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ABSTRACT. We study the Waldschmidt constant of a partial intersection of type (p,q) with p = (3,1)
and ¢ = (2,1) in projective 2-space. The investigation is carried out via two approaches. The first
apprgach is algebraic in nature by considering fixed components and dimensions. The second approach
utilizes the underlying geometry of the points to repeatedly reduce fat point schemes by lines and smooth
conics.

1. INTRODUCTION

In this paper, we investigate the invariant known as the Waldschmidt constant of a given homogeneous
ideal I = ®4>0l4 in the standard graded polynomial ring R := K|z, ..., x,]). We define the initial degree
of I, denoted a(I), as the least integer d such that I; # (0) and let 1™ denote the m-th symbolic power
of I. With this notation, the Waldschmidt constant of the ideal I is defined to be the real number

a(It)

all) = Jlim ———.

)

It is a well-known result that a(f) = inf,,>1 =2, see, for example, the proof of [3, Lemma 2.3.1].

In particular, we study two approaches for computing the Waldschmidt constant of special sets of
points called partial intersections (see Definition and Remark in projective 2-space. Our goal
is to compute the Waldschmidt constant for an example of this family of points, exhibited in Figure
By definition, we can see that the Waldschmidt constant is used to study the initial degree of the m-th
symbolic power of I asymptotically. Introduced in [24] in a completely different setting, the Waldschmidt
constant of the ideal I can also be used to bound the asymptotic and regular resurgences of I. Namely,
[16] Theorem 1.2] gives the following bounds:

a(l

1< am < pa(l) < p(1),

~—

)

~

where the resurgence of I is the real number

p(I) :sup{% 10 ¢ IT}.

With some progress from an asymptotic perspective, Guardo, Harbourne and Van Tuyl [16] introduced
the asymptotic resurgence of I as

pa(l) = sup{% (I g I for all £ > O}.

Consequently, the Waldschmidt constant gives us information for various containments between symbolic
and regular powers of ideals. Partial intersections display many nice properties. One consequence is that
the minimal free resolution of a partial intersection is well-understood. As such, it is natural to consider
their symbolic powers. In forthcoming work, we generalize this investigation to a larger family of partial
intersections.
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Symbolic powers of homogeneous ideals in a polynomial ring have appeared in numerous projects across
a variety of different branches of mathematics. However, symbolic powers often display unpredictable
behaviour and so can be challenging to work with in concrete ways. The definition alone can be daunting
to digest: if I = ©4>0lq is a homogeneous ideal then the m-th symbolic power of I is defined as

™= () (I™R,NR),
peAss(I)

where I"™ denotes the regular m-th power of I and Ass(I) denotes the set of associated primes of I.

The definition of a symbolic power becomes more palatable for certain families of ideals. For example,
if I is a radical ideal (this includes, for instance, square-free monomial ideals and ideals of finite sets of
points in projective space) then

m = pm

peAss(I)

One way to gain traction when working with symbolic powers is to compare them with regular powers.
For instance, we always have the containment I C [ (m)_ For reverse containments, we have what is
known as the Containment Problem in related literature. This is the difficult problem of determining for
which m and d the containment I(™ C I is true. We refer the reader to [, 21 (3L [, 9L 10} 111, 17, 18], [19]
22), 23] for a partial survey of papers on this topic.

Another way to better understand symbolic powers is to relate their invariants with invariants of
regular powers of the ideal.

This paper is structured as follows. In Section [2| we provide more of the necessary background and
notation needed for the set-up of the investigation. We then consider the study of the initial degree
invariant and the Waldschmidt constant from two different perspectives. Section [3] determines the Wald-
schmidt constant of the ideal in question by using fixed components. In Section[d we look at a reduction
process that helps to determine the initial degree of various symbolic powers of the ideal in question.

2. PRELIMINARIES

In this section, we collect preliminary definitions and notation common to the two perspectives men-
tioned in the Introduction. We fix K to be an algebraically closed field. Consider the polynomial ring
R := K[P"] = K|[xo,...,x,]. We first define some geometric objects in the projective n-space P"™, but
eventually we will work in P?. In this paper, we study objects called fat point schemes.

Definition 2.1. Let X = {Py,...,Ps} be a set of distinct points in P™ and let my,...,ms be positive
integers. The subscheme W in P™ defined by

IW:pTlmﬂstgR:K[xo,,an

where @; is the prime ideal corresponding to P;, is called o fat point scheme with support X and
multiplicities my,...,ms. We denote this fat point scheme by W =m1 Py + -+ + myPs.

Note that if each multiplicity is the same integer m, then the defining ideal Iy is the m-th symbolic
power of the ideal defining X. Also, if m; = .-+ = ms; = m then we refer to W as a homogeneous fat
point scheme and write W = mX, otherwise W is said to be non-homogeneous. If m; = --- = m, = 1,
then X = W is called simple. The degree of W is given by deg(W) = > (m’*"*l).

=1 n
We now recall the definition of special families of reduced point sets called partial intersections as it
was first given by Maggioni and Ragusa in [20)].

Definition 2.2 ([20]). Fiz two sets of lines of P?, say {H;} fori =1,...,a and {L;} for j =1,...,b
such that no three of the lines have a common point and set P;; = H; N L;. Let p = (p1,...,p,) and
q = (q1,...,q) be two sets of r positive integers with b = py > --- > p, > 0, ¢t +---+ ¢ = a.
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Furthermore, let r(i) = inf{s € N | 32°_, ¢; > i} fori = 1,...,a. With this notation, we define the
partial intersection of type (p,q), denoted x4 to be the set of points

stairs’

P.g . i
(2.1) Xofuirs = {Pi’j(i) [i=1,...,a,5(i)=1,... ,pr(i)}.
(Here r(i) takes the meaning of the subscript of the q corresponding to the line H;.)

Remark 2.3. To better understand what a partial intersection is and how it can be visualized, we now
provide an alternate description. Start with a distinct lines Hy, Hy,...,H, C P? and b distinct lines
Ly, Lo,...,Ly, C P? such that no three of the a + b lines have a point in common. Assume we have two
lists of positive integers p = (p1,p2,...,Pr) Such thatb=p; >pay > -+ >p,. >0, and ¢ = (q1,92,-.-,¢)
such that g1 + g2 + - - - + ¢ = a. This gives ab points ;

Pi,j = Hi N Lj.
Order the points on each line H; as P;1,P;2,...,FP;,. The lines H; are also ordered as Hy,H,, ..., H,.
Then X22 . is the set of points where we take the first p1 points on each of the first q1 lines, then the

stairs
first pa points on each of the next qo lines, and so on. Since ¢+ - - -+ q = a, this uses up all of the lines

Hy,...,H,, and the number of points in X2L s the dot product p - q. We write as

stairs
a r Yo<k s
p,q . .
thairs:U{PiJ : J:17"~7pr(i)}: U U {Pi,jljzl,...,pk}.
i=1 k=1 i=1+3,_, a

P.q

Thus, we can visualize the points of a partial intersection X, . .

of v levels of blocks as in Figure[]

in a configuration as being made up

Ly Ly Ls

Hj
Hy
i g

FIGURE 1. The partial intersection Xsre; . with p = (3,1) and ¢ = (2, 1).

stairs

Remark 2.4. Note that the choice of the two sets of lines H; and L; can affect the underlying geometry
of the partial intersection. We can construct a partial intersection choosing the set of lines to be “general”
such that no three points lie on a diagonal, and in this case we call the scheme a “general partial inter-
section”. Or we can choose the set of lines such that the partial intersection can be drawn as a “lattice of
points” where we allow three or more points to be on diagonals. In this case we refer to the scheme as a
“standard partial intersection”. In this paper, the methods used in Sections[3 and [{] work for both types
of partial intersections. Hence, we simply use the term “partial intersection”.

Partial intersections are known to exhibit nice properties. For example, work of Maggioni and Ragusa
[20] completely describes the minimal free resolution of a partial intersection.

Lemma 2.5 (Maggioni, Ragusa). Let X%4  be a partial intersection of type (p, q), with p = (p1,...,pr)

stairs

and ¢ = (q1,...,qr). Set b =py and a = >, q;. Then Iyra  has a minimal free resolution of the

stairs
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following form

0= EPR(-b) - P R(—ar) » R— R/Igps -0
=1 =0 stairs
where

e ay =a;
o ar=p+ b ar (withqo=0) fort=1,....r; and
o bi=pi+ > qr fort=1,... 7.

Proof. See [20], Proposition 2.1]. O
With the minimal free resolutions, and hence initial degree invariants, determined for partial intersec-
tions, it is natural to study their regular and symbolic powers. In particular, we ask:
Question 1. What can we say about the Waldschmidt constant for partial intersections in P??
As previously stated, in this paper we give an answer in the case that the partial intersection is of
type (p,q), with p = (3,1) and ¢ = (2,1). In particular, we show two approaches on how to compute its

Waldschmidt constant. In forthcoming work, we generalize this investigation to a larger family of partial
intersections.

Notation 2.6. From now on, we denote by X the partial intersection Xg%im of type (p, q), withp = (3,1)
and ¢ = (2,1). We denote by I,x the ideal associated to the homogeneous fat point scheme mX whose

support is X. In this case we have that I}({m) =Ix.

3. FixED COMPONENTS APPROACH

We recall some known results that are useful in determining the Waldschmidt constant of the defining
ideal of a point set Y in P2.

Lemma 3.1 ([6, Lemma 2.7]). Let m,d € N. Let P, ..., Ps € P? be points lying on an irreducible plane
conic C and let Y C P? be the scheme mPy + --- +mPs with m > 1. Let

T = max{bm — 2d, 0}.

(i) If d > 27, then the plane conic C is a fized component of multiplicity at least T for the curves
defined by the forms of the ideal [Iy]q.
(i) If d < 27, then [Iy]q = {0}.

Lemma 3.2 ([5, Lemma 2.5]). Let my,...,ms and d be positive integers and let Py, ..., Ps be s points
in P2 lying on a line £ with s > 1. Let Y be the scheme mi P, + --- +m,P,. Set

Cmit+ms—d
(3.1) u[ - ]
and assume [Iy]q # {0}. Then
(i) p<d;

(ii) the line £ is a fized component of multiplicity at least . for the plane curves of degree d defined
by the forms of the ideal [Iy]q.

Our computation of the Waldschmidt constant &(Ix), where X is from Notation is structured
according to the following method described in [5], Section 3].

Step 1. We look for a curve F of degree d, which contains each point of X with multiplicity exactly v, so
that, for each m > 0, mJ is a curve in the linear system [Imyx] nd and so [ImVX] md # {0}.



THE WALDSCHMIDT CONSTANT FOR A SPECIAL PARTIAL INTERSECTION 5

Step 2. We prove, by contradiction, that [Imyx]m g1 = {0} for each m > 1. For this purpose we define

m = min{m : [Lnyx]ma—1 7# {0}}.

We prove, mostly directly, that m # 1. For m > 1, applying Lemma [3.2] several times, we show
that F is a fixed component for the linear system [Imux]m 4_1- Thus, by removing JF, we get

dim [Imyx] md—1 — dim [ImuX—?]ﬁd,l,d

and, since F contains each point of X with multiplicity exactly v, we have

[IWVX*?]md—l—d = [I(m—l)vx] (m—1)d—1"
The contradiction follows from the minimality of m.
Step 3. Since the initial degree of [Imyx] is md, by [5, Lemma 2.2], we have

~ d

We are now ready to determine a(Ix).

Theorem 3.3. If X is a partial intersection as in Notation [2.6 with associated ideal Ix, then the Wald-

schmidt constant is 5

Proof. Set P;; = H; N L;. We follow the method as previously described.

Step 1. We claim that for all m > 1 there exists a curve Cs,, € [I(me)]5m.
Consider the fat point scheme where each point has multiplicity 2, that is 2X. It is known
that there exists a unique irreducible conic Cy € [Iy]5 where
Y := P31+ Paa+ Pag + P12+ P13
is described in Figure [2| (we also could use [5, Lemma 2.7]). The curve
3'.1: H1 +H2+L1+62

contains each point of X with multiplicity exactly 2 and hence, for all m > 0 we have

mJ € [I(QmX)]E')m-

Step 2. We now prove that for each m > 0, [l(2,x)]5m-1 = {0}. We prove this claim by contradiction.
To this aim, we will use Lemma many times in order to get a fixed component for the curves
defined by the forms of [I(2mx)]sm.

Assume that for some m > 0 we have [I(2mx)]sm—1 # {0}. Applying Lemma H, is a fixed
component of multiplicity at least 1 for the plane curves of the linear system [/(2,x)]5m—1. By
removing mH; for those curves, we get that

dim [ (2p%))5m—1 = dim[L(2mx)—ma, Jsm—1—m = AT (2mx)—ma, J4m—1-

If the above dimension is zero, we have a contradiction. If the above dimension is non-zero,
then H, is a fixed component of multiplicity at least 1 for the plane curves of the linear system
L (2mX)—mHy —mH, |am—1. By removing mHs for those curves, we have

dim (7 (2mx))sm—1 = ML (2mx)—m Hy —mHo]3m—1-

If the above dimension is zero, we obtain a contradiction. If the above dimension is different
from zero, then L, is a fixed component of multiplicity at least 1 for the plane curves of the linear

SyStem [I(ZmX)—mHl—mHg]Bme
We get that
dim[l(%nX)—mHl—mH2]3m—1 = dim[I(%nX)—mHl—mH2—7rLL1]2m—1~

We observe that the residual scheme Y’ = (2mX) — mH; — mHy — mL; is described as in
Figure |2| where each point has multiplicity m.
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Ly | Ly L3

Hj; Py
Hy
R

FIGURE 2. The scheme Y.

Applying Lemma [3.I] we have that the unique irreducible conic through the five points has
multiplicity 7 = max{5m —2(2m —1),0} = m+ 2. Since it is always true that 2m —1 < 2(m +2)
we have that dim[/(2,,,x)]5m—1 = dim[[ys]2,,,—1 = 0, a contradiction.

Step 3. Since the initial degree of [Igmx] is 5m, by [5l Lemma 2.2] we have

~ 5

4. REDUCTION APPROACH

In this section, we use a generalization of a reduction process introduced in [§] that results in lower and
upper bounds to the Hilbert function of the ideal of a fat point scheme. The original approach involves
iteratively applying Castelnuovo sequences obtained by restricting the ideal sheaf of a fat point scheme W
supported on a union of points X C P” to a hyperplane, then taking the kernel sheaf of such a sequence
and restricting it to another hyperplane, etc. Taking cohomology, one obtains an upper bound to the
number of global sections of the ideal sheaf tensored with Opx(t), for any positive integer ¢, that is, an
upper bound for h°(P", Jy(t)).

In this note, we consider the fat point scheme W = mX, where X C P2 is a partial intersection
from Notation 2.6 The generalization consists of restricting not only to lines but also to a smooth
conic. Specifically, starting from the point configuration X of Figure [1} we will iterate restrictions on the
following curves: the three lines Hy, Hs, L1 and the smooth conic C' determined by the five points marked
in Figure |2l In this first example, the reduction procedure is similar to the approach used in Theorem
and is essentially an application of Bézout’s Theorem. However, it will differ for more complicated partial
intersections. This idea will be worked out and a general criterion, similar to that of [§], will be explored
in forthcoming work through reductions to curve configurations consisting of lines and irreducible conics.

4.1. Reduction in the even case. First, assume that m = 2k, for £k > 1 and consider the scheme
Wy := W = mX. Consider the following periodic sequence consisting of 4k curves:

lla-~-7l4k: = (H1>H27L17C)k = H1>H27L17CJH17H27L17C7'"7H17H2>L17C'
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For j = 1,...,4k, denote with Wj,l = W;_1 NI; the scheme theoretic intersection and let W; be the

residual scheme. For every i = 0,...,k — 1, we consider the following Castelnuovo sequences:
0 — Jwy,,, (t—5i—1) — Jyy,, (t — 5i) = 07,0 1ass, (E = 51) =0
0— Jw4i+2(t—5i—2) — Jw4i+l(t—5i— 1) — JW4,;+1,l4i+2(t_5i_ 1) —0
0— Jwys (t —5i—3) = IWaiss (t—5i—2) — jW4i+2,l4i+3(t — 5i —2) 0
0 — Ty, (t — 55— 5) = Jwyiis (t—5i—3) — 5W4i+3,14i+4(2(t —5i—3)) —0

Notice that Wy;14 = (m — ¢ — 1)X. In particular, if ¢ = k — 1 we obtain Wy, = 0. Hence, after the
iterated application of the 4k sequences, we will have completely reduced the scheme W to the empty set
and the kernel of the 4k-th sequence is just a twisting sheaf on P2:

T, (t — 5k) = Opa (t — 5k).

Taking cohomology, we obtain an upper bound for the dimension of the space of global sections of Jyy, (t),
for every t:

+ (hO(JWM’Hl (t = 50)) + h(Feg,, g, (t = 5i — )+

RO (T, (= 50— 2)) + RO (T, (2t — 5i — 3)))) .

Recalling that for a rational curve I; = P!, such as a line Hy, Hy, L; or a conic C, the number of global
sections of the sheaf Jy(d) on I;, where Y is a fat point scheme of degree p, is

6 — 1
RO(P*, Iy (8)) = max{0,0 — pu + 1} = ( 'L1L+ >,
we can rewrite the above bound as:
k-1 ) = ) =
t— 51— deg(W4i) +1 t— 51— deg(W4i+1)
4.1
(4.1) 3 (( | * i i
—5i — 1 — deg(Wy;42) 2(t — 5i — 3) — deg(Wy;43) + 1
+ + .
1 1
By construction, for ¢ =0,...,k — 1, we have
deg(Wy;) = 3(m — i) = 6k — 3i,
deg(Wy;11) = 3(m — i) = 6k — 3i,
deg(Wyito) = (m —i)+2(m —i—1) =6k — 3i — 2,
deg(Wyii3) = 5(m —i— 1) = 10k — 5i — 5.

One can now easily check that for every value of ¢t < 5k, all terms in the summation of (4.1)) vanishes. In
particular we obtain that

RO (Jw(t)) =0, if t < 5k,
RO (Jw(t)) < 1, if t = 5k.
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Moreover, from the exact sequences in cohomology, one obtains a lower bound:
h(Iw (5k)) = h° (T, (t — 5i))

> ho(jW4z+1 (5k — 01— 1))
> hO(JWMH (5k — 5i — 2))

1O (I, (5k — 5i — 3))
>h (jW4z+4 (5k — 51 — 5))
>

> h° (I, (5k — 5k))
1.

We conclude that ¢ = 5k is the minimum degree for which h%(Jyw(t)) # 0 for the fat point scheme
W = 2kX.

4.2. Reduction in the odd case. Assume that m = 2k + 1, with & > 0, and consider the fat point
scheme Wy := W = mX. We consider the following sequence of curves:

i, lagss = (Hi, Hy, L, C)¥ Hy, Ha, Ly.

For j =1,...,4k 4+ 3, let Wj,l = W;_1 Nl; be the scheme theoretic intersection, and let W; denote
the residual scheme. After applying the same series of 4k Castelnuovo sequences as in the even case, we
obtain as the last kernel the sheaf Jyy,, (t — 5k). Like in the even case, observe that Wy; 4 = (m—i—1)X|
but in this case W4, = X. We proceed with the reduction by means of the last three lines in the sequence:

0 — Ty, (t =5k —1) — Jw,, (t — 5k) — J57,,.01, (t — 5k) -0
0 — Jwy,,(t — 5k —2) = Iy, (t =5k —1) = Iy, (t =5k — 1) —0
0 = Jw,,,,(t — 5k —3) — Jwype (t — 5k —2) = Iy i0,r, (= 5k = 2) -0

Notice that War3 = 0, so that
Tityrs = Opa(t — 5k — 3).

Like in the even case, we obtain an upper bound for the dimension of the space of global sections of
Jw, (1), for every t:
RO (P2, Jyy, () < hO(Opz(t — 5k — 3))+

n (hO(JWM’Hl (¢~ 50)) + B0 (Igg,.,, g1, (t = 5i — 1))+

RO, (= 50— 2)) + RO (T, (2t — 5i — 3))))
+ (Y, (t — 5K))
+ 0 (I, (E =5k = 1))
+ 00T,y p, (= 5k = 2)).

It is easy to check that all terms on the right-hand side of the above inequality vanish if t < 5k + 3, while
for t = 5k 4 3, omitting the vanishing terms, the above inequality becomes

RO (P2, Jyy, (5k + 3)) < hO(Op2)+

k—1

+)° W0 (Iip,,.,.c(2(t = 5i = 3)))

1=1
+ 10O, 1, (3))
+ hO(JWMM £, (D).
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The degrees of W4i+3, Wy, and W4k;+2 are respectively equal to 10(k —4), 3 and 1, so we conclude that
RO (P2, Iy, (5k + 3)) < k + 3.
Since the lower bound
hO(P?, Iy, (t)) > K (Tw,,,, (t — 5k — 3)) = hO(Op2(t — 5k — 3))
always holds, for t = 5k + 3 we obtain
RO (P2, Jyy, (5k + 3)) > 1.

We conclude that ¢ = 5k + 3 is the minimum integer for which h%(Jw(t)) # 0 for the fat point scheme
W = (2k + DX

Remark 4.1. If X is a partial intersection from Notation[2.6, then the above m = 2k or m = 2k + 1

cases prove that

~ 3

4.3. Reduction vector and graphical representation. We now present a graphical method for de-
termining the upper bounds (4.1)) for h°(Jw(t)), for any ¢ > 1, generalizing the idea of [§].

In the even case, for the fat point scheme W = 2kX and the sequence of curves Iy, ..., l4, we associate
a reduction vector d = (dy,...,ds), where for every j = 1,...,4k we set d; = deg(W;_1). From this
reduction vector, we construct a configuration consisting of a subset of the leftmost lattice points in
the first quadrant of Z x Z. This configuration takes into account whether /; is a line or a conic. For
1 < j < 4k, let £; be the largest positive integer such that 4¢; — 3 < j < 44;. If [; is a line, then we
include in the configuration the integer lattice points (i,5 + ¢; — 2) with 0 < i < d;. If [; is a conic,
then we include in the configuration the integer lattice points (¢, + ¢; — 2) with 0 < ¢ < [%J] —1 and

(t,j+4;—1) with0<i < L%JJ — 1. The configurations are shown in Figure [3| for m = 2,4 and 6. The
empty circles represent the lattice points resulting when a line is used in the reduction, while the circles
with dots in the middle represent the lattice points resulting when a conic was used in the reduction.
Now intersecting the lattice points with lines of slope —1 and counting these lines starting from 0, we
observe that the first line of slope —1 that contains lattice points not in the constructed configuration
corresponds to the least degree in which Iy has a non-zero element.

o)
®
o0 0 o
00 0O
m=2 50000
®© 00 0 60 6
®0 0 00 0 6
0O 00O0O0O0O0O0 o)
0O 00O0O0OO0O0O0OO0 o o
m=4 5000000000
®©0 0000060606 6 6
©O® 00000606 06 6
0O0000O0O0O0OO0O0O
00000000 O0O0O0 o o
m=06 50000000000 o o

FI1GURE 3. Representing the reduction vector for m = 2,4, 6.
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Similarly, in the odd case, to the fat point scheme W = (2k 4+ 1)X and to the sequence of curves
liy..., l4kﬂ, we associate a reduction vector d = (dy, ..., dsxt3), where for every j = 1,...,4k+ 3 we set
d; = deg(W;_1). Figure [4] displays the associated configurations for m = 1,3 and 5.

o
oo
m=1 500
® 0 6 06
® 0 6 060 0
00O0O0O0O0
0O 00O0O0O0O o
m=3 50000000
©0 0 006 060 0 6
®©0 0006060606 06
0O00OO0O0O0O0O0OOO o
O0O0OO0OO0O0O0OO0O0OOOO oo
M=9 60000000000O0O0O o

FIGURE 4. Representing the reduction vector for m =1, 3, 5.
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