DH(Ay) - Azdxdt, (5.4b)
1Jg 1Jg

//8FR(Vy8,3;Vy5,96):Vzdxdt—)//BFR(Vy,B,Vy,Q):Vzdxdt, (5.4¢)
1JQ 1JQ

//8,y£~8,zdxdt—>//8,y'3,zdxdt, (5.4d)
1J@ 1Jg
/)’O,s-Z(O)dx—>/yo-z(0)dx. (5.4e)
Q Q

In particular, in (5.4b) we have used (5.3b) and in (5.4c) we have exploited the linear structure
of 9 R with respect to 9, y.. Finally, estimate (4.2b) implies that

8//8tVAy8:VAzdxdt—>O.
1JQ

Hence, the pair (y, ) satisfies (2.26). ]

5.2 The heat-transfer equation

We are left to consider the limit as ¢ — 0 in the heat-transfer equation (2.22). To this purpose,
we now derive a weaker form of the regularized heat equation which is suitable for the limit
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procedure. This relies on integration by parts and on the chain rule for the mechanical energy.
For notational convenience, for ¢ € C*°(2) we define

&00i9) = [ (WO + H ) + W00} v d. (5.5)
Q
Notice that for the limiting passage we will also crucially use the bounds in (4.3).

Proposition 5.3 Foreverye > 0, every ¢ € C®(I x Q) of the form ¢ = Y for y € C®(Q)
and n € C*®°(I) with n(T) = 0 it holds

0=//niC(Vys,es)ves-w—x// nw(eb—eg)de*'dr—//vfnf-atygdxdr
1JQ I1J0Q 1JQ
~ [ (g0e 091+ [ Zi0vPuax) ar =) (E0ne. 001w+ [ 21 P an)
I Q2 Q2
b [ 00300+ 0RO, 89 3060) £ v @ ) v
1
—/I/QUDH(A)’E)'arysAVf dxdt—2/1/QnV(DH(Ayg)):(8,y5®V1/f) dx dr
—s// N3 A%y - (28, Vye Vi + div(d,y. ® Vi) dx dr
1JQ
+£// no,VAy; : 8,Vy8A1/fdxdt—2£// N0 VAyg : 9, Vy, V2 dx dr. (5.6)
1JQ 1JQ

Note that except for the e-dependent terms this formulation coincides with the one in
(2.27).

Proof For ¢ > 0, we define z := ny9;y. and, by (4.2b), we note that z € L2(I; H3(S; RY))
andz = 0in ] x 3. Recall that 32y, € L>(I; (H*(Q; RY) N Hy (Q; RY))*) by Proposition
4.3. Testing the heat-transfer equation (2.22) and performing an integration by parts in time
we may write

H::// nl/lg(vyf‘v alvy8598)dth+8// nvf|8tVAy8|2dth
1JQ 1JQ
+// ny BFWCPI(V)’E, 0g) 1 0;Vye dx dt
1JQ
= [ | (1300960 - 90— v weain) axar
1JQ

—K// ny (Gb—eg)de’]dt—/ wo, ¥ (0) dx. (5.7)
1J0Q Q

Our goal is to rewrite the terms on the left hand side, i.e., IT. To this end, we test the regularized
mechanical equation (2.21) with z = 90, y,: this yields

/ / n(0F W (V30 + 0, WP (V3. 0)) : V(Wdyye) de dr
I1JQ
+//naFR(V)’avatVyeaes):V(watys)dth
1JQ
+e// na,VAyE:VA(watyg)dxdt+// nDH(Ays) - A(Wd;y,) dx dt
I1JQ I1JQ

:/I/Qllfflf-atygdxdt—p/[(atztyg,atygm//)dt. (5.8)
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We expand the terms on the left-hand side of (5.8) by expanding V (19, y¢), VA (9, y.), and
A(Y0;ye). This yields

/I/Qn(apWel(Vye) + achm(vyg,ee)) V(P drye) dx df

= /I/Qmﬁ WP (Vye, ) 1 8, Vye dx dr + Jo + Ji,

Lo wgaoana

= /I/Qm/f 3 R(VYe, 0V ye, 0p) 1 9, Vye dx dt + Jo,

5/1/9773[VA)78 : VA8, ye) dx dt

= S/I/Q'Nf 10;V Ay |>dx df + J3 + Ja,
/I/Q"DH(A)’s) “A(Yoye) dxdr

= // ny DH(Aye) - i Aye dx dt + Js, (5.9)
1Je

where for brevity we have written

Jo = /I/Qm/f Ar W (Vy,) : 8, Vy, dx dt,
Ji = /I/QU(E)FWCI(V)@) + 9 WP (Vy,, 08)) D (0rye ® V) dx dt,
Jr = /I/QnBFR(VyS, 0:Vye,0¢) 1 (0rye ® Vip) dx dt,
J3 = 8/1/9778,VAy8 1 (0: Ay, @ V) dx dt,
Jy = S/I/Qna,VAyg 1 V(0;Vy. Vi) dx dt
—I—e/l /Q'IanA)’s : V(div(9;y: ® Vr)) dx dt,

Js :://nDH(Ayg)-B[ySAw dxdt+2//nDH(Ay8)-8,Vyngb dx dr.
1JQ 1JQ
(5.10)

Recalling (2.11), we see that the first three terms on the right-hand sides of (5.9) correspond
to the terms in (5.7) whose sum is denoted by IT. This along with (5.8) yields

4
M+ > J= Y f - Ohye dxdr — nDH(Aye) - A(Yd;ye) dx de
1JQ 1JQ
i=0

- p/l<3,2,ys, dye np) dt.
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Using the last equation in (5.9) and the definition of Jy, we get
5
M+ Ji= // ¥ (f < ye — OF W (Vye) 1 9, Vye — DH(AYe) - atAyg) dx d
i=1 I/a

- p/<a,%yg, Bye my)dr 5.11)
I

Using the chain rule and n(7") = 0, we rewrite the last term on the right-hand side as

/(at,yg,azygwn )dr = // ol n)dedr—f//wafm 0, dx dr
1

(5.12)

P p
:_7/ ¥n(0) Iyg.e | dx_,// V18, ye 0y dx dr.
2 Ja 2 J1Je

By the chain rule for the mechanical energy, see (3.74) (for y, in place of yp,), and integration
by parts we have

//nw aFWel(vys):atVYS+DH(AYS)'8tAYS) dx dr
1JQ
/ P / ¥ (W (Vye) + H(Ay,)) dx dr
= / 1(0) ¥ (W (Vyoe) + H(Ayo,)) dx

—// Y (W (Vye) + H(Ay,)) dx dr. (5.13)
1JQ

Next, we manipulate J3, J4, Js. Recall that Ay, = 0 and 9,y = 0 on 92 for a.e. t € I (see
(4.4)) and DH (0) = 0 by (2.4)—(2.5). We perform an integration by parts in Js to get

! I
_2//nDH(AYS)'atysA1ﬁ dx dr
1Ja

—//nDH(Aya-atysAw dxdt—Z//nV(DH(Ayg)):(azys@JVl/f) dx d.
1JQ 1JQ
(5.14)

By integrating by parts and recalling the boundary conditions Ad;y, = 9, Ad;y, = 0 on 92
fora.e. t € I (see (4.4)), we rewrite Jy as

Jy = —s// 10 A%y, - (3, Vye VY +div(d,y. ® V) dx dr, (5.15)
1JQ

and, by elementary but tedious computations, J3 can be written as

1
g13=// no;VAy: : (0 Ay, ® V) dx dt
1JQ
- / / N Aye - (/Y Ay YY) + 3 Ays Ayy) d dt
1JQ

:// N9 VA, : (3 VYV + & Vy. Ayr) dx dr
1JQ
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+//natAyg-(8,V2y5V2¢+8tVy5VAw)dxdt

1JQ

:—//nB[Azyg-(B,VySVIII)dxdt—i—//UB,VAye:BIVygAwdxdt
1JQ 1JQ

—2// nOVAY: : 9, Vy. Vi dxds. (5.16)
1JQ

Recalling the definition in (5.5) and combining (5.7) with (5.10)—(5.16) we obtain the state-
ment. More precisely, (5.12) and (5.13) contribute to the second line in (5.6), the third line
corresponds to J; + J, (see (5.10)) and the last three lines correspond to J3 + J4 + J5 (see
(5.14)—(5.106)). ]

We are now in a position to pass to the limit as ¢ — 0 in the modified heat-transfer
equation (5.6). This will conclude the proof of Theorem 2.5.

Proposition 5.4 Let (y, 0) be given by Lemma 5.1. Then, (y, 0) satisfies (2.27).

Proof In order to show (2.27), by a density argument it suffices to consider test functions of
the form ¢ = yry for € C®(Q) and € C®(I) with n(T) = 0. We test (5.6) with ¢ and
pass to the limit term by term.

Thanks to the convergences stated in Lemma 5.1, the estimates (4.2)—(4.3), and the assump-
tions (W.1)—(W.3), (H.1)-(H.3), (C.1)—(C.5), (D.1)—(D.2), and (5.1), we have that each of the
terms in the first three lines of (5.6) converges to the respective term in the first three lines
of (2.27) (with nyr in place of ¢). Here, we againg exploit that d; R is linear in the second
entry, cf. (D.1). Therefore, it suffices to show

lim (// N DH(AY:) - 8, ys Ay dxdt+2// NV(DH(AY:)) : By ® V) dxdt)
1JQ 1JQ

e—0

:// n DH(AY) - 3y Ay dxdt+2// nV(DH(AY)) : (3;y ® Vi) dx dt,
1JQ 1JQ
(5.17)
lin%a// 08 A2y, - (20, Vye Vi +div(d,y: ® Vi) dx dr =0, (5.18)
E—> 1JQ

lim (s// na,VAys:atVyeAl//dxdt—Za// nB,VAyE:&VyEVzl[/dxdt):O.
=0 1JQ 1JQ
(5.19)

We start with (5.17). Recalling that 9, y. converges strongly in L2(I; LP (2 RY)) by (5.3¢c)
(recall p < 6 for d = 3), the key point is to show the strong (resp. weak) convergence of
DH(Aye) (resp. V(DH (Ay,))) in L2(I; L”' (). Since y, — y in L2(I; W27 (; RY))
(cf. (5.3b)), we infer by (H.3) that

nDH(Ay,) — nDH(Ay) in LA(I; L? (Q; RY)). (5.20)
In view of (4.3b), by weak compactness we also have that
nV(DH(Ay:)) = nV(DH(A)  in LX(I5 L7 (2 R™)), (5.21)
Now, (5.20)—(5.21) along with (5.3c) show (5.17).
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Eventually, by Holder’s inequality, we get that

‘// 19 A%ys - (20, Vye Vi + div(d,ye ® Vi) dx dr
1JQ

< CI3A%Yell 21wy (INVY (@) + 1MV [ o)
(||3t)’s||L2(1xQ) + 119 Vye ||L2(1><Q)) ,

‘//natVAysz(28,Vy5V2¢—8,Vy5A1ﬁ)dxdt
1JQ

< CIAVAYel 2w 1NV Lo @) 19 Ve ll 2070 -

Thus, we infer from (4.2b) and (4.3c) (recall o < 1) that (5.18)—(5.19) hold. This concludes
the proof. O

Proof of Theorem 2.5 The weak formulation follows from Propositions 5.2 and 5.4. We
-2

deduce the regularity y € L2(I; H3(R?)) and (1 + |Ay)™Z |VAY? € L2 x Q)

by the bound (4.3a) and lower semicontinuity of norms as ¢ — 0, again applying an elliptic

regularity estimate. O

A A special case of elliptic regularity

We formulate and prove the lemma used in Subsection 3.3.

LemmaA.1 (A special case of elliptic regularity) Consider the Banach space X =
wW4(Q; R N H(} (€2:; RY) for some g > 1. Moreover; let u € H3 (S RY N H&(Q; R%)
and g € X* be such that for all z € C®(2; R?) with z = 0 on 9 it holds that

/ VAu:VAzdx = (g, z), (A.1)
Q
where (-, -) denotes the duality pairing between X and X*. Then, the following holds true:
(a) We have that u € W4"1/(S2; R?) with

lull ot gy < Cliglx= + Clal (A.2)

for a constant C > 0 only depending on 2, where pu = fQ Audx. Moreover, the
following boundary condition holds true:

WAu=0 H' ' ae ondQ. (A3)
(b) If we additionally have g € H™1(; RY), then u € H>(2; RY) with
lull s @) < Clglia-1@) + Cluls (A4)
satisfying the boundary condition

Au=0 HIae ondQ. (A.5)
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Proof Step I ( W44 regularity): Using (A.1) and integrating by parts we see that for all
z € C®(; RY) with z = 8, Az = 0 on 9%2 it holds that

(g,z):/ VAu:VAzdx:—/ Au-Azzdx—i-/ Au - dyAzdH!
Q Q aQ

= —/ Au - A%zdx. (A.6)
Q

By representation of the dual space we find G, G, G;; € Lq/(Q; R4 ) such that

d
<g,z)=/G zdx+ ) G- djzdx+ Z Gij - 95z dx (A7)

j=1 i,j=1

with [1G 1l ¢ ) + X921 1G 1l oy + X5 j=1 1Gijll o' () = Cliglix=. We approximate G,
G, and G;; by sequences G*, G’;, Gi.‘j € C°(2; RY) converging to the respective functions
in L9'(Q; RY). We set
g = Gi — Za Gh+ Z 0% G~
i,j=1
and let vy € H(} (§2; RY) be the weak solution to

—Avp = gr inQ,
vy, =0 onof.

In particular, by integration by parts, for all z € C*(€2; RY) with z = 0 on <2 it holds that

/ka-Azdx:—/ng-zdx:—/(Gk z—l—ZGk sz—l-ZG )

i,j=1
(A.8)

Moreover, let wy € HO1 (2; Rd) be the weak solution to

2=q
Awy = |v| Ty in R,
wr =0 on 092.
As Q has C5_b0undary, by elliptic regularity [36, Chapter 2] we see that wy € w24 (Q: R4 )
with i
=t 1/(g—1
lwellwzae) < ClHvl = vellzoy = Clluel /o

where the constant C only depends on 2. With (A.8), this shows

”Uk”Lq @ /Uk~Awkd.X:—/ng-LdeX

= (Gl +ZHG oo + Z 161 ) Ik w2 0
i,j=1

1 1
< Cliglx+ vl L{f,‘im). (A9)
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Consequently, there exists v € L9 (Q; RY) such that, up to selecting a subsequence, vy —v
weakly in LY (€2; RY). Passing to the limit k — oo in (A.8) and (A.9), and recalling (A.7),
we discover that v satisfies

/ v-Azdx = —(g, z), (A.10)
Q
vl e @) = Cliglxs, (A.11)

for all z € C®(Q; R?) with z = 0 on 9. Now, let w € H!'(Q; RY) with fowdx =0be
the weak solution to

Aw=v—m in§2,
[ (A.12)

dw =0 on 0%2,

with m = fovdx, ie, [qwdx = 0and — [, Vw : Vzdx = [o(v —m) - zdx for all
z € H'(Q2:R?%). As Q has C3-boundary and v € L‘I/(Q; RY), by elliptic regularity [36,
Chapter 2] and (A.11) we derive that w € Wz'q/(Q; R?) (i.e., (A.12) holds in a pointwise
sense) and

lwllye @) < Clv = mll Ly g, < Cliglxe. (A13)

Consequently, for z with z = 9, Az = 0 on 92 we derive, due to 9, w = 0 for HI 1 ae. point
in €2, (A.10), and (A.12) that

/w-Azzdx:—/Vw:VAzdx—l—/ w - 9,AzdH!
Q Q Q

:/Aw-Azdx—/ 8Uw-Aded_l
Q aQ

:/v-Azdx—/m-Azdx:—(g,z)—/m-Azdx.
Q Q Q
Using (A.6) we get

/ (Au—w) - A%zdx =0 (A.14)
Q

forall z € C®°(2; R?) with z = 9,Az = 0 at HA L e, point in €2 and fQ Azdx = 0. We
now show that Au — w constant a.e. in . To this end, let ¢ € C®°(2; R?) with fQ pdx =0

be arbitrary. As  has C3-boundary, by elliptic regularity [36, Chapter 2, Section 5] we can
find Z € H?(Q; RY) such that , Zdx = 0 and

—AZ=¢ inQ,

3u5 =0 on 852,

and, subsequently, we can find z € H*(Q; R?) satisfying
—Az=2Z2 inQ,

z=0 onoQ.

Consequently, with (A.14) this leads to fQ(Au — w) - ¢dx = 0, and by the arbitrariness
of ¢ to Au — w constant a.e. in Q2. As fQ wdx =0, weget Au —w =pu = fQ Audx.
We let v € H(} (§2; RY) such that Av = u. As by assumption u € Hol (2; R?) and 2 has
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C>-boundary, and since w € w24 (Q; RY), by the above mentioned elliptic regularity we
see that u € W4"1/(Q; R?) and

lu — v”w4,q’(g2) <CllAu— :u‘”WZ,q/(Q) = C”u)”wqu(g)

This along with (A.13) and the elliptic regularity estimate [|v|| 4.4/ @ = C| Avllwz,q/(g) <
C|p| shows (A.2). Finally, (A.3) directly follows from Au — w constant and (A.12). This
concludes the proof of (a).

Step 2 (H5-regularizy): From now on, we assume that g € H~1(Q:; RY). Since then also
g € H*, Step 1 yields u € w44 (Q; RY). Thus, we can integrate by parts in (A.1) and use
(A.3) to derive

—(g,z):—/VAu:VAzdx:/Azu:Azdx—/ 3y Au - AzdH4!

Q Q Q2

:/ A%u: Azdx (A.15)
Q

for all z € C®(Q; RY) with z = 0 on 3S2, where (-, -) now denotes the duality pairing
between H(} (2; Rd) and H™! (22; Rd). Letv € HO1 (22; Rd) be the weak solution to

—Av=g inQ,
(A.16)
v=0 ondL.
In particular, we have with Poincaré’s inequality that

Furthermore, for all z € C®(Q; R4 ) with z = 0 on 9€2 it holds that

—<g,z>=—/Vv:Vzdx=/v~Az—/ v~8vded_1=/v~Az. (A.18)
Q Q Q2 Q

Subtracting this from (A.15), we arrive at
/(Azu —v)-Azdx =0
Q

for all z € C®(Q; RY) with z = 0 on 3. By an argument similar to the one from Step 1
this leads to A% = v a.e. in Q. This also shows [, vdx = [, dyAudH™" = 0 by (A.3).
Then, in view of (A.3) and (A.17), we derive by elliptic regularity for Neumann problems
(see again [36, Chapter 2, Section 5]) that Au € H3 (2; R?) such that

lAu = pllgs) < Clivligig) = Cligla-1)-

where as before u© = fQ Audx. Hence, as u = 0 for HI 1 ae. point on 92 and 2 has
C>-boundary, yet another application of elliptic regularity leads to u € H>($2; R?) and the
bound (A.4). Then, (A.5) follows from A%y = v a.e. in 2 and (A.16). O
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