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 a b s t r a c t

This paper introduces a family of entropy-conserving finite-difference discretizations for the com-
pressible flow equations. In addition to conserving the primary quantities of mass, momentum, 
and total energy, the methods also preserve kinetic energy and pressure equilibrium. The schemes 
are based on finite-difference (FD) representations of the logarithmic mean, establishing and lever-
aging a broader link between linear and nonlinear two-point averages and FD forms. The schemes 
are locally conservative due to the summation-by-parts property and therefore admit a local flux 
form, making them applicable also in finite-volume and finite-element settings. The effectiveness 
of these schemes is validated through various test cases (1D Sod shock tube, 1D density wave, 2D 
isentropic vortex, 3D Taylor–Green vortex) that demonstrate exact conservation of entropy along 
with conservation of the primary quantities and preservation of pressure equilibrium.

1.  Introduction

It is generally considered advantageous to discretize the compressible flow equations using supra-conservative [1] schemes that 
are not only able to conserve the primary invariants, but also additional secondary ones. Aside from the primary conservation 
of mass, momentum and total energy, structure-preserving methods for flows typically seek to improve discrete consistency with 
other secondary properties such as entropy, kinetic energy, pressure equilibrium, angular momentum, helicity, enstrophy, etc. [2–7]. 
In addition to improving the physical relevance and accuracy of the solution field, incorporating more consistencies can improve 
numerical stability, the benefits of which have been witnessed in increasingly complex physical settings such as for thermally perfect, 
multi-component, and reacting gases [8–12]. For example, kinetic energy serves as a bounded 𝐿2 estimate on the velocity variables 
for incompressible flows, while enstrophy serves a similar role with respect to a vorticity variable treatment [13,14]. Such specialized 
quantities thus constitute mathematical entropies, which allow for a more rigorous statement on the robustness of the solution—even 
in the absence of natural stabilization mechanisms such as diffusion.  In other instances, methods have been designed to directly 
satisfy entropy dynamics in order to emphasize nonlinear stability and are then instead made to recover primary conservation of 
total energy as an auxiliary consequence [15–17]. Overall, developing such structure-preserving methods is attractive for achieving 
a robust yet minimally dissipative method for use when calculating flows that would otherwise be sensitive to numerical damping, 
such as in Large Eddy Simulations of high–Reynolds number configurations [18].
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$L_2$


$s$


$h(s)$


$\rho $


$e$


$\tilde {\rho }$


$\tilde {e}$


$d$


\begin {align}\dfrac {\partial \rho }{\partial t} &= - \dfrac {\partial \rho u_n }{\partial x_n} = -\boldsymbol {\mathcal {C}}_\rho \label {eq:Mass} \\ \dfrac {\partial \rho u_m}{\partial t} &= -\left (\dfrac {\partial \rho u_n u_m }{\partial x_n} + \dfrac {\partial p }{\partial x_m} \right ) = -(\boldsymbol {\mathcal {C}}_{\rho u_m} + \boldsymbol {\mathcal {P}}_{\rho u_m})\label {eq:Momentum} \\ \dfrac {\partial \rho E}{\partial t} &= - \left (\dfrac {\partial \rho u_n E }{\partial x_n} + \dfrac {\partial p u_n }{\partial x_n}\right ) = -(\boldsymbol {\mathcal {C}}_{\rho E} + \boldsymbol {\mathcal {P}}_{\rho E}) \label {eq:TotEnergy}\end {align}


$m$


$n$


$1$


$d$


$\rho $


$u_m$


$m$


$p$


$E$


$E = e + \frac {1}{2}\sum _{m=1}^d u_m^2$


$\boldsymbol {\mathcal {C}}$


$\boldsymbol {\mathcal {P}}$


\begin {align}\boldsymbol {\mathcal {P}}_{\rho E} &= \sum _{m=1}^d u_m\boldsymbol {\mathcal {P}}_{\rho u_m} + \boldsymbol {\mathcal {P}}_{\rho e} \nonumber \\ &= \sum _{m=1}^d \left (u_m \dfrac {\partial p }{\partial x_m} + p \dfrac {\partial u_m }{\partial x_m} \right ) \label {eq:EnergyConst-P} \\ \boldsymbol {\mathcal {C}}_{\rho E} &= \boldsymbol {\mathcal {C}}_{\rho k} + \boldsymbol {\mathcal {C}}_{\rho e} \quad \text {with} \
\boldsymbol {\mathcal {C}}_{\rho k} = \sum _{m=1}^d\left [u_m\boldsymbol {\mathcal {C}}_{\rho u_m} - \frac {1}{2} u_m^2\boldsymbol {\mathcal {C}}_\rho \right ] \nonumber \\ &= \dfrac {\partial \rho u_n k }{\partial x_n} + \dfrac {\partial \rho u_n e }{\partial x_n} \quad \text {with} \ k = \frac {1}{2}\sum _{m=1}^d u_m^2.\label {eq:EnergyConst-C}\end {align}


$\boldsymbol {\mathcal {C}}_{\rho }$


$\boldsymbol {\mathcal {C}}_{\rho u_m}$


$\boldsymbol {\mathcal {C}}_{\rho e}$


$\boldsymbol {\mathcal {P}}_{\rho u_m}$


$\boldsymbol {\mathcal {P}}_{\rho e}$


$p = (\gamma -1)\rho e$


$\gamma = c_p/c_v$


$e = c_v T$


$T$


\begin {equation}\label {eq:entropydef} \mathrm {d} s = \frac {\mathrm {d} e}{T} - R \frac {\mathrm {d} \rho }{\rho } \ \to \ s - s_\text {ref} = c_v \cdot \log (e/e_\text {ref}) - c_v(\gamma - 1) \cdot \log (\rho /\rho _\text {ref}) \ ,\end {equation}


\begin {equation}\label {eq:Entropy} \dfrac {\partial \rho s}{\partial t} = -\dfrac {\partial \rho u_n s }{\partial x_n}.\end {equation}


$\Omega $


$h(s)$


$(2+d)$


$\partial \rho e = \partial \rho E - (\sum _{m=1}^d u_m \partial \rho u_m - \frac {1}{2} u_m^2 \partial \rho ) = \partial (\rho E - \frac {1}{2} \sum _{m=1}^d \partial \rho u_m^2)$


$T\partial s = \partial e - (p/\rho ^2) \partial \rho $


$(m,n) = 1$


$x$


$x_i$


$(\Delta x)$


$i$


\begin {equation}(\partial _x \phi )_i \approx (\delta \phi )_i = \frac {1}{\Delta x}\sum _k d_{i,i+k} \cdot \phi _{i+k}. \label {eq:FDstencil}\end {equation}


$d_{i,i+k}$


$\int _\Omega u\,\mathrm {d} v = \left (-\int _\Omega v\,\mathrm {d} u + (uv)|_{\partial \Omega }\right )$


$\phi = uv$


$\delta ^{\text c}$


\begin {align}\sum _i h_i \cdot \ u_i (\delta ^{\text c} v)_i &= -\sum _i h_i \cdot v_i (\delta ^{\text c} u)_i + (u_r v_r - u_\ell v_\ell ) \label {eq:SBP}\end {align}


$h_i$


$(\cdot )_{\ell /r}$


$(\cdot )_{\ell /r}$


$u_\ell v_\ell = (uv)_\ell $


$\delta ^{\text c}$


$\delta ^\pm $


\begin {align}\sum _i h_i \cdot \ u_i (\delta ^\pm v)_i &= -\sum _i h_i \cdot v_i (\delta ^\mp u)_i + (u_r v_r - u_\ell v_\ell ) \label {eq:SBPpm}\end {align}


\begin {equation}\delta ^\pm = \overbrace {\frac {1}{2}(\delta ^+ + \delta ^-)}^{\delta ^{\text c}} \ \pm \ \overbrace {\frac {1}{2}(\delta ^+ - \delta ^- )}^{\delta ^{\text AD}} \ ,\label {eq:cent-dp-rel}\end {equation}


$\delta ^{\text AD}$


$u \delta v + v \delta u$


$\delta (uv)$


\begin {align}\mathcal {F}_{i+1/2} = \left \{ \begin {array}{@{}lcl} h_i \cdot \ \delta ^\pm (uv) + \mathcal {F}_{i-1/2} & \text {such that} & \mathcal {F}_{1/2} \equiv \mathcal {F}_\ell = (uv)_\ell \\ \\ h_i \cdot \ \left ( u_i (\delta ^\pm v)_i + v_i (\delta ^\mp u)_i \right ) + \mathcal {F}_{i-1/2} & \text {such that} & \mathcal {F}_{1/2} \equiv \mathcal {F}_\ell = u_\ell v_\ell \end {array}\right . \label {eq:FD-fluxrec}\end {align}


$\mathcal {F}_{i+1/2}$


$\bar {x}_{i+1/2}$


$h_i = (\bar {x}_{i+1/2} - \bar {x}_{i-1/2})$


$x_{1/2} \equiv x_\ell $


$d_{i,i+k}$


$\bmD $


$(\Delta x) = 1$


\begin {align}& (\text {two-point stencils}): \\ & \underbrace {\left [\begin {array}{r r r r r} {\bf {-1}} & {\bf {1}} \\ -1/2 & 0 & 1/2 \\ & & \dots \\ & & -1/2 & 0 & 1/2 \\ & & & {\bf {-1}} & {\bf {1}} \end {array}\right ] = \frac {1}{2} \cdot \left [\begin {array}{r r r r r} {\bf {-2}} & {\bf {2}} \\ & -1 & 1 \\ & & \dots \\ & & & -1 & 1 \\ & & & {\bf {0}} & {\bf {0}} \end {array}\right ] + \frac {1}{2} \cdot \left [\begin {array}{r r r r r} {\bf {0}} & {\bf {0}} \\ -1 & 1 \\ & & \dots \\ & & -1 & 1 & \\ & & & {\bf {-2}} & {\bf {2}} \end {array}\right ] }_{\bmD ^c = \frac {1}{2}\left (\bmD ^+ + \bmD ^- \right )} \label {eq:SBP-CD02}\end {align}


$\bmH = \text {diag}([\frac {1}{2},1,\dots ,1,\frac {1}{2}])$


$\mathcal {F}_{i+1/2}$


$\phi = (\phi ^{1/2} \phi ^{1/2})$


$\mathcal {F}(\phi ^{1/2},\phi ^{1/2})_{i+1/2,\text {adv}}= \mathcal {F}^\pm (\phi ^{1/2},\phi ^{1/2})_{i+1/2,\text {adv}} = \sqrt {\phi _i \phi _{i+1}}$


$\mF _{\rho } = \logmeanp {\rho }\mean {u}$


$\logmeanp {\rho } = \left (\rho _{i+1}-\rho _{i}\right )/\left (\log \rho _{i+1}-\log \rho _{i}\right )$


\begin {equation}\label {eq:LogTransf} \rho = \left (\dfrac {1}{\rho }\right )^{-1} = \left (\dfrac {{\rm {d}}\log \rho }{\mathrm {d} \rho }\right )^{-1} = \dfrac {{\rm {d}}\rho }{{\rm {d}}\log \rho }\end {equation}


$\log \rho $


$\rho $


\begin {equation}\label {eq:ConvTermLog} \frac {\partial \rho u}{\partial x} = \frac {\partial }{\partial x}\left (\frac {\mathrm {d} \rho }{\mathrm {d} \log \rho } u\right ).\end {equation}


$\rho $


$\phi $


$\phi $


$\phi ^{\beta }$


$\phi $


$\beta = 1$


$\phi $


$\beta =0$


$\beta =-1$


$\phi $


$\phi = f_{\overline {\phi }}(\beta )$


\begin {equation}f_{\overline {\phi }}(\beta ) \triangleq \dfrac {\beta }{\beta +1}\dfrac {\delta \phi ^{\beta +1}}{\delta \phi ^{\beta }} \approx \phi \ , \label {Xeqn16-25}\end {equation}


$\beta = 1 \quad \rightarrow \quad $


$f_{\overline {\phi }}\left (1\right ) = \dfrac {1}{2}\dfrac {\delta \phi ^2}{\delta \phi } \ \to \ \dfrac {1}{2}\dfrac {\dps \phi ^2}{\dps \phi } = \dfrac {1}{2}\dfrac {\phi _{a}^2-\phi _{b}^2}{\phi _{a}-\phi _{b}} = \dfrac {\phi _{a}+\phi _{b}}{2} = \mean {\phi }$


$\beta = 0 \quad \rightarrow \quad $


$f_{\overline {\phi }}\left (0\right ) = \dfrac {\delta \phi }{\delta \log \phi } \ \to \ \dfrac {\dps \phi }{\dps \log \phi }= \dfrac {\phi _{a}-\phi _b}{\log \phi _{a}-\log \phi _b} = \logmeanp {\phi }$


$\beta = -\dfrac {1}{2} \quad \rightarrow \quad $


$f_{\overline {\phi }}\left (-1/2\right ) = -\dfrac {\delta \sqrt {\phi }}{\delta (1/\sqrt {\phi })} \ \to \ \dfrac {\dps \sqrt {\phi }}{\dps (1/\sqrt {\phi })} = \dfrac {\sqrt {\phi _{a}}-\sqrt {\phi _{b}}}{\frac {1}{\sqrt {\phi _{a}}}-\frac {1}{\sqrt {\phi _{b}}}} = \sqrt {\phi _{a}\phi _b} = \gmean {\phi }$


$\beta = -1 \quad \rightarrow \quad $


$f_{\overline {\phi }}\left (-1\right ) = \dfrac {\delta \log (1/\phi )}{\delta (1/\phi )} \ \to \ \dfrac {\dps \log (1/\phi )}{\dps (1/\phi )}= \dfrac {\log (1/\phi _{a}) -\log (1\phi _b)}{\frac {1}{\phi _{a}}-\frac {1}{\phi _b}} = \hlogmeanp {\phi }$


$\beta = -2 \quad \rightarrow \quad $


$f_{\overline {\phi }}\left (-2\right ) = \dfrac {\delta \phi ^{-1}}{\delta \phi ^{-2}} \ \to \ \dfrac {\dps \phi ^{-1}}{\dps \phi ^{-2}}= \dfrac {\frac {1}{\phi _{a}}-\frac {1}{\phi _{b}}}{\frac {1}{\phi _{a}^2}-\frac {1}{\phi _{b}^2}}= 2 \dfrac {\phi _b\phi _{a}}{\phi _b+\phi _{a}}= \hmean {\phi }$


$\beta = 1/2$


$f_{\overline {\phi }}(\beta _a) > f_{\overline {\phi }}(\beta _b)$


$\beta _a > \beta _b$


$f_{\bar {\phi }}(\beta )$


$\overline {\phi ^{\beta }} \cdot \int _1^2 \,\mathrm {d} \phi = \int _1^2 \phi ^\beta \,\mathrm {d}\phi $


$\overline {\phi ^\beta } \approx \bar {\phi }^\beta $


$\bar {\phi }$


$[\phi _1,\phi _2]$


$(n)$


$\boldsymbol {\mathcal {C}}^{(n)}$


$\tilde {\rho } \equiv \frac {\delta _{x_n}^{\text c} \rho }{\delta _{x_n}^{\text c} \log \rho } \triangleq \overline {\rho }^{(\log ,n)}$


$\tilde {e} \equiv \frac {\delta _{x_n}^{\text c} \log e^{-1}}{\delta _{x_n}^{\text c} e^{-1}} \triangleq \overline {e}^{(H\log ,n)}$


$\boldsymbol {\mathcal {C}}^{(n,\pm )}$


$\tilde {\rho } \equiv \frac {\delta _{x_n}^\mp \rho }{\delta _{x_n}^\mp \log \rho } \triangleq \overline {\rho }^{(\log ,n,\mp )}$


$\tilde {e} \equiv \frac {\delta ^\mp \log e^{-1}}{\delta ^\mp e^{-1}} \triangleq \overline {e}^{(H\log ,n,\mp )}$


$\boldsymbol {\mathcal {C}}$


$\boldsymbol {\mathcal {P}}$


$\boldsymbol {\mathcal {C}}_{\rho }$


$\boldsymbol {\mathcal {C}}_{\rho u}$


$a\delta _x b \to [\text {diag}\{{\bf a}\}] {\bmD }_x{\bf b}$


$\tilde {\rho }$


$\tilde {e}$


$1/T = c_v/e$


$\tilde {\rho }$


$\tilde {e}$


$\tilde {\rho } \ne \rho $


$\tilde {e} \ne e$


$\tilde {\rho } \equiv \frac {\delta _x^- \rho }{\delta _x^- \log \rho } \triangleq \overline {\rho }^{(\log ,-)}$


$\tilde {e} \equiv \frac {\delta _x^- \log e^{-1}}{\delta _x^- e^{-1}} \triangleq \overline {e}^{(H\log ,-)}$


$\tilde {\rho }$


$\tilde {e}$


$\tilde {\rho }$


$\tilde {e}$


$\sum _{m=1}^{2+d}(w_{m,i+1} - w_{m,i}) \mathcal {F}^{(n)}_{m,i+1/2} = (\tilde {\psi }^{(n)}_{i+1} - \tilde {\psi }^{(n)}_i)$


$i = 1,\dots ,N-1$


$\tilde {\psi }^{(n)}_1 \equiv \tilde {\psi }^{(n)}_\ell = (\sum _{m}^{2+d} w_{m,1}\mathcal {F}^{(n)}_{m,\ell } - \mathcal {F}^{(n)}_{\rho s,\ell })$


$\tilde {\rho }$


$\tilde {e}$


$n$


$\widetilde {\rho } \triangleq \frac {\delta _{x_n}^\pm \rho }{\delta _{x_n}^\pm \log \rho } \equiv \overline {\rho }^{(\log ,n,\pm )}$


$\widetilde {e} \triangleq \frac {\delta _{x_n}^\pm \log e^{-1}}{\delta _{x_n}^\pm e^{-1} } \equiv \overline {e}^{(H\log ,n,\pm )}$


$n$


$\omega \ne 1/2$


$\omega = 1/2$


$\omega = 1/2$


$\tilde {\rho }$


$\tilde {e}$


$K$


$p$


\begin {equation}\sum _k d_{i,i+k}^{\text {c}} = \sum _k d_{i,i+k}^\pm =0 \quad \text {and} \quad \frac {(d^+_{i,i+k} + d^-_{i,i+k})}{2} = d_{i,i+k}^{\text {c}} \label {Xeqn28-40}\end {equation}


\begin {equation}\text {(on the interior):} \quad d_{i,i-k}^{\text {c}} = - d_{i,i+k}^{\text {c}} \ \text {and} \ d_{i,i}^{\text {c}} = 0. \label {Xeqn29-41}\end {equation}


$K \ne 1$


$U_o$


$P_o$


\begin {equation}\label {eq:PEP-condition-rhou-convective-flux} \mathcal {F}_{\rho u_m,i+1/2} = \mathcal {F}_{\rho ,i+1/2} \cdot U_o + \mathop {\text {const($U_o, P_o$})}.\end {equation}


$U_o$


$P_o$


\begin {equation}\mathcal {F}_{\rho e,i+1/2} = \text {const($U_o$,$P_o$)}. \label {Xeqn32-44}\end {equation}


$p \delta _{x_n} u$


\begin {equation}\label {eq:Flux-eint-upcost} \mathcal {F}^{(n,\text {conv})}_{\rho e,i+1/2} = \logmeanp {\rho }\,(\logmeanp {e^{-1}})^{-1} U_o =\logmeanp {\rho }\,(\logmeanp {\rho })^{-1} \frac {P_o U_o}{\gamma -1}\ .\end {equation}


\begin {equation}\delta ^{(\omega )} \triangleq \delta ^c + \omega \cdot \delta ^{AD}, \ \text {with} \ \omega \in [-1,1] \ \to \ \delta ^{(\omega = 0)} = \delta ^c, \ \delta ^{(\omega = \pm 1)} = \delta ^\pm {.} \label {eq:fd-bias}\end {equation}


$\omega $


\begin {equation}d_t q = \alpha \cdot \mathcal {R}^{(\omega )} + (1 - \alpha ) \cdot \mathcal {R}^{(-\omega )} , \ \text {where} \ \mathcal {R}^{(\omega )} = -(\mathcal {C}^{(\omega )} + \mathcal {P}^{(\omega )}), \label {eq:FD-EC-2param}\end {equation}


$\tilde {\rho }^{(\omega )} \triangleq \frac {\delta _{x_n}^{(\omega )} \rho }{\delta _{x_n}^{(\omega )} \log \rho } \equiv \overline {\rho }^{(\log ,n,\omega )}$


$\tilde {e}^{(\omega )} \triangleq \frac {\delta ^{(\omega )} \log e^{-1}}{\delta ^{(\omega )} e^{-1}} \equiv \overline {e}^{(H\log ,n,\omega )}$


$\omega = 0$


$\omega $


$[\alpha ,\omega ]$


$(\alpha , \omega = 0)$


$(\alpha = 1/2, \omega \ne 0)$


$(\alpha =\pm 1, \omega = \pm 1)$


$\omega $


$\mathcal {R}^{(\omega )} = (\mathcal {R}^{(\omega ),c} + \mathcal {R}^{(\omega ),AD})$


$\omega = 0$


$(\alpha = 1/2,\omega \ne 0)$


$\delta _{x_n}^{AD}p$


$(p \delta _{x_n}^{AD} u_m - u_m \delta _{x_n}^{AD} p)$


$n$


$(i+1/2)$


$n$


$\omega =0$


$\omega =1$


$\omega =0.5$


$\langle \phi \rangle = \int _{\Omega } \phi \, {\rm {d}}\Omega $


$\epsilon $


$\epsilon _\phi = (\langle {\phi }\rangle - \langle {\phi _0}\rangle )/|\langle {\phi _0}\rangle |$


$\phi _0$


$c_v=1$


$\gamma =1.4$


\begin {align}\frac { u(x,y) }{u_\infty } &= 1 - \frac {M_v}{M_\infty }\frac {y-y_0}{r_v}e^{(1-\hat {r}^2)/2} \nonumber \\ \frac { v(x,y) }{u_\infty } &= \frac {M_v}{M_\infty }\frac {x-x_0}{r_v}e^{(1-\hat {r}^2)/2} \nonumber \\ \frac { T(x,y) }{T_\infty } &=\left (\frac { p(x,y) }{p_\infty }\right )^{(\gamma -1)/\gamma } =\left (\frac { \rho (x,y) }{\rho _\infty } \right )^{\gamma -1} = 1 - \frac {\gamma -1}{2} M_v^2 e^{1-\hat {r}^2} \nonumber \end {align}


$\hat {r} = r/r_v$


$r_v = 1/15$


$r$


$u_\infty =1,\ \rho _\infty =1,\ T_\infty = 720 M_v r_v$


$p = \rho ^\gamma / (\gamma M_\infty ^2)$


$M_\infty = 0.5$


$(x_0,y_0) = (0.5,0.5)$


$M_v = 0.5$


$\rho (x_0,y_0) = 0.6941 \rho _\infty $


$30\times 30$


$\rho /\rho _\infty = 0.99$


$\text {CFL} = 0.001$


$\Delta t=2\times 10^{-5}$


$t = 1$


$\text {CFL} = 0.01$


$x$


$N$


$x$


$\|\rho u- (\rho u)_{ex}\|_\infty $


$t=0.01$


$\CFL =0.01$


$(\rho ,u,T)$


\begin {equation*}\rho _0 = 1 + \exp \left (\sin \left (\frac {2\pi x}{L}\right )\right ), \qquad u_0 = 1, \qquad p_0 = 1,\end {equation*}


$[-L, L]$


$L = 1$


$61$


$\CFL = 0.001$


$T=40$


$\text {CFL} = 0.01$


$T=40$


$u$


$p$


$u$


$p$


\begin {equation*}\begin {array}{lll} \rho _U = 1; & u_U = 0; & p_U = 1; \\ \rho _D = 0.125; & u_D = 0; & p_D = 0.1. \end {array}\end {equation*}


$T=0.1$


$\CFL = 0.01$


$u_\infty = \sqrt {p_U/\rho _U}$


$[-0.25,0.25]$


$101$


$\CFL = 0.01$


$L_2$


$L_2$


$[-0.25,0.25]$


$\CFL = 0.01$


$T=0.1$


$T=0.1$


$x \in [0.1,0.2]$


$x\in [0,0.1]$


$x=0$


\begin {align*}\label {eq:TGV-IC} \rho (x,y,z) &= \rho _0\nonumber \\ u(x,y,z) &= u_0\sin (x)\cos (y)\cos (z)\nonumber \\ v(x,y,z) &= -u_0\cos (x)\sin (y)\cos (z)\\ w(x,y,z) &= 0\nonumber \\ p(x,y,z) &= p_0 + u_0^2\frac {(\cos (2x) + \cos (2y))(2+\cos (2z))}{16}\nonumber \end {align*}


$\rho _0=1$


$p_0=100$


$u_0=M_0 \sqrt {\gamma p_0/\rho _0}$


$u_0=1$


$M_0\approx 0.08$


$M_0 = 0.4$


$2\pi $


$M_0\approx 0.08$


$32\times 32\times 32$


$T=70$


$\CFL = 0.01$


$200$


$\text {CFL} = 0.01$


$M\approx 0.08$


$10^{-14}$


$200$


$\rho '$


$T'$


$200$


$\text {CFL} = 0.01$


$M\approx 0.08$


$\phi ' = \sqrt {\frac {1}{N}\sum _{i=1}^N (\phi _i - \phi _\mu )^2}$


$\phi _\mu = \frac {1}{N} \sum _{i=1}^N \phi _i$


$\phi $


$N$


$M_0=0.4$


$64\times 64\times 64$


$\CFL =0.001$


$T=30$


$2000$


$\text {CFL} = 0.001$


$M=0.4$


$2000$


$\text {CFL} = 0.001$


$M=0.4$


\begin {equation}\begin {array}{c c c c c} \bmD _x^\pm = \bmH _x^{-1} \bmQ ^\pm & \bmQ ^\pm + (\bmQ ^\mp )^T = \bmB & \bmH _x = \bmH _x^T > 0 & {\bf a}^T\bmB {\bf b} = (a_rb_r - a_\ell b_\ell ) . \end {array} \label {Xeqn37-A.1}\end {equation}


$\bmH _x$


$p$


${\bf 1}^T\bmH _x{\bf x}^p \approx \frac {1}{p+1}[x_r^{p+1} - x_\ell ^{p+1}]$


$x_{\ell /r}$


$\bmB $


$({\bf x}^p)^T\bmB {\bf y}^q = (x_r^p y_r^q) - (x_\ell ^p y_\ell ^q)$


$[a] \triangleq [\text {diag}\{{\bf a} \}]$


$x_m$


$\bmH ^{-1}_x \Delta \ \bar {\bf f}$


$\bar {\bf f}$


$x_{m \pm 1/2} \in [x_m,x_{m+1}]$


$\tilde {\rho }$


$\tilde {e}$


\begin {equation}[\tilde {\rho }][\bmD _x^\pm [\log (\rho /\rho _\text {ref})]{\bf 1}] = [\bmD _x^\pm [\rho ]{\bf 1}] \quad \text {or equivalently} \quad [\bmD _x^\pm [\log (\rho /\rho _\text {ref})]{\bf 1}] \ {\tilde {\boldsymbol \rho }} = \bmD _x^\pm [\rho ]{\bf 1}, \label {Xeqn41-A.5}\end {equation}


$[\bmD _x^\pm [\log (\rho /\rho _\text {ref})]{\bf 1}]$


$\bmD $


$F$


\begin {equation}C = A \circ B \to C_{ij} = A_{ij} \cdot B_{ij} \ , \label {Xeqn42-B.1}\end {equation}


$x_n$


$\mathcal {R}_n^{(\omega )} \equiv [\mathcal {R}_{n,\rho }^{(\omega )} \ \mathcal {R}_{n,\rho u_i}^{(\omega )} \ \mathcal {R}_{n,\rho E}^{(\omega )}]^T$


$F_n^{(\omega ),\pm } \equiv [F_{n,\rho }^{(\omega ),\pm } \ F_{n,\rho u_i}^{(\omega ),\pm } \ F_{n,\rho E}^{(\omega ),\pm }]^T$


$\mathcal {R}_{n,\rho }^{(\omega )} = - \left (\bmD _{x_n}^+ \circ 2F_{n,\rho }^{(\omega ),+} + \bmD _{x_n}^- \circ 2F_{n,\rho }^{(\omega ),-} \right ){\bf 1}$


\begin {equation*}\delta ^{AD} a = \sum _k \alpha _k \cdot (a_{i+k} - 2 a_i + a_{i-k} ) \ .\end {equation*}


$F^{AD}$


$w$


$A_{2p}w$


\begin {equation}A_{2p} = c_{2p} \cdot (-1)^{p+1} \cdot \bmH ^{-1} \tilde {\bmD }_p ^T B \tilde {\bmD }_p. \label {Xeqn45-C.1}\end {equation}


$p$


$\bmD _p = h^{-p} \tilde {\bmD }_p$


$p$


$H$


$c_{2p}$


$\text {sign}\left \{(c_{2p}) \cdot (-1)^{p+1} \right \} \ge 0$


$B$


$|\partial f^\text {(inv)}/\partial w| \triangleq (Y^{-1} |\Lambda | Y)$


$(\partial f^\text {(inv)}/\partial w) =Y^{-1} \Lambda Y$


$|\Lambda |$


\begin {align}\tilde {\bmD }_2 = \left [\begin {array}{r r r r r} 1 & -2 & 1 \\ 1 & -2 & 1 \\ & & \ddots \\ & &1 & -2 & 1 \\ &&1 & -2 & 1 \end {array}\right ]\end {align}


\begin {equation}d_tq = \dots + \overbrace {\bmH ^{-1} \tilde {\bmD }_2^T (Y^{-1} |\Lambda | Y )\tilde {\bmD }_2 w}^{A_4 w} \ \to \ (d_t q_i) \big |_x = \left .\left (\dots + \sum _{j=1}^{(2+\text {dim})} (\Delta x)^3 \cdot \partial _x^2|\partial f_i/ \partial w_j| \partial _x^2w_j \right ) \right |_x \label {eq:AD2-ES}\end {equation}


$w^TA_{2p}w \ge 0$


$\CFL =0.1$


$\CFL = 0.1$


$L_2$


$L_2$


$\rho $


$p$


$\CFL = 0.1$


$T=0.1$


$x \in [0.1,0.2]$


$x=0$


$q$


\begin {equation}\frac {\mathcal {F}^{(n)}_{i+1/2} - \mathcal {F}^{(n)}_{i-1/2}}{h_i \cdot \Delta x} = \frac {1}{\Delta x} \left (\sum _{k \le 0} 2d_{i,i+k}^{\text c} \cdot \mathcal {F}^{(n)}\big |^\omega _{\text {2pt}}(q_{i+k},q_i) + \sum _{k > 0} 2d_{i,i+k}^{\text c} \cdot \mathcal {F}^{(n)}\big |^\omega _{\text {2pt}}(q_i,q_{i+k}) \right ) \label {Xeqn47-D.1}\end {equation}


\begin {equation}\mathcal {F}^{(n)}\big |^\omega _{\text {2pt}}(q_a,q_b) = \left [\begin {array}{c} \mathcal {F}^{(n)} _{\rho } \big |^\omega _{\text {2pt}} \\ \mathcal {F}^{(n)} _{\rho u_m} \big |^\omega _{\text {2pt}} \\ \mathcal {F}^{(n)} _{\rho E} \big |^\omega _{\text {2pt}} \end {array} \right ] = \left [ \begin {array}{c} \overline {(\rho _a,\rho _b)}^{\log ,n} \left ((1-\omega ) \cdot u_{n,a} + \omega \cdot u_{n,b} \right ) \\ \mathcal {F}^{(n)}_\rho \big |^\omega _{\text {2pt}} \cdot \frac {(u_{m,b} + u_{m,a})}{2} + \delta _{mn} \cdot \left ((1-\omega ) \cdot p_{b} + \omega \cdot p_a\right ) \\ \mathcal {F}^{(n)}_\rho \big |^\omega _{\text {2pt}}\cdot \left (\sum _{m=1}^d \frac {u_{m,a} u_{m,b}}{2} + \overline {(e_a,e_{b})}^{H\log ,n} \right ) \\ + \ (1-\omega ) \cdot u_{n,a}p_{b} + \omega \cdot u_{n,b}p_a \end {array} \right ] \ . \label {Xeqn48-D.2}\end {equation}


$d_{i,i+k}^{\text c}$


$i$


$d_{i,i+k}^{\text c}$


\begin {equation}\mathcal {F}^{(n)}\big |^\omega _{\text {multi-pt}} = \sum _{k > 0} \sum _{\ell \le 0} 2d_{i+\ell ,i+k}^{\text c} \cdot \mathcal {F}^{(n)}\big |^\omega _{\text {2pt}}(q_{i+\ell },q_{i+k}) \ . \label {Xeqn49-D.3}\end {equation}


\begin {equation*}\mathcal {R}^{(\omega )} = -(\bmD _{x_n}^c \circ 2F_n^{(\omega )}){\bf 1}\end {equation*}


\begin {equation}F_n^{(\omega )}(q_{i+k},q_i) = \left [ \begin {array}{c} \overline {(\rho _{i+k},\rho _i)}^{\log ,n} \left ((1-\omega ) \cdot u_{n,i+\min [0,k]} + \omega \cdot u_{n,i+\max [0,k]} \right ) \\ \left [\overline {(\rho _{i+k},\rho _i)}^{\log ,n} \left ((1-\omega ) \cdot u_{n,\min [0,k]} + \omega \cdot u_{n,i+\max [0,k]} \right )\right ] \cdot \frac {(u_{m,i+k} + u_{m,i})}{2} \\ \ + \delta _{mn} \cdot \left ((1-\omega ) \cdot p_{i+\max [0,k]} + \omega \cdot p_{i+\min [0,k]}\right ) \\ \left [\overline {(\rho _{i+k},\rho _i)}^{\log ,n} \left ((1-\omega ) \cdot u_{n,i+\min [0,k]} + \omega \cdot u_{n,i+\max [0,k]} \right )\right ] \cdot \left (\sum _{m=1}^d \frac {u_{m,i+\min [0,k]} u_{m,i+\max [0,k]}}{2} + \overline {(e_{i+k},e_i)}^{H\log ,n} \right ) \\ + \ (1-\omega ) \cdot u_{n,i+\min [0,k]}p_{i+\max [0,k]} + \omega \cdot u_{n,i+\max [0,k]}p_{i+\min [0,k]} \end {array} \right ] \ . \label {Xeqn50-D.4}\end {equation}


$d_{i,i+k}$


$\text {CFL} = 0.01$


$T=0.1$


$\text {CFL} = 0.01$


$\CFL = 0.01$


$L_2$


$L_2$


$T=0.1$

https://orcid.org/0000-0002-7463-559X
https://orcid.org/0000-0003-4943-9551
mailto:carlo.demichele@gssi.it
mailto:Ayaboe.Edoh@us.amentum.com
mailto:gcoppola@unina.it
https://doi.org/10.1016/j.jcp.2025.114262
https://doi.org/10.1016/j.jcp.2025.114262
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jcp.2025.114262&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/


C. De Michele, A.K. Edoh and G. Coppola

For compressible flows, kinetic energy no longer provides a bounded estimate on the flow field. Instead, the thermodynamic 
entropy (𝑠) is often used, as its conservation yields an energy-like statement with respect to a set of special transformation variables 
(i.e., the entropy variables);1 this notion is furthermore strongly tied to the symmetrization of the Euler equations [20]. To this end, 
the current work introduces a new class of entropy-conserving methods for the compressible Euler system. Notably, these schemes 
have the additional property of being compatible with finite differencing.

Entropy-conserving (EC) methods have traditionally been designed in terms of two-point numerical fluxes that are based on a jump 
condition constraint introduced by Tadmor [21]. Their extension to high-order is then achieved via the notion of flux differencing [22,
23], wherein various low-order two-point fluxes are assembled in a type of Richardson extrapolation. This overall flux framework 
naturally lends itself to the finite volume (FV) community and has also gained wide use for achieving entropy consistency with 
modern finite element (FE) schemes [24,25]. The congruence between flux (i.e., weak) forms and derivative (i.e., strong) forms 
is generally understood when discretizing linear functions with finite difference (FD) methods [26,27]. A link between strong and 
weak forms, however, can also be established for nonlinearly stable discretizations in special instances. For example, the entropy-
conservative treatment of Burgers’ equation can be expressed in a conservative FD form via a quadratic skew-symmetric splitting 
of the nonlinear term that induces the Heronian mean [28,29]. While discretely equivalent, the respective methods entail different 
algorithmic overheads in terms of their implementation, particularly when extending to high-order. Such a direct duality between 
finite differencing and EC flux forms also exists for the incompressible flow equations [14]; however, the link has not yet been 
established in the context of the compressible Euler equations and may facilitate the discovery of new schemes.

Although FD formulations for the Euler equations can be designed to preserve linear invariants in addition to other properties like 
being kinetic-energy-preserving (KEP) and pressure-equilibrium-preserving (PEP), they traditionally do not exhibit the strict EC prop-
erty. However, a notable class of FD splittings with heightened EC capabilities have been identified, which may be characterized as be-
ing quasi entropy-conserving methods (qEC). These include, among others, the recently developed kinetic-energy-entropy-preserving 
(KEEP) methods [3]. The qEC schemes admit efficient FD representations and have been shown to greatly enhance numerical ro-
bustness across compressible regimes despite only being approximately entropy conserving. Interesting to note, is that the flux form 
associated with these FD-qEC methods emulates the flux form’s structure of Ranocha’s EC scheme [30,31];2 the main point of con-
trast, however, is how the density (𝜌) and internal energy (𝑒) variables are averaged at the flux interface for the convective flux. 
A variety of other qEC methods that feature this same structure have recently been proposed [33–35] and may be termed asymp-
totically entropy-conserving; however, these forms are inherently flux-based in nature and are not traditionally associated with a 
finite difference splitting approach. While FD-qEC methods induce their flux averages (arithmetic or geometric) on the density and 
internal energy variables via quadratic and cubic splittings of the convective terms [36,37], this framework does not readily admit 
the logarithmic-type means that are necessary for recovering strict conservation of the thermodynamic entropy in the case of perfect 
gases. However, in the same way that standard FD discretizations (with central schemes) of split forms based on the divergence and 
advective forms of the convective terms have been linked to numerical fluxes based on bilinear and trilinear interpolations [27,34], 
it is of interest to find FD discretizations linked to a Tadmor-type EC method such as Ranocha’s flux.

The current work develops new finite-difference compatible methods that are strictly EC in the context of a single-component 
ideal gas with the calorically perfect assumption. In order to achieve this, the concept of split forms, which is traditionally based on 
the application of the product rule, is generalized by using the chain rule applied to suitable nonlinear transformations. This is then 
used to generate different expressions for the discretized convective terms that are equivalent at the continuous limit. In this way, the 
intended nonlinear logarithmic flux averages for density and internal energy, 𝜌̃ and 𝑒, are first shown to be expressible as quotients of 
differences and then are linked to nonlinear numerical fluxes. Rather than satisfying a Tadmor jump condition on the fluxes, the new 
methods are derived by requiring point-wise cancellation of the spurious volumetric terms that are induced in the discrete entropy 
equation that is associated with the primary system. Enforcing these cancellations naturally reveals the necessary form of the special 
auxiliary variables; it also highlights the inherent relation between the choice in FD stencils and the derivative-based representation of 
the logarithmic means. While it is possible to make FD methods globally entropy conserving via correction procedures [27,38–43] (or 
cell-wise for element-based methods), the current framework goes beyond by avoiding source terms in the resulting discrete entropy 
equation. In addition to being EC, the new methods are made to be KEP and PEP as well. Throughout, we employ finite differencing 
based on diagonal-norm summation-by-parts (SBP) operators [44,45], including biased renditions [46–48]. Notably, viable biased EC 
methods are identified for the first time—a feat that is facilitated by the current FD perspective. A finite difference form of Ranocha’s 
EC flux is then shown to be recovered as a special symmetric weighting of the two-point forward and backward biased operators.

The paper is organized as follows: Section 2 provides preliminaries in terms of the governing equations and the SBP-based finite 
difference stencils; Section 3 presents derivative-based representations of specialized nonlinear means; Section 4 introduces the new 
FD-EC methods; Section 5 confirms the intended scheme properties relative to various test cases (1D density wave, 1D Sod shock 
tube, 2D isentropic vortex, 3D Taylor–Green vortex); and finally Section 6 provides summary remarks and suggestions for further 
research. Then in the Appendix, we furthermore supply the following: the entropy conservation proof in matrix-vector notation with 
SBP operators (Appendix A), the schemes expressed in Hadamard product form (Appendix B), an example of incorporating entropy 

1 A precise energy statement is available when considering conservation for the class of Harten entropies ℎ(𝑠) [19]. However, unlike the thermo-
dynamic entropy, these functions do not admit provable stability for Navier–Stokes configurations that include Fourier conduction terms.
2 Ranocha’s flux is equivalent to the earlier EC scheme of Chandrashekar [32] in terms of the convective treatment; however, the two methods 

differ in how the pressure terms are calculated, with Ranocha’s rendition enabling pressure-equilibrium-preservation and also having a direct finite 
difference representation, which yields greater energy consistency with respect to the pressure-velocity coupling.
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stable artificial dissipation (Appendix C), and employing the biased two-point fluxes in a multi-point fashion via flux differencing 
(Appendix D).

2.  Preliminaries

To better specify the context of our analysis, we start by considering the compressible Euler equations in 𝑑-dimensions, written as 
the balance equations for mass, momentum and total energy for a single-component gas in the absence of viscous and thermal effects

𝜕𝜌
𝜕𝑡

= −
𝜕𝜌𝑢𝑛
𝜕𝑥𝑛

= −𝜌 (1)

𝜕𝜌𝑢𝑚
𝜕𝑡

= −
(

𝜕𝜌𝑢𝑛𝑢𝑚
𝜕𝑥𝑛

+
𝜕𝑝
𝜕𝑥𝑚

)

= −(𝜌𝑢𝑚 +  𝜌𝑢𝑚 ) (2)

𝜕𝜌𝐸
𝜕𝑡

= −
(

𝜕𝜌𝑢𝑛𝐸
𝜕𝑥𝑛

+
𝜕𝑝𝑢𝑛
𝜕𝑥𝑛

)

= −(𝜌𝐸 +  𝜌𝐸 ) (3)

where 𝑚 and 𝑛 are integers ranging between 1 and 𝑑 (the dimension) with repeated index notation being presumed. In Eqs. (1)–(3), 𝜌 is 
the density, 𝑢𝑚 is the Cartesian velocity in direction 𝑚, 𝑝 is the pressure, and 𝐸 is the total energy per unit mass which is made up of the 
sum of internal and kinetic energies (𝐸 = 𝑒 + 1

2
∑𝑑
𝑚=1 𝑢

2
𝑚). The equations are furthermore categorized in terms of the convective and 

pressure operators,  and   respectively. Kinetic energy consistency (i.e., that the combination mass and momentum induce a viable 
kinetic energy representation) and energy consistency (i.e., that the total energy is composed of the internal energy representation 
as well as the induced kinetic energy form) [3,27] are motivated by the following additional analytic relations

 𝜌𝐸 =
𝑑
∑

𝑚=1
𝑢𝑚 𝜌𝑢𝑚 +  𝜌𝑒

=
𝑑
∑

𝑚=1

(

𝑢𝑚
𝜕𝑝
𝜕𝑥𝑚

+ 𝑝
𝜕𝑢𝑚
𝜕𝑥𝑚

)

(4)

𝜌𝐸 = 𝜌𝑘 + 𝜌𝑒 with 𝜌𝑘 =
𝑑
∑

𝑚=1

[

𝑢𝑚𝜌𝑢𝑚 − 1
2
𝑢2𝑚𝜌

]

=
𝜕𝜌𝑢𝑛𝑘
𝜕𝑥𝑛

+
𝜕𝜌𝑢𝑛𝑒
𝜕𝑥𝑛

with 𝑘 = 1
2

𝑑
∑

𝑚=1
𝑢2𝑚. (5)

Based on the additional physical constraints implied by the above, one is then left to determine the discrete representations of the 
following: 𝜌, 𝜌𝑢𝑚 , 𝜌𝑒,  𝜌𝑢𝑚 , and  𝜌𝑒.

2.1.  Entropy analysis

We assume that pressure and internal energy are linked by the ideal gas equation of state, which implies 𝑝 = (𝛾 − 1)𝜌𝑒, that 
the specific heats at constant pressure and volume and their ratio 𝛾 = 𝑐𝑝∕𝑐𝑣 are constant, and that 𝑒 = 𝑐𝑣𝑇  where 𝑇  is the absolute 
temperature. In this context, the thermodynamic entropy per unit mass is via Gibbs relation as

d𝑠 = d𝑒
𝑇

− 𝑅
d𝜌
𝜌

→ 𝑠 − 𝑠ref = 𝑐𝑣 ⋅ log(𝑒∕𝑒ref) − 𝑐𝑣(𝛾 − 1) ⋅ log(𝜌∕𝜌ref) , (6)

which presumes normalized quantities. The entropy can then be shown to satisfy the conservation equation
𝜕𝜌𝑠
𝜕𝑡

= −
𝜕𝜌𝑢𝑛𝑠
𝜕𝑥𝑛

. (7)

Eq. (7), which is valid in general for an arbitrary equation of state, is a statement that for non-viscous adiabatic flows the entropy 
of material particles remains unchanged, which in turn implies that global entropy within an Eulerian volume Ω does not change 
in time, except due to inflow or outflow at the boundaries. Eq. (7) is a consequence of the system of Euler Eq. (1)–(3) and of basic 
thermodynamics, and does not constitute an independent balance principle.3 As such, smooth solution fields satisfying Eqs. (1)–(3) 
also satisfy Eq. (7). To see this, consider the set of (2 + 𝑑) entropy variables 

𝑤 ≜ 𝜕𝜌𝑠
𝜕 [𝜌, 𝜌𝑢𝑚, 𝜌𝐸]
⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
[𝑞1 ,…,𝑞2+𝑑 ]

= 1
𝑇

⋅

[

𝑠𝑇 − 𝑒 −
𝑝
𝜌
+ 1

2

𝑑
∑

𝑚=1
𝑢2𝑚, −𝑢𝑚, 1

]

= [𝑤𝜌, 𝑤𝜌𝑢𝑚 , 𝑤𝜌𝐸 ]
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

[𝑤1 ,…,𝑤2+𝑑 ]

(8)

3 Note that analogous conservation statements can be written for special functions of the entropy, ℎ(𝑠), as proposed by Harten [19]. However, we 
focus on the thermodynamic entropy herein.
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and their contraction with the governing system:

𝜕𝜌𝑠
𝜕𝑡

=
2+𝑑
∑

𝑚=1
𝑤𝑚 ⋅

𝜕𝑞𝑚
𝜕𝑡

= 𝑤𝜌 ⋅
𝜕𝜌
𝜕𝑡

+𝑤𝜌𝑢𝑚 ⋅
𝜕𝜌𝑢𝑚
𝜕𝑡

+𝑤𝜌𝐸 ⋅
𝜕𝜌𝐸
𝜕𝑡

(9)

= 1
𝑇

(

𝑠𝑇 − 𝑒 −
𝑝
𝜌

)

⋅
𝜕𝜌
𝜕𝑡

+ 1
𝑇

⋅
𝜕𝜌𝑒
𝜕𝑡

= 𝑠 ⋅
𝜕𝜌
𝜕𝑡

+ 𝜌 ⋅
(

1
𝑇

⋅
𝜕𝑒
𝜕𝑡

−
𝑝
𝜌2𝑇

⋅
𝜕𝜌
𝜕𝑡

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝜕𝑠∕𝜕𝑡

.

The above manipulations invoke two key relations: 1) energy consistency (i.e., 𝜕𝜌𝑒 = 𝜕𝜌𝐸 − (
∑𝑑
𝑚=1 𝑢𝑚𝜕𝜌𝑢𝑚 − 1

2 𝑢
2
𝑚𝜕𝜌) = 𝜕(𝜌𝐸 −

1
2
∑𝑑
𝑚=1 𝜕𝜌𝑢

2
𝑚) and 2) Gibbs relation (i.e., 𝑇 𝜕𝑠 = 𝜕𝑒 − (𝑝∕𝜌2)𝜕𝜌). When turning to discrete approximations, however, these types of 

links are typically lost in the sense that a consistent discretization of the system (1)–(3) does not imply that the discrete entropy is 
globally conserved. This behavior can be traced back to the failure of nominal operators to satisfy the usual rules of calculus that 
are valid for continuous operators—namely the product, chain, and summation-by-parts rules. EC schemes are designed, however, to 
exactly reproduce these structural properties of the continuous set of equations at the discrete level.

We will focus on the spatial discretization of the system of Eqs. (1)–(3) in the context of a semidiscretized procedure. This means 
that the analysis will assume that temporal integration can be carried out at the continuous level, whereas spatial approximation is 
obtained by using a discrete method. The framework of a conservative Finite Difference method is adopted, where variables constitute 
the nodal values of the continuous unknown functions over a (typically uniform) Cartesian mesh. The formulation used is conservative 
in the sense that convective and derivative terms are approximated by numerical schemes that can be expressed as sum of differences 
of numerical fluxes at adjacent nodes along each Cartesian direction. This property discretely reproduces the divergence structure of 
the convective terms in Eqs. (1)–(7) and is hence referred to as the discretization’s local conservation property. Global conservation (i.e., 
the property that the total amount of the balanced quantity is not affected by the convective terms, except for boundary contribution) 
is then guaranteed by the telescoping property, mimicking what happens at the continuous level.

For the sake of simplicity, but without loss of generality, we will expose our theory when possible with reference to the one-
dimensional version of the system (1)–(3), such that (𝑚, 𝑛) = 1. The discretization of the space coordinate 𝑥 is made by considering 
a uniform mesh with nodal coordinates 𝑥𝑖 and width (Δ𝑥). Although not described herein, the extension to non-uniform meshes can 
be accomplished by taking into account the variable sizes of the discretization into the time-derivative terms ([49]), such as via the 
grid metrics Jacobian for curvilinear grids [45].

2.2.  Conservative finite difference stencils

In what follows, some difference operators will be used, and they are here defined. First, consider a general finite difference stencil 
evaluated at node 𝑖

(𝜕𝑥𝜙)𝑖 ≈ (𝛿𝜙)𝑖 =
1
Δ𝑥

∑

𝑘
𝑑𝑖,𝑖+𝑘 ⋅ 𝜙𝑖+𝑘. (10)

In the above, we note that the FD stencil coefficients 𝑑𝑖,𝑖+𝑘 are dependent on the node at which the derivative is being estimated. 
Herein, we assume that the progression of stencils is arranged such as to satisfy a Summation-by-Parts (SBP) property [44,45], which 
is a discrete form of integration-by-parts, ∫Ω 𝑢 d𝑣 =

(

− ∫Ω 𝑣 d𝑢 + (𝑢𝑣)|𝜕Ω
)

. Considering a general quadratic decomposition of the input 
𝜙 = 𝑢𝑣, then the SBP property for stencils 𝛿c associated with a centered operator is expressed as 

∑

𝑖
ℎ𝑖 ⋅ 𝑢𝑖(𝛿c𝑣)𝑖 = −

∑

𝑖
ℎ𝑖 ⋅ 𝑣𝑖(𝛿c𝑢)𝑖 + (𝑢𝑟𝑣𝑟 − 𝑢𝓁𝑣𝓁) (11)

where ℎ𝑖 are scaling factors associated with a diagonal-norm of the SBP operator, which can be interpreted as a quadrature rule [50], 
and (⋅)𝓁∕𝑟 correspond to consistent approximations of the function at the left and right boundaries. In the case of classic finite difference 
SBP operators featuring nodes at the boundary, then (⋅)𝓁∕𝑟 is the nodal value at the boundary itself such that 𝑢𝓁𝑣𝓁 = (𝑢𝑣)𝓁 ; however, 
additional interpretations are possible via the generalized SBP formalism [44] which accommodates the interpretation of such values 
as being consistent extrapolations or quasi-interpolations of the near boundary data. Note that in the interior of the domain, away 
from boundaries, the 𝛿c stencils above are central and asymmetric. The above SBP statement can be further extended to biased 
dual-pair SBP operators with local difference stencils 𝛿± [46,48,51] as 

∑

𝑖
ℎ𝑖 ⋅ 𝑢𝑖(𝛿±𝑣)𝑖 = −

∑

𝑖
ℎ𝑖 ⋅ 𝑣𝑖(𝛿∓𝑢)𝑖 + (𝑢𝑟𝑣𝑟 − 𝑢𝓁𝑣𝓁) (12)

with the relationship 

𝛿± =

𝛿c
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
1
2
(𝛿+ + 𝛿−) ±

𝛿A𝐷
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
1
2
(𝛿+ − 𝛿−) , (13)

where 𝛿A𝐷 constitutes an artificial dissipation (AD) term. Rearranging terms in Eqs. (11) and (12) reveals the quadratically split 
“advection form" (i.e., 𝑢𝛿𝑣 + 𝑣𝛿𝑢) that has been shown to yield a conservative telescoping-like representation [23,26,49]. The nominal 

Journal of Computational Physics 540 (2025) 114262 

4 



C. De Michele, A.K. Edoh and G. Coppola

“divergence form” (e.g., 𝛿(𝑢𝑣)) also features a conservative telescoping property. In either case, general finite-volume fluxes can be 
derived from the SBP-compatible finite difference stencils via a recursive relation 

𝑖+1∕2 =
⎧

⎪

⎨

⎪

⎩

ℎ𝑖 ⋅ 𝛿±(𝑢𝑣) + 𝑖−1∕2 such that 1∕2 ≡ 𝓁 = (𝑢𝑣)𝓁

ℎ𝑖 ⋅
(

𝑢𝑖(𝛿±𝑣)𝑖 + 𝑣𝑖(𝛿∓𝑢)𝑖
)

+ 𝑖−1∕2 such that 1∕2 ≡ 𝓁 = 𝑢𝓁𝑣𝓁
(14)

where 𝑖+1∕2 are interface fluxes induced by the SBP discretization that live on a dual grid, 𝑥̄𝑖+1∕2, whose spacing is tied to the norm 
scaling such that ℎ𝑖 = (𝑥̄𝑖+1∕2 − 𝑥̄𝑖−1∕2) with 𝑥1∕2 ≡ 𝑥𝓁 [52]. In effect, global conservation along with an identifiable flux (anywhere in 
the domain, such as the boundary) is sufficient for guaranteeing a telescoping flux property throughout [49]. While written in terms 
of the biased operators, Eq. (14) also applies to the central operators per Eq. (13).

The stencil coefficients 𝑑𝑖,𝑖+𝑘 in Eq. (10) and their progression in space may be conveyed in the form of matrices 𝖣 acting on a 
vector of nodal solution data. For example, the standard second-order (two-point) finite difference SBP central operator and its dual 
decomposition are the following (assuming (Δ𝑥) = 1 for convenience),

(two-point stencils) ∶ (15)

⎡

⎢

⎢

⎢

⎢

⎢

⎣

−𝟏 𝟏
−1∕2 0 1∕2

…
−1∕2 0 1∕2

−𝟏 𝟏

⎤

⎥

⎥

⎥

⎥

⎥

⎦

= 1
2
⋅

⎡

⎢

⎢

⎢

⎢

⎢

⎣

−𝟐 𝟐
−1 1

…
−1 1
𝟎 𝟎

⎤

⎥

⎥

⎥

⎥

⎥

⎦

+ 1
2
⋅

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝟎 𝟎
−1 1

…
−1 1

−𝟐 𝟐

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝖣𝑐= 1

2 (𝖣
++𝖣−)

(16)

where the associated diagonal norm scaling is 𝖧 = diag([ 12 , 1,… , 1, 12 ]) [47]. Note that the red and black rows in Eq. (16) represent 
the boundary versus interior stencils, respectively.4 For this two-point operator, one can derive simple two-point fluxes responsible 
for calculating the interior interface fluxes 𝑖+1∕2 from the nodal data. For the interior central stencil we have

𝛿2pt(𝑢𝑣) ⟶  (𝑢, 𝑣)𝑖+1∕2,div =
(𝑢𝑣)𝑖+1 + (𝑢𝑣)𝑖

2
≜ 𝑢𝑣

𝑢𝛿2pt𝑣 + 𝑣𝛿2pt𝑢 ⟶  (𝑢, 𝑣)𝑖+1∕2,adv =
𝑢𝑖+1𝑣𝑖 + 𝑢𝑖𝑣𝑖+1

2
≜ (𝑢, 𝑣) (17)

and for the interior biased stencils we have

𝛿+2pt(𝑢𝑣) ⟶ +(𝑢, 𝑣)𝑖,div = (𝑢𝑣)𝑖+1
𝛿−2pt(𝑢𝑣) ⟶ −(𝑢, 𝑣)𝑖,div = (𝑢𝑣)𝑖

𝑢𝛿+2pt𝑣 + 𝑣𝛿
−
2pt𝑢 ⟶ +(𝑢, 𝑣)𝑖,adv = 𝑢𝑖𝑣𝑖+1 = −(𝑣, 𝑢)𝑖,adv (18)

It is important to note that the interior advective form’s flux for the two-point central operator is symmetric in its arguments; however, 
this is not the case for the biased splitting, which would provide additional flexibility in tailoring the behavior of the discretizations—
for example with respect to interacting with sharp gradients in the solution field etc. In special cases (e.g., interior nodes discretized 
by central stencils) such two-point fluxes can be combined to express the fluxes associated with high-order operators [26,52] in the 
fashion of Richardson-type extrapolations. A convex combination of the divergence and advective forms is then possible and known 
to produce an independent averaging of the inputs. For example, when these forms are evenly weighted, we have

1
2
[

𝛿2pt(𝑢𝑣) + 𝑢𝛿2pt𝑣 + 𝑣𝛿2pt𝑢
]

⟶
1
2
[

 (𝑢, 𝑣)div +  (𝑢, 𝑣)adv
]

𝑖+1∕2 =
𝑢𝑖+1 + 𝑢𝑖

2
𝑣𝑖+1 + 𝑣𝑖

2
1
2

[

𝛿+2pt(𝑢𝑣) + 𝑢𝛿
+
2pt𝑣 + 𝑣𝛿

−
2pt𝑢

]

⟶
1
2
[

+(𝑢, 𝑣)div + +(𝑢, 𝑣)adv
]

𝑖+1∕2 =
𝑢𝑖+1 + 𝑢𝑖

2
𝑣𝑖+1

1
2

[

𝛿−2pt(𝑢𝑣) + 𝑢𝛿
−
2pt𝑣 + 𝑣𝛿

+
2pt𝑢

]

⟶
1
2
[

−(𝑢, 𝑣)div + −(𝑢, 𝑣)adv
]

𝑖+1∕2 =
𝑢𝑖+1 + 𝑢𝑖

2
𝑣𝑖 (19)

1
2

[

𝛿+2pt(𝑢𝑣) + 𝑢𝛿
−
2pt𝑣 + 𝑣𝛿

+
2pt𝑢

]

⟶
1
2
[

+(𝑢, 𝑣)div + −(𝑢, 𝑣)adv
]

𝑖+1∕2 = 𝑢𝑖+1
𝑣𝑖+1 + 𝑣𝑖

2
1
2

[

𝛿−2pt(𝑢𝑣) + 𝑢𝛿
+
2pt𝑣 + 𝑣𝛿

−
2pt𝑢

]

⟶
1
2
[

−(𝑢, 𝑣)div + +(𝑢, 𝑣)adv
]

𝑖+1∕2 = 𝑢𝑖
𝑣𝑖 + 𝑣𝑖+1

2

Further combinations are also possible upon considering combinations of the central and biased schemes (not shown). Such even 
weighting of the divergence and advective forms has been shown to be beneficial in terms of reducing nonlinear aliasing errors, at 
least in the context of central stencils [36,53–55].

4 The central operator in (16) is second order on the interior and first order on the boundary. Meanwhile the biased operators feature a reduction 
in order, being first order on the interior and zeroth order (i.e., inconsistent) at the boundaries.
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3.  Specialized means via finite differences

In the previous section, a correspondence has been mentioned between finite difference discretizations of derivatives of products of 
two variables and numerical fluxes in the case of two-point discretizations. In particular, the divergence and advective forms with such 
central or non-symmetric difference operators have been associated with the class of two-point fluxes based on arithmetic averages. 
In special instances, finite difference splitting can also be used to induce a two-point geometric average [6,56]—for example, this 
happens when considering 𝜙 = (𝜙1∕2𝜙1∕2), in which case  (𝜙1∕2, 𝜙1∕2)𝑖+1∕2,adv = ±(𝜙1∕2, 𝜙1∕2)𝑖+1∕2,adv =

√

𝜙𝑖𝜙𝑖+1. However, in many 
applications, more general fluxes comprised of nonlinear averages are necessary. These fluxes would seem to be outside the possible 
schemes that can be generated by classical finite difference discretizations. For example, with respect to designing EC schemes, one 
needs access to other nonlinear averages such as logarithmic means. Yet, it has not been evident how to induce such expressions from a 
splitting technique as is possible with respect to the geometric mean. It then seems natural to inquire if there is a generalized approach 
within the finite-difference framework to obtain the discrete equations coming from schemes based on nonlinear flux functions.

From Eqs. (17)–(19), one observes that the application of the product rule for manipulating the convective term leads to various 
flux formulations that are based on arithmetic averages for the product of two variables. However, the product rule is a special 
case of the chain rule, which is not satisfied by discrete operators and is associated with the composition of arbitrary nonlinear 
functions other than the simple product of two variables. From this observation, it is argued that to obtain fluxes in which a nonlinear 
average arises (e.g., of the type of the logarithmic mean appearing in the Ranocha’s EC mass flux [30,31]: 𝜌 = 𝜌(log) 𝑢  where 𝜌(log) =
(

𝜌𝑖+1 − 𝜌𝑖
)

∕
(

log 𝜌𝑖+1 − log 𝜌𝑖
)

), nonlinear transformations based on the chain rule have to be leveraged to re-express the variables 
and/or their products. These transformations could then give different expressions that are equivalent on a continuous ground but 
that furnish different approximations when treated discretely. In these discrete forms, the peculiarities of the nonlinear transformation 
are expected to influence the form of the fluxes and induce new nonlinear averages, as motivated below.

The case of the logarithmic mean is exemplary and is easily treated by using the transformation

𝜌 =
(

1
𝜌

)−1
=
(

d log 𝜌
d𝜌

)−1
=

d𝜌
d log 𝜌

(20)

where the last equality holds by virtue of the inverse function theorem applied to the bijective function log 𝜌. In Eq. (20) the nonlinear 
transformation expressing 𝜌 is specified through a derivative to make the chain rule relevant. By using Eq. (20) in the evaluation of 
the convective term for the continuity equation, one has

𝜕𝜌𝑢
𝜕𝑥

= 𝜕
𝜕𝑥

(

d𝜌
d log 𝜌

𝑢
)

. (21)

Although the equality in Eq. (21) is exact on a continuous ground, the discretization of the right-hand side will be associated with 
numerical fluxes that are different than those associated with the classical divergence form of the left-hand side. In fact, a coordinated 
discretization of the internal and external derivatives in Eq. (21) can be shown to be equivalent to a FV formulation based on the 
Ranocha’s mass flux (cf. Section 4). Moreover, using split forms and various choices for the approximations of the derivative of 𝜌
furnishes different expressions for the fluxes, as for the split forms described in Eqs. (17)–(19). This type of procedure, in which FV 
schemes based on nonlinear fluxes are formulated as FD approximations, can be useful because a generalized treatment of the FD 
formulations can generate new potentially useful discretizations. An example is studied in Section 4 with reference to EC formulations 
based on the logarithmic mean.

A generalization of this procedure can be attempted by using a class of transformations associated with more general nonlinear 
averages, among which logarithmic and arithmetic means are particular cases. A sufficiently general transformation based on the use 
of derivatives to express a variable 𝜙 is given by the following relation, valid for positive values of 𝜙:

𝜙 =
𝛽

𝛽 + 1
d𝜙𝛽+1

d𝜙𝛽
(22)

=
𝛽

𝛽 + 1

[

d𝜙𝛽+1

d𝜙
d𝜙
d𝜙𝛽

]

=
𝛽

𝛽 + 1

[

d𝜙𝛽+1

d𝜙

(

d𝜙𝛽

d𝜙

)−1]

=
𝛽

𝛽 + 1

[

(𝛽 + 1)𝜙𝛽
(

𝛽𝜙𝛽−1
)−1] =

𝛽
𝛽 + 1

[(

𝛽 + 1
𝛽

)

𝜙𝛽

𝜙𝛽−1

]

= 𝜙.

The validity of Eq. (22) is easily verified by observing that the function 𝜙𝛽 is a strictly monotone function for positive values of 𝜙. 
Eq. (22) represents the type of fundamental nonlinear transformations used herein to obtain the generalized FD schemes corresponding 
with more general nonlinear fluxes. Further note that when 𝛽 = 1, then 𝜙 above may take all real values, both negative and positive. An 
important observation is that a straightforward evaluation of Eq. (22) breaks down for the cases 𝛽 = 0 and 𝛽 = −1. In such instances, 
we take the respective limit and employ logarithmic substitutions

lim
𝛽→0

𝛽
𝛽 + 1

[(

𝛽 + 1
𝛽

)

𝜙𝛽

𝜙𝛽−1

]

= 1
𝜙−1

=
(

d log𝜙
d𝜙

)−1
=

d𝜙
d log𝜙

(23)

lim
𝛽→−1

𝛽
𝛽 + 1

[(

𝛽 + 1
𝛽

)

𝜙𝛽

𝜙𝛽−1

]

= 𝜙−1∕𝜙−2 =
(

−
d log(1∕𝜙)

d(𝜙)

)(

−
d𝜙

d1∕𝜙

)

=
d log(1∕𝜙)
d(1∕𝜙)

(24)

recovering the type of transformation illustrated with reference to the Ranocha’s mass and internal energy flux.
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Eq. (22) therefore re-expresses 𝜙 in terms of a new parameterized function comprised of its derivatives, 𝜙 = 𝑓𝜙(𝛽).  Substituting 
finite difference approximations yields a consistent discrete filtered quantity

𝑓𝜙(𝛽) ≜
𝛽

𝛽 + 1
𝛿𝜙𝛽+1

𝛿𝜙𝛽
≈ 𝜙 , (25)

with the limiting case of two-point derivatives recovering various discrete mean values:

1. 𝛽 = 1 → Arithmetic mean:
𝑓𝜙(1) =

1
2
𝛿𝜙2

𝛿𝜙
→

1
2
𝛿2pt𝜙2

𝛿2pt𝜙
= 1

2
𝜙2
𝑎 − 𝜙

2
𝑏

𝜙𝑎 − 𝜙𝑏
=
𝜙𝑎 + 𝜙𝑏

2
= 𝜙

2. 𝛽 = 0 → Logarithmic mean:
𝑓𝜙(0) =

𝛿𝜙
𝛿 log𝜙

→
𝛿2pt𝜙

𝛿2pt log𝜙
=

𝜙𝑎 − 𝜙𝑏
log𝜙𝑎 − log𝜙𝑏

= 𝜙
(log)

3. 𝛽 = −1
2

→ Geometric mean:

𝑓𝜙(−1∕2) = −
𝛿
√

𝜙

𝛿(1∕
√

𝜙)
→

𝛿2pt
√

𝜙

𝛿2pt(1∕
√

𝜙)
=

√

𝜙𝑎 −
√

𝜙𝑏
1

√

𝜙𝑎
− 1

√

𝜙𝑏

=
√

𝜙𝑎𝜙𝑏 = 𝜙
𝐺

4. 𝛽 = −1 → “Harmonic-logarithmic" mean:
𝑓𝜙(−1) =

𝛿 log(1∕𝜙)
𝛿(1∕𝜙)

→
𝛿2pt log(1∕𝜙)
𝛿2pt(1∕𝜙)

=
log(1∕𝜙𝑎) − log(1𝜙𝑏)

1
𝜙𝑎

− 1
𝜙𝑏

= 𝜙
(𝐻 log)

5. 𝛽 = −2 → Harmonic mean:

𝑓𝜙(−2) =
𝛿𝜙−1

𝛿𝜙−2
→

𝛿2pt𝜙−1

𝛿2pt𝜙−2
=

1
𝜙𝑎

− 1
𝜙𝑏

1
𝜙2𝑎

− 1
𝜙2𝑏

= 2
𝜙𝑏𝜙𝑎
𝜙𝑏 + 𝜙𝑎

= 𝜙
𝐻

Other means may be recovered by the above formulas, such as the Heronian mean when 𝛽 = 1∕2. Also note that in the case 
of two-point means, we have the property that 𝑓𝜙(𝛽𝑎) > 𝑓𝜙(𝛽𝑏) when 𝛽𝑎 > 𝛽𝑏 [57]. Also, specialized procedures for dealing with 
the risk of a singular denominator will furthermore be necessary in the case of the logarithmic-based means (e.g., Ismail/Roe’s
procedure [58]).

Eq. (22) thus presents a general parameterized family of filters based on derivatives,  where a mean of the inputs is recovered in 
the special case of two-point stencils. To see this latter property, the two-point discretization of 𝑓𝜙̄(𝛽) can be re-written in integral 
form5 as 

𝜙̄ ⋅
1
𝛽
⋅ 𝛿2pt𝜙

𝛽 = 1
𝛽 + 1

⋅ 𝛿2pt𝜙
𝛽+1 → 𝜙̄ ⋅ ∫

2

1
𝜙𝛽−1 d𝜙 = ∫

2

1
𝜙𝛽 d𝜙 . (26)

Thus we see that 𝜙̄ results from the use of the intermediate value theorem and therefore should lie within the interval [𝜙1, 𝜙2]. We 
note that the above recovers the same two-point means proposed in [57];6 however, the differential perspective offered by Eq. (22) 
directly generalizes to difference stencils of arbitrary length (e.g., high-order differencing), albeit coming at the loss of guaranteeing 
that the resulting filtered variable is bounded by its inputs. 

The following section leverages the ability to explicitly generate nonlinear mean quantities such as the ones presented above 
in order to develop new entropy consistent methods that are finite-difference compatible. Specifically, we consider the follow-
ing re-interpretation of the density and internal energy thermodynamic variables as part of re-writing their respective convective
terms, 

𝜌 = 𝑓𝜌(𝛽 = 0) = d𝜌
d log 𝜌

𝑒 = 𝑓𝑒(𝛽 = −1) = d log 𝑒−1

d𝑒−1

⎫

⎪

⎬

⎪

⎭

→

⎧

⎪

⎨

⎪

⎩

𝜕𝜌𝑢
𝜕𝑥 = 𝜕

𝜕𝑥

(

d𝜌
d log 𝜌 𝑢

)

𝜕𝜌𝑢𝑒
𝜕𝑥 = 𝜕

𝜕𝑥

(

d𝜌
d log 𝜌 𝑢

d log 𝑒−1

d𝑒−1

)

(27)

As will be shown in the following section, a direct FD treatment of these analytic forms results in discrete entropy conservation for 
the current calorically perfect setting with entropy defined in Eq. (6).

5 Another well-known class of means based on differences are the Stolarsky means [59,60], which also coincide with some of the popular aver-
ages mentioned above (e.g., arithmetic, geometric, logarithmic). The Stolarski means induce an integral form, 𝜙𝛽 ⋅ ∫ 2

1 d𝜙 = ∫ 2
1 𝜙

𝛽 d𝜙 but with the 
additional approximation that 𝜙𝛽 ≈ 𝜙̄𝛽 .
6 While the present work independently developed the current derivative-based representation, we acknowledge the work of [57] towards the 

generalization provided in Eq. (22).

Journal of Computational Physics 540 (2025) 114262 

7 



C. De Michele, A.K. Edoh and G. Coppola

4.  A class of finite-difference entropy-conserving methods

In order to devise the FD-EC schemes, we first consider the entropy equation that results from contracting the entropy variables 
in Eq. (8) with the governing Euler system:

𝜌𝑠 = 𝑤𝜌 ⋅ 𝜌 +
𝑑
∑

𝑚=1
𝑤𝜌𝑢𝑚 ⋅

(

𝜌𝑢𝑚 +  𝜌𝑢𝑚

)

+𝑤𝜌𝐸 ⋅
(

𝜌𝐸 +  𝜌𝐸
)

=
[

𝑠 − 𝛾𝑐𝑣
]

⋅ 𝜌 +
1
𝑇

⋅
(

𝜌𝑒 +  𝜌𝑒
)

(28)

Note that the above leverages the energy consistent relations from Eqs. (4) and (5), namely that the discretization of total energy 
is comprised of an internal energy discretization plus a kinetic energy component that stems directly from the discretized mass 
and momentum equations . The current intent is then to recover the entropy conservation statement by judiciously discretizing the 
primary system. To this end, we first assume a direct discretization of the respective convective and pressure terms previously given 
in Eqs. (1)–(5). The centered and biased FD stencil renditions for each term associated with the (𝑛) direction derivative are given in 
the following Tables 1 and 2, where the  and   symbols can now refer to discrete representations based on the context. We allow 
for additional flexibility in how the density and internal energy will be defined via the specialized FD means presented in Section 3; 
the necessary forms for achieving exact entropy conservation are derived below. Note that the choice of 𝜌 automatically specifies 
the momentum treatment 𝜌𝑢 that is necessary for fulfilling kinetic-energy-preservation (KEP). As we presume a divergence-like 
discretization of mass, the associated KEP form is that of Feiereisen [61]. Meanwhile the internal energy convective term is also in 
divergence form and therefore will naturally admit pressure-equilibrium preservation. These scheme properties are further discussed 
in Section 4.1. Note that while the split forms presented in the tables are written relative to the local stencil, a matrix-vector rendition 
stems naturally, as utilized in Appendix A (e.g., 𝑎𝛿𝑥𝑏→ [diag{𝐚}]𝖣𝑥𝐛). Alternatively, Appendix B provides the methods in a Hadamard 
product form.

Table 1 
A kinetic-energy and pressure-equilibrium preserving finite-
difference discretization of Euler derivatives assuming SBP-
compatible stencils. In the case of the FD-EC methods with 
central convective operators, (𝑛), the auxiliary variables are 
𝜌̃ ≡

𝛿c𝑥𝑛 𝜌

𝛿c𝑥𝑛 log 𝜌
≜ 𝜌(log,𝑛) and 𝑒 ≡ 𝛿c𝑥𝑛 log 𝑒

−1

𝛿c𝑥𝑛 𝑒
−1 ≜ 𝑒(𝐻 log,𝑛).

 Centered
(𝑛)
𝜌 𝛿c𝑥𝑛 (𝜌̃𝑢𝑛)

(𝑛)
𝜌𝑢𝑚

1
2

[

𝛿c𝑥𝑛 (𝜌̃𝑢𝑛𝑢𝑚) + 𝜌̃𝑢𝑛𝛿
c
𝑥𝑛
𝑢𝑚 + 𝑢𝑚𝛿c𝑥𝑛 (𝜌̃𝑢𝑛)

]

(𝑛)
𝜌𝑒 𝛿c𝑥𝑛 (𝜌̃𝑢𝑛𝑒)

 (𝑛)
𝜌𝑢𝑚

𝛿c𝑥𝑚 𝑝 if 𝑛 = 𝑚, otherwise 0

 (𝑛)
𝜌𝑒 𝑝𝛿c𝑥𝑛 𝑢𝑛

Table 2 
A kinetic-energy and pressure-equilibrium preserving finite-
difference discretization of Euler derivatives assuming SBP-
compatible stencils. In the case of the FD-EC methods with 
biased convective operators, (𝑛,±), the auxiliary variables are 
𝜌̃ ≡

𝛿∓𝑥𝑛 𝜌

𝛿∓𝑥𝑛 log 𝜌
≜ 𝜌(log,𝑛,∓) and 𝑒 ≡ 𝛿∓ log 𝑒−1

𝛿∓𝑒−1
≜ 𝑒(𝐻 log,𝑛,∓).

 Biased
(𝑛,±)
𝜌 𝛿±𝑥𝑛 (𝜌̃𝑢𝑛)

(𝑛,±)
𝜌𝑢𝑚

1
2

[

𝛿±𝑥𝑛 (𝜌̃𝑢𝑛𝑢𝑚) + 𝜌̃𝑢𝑛𝛿
∓
𝑥𝑛
𝑢𝑚 + 𝑢𝑚𝛿±𝑥𝑛 (𝜌̃𝑢𝑛)

]

(𝑛,±)
𝜌𝑒 𝛿±𝑥𝑚 (𝜌̃𝑢𝑛𝑒)

 (𝑛,±)
𝜌𝑢𝑚

𝛿∓𝑥𝑚 𝑝 if 𝑛 = 𝑚, otherwise 0

 (𝑛,±)
𝜌𝑒 𝑝𝛿±𝑥𝑛 𝑢𝑛
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The additional entropy conservative property is enforced by choosing 𝜌̃ and 𝑒 such that any spurious volumetric terms are can-
celed and all that remain are consistent boundary terms. This is required in a point-wise manner in order to further guarantee local
conservation in the discrete entropy dynamics. To see this, one employs the presumed form of the discretized convective and pres-
sure terms while furthermore employing the calorically perfect gas assumptions with respect to the definition of entropy, as well as 
re-writing 1∕𝑇 = 𝑐𝑣∕𝑒; these manipulations yield the following (presented in one-dimension and the right-biased velocity rendition 
for simplicity):

𝜌𝑠
|

|

|𝜕Ω
= ∫Ω

𝜌𝑠

= ∫Ω

[(

𝑐𝑣 ⋅ log
𝑒
𝑒ref

− 𝑐𝑣(𝛾 − 1) ⋅ log
𝜌
𝜌ref

− 𝛾𝑐𝑣

)

⋅ 𝜌 +
𝑐𝑣
𝑒

⋅
(

𝜌𝑒 +  𝜌𝑒
)

]

= 𝑐𝑣 ∫Ω

[

1
𝑒
⋅  𝜌𝑒 − (𝛾 − 1) log

𝜌
𝜌ref

⋅ 𝜌
]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(1)

+ 𝑐𝑣 ∫Ω

[(

log 𝑒
𝑒ref

− 𝛾
)

⋅ 𝜌 +
1
𝑒
⋅ 𝜌𝑒

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(𝟐)

(29)

The integral notation used actually implies summation across nodal points in the discrete setting according to the SBP diagonal norm 
that encodes the interface flux spacings [52]. In terms of variable units, the explicit normalization of internal energy and density by 
their reference quantities within the logarithmic expressions of entropy have now been included for clarity of presentation. As an 
example, we show this below in Eqs. (30) and (31) for the one-dimensional case assuming a set of biased operators (note that the same 
mechanics apply for the opposite biasing and for the central stencils as well). Appendix A shows the analogous entropy-conservation 
proofs with SBP operators and matrix-vector notation.

𝑐𝑣 ∫Ω

[

1
𝑒
⋅  (+)

𝜌𝑒 − (𝛾 − 1) log
𝜌
𝜌ref

⋅ (+)
𝜌

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(1)

∶ 𝑐𝑣 ∫Ω

[

𝑒−1𝑝 ⋅ 𝛿+𝑥 𝑢 − (𝛾 − 1) log
𝜌
𝜌ref

⋅ 𝛿+𝑥 (𝜌̃𝑢)
]

= 𝑐𝑣(𝛾 − 1)∫Ω

[

𝜌 ⋅ 𝛿+𝑥 𝑢 − log
𝜌
𝜌ref

⋅ 𝛿+𝑥 (𝜌̃𝑢)
]

= 𝑐𝑣(𝛾 − 1)
[

𝜌𝑢 − log
𝜌
𝜌ref

⋅ 𝜌̃𝑢
]

|

|

|𝜕Ω

−𝑐𝑣(𝛾 − 1)∫Ω
𝑢
[

𝛿−𝑥 𝜌 − 𝜌̃ ⋅ 𝛿
−
𝑥

(

log
𝜌
𝜌ref

)]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
need =0

(30)

𝑐𝑣 ∫Ω

[(

log 𝑒
𝑒ref

− 𝛾
)

⋅ (+)
𝜌 + 1

𝑒
⋅ (+)

𝜌𝑒

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(𝟐)

∶ 𝑐𝑣 ∫Ω

[(

log 𝑒
𝑒ref

− 𝛾
)

⋅ 𝛿+𝑥 (𝜌̃𝑢) + 𝑒
−1 ⋅ 𝛿+𝑥 (𝜌̃𝑢𝑒)

]

= 𝑐𝑣

[(

log 𝑒
𝑒ref

− 𝛾
)

⋅ (𝜌̃𝑢) + 𝑒−1 ⋅ (𝜌̃𝑢𝑒)
]

|

|

|𝜕Ω

−𝑐𝑣 ∫Ω
𝜌̃𝑢

[

−𝛿−𝑥

(

log 𝑒
−1

𝑒−1ref

)

+ 𝑒 ⋅ 𝛿−𝑥 𝑒
−1

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
need =0

(31)

The exposition above in Eqs. (30) and (31) places no stipulations on the order of the difference operators and only requires the SBP 
property and the use of dual operators in the case of biased stencils. Also, while the current example is shown for a single dimension, 
it should be understood that the set of specialized mean quantities 𝜌̃ and 𝑒 will need to be calculated for each directional derivative 
(see Remark 3).

The boundary surface estimates are based on the extrapolation formulas associated with the SBP operators per Eqs. (11) and (12). 
From the SBP manipulations in Eqs. (30) and (31), one can identify the consistent entropy boundary terms that are induced by the 
resulting FD scheme. For example, with respect to the left boundary one can re-arrange terms to recover the associated high-order 
consistent entropy flux 

𝜌𝑠
|

|

|𝓁
≡ 𝜌𝑠,𝓁 =

(𝜌̃𝑢)𝓁𝑠𝓁 ∼ (𝜌𝑢𝑠)𝓁
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞

(𝜌̃𝑢)𝓁 ⋅
(

𝑐𝑣

(

log 𝑒
𝑒ref

)

𝓁
− 𝑐𝑣(𝛾 − 1)

(

log
𝜌
𝜌ref

)

𝓁

)

+ 𝛾𝑐𝑣
(

𝜌𝓁𝑢𝓁 − (𝜌̃𝑢)𝓁
)

− 𝑐𝑣
(

𝜌𝓁𝑢𝓁 − (𝜌̃𝑢𝑒)𝓁(𝑒−1)𝓁
)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑂(Δ𝑥𝑝)

(32)

Eq. (32) is valid for all of the SBP stencils—whether central or forward/backward biased. We further note that in cases where 𝜌̃ ≠ 𝜌
and 𝑒 ≠ 𝑒 (as will be the case for the resulting EC schemes) then the resulting boundary flux includes a persistent zero-consistent 
component.
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The spurious entropy volumetric terms that result from the summation-by-parts manipulations in Eqs. (30) and (31) are cancelled 
point-wise by selecting the auxiliary variables 𝜌̃ ≡ 𝛿−𝑥 𝜌

𝛿−𝑥 log 𝜌 ≜ 𝜌(log,−) and 𝑒 ≡ 𝛿−𝑥 log 𝑒−1

𝛿−𝑥 𝑒−1
≜ 𝑒(𝐻 log,−). Per the discussion of Section 3, these 

new variables constitute specialized averages of the density and internal energy. The resulting method is then successfully entropy 
conserving and can also be associated with a local entropy-conserving Tadmor-type flux condition (see Remark 2). The finite-difference 
representation that is induced in the discrete entropy equation can be identified from the structure of the boundary flux in Eq. (32). 
Specifically, the forward biased rendition gives 

(+)
𝜌𝑠 = 𝑠𝛿+𝑥 (𝜌̃𝑢) + 𝜌̃𝑢𝛿

−
𝑥 𝑠 +

[

𝑐𝑣(𝛾 − 1) ⋅
(

𝜌𝛿+𝑥 𝑢 + 𝑢𝛿
−
𝑥 𝜌

)

− 𝛾𝑐𝑣 ⋅ 𝛿+𝑥 (𝜌̃𝑢) + 𝑐𝑣
(

𝑒−1𝛿+𝑥 (𝜌̃𝑢𝑒) + 𝜌̃𝑢𝑒𝛿
−
𝑥 𝑒

−1)]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑂(Δ𝑥𝑝)

. (33)

Thus we recover a split form in the entropy dynamics that is based on the special nonlinear averages 𝜌̃ and 𝑒 Besides the main entropy 
terms, there are also zero-consistent and telescoping (i.e., conservative) corrective contributions. Note that analogous expressions 
arise when switching the biasing and also when using the central operators (not shown).
Remark 1. The groupings identified in Eq. (29) for achieving point-wise cancellations of the spurious entropy dynamics are non-
unique and can lead to different EC methods. This flexibility in scheme design is an advantageous characteristic of the proposed 
FD-EC methodology. The current choice of groupings results in definitions for 𝜌̃ and 𝑒 that are solely functions of density and internal 
energy, respectively.
Remark 2. The point-wise cancellations of the spurious dynamics in the discrete entropy equation (see Eqs. (30)-(31)) suggest 
that the FD-EC schemes also satisfy the following Tadmor-type EC flux condition: ∑2+𝑑

𝑚=1(𝑤𝑚,𝑖+1 −𝑤𝑚,𝑖)
(𝑛)
𝑚,𝑖+1∕2 = (𝜓̃ (𝑛)

𝑖+1 − 𝜓̃
(𝑛)
𝑖 ) for 𝑖 =

1,… , 𝑁 − 1, where 𝜓̃ (𝑛)
1 ≡ 𝜓̃ (𝑛)

𝓁 = (
∑2+𝑑
𝑚 𝑤𝑚,1

(𝑛)
𝑚,𝓁 −  (𝑛)

𝜌𝑠,𝓁) (see Section 3.2.1 in [52]). 
Remark 3. The specialized auxiliary variables 𝜌̃ and 𝑒 need to be calculated with respect to each directional derivative. For example, 
fluxes in the 𝑛 direction would require calculating ̃𝜌 ≜ 𝛿±𝑥𝑛 𝜌

𝛿±𝑥𝑛 log 𝜌
≡ 𝜌(log,𝑛,±) and ̃𝑒 ≜ 𝛿±𝑥𝑛 log 𝑒

−1

𝛿±𝑥𝑛 𝑒
−1 ≡ 𝑒(𝐻 log,𝑛,±) in the biased case. 

The resulting FD-EC scheme is conservative and induces a local flux form. The recursive procedure from Eq. (14) may be used to 
recover the associated interface fluxes of the primary system upon first supplying the boundary fluxes,7 which are the following for 
the proposed split form (here focusing on the left boundary for brevity): 

 (𝑛)
𝓁 =

⎡

⎢

⎢

⎣

𝜌
𝜌𝑢𝑚
𝜌𝐸

⎤

⎥

⎥

⎦

(𝑛)

𝓁

=

⎡

⎢

⎢

⎢

⎣

(𝜌̃𝑢𝑛)𝓁
1
2 (𝜌̃𝑢𝑛𝑢𝑚)𝓁 + 1

2 (𝜌̃𝑢𝑛)𝓁(𝑢𝑚)𝓁 + 𝛿𝑚𝑛 ⋅ 𝑝𝓁
1
2
∑𝑑
𝑚=1(𝑢𝑚)𝓁(𝜌̃𝑢𝑛𝑢𝑚)𝓁 + (𝜌̃𝑢𝑛𝑒)𝓁 + (𝑢𝑛)𝓁𝑝𝓁

⎤

⎥

⎥

⎥

⎦

. (34)

These boundary fluxes may further be used to employ necessary boundary and block interface coupling via Simultaneous Approxi-
mation Terms (SATs) [45].

It is insightful to also observe the structure of the resulting fluxes on the domain interior. For example, the two-point central-
difference stencils give the following “wide-width" interior interface fluxes

(

(𝑛) +  (𝑛)
)

2pt

→  (𝑛)
𝑖+1∕2

|

|

|wide
=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1
2 (𝜌𝑖, 𝜌𝑖+2)

log,𝑛
𝑢𝑖+1 +

1
2 (𝜌𝑖−1, 𝜌𝑖+1)

log,𝑛
𝑢𝑖

 (𝑛)
𝜌,𝑖+1∕2 ⋅

(𝑢𝑚,𝑖+1+𝑢𝑚,𝑖)
2 + 𝛿𝑚𝑛 ⋅

𝑝𝑖+1+𝑝𝑖
2

 (𝑛)
𝜌,𝑖+1∕2 ⋅

∑𝑑
𝑚=1

𝑢𝑚,𝑖𝑢𝑚,𝑖+1
2

+ 1
2 (𝜌𝑖, 𝜌𝑖+2)

log,𝑛
𝑢𝑖+1(𝑒𝑖, 𝑒𝑖+2)

𝐻 log,𝑛

+ 1
2 (𝜌𝑖−1, 𝜌𝑖+1)

log,𝑛
𝑢𝑖(𝑒𝑖−1, 𝑒𝑖+1)

𝐻 log,𝑛

+ 𝑢𝑛,𝑖𝑝𝑛,𝑖+1+𝑢𝑛,𝑖+1𝑝𝑛,𝑖
2

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(35)

and the two-point biased difference stencils yield the following parameterized “narrow-width" interior interface fluxes:

𝜔 ⋅
(

(𝑛,+) +  (𝑛,+)
)

2pt
+ (1 − 𝜔) ⋅

(

(𝑛,−) +  (𝑛,−)
)

2pt

→  (𝑛)
𝑖+1∕2

|

|

|

𝜔

narrow
=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

(𝜌𝑖, 𝜌𝑖+1)
log,𝑛(

(1 − 𝜔) ⋅ 𝑢𝑛,𝑖 + 𝜔 ⋅ 𝑢𝑛,𝑖+1
)

 (𝑛)
𝜌,𝑖+1∕2 ⋅

(𝑢𝑚,𝑖+1+𝑢𝑚,𝑖)
2 + 𝛿𝑚𝑛 ⋅

(

(1 − 𝜔) ⋅ 𝑝𝑖+1 + 𝜔 ⋅ 𝑝𝑖
)

 (𝑛)
𝜌,𝑖+1∕2 ⋅

(

∑𝑑
𝑚=1

𝑢𝑚,𝑖𝑢𝑚,𝑖+1
2 + (𝑒𝑖, 𝑒𝑖+1)

𝐻 log,𝑛)

+ (1 − 𝜔) ⋅ 𝑢𝑛,𝑖𝑝𝑖+1 + 𝜔 ⋅ 𝑢𝑛,𝑖+1𝑝𝑖

⎤

⎥

⎥

⎥

⎥

⎥

⎦

. (36)

7 Recall that in most cases, Eq. (34) is just an evaluation of the flux at the boundary nodes and that only generalized SBP operators [44] feature 
specialized boundary extrapolation operators that would yield the split-form averaging of the flux at the boundary.
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In the above, the arguments of the nonlinear averages computed in the 𝑛 direction are explicitly written for additional clarity. Note 
that while the two-point wide scheme stems from two-point differences, the resulting flux is multi-point.

Some interesting insights transpire from studying the interior flux forms stemming from the two-point schemes. First, we note 
that the central stencils induce a wider node dependence and furthermore that their fluxes couple the thermodynamic interface 
reconstructions with that of the transport velocity. On the other hand, the biased stencils—at least in the two-point scenario—split 
up these variable reconstructions. Next, we note that the biased stencils yield counter-balanced biasing in the flux with respect to 
velocity and pressure when 𝜔 ≠ 1∕2. The associated interface reconstructions in such cases are of lower order than the symmetric 
case (𝜔 = 1∕2), as expected by the fact that such biased stencils are typically one order lower than their centered counterparts. To 
the authors’ knowledge, this is the first time that EC fluxes with biased interior quantities have been presented, and leveraging such 
properties toward improving the scheme resolution of sharp gradients constitutes a line of future research.

Also notable upon studying these interior fluxes is the fact that a symmetric combination of the biased two-point operators 
with 𝜔 = 1∕2 recovers the second-order flux of Ranocha [30,31], therefore formalizing its finite-difference compatibility. This exact 
congruence between the symmetric two-point narrow-width schemes and the Ranocha flux is not expected to hold to high-order, 
however. Namely, the Ranocha flux (as well as other two-point EC fluxes in the literature [15,62]) is typically extended to high-order 
via flux-differencing [22,52], which is a Richardson-type extrapolation of the low-order two-point fluxes. This, however, need not 
be the case for the current FD-EC methods which can technically be extended to high-order simply by considering multi-point FD 
stencils in the definitions of 𝜌̃ and 𝑒 as well as the flux derivatives. This is exemplified most simply when inspecting the mass flux 
term, which motivates the general uniqueness of the respective representations at high order. Assuming a 𝐾-width central stencil 
with 𝑝-point biasing for the associated dual pair schemes, one would have

(via current FD-EC wide):
 (𝑛)
𝜌,𝑖+1∕2 −  (𝑛)

𝜌,𝑖−1∕2

=
𝐾
∑

𝑘=−𝐾
𝑑c𝑖,𝑖+𝑘 ⋅

[

𝜌̃(𝑛)𝑖+𝑘 ⋅ 𝑢𝑛,𝑖+𝑘
]

=
𝐾
∑

𝑘=−𝐾
𝑑c𝑖,𝑖+𝑘 ⋅

[

𝜌̃(𝑛)𝑖 ⋅ 𝑢𝑛,𝑖 + 𝜌̃
(𝑛)
𝑖+𝑘 ⋅ 𝑢𝑛,𝑖+𝑘

]

(37)

=
𝐾
∑

𝑘=−𝐾
𝑑c𝑖,𝑖+𝑘 ⋅

[

(𝜌𝑖+𝑘−𝐾 ,… , 𝜌𝑖+𝑘+𝐾 )
log,𝑛

⋅ 𝑢𝑛,𝑖+𝑘
]

(via current FD-EC symmetric narrow, 𝜔 = 1∕2):

 (𝑛)
𝜌,𝑖+1∕2 −  (𝑛)

𝜌,𝑖−1∕2

=
𝐾
∑

𝑘=−𝐾

1
2

(

𝑑+𝑖,𝑖+𝑘 ⋅ 𝜌̃
(𝑛,−)
𝑖+𝑘 + 𝑑−𝑖,𝑖+𝑘 ⋅ 𝜌̃

(𝑛,+)
𝑖+𝑘

)

⋅ 𝑢𝑛,𝑖+𝑘

=
𝐾
∑

𝑘=−𝐾

1
2

(

𝑑+𝑖,𝑖+𝑘 ⋅
[

𝜌̃(𝑛,−)𝑖 ⋅ 𝑢𝑛,𝑖 + 𝜌̃
(𝑛,−)
𝑖+𝑘 ⋅ 𝑢𝑛,𝑖+𝑘

]

+ 𝑑−𝑖,𝑖+𝑘 ⋅
[

𝜌̃(𝑛,+)𝑖 ⋅ 𝑢𝑛,𝑖 + 𝜌̃
(𝑛,+)
𝑖+𝑘 ⋅ 𝑢𝑛,𝑖+𝑘

])

(38)

=
𝐾
∑

𝑘=−𝐾

1
2

(

𝑑+𝑖,𝑖+𝑘 ⋅ (𝜌𝑖+𝑘−𝐾 ,… , 𝜌𝑖+𝑘+𝐾−𝑝)
log,𝑛

+ 𝑑−𝑖,𝑖+𝑘 ⋅ (𝜌𝑖+𝑘−𝐾+𝑝,… , 𝜌𝑖+𝑘+𝐾 )
log,𝑛)

⋅ 𝑢𝑛,𝑖+𝑘

(via two-point flux-differencing):
 (𝑛)
𝜌,𝑖+1∕2 −  (𝑛)

𝜌,𝑖−1∕2

=
𝐾
∑

𝑘=−𝐾
𝑑c𝑖,𝑖+𝑘 ⋅

[

(𝜌𝑖, 𝜌𝑖+𝑘)
log,𝑛

⋅ (𝑢𝑛,𝑖 + 𝑢𝑛,𝑖+𝑘)
]

(39)

where in the above we have the following relations for the stencil coefficients
∑

𝑘
𝑑c𝑖,𝑖+𝑘 =

∑

𝑘
𝑑±𝑖,𝑖+𝑘 = 0 and

(𝑑+𝑖,𝑖+𝑘 + 𝑑
−
𝑖,𝑖+𝑘)

2
= 𝑑c𝑖,𝑖+𝑘 (40)

and where
(on the interior): 𝑑c𝑖,𝑖−𝑘 = −𝑑c𝑖,𝑖+𝑘 and 𝑑

c
𝑖,𝑖 = 0. (41)

Note that Eqs. (37) and (38) are still expressed in a flux-difference flavor (albeit with multi-point information), which stems naturally 
from their finite difference origins. Due to the nonlinearity of the logarithmic mean, it is clear that the standard flux-differenced 
implementation of Ranocha’s method will differ from the newly presented symmetric narrow-width method for 𝐾 ≠ 1, as the latter 
would utilize a multi-point logarithmic filters of density rather than two-point logarithmic means. Suitable algorithms are still under 
development for handling such multi-point nonlinear averages near singular points (i.e., where the quotient formulas from Section 2 
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are near zero) and to properly enforce positivity of the output; therefore, the numerical results in the following section will focus on 
the class of two-point FD-EC methods. Appendix D, however, provides an alternate error-reducing treatment for the narrow biased 
schemes based on flux differencing with multi-point difference stencils.

4.1.  On the kinetic-energy and pressure-equilibrium preservation of the new schemes

Besides being entropy conserving, the new methods feature additional robustness-promoting characteristics—namely, kinetic-
energy and pressure-equilibrium preservation. These are briefly described here.

The FD-EC methods employ splittings for the mass and momentum equations that yield the kinetic energy preserving (KEP) 
formulation of Feiereisen [61], wherein no spurious convective dynamics are induced in the associated discrete secondary equation. 
For example, the centered representation gives

𝜌𝑘 =
𝑑
∑

𝑚=1

[

𝑢𝑚𝜌𝑢𝑚 − 1
2
𝑢2𝑚𝜌

]

(centered) = 1
2

[

𝑢𝑚𝛿𝑥𝑛 (𝜌̃𝑢𝑛𝑢𝑚) + 𝜌̃𝑢𝑛𝑢𝑚𝛿𝑥𝑛𝑢𝑚
]

(42)

(2pt)
←←←←←←←←←←←←←←←←←←←←→  (𝑛)

𝜌𝑘,𝑖+1∕2 = 1
4
[

(𝜌̃𝑢𝑛𝑢𝑚)𝑖(𝑢𝑚)𝑖+1 + (𝜌̃𝑢𝑛𝑢𝑚)𝑖+1(𝑢𝑚)𝑖
]

We note that the convective term in the kinetic energy equation is in a quadratically split form which will result in local conservation 
of the quantities. Analogous expressions can be written for the biased stencils. Although kinetic energy preservation does not provide a 
rigorous nonlinear stability metric for compressible flows, incorporating its numerical consistency has been shown to greatly enhance 
solution quality—even for the class of entropy-conserving Tadmor fluxes [15,32]. And as motivated in Eqs. (5) and (10) of Section 2, 
it forms a key consistency within the continuous entropy analysis.

Next, it is possible to also show that all the new FD-EC schemes have the Pressure Equilibrium Preservation (PEP) property [4,31,
63] for the current context of a calorically perfect single fluid. In other words, they have the ability to preserve the equilibrium of 
velocity and pressure across an interface. The condition on the discretization of the momentum equation assuming constant velocity 
𝑈𝑜 and pressure 𝑃𝑜 (see [31,63]) is that the momentum flux is equal to

𝜌𝑢𝑚 ,𝑖+1∕2 = 𝜌,𝑖+1∕2 ⋅ 𝑈𝑜 + const(𝑈𝑜, 𝑃𝑜) . (43)

This is clearly satisfied by the schemes considered—for example, see Eqs. (35) and (36). The other condition, on the internal-energy 
flux, is that it should be a constant dependent only on the values of 𝑈𝑜 and 𝑃𝑜 [63]:

𝜌𝑒,𝑖+1∕2 = const(𝑈𝑜,𝑃𝑜). (44)

This is clearly the case for the pressure-velocity term in internal energy (𝑝𝛿𝑥𝑛𝑢) and it is also true for the convective flux since

 (𝑛,conv)
𝜌𝑒,𝑖+1∕2 = 𝜌(log) (𝑒−1

(log)
)−1𝑈𝑜 = 𝜌(log) (𝜌(log) )−1

𝑃𝑜𝑈𝑜
𝛾 − 1

. (45)

The ability to appropriately preserve such equilibrium conditions across interfaces is essential towards avoiding the numerical insti-
gation of solution instabilities that can threaten both numerical robustness and solution quality [10,64].

4.2.  On the damping effects of split-form stencil biasing

The schemes presented in the current section represent an array of different biasing and stencil dependencies, which are then 
expected to impact the resulting solution. Qualitatively understanding the impact of such choices is possible upon parameterizing the 
stencil biasing as a central component plus an artificial dissipation term,

𝛿(𝜔) ≜ 𝛿𝑐 + 𝜔 ⋅ 𝛿𝐴𝐷, with 𝜔 ∈ [−1, 1] → 𝛿(𝜔=0) = 𝛿𝑐 , 𝛿(𝜔=±1) = 𝛿±. (46)

Note that the above is simply a rearrangement of Eq. (13), with 𝜔 controlling the level of biasing. Such a re-writing, however, allows 
one to highlight the anticipated damping effects inherent within the biased split-forms, as will be shown next.

The overall group of proposed finite-difference compatible entropy-conserving (FD-EC) methods can be expressed in semi-discrete 
residual form as

𝑑𝑡𝑞 = 𝛼 ⋅(𝜔) + (1 − 𝛼) ⋅(−𝜔), where (𝜔) = −((𝜔) +  (𝜔)), (47)

with the convective and pressure terms summarized in Table 3 and depending on the biasing parameter 𝜔. Eq. (47) is thus a two-
parameter family of schemes based on the pair [𝛼, 𝜔]. The centered wide stencils are recovered for the parameter pair (𝛼, 𝜔 = 0); 
the centered narrow stencils are recovered for (𝛼 = 1∕2, 𝜔 ≠ 0); and, the “fully" biased stencils (i.e., at least relative to velocity and 
pressure) are recovered for (𝛼 = ±1, 𝜔 = ±1). 

Leveraging Eq. (46), the split-form biasing associated with the discretized residual can be decomposed into “central" and “dissi-
pation" components for a given bias parameter 𝜔, (𝜔) = ((𝜔),𝑐 +(𝜔),𝐴𝐷):

−(𝜔),𝑐
𝑛 =

⎡

⎢

⎢

⎢

⎢

⎣

𝛿𝑐𝑥𝑛 𝜌̃
(−𝜔)𝑢𝑛

1
2

[

𝛿𝑐𝑥𝑛 𝜌̃
(−𝜔)𝑢𝑛𝑢𝑚 + 𝜌̃(−𝜔)𝑢𝑛𝛿𝑐𝑥𝑛𝑢𝑚 + 𝑢𝑚𝛿𝑐𝑥𝑛 𝜌̃

(−𝜔)𝑢𝑛
]

+ 𝛿𝑐𝑥𝑛𝑝

𝛿𝑐𝑥𝑛 𝜌̃
(−𝜔)𝑢𝑛𝑒(−𝜔) +

1
2

[

𝑢𝑚𝛿𝑐𝑥𝑛 𝜌̃
(−𝜔)𝑢𝑛𝑢𝑚 + 𝜌̃(−𝜔)𝑢𝑛𝑢𝑚𝛿𝑐𝑥𝑛𝑢𝑚

]

+ (𝑢𝑚𝛿𝑐𝑥𝑛𝑝 + 𝑝𝛿
𝑐
𝑥𝑛
𝑢𝑚)

⎤

⎥

⎥

⎥

⎥

⎦

(48)
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Table 3 
A kinetic-energy and pressure-equilibrium preserving finite-difference 
discretization of Euler derivatives assuming SBP-compatible stencils. 
The auxiliary variables are 𝜌̃(𝜔) ≜ 𝛿(𝜔)𝑥𝑛 𝜌

𝛿(𝜔)𝑥𝑛 log 𝜌
≡ 𝜌(log,𝑛,𝜔) and 𝑒(𝜔) ≜ 𝛿(𝜔) log 𝑒−1

𝛿(𝜔)𝑒−1
≡

𝑒(𝐻 log,𝑛,𝜔). Centered wide stencil method is recovered for 𝜔 = 0.

(𝑛,𝜔)
𝜌 𝛿(𝜔)𝑥𝑛

(𝜌̃(−𝜔)𝑢𝑛)

(𝑛,𝜔)
𝜌𝑢𝑚

1
2

[

𝛿(𝜔)𝑥𝑛
(𝜌̃(−𝜔)𝑢𝑛𝑢𝑚) + 𝜌̃(−𝜔)𝑢𝑛𝛿(−𝜔)𝑥𝑛

𝑢𝑚 + 𝑢𝑚𝛿(𝜔)𝑥𝑛
(𝜌̃(−𝜔)𝑢𝑛)

]

(𝑛,𝜔)
𝜌𝑒 𝛿(𝜔)𝑥𝑚

(𝜌̃(−𝜔)𝑢𝑛𝑒(−𝜔))

 (𝑛,𝜔)
𝜌𝑢𝑚

𝛿(−𝜔)𝑥𝑚
𝑝 if 𝑛 = 𝑚, otherwise 0

 (𝑛,𝜔)
𝜌𝑒 𝑝𝛿(𝜔)𝑥𝑛

𝑢𝑛

−(𝜔),𝐴𝐷
𝑛 =

⎡

⎢

⎢

⎢

⎢

⎣

𝜔 ⋅ 𝛿𝐴𝐷𝑥𝑛 𝜌̃
(−𝜔)𝑢𝑛

𝜔 ⋅
[

1
2 𝛿

𝐴𝐷
𝑥𝑛
𝜌̃(−𝜔)𝑢𝑛𝑢𝑚 + 1

2

(

𝑢𝑚𝛿𝐴𝐷𝑥𝑛 𝜌̃
(−𝜔)𝑢𝑛 − 𝜌̃(−𝜔)𝑢𝑛𝛿𝐴𝐷𝑥𝑛 𝑢𝑚

)

− 𝛿𝐴𝐷𝑥𝑛 𝑝
]

𝜔 ⋅
[

𝛿𝐴𝐷𝑥𝑛 𝜌̃
(−𝜔)𝑢𝑛𝑒(−𝜔) + (𝜌̃(−𝜔)𝑢𝑛𝑢𝑚𝛿𝐴𝐷𝑥𝑛 𝑢𝑚 − 𝑢𝑚𝛿𝐴𝐷𝑥𝑛 𝜌̃

(−𝜔)𝑢𝑛𝑢𝑚) + (𝑝𝛿𝐴𝐷𝑥𝑛 𝑢𝑚 − 𝑢𝑚𝛿𝐴𝐷𝑥𝑛 𝑝)
]

⎤

⎥

⎥

⎥

⎥

⎦

. (49)

From the above, one can anticipate the narrow split forms to produce an additional damping effect in the density and pressure fields 
compared to the wide-stencil configuration of 𝜔 = 0. This will occur even though the overall formulation is kinetic-energy-preserving 
and entropy-conserving, and it may be more noticeable in flows featuring sharp gradients. The narrow symmetric implementation (i.e., 
(𝛼 = 1∕2, 𝜔 ≠ 0) will lack additional pressure damping compared to the biased renditions. Namely, the narrow symmetric scheme lacks 
𝛿𝐴𝐷𝑥𝑛 𝑝 in the momentum equation as well as (𝑝𝛿𝐴𝐷𝑥𝑛 𝑢𝑚 − 𝑢𝑚𝛿𝐴𝐷𝑥𝑛 𝑝) in the total energy equation. Such nuances highlight the distinctness 
of the respective schemes, which is further explored in the following numerical evaluations. 

5.  Numerical results

The new EC schemes are here tested with a variety of cases (i.e., the 2D isentropic vortex, the 1D density wave, the 1D Sod shock 
tube, and the 3D Taylor–Green vortex) in order to verify the validity of the theoretical results. In particular, we consider the new 
scheme based on the wide stencil presented in Eq. (35), here referred to as ECW, and three schemes from the family identified in 
Eq. (36), that with 𝜔 = 0, 𝜔 = 1, and 𝜔 = 0.5 are labeled ECB, ECF, and ECS, respectively. Notably, ECSis analogous to the scheme 
of Ranocha in the scenario of a two-point second order stencil. A summary of the schemes and their respective numerical fluxes is 
presented in Table 4.

Despite having demonstrated the capability to obtain high-order formulations of the presented EC schemes, the methods will all 
be tested with their low-order version, employing first and second order accurate differential operators. This is due to the singularity 
problem that occurs when evaluating the logarithmic mean for almost identical values. This challenge is handled in the case of two-
point means by employing suitable expansion approximations such as the one famously introduced by Ismail and Roe[58]. Other 
similar approaches have been recently employed to produce schemes that are asymptotically entropy conserving [33–35]. However, 
a generalization of the procedure for multiple-point filters has yet to be developed.

The results presented in this section have been generated based on the flux forms of the FD schemes in the code
STREAmS-2 [65]. Density, momentum and total energy are employed as the primary variables. All time integrations have been 
performed using the classical explicit fourth-order Runge-Kutta (RK4) scheme. In order to analyze the conservation properties of 

Table 4 
Numerical fluxes for the schemes used for the tests. The fluxes are evaluated along direction 
𝑛 at location (𝑖 + 1∕2). All interpolation operations are implicitly interpreted to be in the 
same direction 𝑛.

 Ref.  (𝑛)
𝜌  (𝑛)

𝜌𝑢𝑚 ,𝑖+1∕2
 (𝑛)
𝜌𝐸

 ECB  new (𝜌𝑖 , 𝜌𝑖+1)
(log)

𝑢𝑛,𝑖 𝜌,𝑖+1∕2𝑢𝑚 + 𝑝𝑖+1 𝜌(𝑒𝑖 , 𝑒𝑖+1)
(𝐻 log)

+ 𝜌
∑

𝑚
𝑢𝑚,𝑖𝑢𝑚,𝑖+1

2
+ 𝑝𝑖+1𝑢𝑛,𝑖

 ECF  new (𝜌𝑖 , 𝜌𝑖+1)
(log)

𝑢𝑛,𝑖+1 𝜌𝑢𝑚 + 𝑝𝑖 𝜌(𝑒𝑖 , 𝑒𝑖+1)
(𝐻 log)

+ 𝜌
∑

𝑚
𝑢𝑚,𝑖𝑢𝑚,𝑖+1

2
+ 𝑝𝑖𝑢𝑛,𝑖+1

 ECS  [15] (𝜌𝑖 , 𝜌𝑖+1)
(log)

𝑢𝑛 𝜌𝑢𝑚 + 𝑝 𝜌(𝑒𝑖 , 𝑒𝑖+1)
(𝐻 log)

+ 𝜌
∑

𝑚
𝑢𝑚,𝑖𝑢𝑚,𝑖+1

2
+ (𝑝, 𝑢)

ECW new
0.5(𝜌𝑖−1 , 𝜌𝑖+1)

(log)
𝑢𝑛,𝑖

𝜌𝑢𝑚 + 𝑝
0.5(𝜌𝑖−1 , 𝜌𝑖+1)

(log)
𝑢𝑛,𝑖(𝑒𝑖−1 , 𝑒𝑖+1)

(𝐻 log)

+0.5(𝜌𝑖 , 𝜌𝑖+2)
(log)

𝑢𝑛,𝑖+1 +0.5(𝜌𝑖 , 𝜌𝑖+2)
(log)

𝑢𝑛,𝑖+1(𝑒𝑖 , 𝑒𝑖+2)
(𝐻 log)

+𝜌
∑

𝑚
𝑢𝑚,𝑖𝑢𝑚,𝑖+1

2
+ (𝑝, 𝑢)
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Fig. 1. Isentropic vortex test for different discretizations: black lines are used for ECB, red for ECS, green for ECF, blue ECW. CFL = 0.01. (For 
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

the schemes, we introduce the notation of using the angular brackets to indicate integration over the spatial domain ⟨𝜙⟩ = ∫Ω 𝜙 dΩ
and using 𝜖 for the nondimensionalization 𝜖𝜙 = (⟨𝜙⟩ − ⟨𝜙0⟩)∕|⟨𝜙0⟩|, in which 𝜙0 indicates the values at the starting time. For all the 
simulations, the value for the normalized specific heat capacity at constant volume is 𝑐𝑣 = 1 and 𝛾 = 1.4.

5.1.  2D isentropic vortex

The two-dimensional isentropic Euler vortex problem has initial conditions
𝑢(𝑥, 𝑦)
𝑢∞

= 1 −
𝑀𝑣
𝑀∞

𝑦 − 𝑦0
𝑟𝑣

𝑒(1−𝑟̂
2)∕2

𝑣(𝑥, 𝑦)
𝑢∞

=
𝑀𝑣
𝑀∞

𝑥 − 𝑥0
𝑟𝑣

𝑒(1−𝑟̂
2)∕2

𝑇 (𝑥, 𝑦)
𝑇∞

=
(

𝑝(𝑥, 𝑦)
𝑝∞

)(𝛾−1)∕𝛾
=
(

𝜌(𝑥, 𝑦)
𝜌∞

)𝛾−1
= 1 −

𝛾 − 1
2

𝑀2
𝑣 𝑒

1−𝑟̂2

in which ̂𝑟 = 𝑟∕𝑟𝑣 with core radius 𝑟𝑣 = 1∕15 and 𝑟 is the distance from the vortex center. The characteristic values of velocity, density, 
and temperature are 𝑢∞ = 1, 𝜌∞ = 1, 𝑇∞ = 720𝑀𝑣𝑟𝑣, while pressure is derived from density as 𝑝 = 𝜌𝛾∕(𝛾𝑀2

∞). The mean flow Mach 
number is 𝑀∞ = 0.5 and the vortex, whose center is initially at coordinates (𝑥0, 𝑦0) = (0.5, 0.5), has a strength 𝑀𝑣 = 0.5. The vortex 
core is 𝜌(𝑥0, 𝑦0) = 0.6941𝜌∞; a non-negligible perturbation that is meant to instigate nonlinear effects. A 30 × 30 discretization is used 
for the square domain of unitary side with a uniform Cartesian grid; boundary conditions are periodic in all directions. Upon choosing 
to identify the vortex width as the point where 𝜌∕𝜌∞ = 0.99, then approximately eight vortex widths can be said to fit along the length 
of the domain. The Courant number of the tests is set to CFL = 0.001, corresponding to a time step size Δ𝑡 = 2 × 10−5. A full loop of 
the domain (i.e., approximately eight vortex widths) occurs each 𝑡 = 1.

The isentropic vortex flow is an exact solution of the inviscid compressible flow equations and as such it can be used to evaluate 
the accuracy of the numerical methods. In Fig. 1a the error on momentum along the 𝑥 axis is displayed as a function of 𝑁 number of 
nodes in each direction. The error is evaluated as the maximum norm of the difference between the computed and the exact solution 
for momentum along the 𝑥 direction ‖𝜌𝑢 − (𝜌𝑢)𝑒𝑥‖∞, evaluated at a time 𝑡 = 0.01 with CFL = 0.01. The analysis shows a difference 
between the first-order accurate (ECFand ECB) and the second-order accurate (ECSand ECW) methods. The reason behind this behavior 
is easily explained by the fact that ECFand ECBuse an asymmetrical numerical derivative for the discretization of the pressure term 
and an asymmetrical interpolator for velocity as well; on the other hand both ECSand ECWresult in central schemes. Identical trends 
are witnessed upon inspecting the error of other quantities (not shown), such as the primitive variables (𝜌, 𝑢, 𝑇 ).

Despite this difference on the order of accuracy, all the schemes are able to exactly conserve entropy in a discrete sense, with 
an error in the conservation of the order of machine zero. The methods present very similar behavior, with a slightly larger drift 
observed in the asymmetric schemes.

5.2.  1D density wave

It can be shown theoretically (see Section 4.1) that all of the current schemes have the PEP property. The simulation of a travelling 
density wave is well suited to numerically test the PEP property of the schemes. The initial conditions for the test are

𝜌0 = 1 + exp
(

sin
( 2𝜋𝑥
𝐿

))

, 𝑢0 = 1, 𝑝0 = 1,
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Fig. 2. Density wave test for different discretizations: black lines are used for ECB, red for ECS, green for ECF, blue ECW; dashed magenta line shows 
the exact solution for density. CFL = 0.01, final solutions at 𝑇 = 40. (For interpretation of the references to colour in this figure legend, the reader 
is referred to the web version of this article.)

with the domain [−𝐿,𝐿] with 𝐿 = 1 discretized in 61 points and periodic boundary conditions. The Courant number has been chosen 
to be CFL = 0.001 to prevent errors on entropy conservation due to the temporal integrator, and the simulation has been carried out 
until a final time 𝑇 = 40, which corresponds to approximately 20 cycles of the wave through the domain.

The simulation of the density wave also confirms the schemes’ ability to exactly conserve global entropy (see Fig. 2a). The 
theoretical prediction that the schemes would be PEP has also been confirmed: the errors introduced on velocity 𝑢 and pressure 
𝑝 remain at machine precision even at the final time, as shown in Figs. 2c-d. For this test, the results produced by the two-point 
schemes (ECB, ECF, and ECS) are indistinguishable, as shown for the density in Fig. 2b. This is due to the fact that the only difference 
between these methods is in the interpolation of 𝑢 and 𝑝, which becomes irrelevant when they are constant throughout the domain. 
On the other hand, the results obtained with the scheme ECWare appreciably different, which is likely a consequence of the wider
stencil.

5.3.  1D Sod shock tube

While the EC schemes have been derived in the hypothesis of smooth flows, it is important to observe their behavior in the 
presence of discontinuities, as this pushes the limits of the non-dissipative methods. When applied in shocked regions, these schemes 
will still conserve entropy, although producing non-physical oscillations.

In this vein, the Sod shock tube test is considered. The initial conditions upstream (U) and downstream (D) of the diaphragm, 
which is located at midpoint of the domain, are given by

𝜌𝑈 = 1; 𝑢𝑈 = 0; 𝑝𝑈 = 1;
𝜌𝐷 = 0.125; 𝑢𝐷 = 0; 𝑝𝐷 = 0.1.
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Fig. 3. Sod test for different discretizations: black lines are used for ECB, red for ECS, green for ECF, blue ECW. CFL = 0.01. Evolution in time of the 
𝐿2 norm of the difference between computed solution and analytical one. (For interpretation of the references to colour in this figure legend, the 
reader is referred to the web version of this article.)

The simulation is carried out until 𝑇 = 0.1 with CFL = 0.01 based on velocity 𝑢∞ =
√

𝑝𝑈∕𝜌𝑈 . For the discretization of the interval 
[−0.25, 0.25], 101 nodes are employed, however a much larger domain has been used to prevent the periodic boundary conditions to 
have any effect on the solution.

In order to appreciate the difference between the various schemes, Fig. 3 shows the evolution in time of the 𝐿2 norm of the 
difference between the computed solution and the analytical one in the interval [−0.25, 0.25]. The analytical solutions has been 
obtained with an exact Riemann solver. While the ECSscheme seems to attain better results considering velocity (Fig. 3b), this is no 
longer the case when other variables are examined. In fact, at least one of the biased schemes, ECBand ECF, appears to be outperforming 
the symmetric schemes; this is especially evident in the case of density (Fig. 3a).

To evaluate the spatial distribution of the error, in Fig. 4, the solutions at time 𝑇 = 0.1 obtained with the various EC schemes are 
compared with the analytical one. As expected, all the schemes are entropy conserving (Fig. 4f) and generate spurious oscillations 
in the solution. As visible in Fig. 4c, none of the schemes are able to reproduce the correct behavior for entropy in the region 
leading up to shock 𝑥 ∈ [0.1, 0.2], and ECWseems to present more oscillations. This behavior has been observed before for the scheme 
of Ranocha [31] (here ECS) in [41]. This region is also one in which the oscillations are stronger for all the schemes when other 
variables are considered (e.g., density, velocity, temperature, pressure).

On the other hand, in the region 𝑥 ∈ [0, 0.1] the asymmetric schemes ECBand ECFpresent oscillations with smaller amplitude when 
compared to the central schemes ECWand ECS. This is particularly evident when inspecting velocity in Fig. 4b, for which a larger 
spike is present near 𝑥 = 0 for the ECSscheme. Such behavior is supported by the presence of additional damping terms in the density 
and pressure fields as suggested by Eqs. (48) and (49). Despite being kinetic-energy-preserving and entropy-conserving, the split-form 
biasing inherently provides a low level of regularization compared to the centralized configurations. This has also been observed in 
previous work for biased split-forms [49] and further motivates interest in studying these schemes for use in flows exhibiting sharp 
gradients.

While the focus of this work is on EC schemes, Appendix C demonstrates how they can be the base to Entropy Stable (ES) schemes 
through the addition of a specialized dissipative term. These ES schemes are tested again on Sod’s test, to evaluate their ability to 
suppress oscillations in the presence of strong gradients.
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Fig. 4. Sod test for different discretizations: black lines are used for ECB, red for ECS, green for ECF, blue ECW; pale green line is the exact solution. 
CFL = 0.01, final solutions at 𝑇 = 0.1. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version 
of this article.)

5.4.  3D Taylor–Green vortex

The inviscid Taylor–Green vortex is used to test the schemes in a three-dimensional setting that serves as a benchmark for turbu-
lence simulations; it generates smaller and smaller scales through vortex stretching. The initial conditions are given by

𝜌(𝑥, 𝑦, 𝑧) = 𝜌0
𝑢(𝑥, 𝑦, 𝑧) = 𝑢0 sin(𝑥) cos(𝑦) cos(𝑧)

𝑣(𝑥, 𝑦, 𝑧) = −𝑢0 cos(𝑥) sin(𝑦) cos(𝑧)

𝑤(𝑥, 𝑦, 𝑧) = 0
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Fig. 5. Taylor–Green vortex test for different discretizations: black lines are used for ECB, red for ECS, green for ECF, blue ECW. On the left-hand 
side, global quantities are evaluated at each time step of the simulation; on the right-hand side, they are sampled every 200 steps. CFL = 0.01 and 
𝑀 ≈ 0.08. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

𝑝(𝑥, 𝑦, 𝑧) = 𝑝0 + 𝑢20
(cos(2𝑥) + cos(2𝑦))(2 + cos(2𝑧))

16

in which 𝜌0 = 1, 𝑝0 = 100, 𝑢0 =𝑀0
√

𝛾𝑝0∕𝜌0. Two different Mach numbers have been considered: for an almost incompressible case, 
𝑢0 = 1 which corresponds to 𝑀0 ≈ 0.08; for the case in which the effects of compressibility are taken into account, 𝑀0 = 0.4 has been 
chosen. The domain is a cube of length 2𝜋 with periodic boundary conditions in each direction.

5.4.1.  Nearly incompressible case (𝑀0 ≈ 0.08)
For this case, the domain has been discretized using 32 × 32 × 32 nodes; the final time of the simulation is 𝑇 = 70 and the time step 

size adapts to keep CFL = 0.01. Entropy is conserved for the test case (Fig. 5a), but, while for the central schemes ECWand ECSthe 
error is down to 10−14, for the asymmetric schemes ECBand ECFthere is a drift in the integral value. This accumulation of errors is 
not observed in the conservation of the primary variables density, momentum and total energy (not shown here). On the other hand, 
the global value of kinetic energy presents clear oscillations for ECBand ECFschemes, which is likely connected to the first order 
discretization of the pressure term that governs the exchange between kinetic and internal energy. Fig. 5b shows the evolution of 
global kinetic energy considering the value at each time step of the simulation (on the left) and, for additional clarity, sampling every 
200 steps (on the right).8 A similar behavior is also displayed for the evolution of density and temperature fluctuation 𝜌′ and 𝑇 ′ in 
Fig. 6, with 𝜙′ =

√

1
𝑁

∑𝑁
𝑖=1(𝜙𝑖 − 𝜙𝜇)2 and 𝜙𝜇 = 1

𝑁
∑𝑁
𝑖=1 𝜙𝑖 is the average value of 𝜙 in the domain with 𝑁 being the number of nodes. 

However, despite the oscillations, none of the schemes yield an unbounded growth of the thermodynamic fluctuations. This is a 
desirable outcome since, after an initial transient, the flow should behave like inviscid isotropic homogeneous turbulence [26,27,66]. 
This successful result should not to be taken for granted, as many discretizations fail this test and present uncontrolled production in 
the fluctuations [3,67].

8 The under-sampled plots suggest a leading behavior for the ECFscheme after awhile; however, this is an artifact of the chosen sampling rate.
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Fig. 6. Taylor–Green vortex test for different discretizations: black lines are used for ECB, red for ECS, green for ECF, blue ECW. On the left-hand 
side, fluctuation are evaluated at each time step of the simulation; on the right-hand side, they are sampled every 200 steps. CFL = 0.01 and 𝑀 ≈ 0.08. 
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 7. Taylor–Green vortex test for different discretizations: black lines are used for ECB, red for ECS, green for ECF, blue ECW. Global quantities 
are evaluated every 2000 time steps of the simulation. CFL = 0.001 and 𝑀 = 0.4. (For interpretation of the references to colour in this figure legend, 
the reader is referred to the web version of this article.)
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Fig. 8. Taylor–Green vortex test for different discretizations: black lines are used for ECB, red for ECS, green for ECF, blue ECW. Fluctuations are 
sampled every 2000 steps. CFL = 0.001 and 𝑀 = 0.4. (For interpretation of the references to colour in this figure legend, the reader is referred to the 
web version of this article.)

5.4.2.  Compressible case (𝑀0 = 0.4)
For this simulation a 64 × 64 × 64 discretization of the domain has been used. A smaller valued time step size has been chosen to 

obtain CFL = 0.001 and prevent errors of the time integrator on entropy conservation. The final time of the simulation is 𝑇 = 30. Even 
with non-negligible compressibility effects, entropy is confirmed to be conserved by the schemes tested (Fig. 7a). Similarly to the 
previous near-incompressible case, a drift is also present here for the asymmetric schemes ECBand ECF. However, the oscillations on 
kinetic energy evolution that were observed in the previous test case are no longer noticeable, even in the absence of time sampling. 
This could possibly be due to the increased exchanges of energy between kinetic and internal energies, associated with the pressure-
work terms. However, unlike the nearly incompressible case, for the asymmetric schemes the value of global kinetic energy does 
not seem to stabilize at the end time of the simulation, but continues to change slightly (Fig. 7b). Similar findings can be found by 
studying the fluctuations (Fig. 8), which also show a drift for ECBand ECFschemes but no oscillations.

6.  Conclusions

The current work introduces a family of entropy conserving schemes for a calorically perfect single-component gas. The methods 
have the additional properties of also being kinetic-energy-preserving and pressure-equilibrium-preserving. These schemes are, to 
the best of our knowledge, the first finite-difference discretizations to be locally conservative in both the primary quantities (mass, 
momentum, total energy) as well as the discrete entropy dynamics. Their ability to attain exact discrete conservation is confirmed 
with a variety of test cases in one-, two- and three-dimensions; meanwhile, the propagation of a density wave is also simulated to 
test the PEP property of the schemes.

The new framework introduces and leverages FD representations of the logarithmic mean, which is commonly employed in EC 
numerical fluxes. This equivalence is just one instance of a more general link between linear and nonlinear two-point interpolants 
and FD forms involving the ratio of differentials. Some of the most commonly used means (e.g., arithmetic, geometric, harmonic) are 
also provided in this paper. While the schemes presented in this work are initially introduced in the context of finite differencing, 
they are also locally conservative due to their SBP property and therefore admit a local flux form that can be used in a FV or FE 
setting. Even though we considered uniform grids herein, extension to arbitrary nodal distributions is also possible as long as a 
diagonal-norm SBP property is available. The corresponding EC property of the methods is based on point-wise cancellations of 
spurious volumetric terms that would otherwise be induced in the discrete entropy equation. The proposed FD methods furthermore 
are expected to work on general triangle/tetrahedral grids via a recent extension of the SBP framework to tensor-product spectral-
element operators [68,69]. In addition, while the current results consider single-block periodic domains, incorporating entropy-stable 
interface conditions for boundaries and inter-block coupling is possible via Simultaneous Approximation Terms [45,70], as is typically 
done with SBP-compatible nonlinear flux methods. Appendix B furthermore presents the current methods in a Hadamard product 
form, which is in line with how many modern structure-preserving methods are written for general use, such as with high-order 
discontinuous Galerkin discretizations [25].

Different avenues for future development remain. First, the schemes presented in this paper admit the possibility of using non-
symmetric EC fluxes; such biased forms could be useful in the context of reducing oscillations around sharp gradient fields, and 
exploring this topic could be the subject of future research. In the meantime, Appendix C provides a basic coupling of the current 
methods with entropy-stable artificial dissipation for reducing numerical noise and addressing flow discontinuities. Secondly, the 
current methods’ extension to high-order stems naturally from employing high-order finite difference stencils to the differential 
definitions of the specialized averages; however, this will require extending the two-point algorithm for logarithmic means [58] to a 
multi-point format that is capable of 1) effectively treating instances where the quotient formula becomes singular and 2) enforcing 
positivity (i.e., boundedness) of the result. In the meantime, however, Appendix D provides an alternate error-reducing treatment 
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based on flux differencing for the narrow-width biased methods. Finally, the prospect of extending the current framework to general 
equations of state per the recent work of Aiello et al. [11,12] is to be explored.
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Appendix A.  Demonstrating entropy conservation in SBP matrix-vector form

The demonstrations of entropy conservation from Section 4 are expressed here in terms of matrix-vector manipulations, employing 
SBP operators. Note that the following applies to general nodal SBP arrangements, which, besides finite differencing, also includes 
element-based methods such as discontinuous Galerkin and flux reconstruction discretizations [24,71]. A brief introduction to the 
relevant mechanics of finite difference SBP operators is offered below. Readers are referred to [44,45] for further details. 

The finite difference SBP operators considered herein have the following decompositions, presented here in one dimension for 
simplicity

𝖣±
𝑥 = 𝖧−1

𝑥 𝖰± 𝖰± + (𝖰∓)𝑇 = 𝖡 𝖧𝑥 = 𝖧𝑇𝑥 > 0 𝐚𝑇 𝖡𝐛 = (𝑎𝑟𝑏𝑟 − 𝑎𝓁𝑏𝓁). (A.1)

Each of the above operators carries with it an interpretable role. The symmetric positive definite matrix 𝖧𝑥 constitutes a quadrature 
rule [44,50] such that discrete monomials of degree 𝑝 are accurately integrated (i.e., 𝟏𝑇𝖧𝑥𝐱𝑝 ≈ 1

𝑝+1 [𝑥
𝑝+1
𝑟 − 𝑥𝑝+1𝓁 ], where 𝑥𝓁∕𝑟 is the 

data at the left/right boundary). In addition, 𝖡 is a symmetric and potentially non-diagonal operator that approximates monomial 
data at the boundaries (i.e., surface integrals in multi-dimensions) such that (𝐱𝑝)𝑇 𝖡𝐲𝑞 = (𝑥𝑝𝑟𝑦

𝑞
𝑟 ) − (𝑥𝑝𝓁𝑦

𝑞
𝓁); its accuracy may generally 

be subject to interpolation error except for special instances. The specialized composition of the SBP derivative operator permits a 
discrete analogue to integration-by-parts. Denoting diagonal matrices with brackets (e.g., [𝑎] ≜ [diag{𝐚}]) and assuming a diagonal 
norm in order to leverage commutation, then split forms based on SBP operators can be shown to be discretely conservative

∫Ω
[𝑎𝛿𝑥𝑏 + 𝑏𝛿𝑥𝑎] → 𝟏𝑇𝖧𝑥

(

[𝑎]𝖣±
𝑥 [𝑏]𝟏 + [𝑏]𝖣∓

𝑥 [𝑎]𝟏
)

(A.2)

= 𝟏𝑇
(

[𝑎]𝖰±[𝑏] + [𝑏]𝖰∓[𝑎]
)

𝟏
= 𝟏𝑇 [𝑎]

(

𝖰± + (𝖰∓)𝑇
)

[𝑏]𝟏
= 𝐚𝑇 𝖡𝐛
= 𝑎𝑟𝑏𝑟 − 𝑎𝓁𝑏𝓁
⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟

∼ (𝑎𝑏)|𝜕Ω

.

As alluded to above, the SBP operator telescopes. Fisher et al. [23] show that such quadratic split forms discretized with diagonal 
norm SBP operators on nodal points 𝑥𝑚 can furthermore be re-written in a flux difference form, 𝖧−1

𝑥 Δ 𝐟 , with the high order fluxes, 
𝐟 , being composed at intermediate interface locations 𝑥𝑚±1∕2 ∈ [𝑥𝑚, 𝑥𝑚+1]. Therefore, such split formulations are in fact also locally 
conservative with respect to a special averaging of the variables, and they adhere to a precise discrete product rule. 
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𝜌𝑠
|

|

|𝜕Ω
= ∫Ω

𝜌𝑠 = ∫Ω

[

[

𝑠 − 𝛾𝑐𝑣
]

⋅ 𝜌 +
1
𝑇

⋅
(

𝜌𝑒 +  𝜌𝑒
)

]

= 𝑐𝑣 ∫Ω

[

1
𝑒
⋅  𝜌𝑒 − (𝛾 − 1) log

𝜌
𝜌ref

⋅ 𝜌
]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(1)

+ 𝑐𝑣 ∫Ω

[(

log 𝑒
𝑒ref

− 𝛾
)

⋅ 𝜌 +
1
𝑒
⋅ 𝜌𝑒

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(𝟐)

.

Now, we turn to demonstrating the entropy conservation of the FD-EC schemes by employing the aforementioned SBP machinery. 
Eqs. (30)–(31) in Section 4 employ local stencil notation in order to motivate the choice of filtered variables 𝜌̃ and 𝑒 that are necessary 
for canceling the spurious volumetric terms (1) and (2) that arise in the discrete entropy equation repeated above. Here matrix-vector 
notation is used to convey this below in Eqs. (A.3) and (A.4), assuming diagonal-norm SBP differencing operators. As before, we 
consider right-biased differencing in one-dimension as an example. 

𝑐𝑣 ∫Ω

[

1
𝑒
⋅  (+)

𝜌𝑒 − (𝛾 − 1) log
𝜌
𝜌ref

⋅ (+)
𝜌

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(1)

∶

→ 𝑐𝑣(𝛾 − 1) ⋅

∼ ∫Ω

[

𝜌⋅𝛿+𝑥 𝑢−log
𝜌
𝜌ref

⋅𝛿+𝑥 (𝜌̃𝑢)
]

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
𝟏𝑇𝖧𝑥

(

[𝜌]𝖣+
𝑥 [𝑢]𝟏 − [log(𝜌∕𝜌ref]𝖣+

𝑥 [𝜌̃𝑢]𝟏
)

(A.3)

= 𝑐𝑣(𝛾 − 1) ⋅ 𝟏𝑇
(

[𝜌](𝐵 − (𝖰−)𝑇 )[𝑢] − [log(𝜌∕𝜌ref](𝐵 − (𝖰−)𝑇 )[𝜌̃𝑢]
)

𝟏
= 𝑐𝑣(𝛾 − 1) ⋅

(

𝟏𝑇
(

[𝜌]𝐵[𝑢] − [log(𝜌∕𝜌ref]𝐵[𝜌̃𝑢]
)

𝟏 − 𝟏𝑇 [𝑢]
(

𝖰−
𝑥 [𝜌] − [𝜌̃]𝖰−

𝑥 [log(𝜌∕𝜌ref]
)

𝟏
)

= 𝑐𝑣(𝛾 − 1) ⋅

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝟏𝑇
(

[𝜌]𝐵[𝑢] − [log(𝜌∕𝜌ref]𝐵[𝜌̃𝑢]
)

𝟏 −

∼ ∫Ω 𝑢
[

𝛿−𝑥 𝜌−𝜌̃⋅𝛿
−
𝑥

(

log 𝜌
𝜌ref

)]

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
𝟏𝑇 [𝑢]𝐻𝑥

(

𝖣−
𝑥 [𝜌] − [𝜌̃]𝖣−

𝑥 [log(𝜌∕𝜌ref]
)

𝟏
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

=𝟎 assuming [𝜌̃] ≜ 𝖣−
𝑥 [𝜌][𝖣−

𝑥 [log(𝜌∕𝜌ref]𝟏]−1

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

= 𝑐𝑣(𝛾 − 1) ⋅
((

𝜌𝑟𝑢𝑟 − (log(𝜌∕𝜌ref)𝑟(𝜌̃𝑢)𝑟
)

−
(

𝜌𝓁𝑢𝓁 − (log(𝜌∕𝜌ref)𝓁(𝜌̃𝑢)𝓁
))

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

∼ 𝑐𝑣(𝛾−1)
[

𝜌𝑢−
(

log 𝜌
𝜌ref

)

⋅𝜌̃𝑢
]

|

|

|𝜕Ω

𝑐𝑣 ∫Ω

[(

log 𝑒
𝑒ref

− 𝛾
)

⋅ (+)
𝜌 + 1

𝑒
⋅ (+)

𝜌𝑒

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(𝟐)

∶

→ 𝑐𝑣 ⋅

∼ ∫Ω

[(

log 𝑒
𝑒ref

−𝛾
)

⋅𝛿+𝑥 (𝜌̃𝑢)+𝑒
−1⋅𝛿+𝑥 (𝜌̃𝑢𝑒)

]

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
𝟏𝑇𝖧𝑥

(

[log(𝑒∕𝑒ref) − 𝛾]𝖣+
𝑥 [𝜌̃𝑢]𝟏 + [𝑒−1]𝖣+

𝑥 [𝜌̃𝑢𝑒]𝟏
)

(A.4)

= 𝑐𝑣 ⋅ 𝟏𝑇
(

[log(𝑒∕𝑒ref) − 𝛾](𝖡 − (𝖰−)𝑇 )[𝜌̃𝑢]𝟏 + [𝑒−1](𝖡 − (𝖰−)𝑇 )[𝜌̃𝑢𝑒]𝟏
)

= 𝑐𝑣 ⋅
(

𝟏𝑇
(

[log(𝑒∕𝑒ref) − 𝛾]𝖡[𝜌̃𝑢]𝟏 + [𝑒−1]𝖡[𝜌̃𝑢𝑒]𝟏
)

− 𝟏𝑇
(

[𝜌̃𝑢]𝖰−[log(𝑒∕𝑒ref) − 𝛾]𝟏 + [𝜌̃𝑢𝑒]𝖰−[𝑒−1]𝟏
))

= 𝑐𝑣 ⋅

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝟏𝑇
(

[log(𝑒∕𝑒ref) − 𝛾]𝖡[𝜌̃𝑢]𝟏 + [𝑒−1]𝖡[𝜌̃𝑢𝑒]𝟏
)

−

∼ ∫Ω 𝜌̃𝑢

[

−𝛿−𝑥

(

log 𝑒−1

𝑒−1ref

)

+𝑒⋅𝛿−𝑥 𝑒
−1

]

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
𝟏𝑇𝖧𝑥[𝜌̃𝑢]

(

𝖣−
𝑥 [− log(𝑒−1∕𝑒−1ref)]𝟏 + [𝑒]𝖣−

𝑥 [𝑒
−1]𝟏

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=𝟎 assuming [𝑒] ≜ 𝖣−

𝑥 [log(𝑒−1∕𝑒−1ref)][𝖣
−
𝑥 [𝑒−1]]−1

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

= 𝑐𝑣 ⋅
((

(log(𝑒𝑟∕𝑒ref) − 𝛾) ⋅ (𝜌̃𝑢)𝑟 + (𝑒−1)𝑟(𝜌̃𝑢𝑒)𝑟
)

−
(

(log(𝑒𝓁∕𝑒ref) − 𝛾) ⋅ (𝜌̃𝑢)𝓁 + (𝑒−1)𝓁(𝜌̃𝑢𝑒)𝓁
))

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

∼ 𝑐𝑣

[(

log 𝑒
𝑒ref

−𝛾
)

⋅(𝜌̃𝑢)+𝑒−1⋅(𝜌̃𝑢𝑒)
]

|

|

|𝜕Ω

As in Section 4, we see that properly defining the filtered density and internal energy variables allows one to cancel out spurious 
volumetric terms in a point-wise fashion. Note that in practice, one solves for these filtered variables as local inversions. For example, 
with respect to the density, one solves the following relation:

[𝜌̃][𝖣±
𝑥 [log(𝜌∕𝜌ref)]𝟏] = [𝖣±

𝑥 [𝜌]𝟏] or equivalently [𝖣±
𝑥 [log(𝜌∕𝜌ref)]𝟏] 𝝆̃ = 𝖣±

𝑥 [𝜌]𝟏, (A.5)
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The above assumes that [𝖣±
𝑥 [log(𝜌∕𝜌ref)]𝟏] is invertible. In cases where this matrix is ill-conditioned (e.g., due to near-constant fields 

of density which would yield zero entries), then asymptotic estimates are typically employed for determining the filtered quantity. 
While such procedures are well understood of two-point differences [33,35,67], additional development is required for supporting 
multi-point differences. 

Appendix B.  Expressing the methods in Hadamard product form

In the current section, we present the FD-EC schemes in the Hadamard form in order to further generalize their applicability. While 
the discretizations thus far have been presented in terms of split-form differencing, an alternate presentation is possible with Hadamard 
products formed between a matrix 𝖣 which consists of the difference stencils in space and a flux matrix 𝐹  that is comprised of two-point 
flux evaluations. Such implementations are typically referred to as flux differencing, which is also often used in modern algorithms 
for structure-preserving methods for high-order discontinuous Galerkin (DG) discretizations [25]. Conveniently, the formalism allows 
for a flexible substitution of different splittings simply by redefining the flux matrix.9

The two-point fluxes associated with split forms employing non-biased difference operators (e.g., central summation-by-parts 
operators) are known [26,49,52]; however, the extension to split forms based on biased difference operators has not been established 
to the authors’ knowledge and is presented here. To do this, we leverage the fact that biased schemes may be separated into a central 
portion and a dissipation portion, as previously shown in Eqs. (48) and (49). 

Considering the definition of the Hadamard product of two matrices,
𝐶 = 𝐴◦𝐵 → 𝐶𝑖𝑗 = 𝐴𝑖𝑗 ⋅ 𝐵𝑖𝑗 , (B.1)

where the Hadamard product yields an entry-wise multiplication of matrix components. We then seek a Hadamard description of the 
general split-form FD-EC scheme in the direction 𝑥𝑛 as

(𝜔)
𝑛 =

(

(𝜔),𝑐
𝑛 +(𝜔),𝐴𝐷

𝑛
)

= −
(

𝖣𝑐𝑥𝑛
◦2𝐹 (𝜔),𝑐

𝑛 + 𝖣𝐴𝐷𝑥𝑛
◦2𝐹 (𝜔),𝐴𝐷

𝑛

)

𝟏 with 𝜔 ∈ [−1, 1] (B.2)

= −

((

𝖣+
𝑥𝑛

+ 𝖣−
𝑥𝑛

2

)

◦2𝐹 (𝜔),𝑐
𝑛 +

(

𝖣+
𝑥𝑛

− 𝖣−
𝑥𝑛

2

)

◦2𝐹 (𝜔),𝐴𝐷
𝑛

)

𝟏

= −1
2

(

𝖣+
𝑥𝑛
◦2

(

𝐹 (𝜔),𝑐
𝑛 + 𝐹 (𝜔),𝐴𝐷

𝑛
)

+ 𝖣−
𝑥𝑛
◦2

(

𝐹 (𝜔),𝑐
𝑛 − 𝐹 (𝜔),𝐴𝐷

𝑛
)

)

𝟏

= −1
2

(

𝖣+
𝑥𝑛
◦2𝐹 (𝜔),+

𝑛 + 𝖣−
𝑥𝑛
◦2𝐹 (𝜔),−

𝑛

)

𝟏

where the central and artificial dissipation components of the overall operator are based on the symmetric and skew-symmetric 
portions of the biased stencil per Eqs. (13) and (46). Eq. (B.2) provides different factorizations for how to execute the flux 
differencing. Note that the above notation implies an equation-by-equation composition (e.g., (𝜔)

𝑛 ≡ [(𝜔)
𝑛,𝜌 (𝜔)

𝑛,𝜌𝑢𝑖 (𝜔)
𝑛,𝜌𝐸 ]

𝑇  and 
𝐹 (𝜔),±
𝑛 ≡ [𝐹 (𝜔),±

𝑛,𝜌 𝐹 (𝜔),±
𝑛,𝜌𝑢𝑖 𝐹

(𝜔),±
𝑛,𝜌𝐸 ]𝑇  such that (𝜔)

𝑛,𝜌 = −
(

𝖣+
𝑥𝑛
◦2𝐹 (𝜔),+

𝑛,𝜌 + 𝖣−
𝑥𝑛
◦2𝐹 (𝜔),−

𝑛,𝜌

)

𝟏, etc.). 
Inspecting the respective “central" and “dissipation" portions from Eqs. (48) and (49), one identifies the following two-point flux 

definitions to be used within the Hadamard formalism for the parameterized FD-EC schemes:

𝐹 (𝜔),𝑐
𝑛 (𝑞𝑖, 𝑞𝑖+𝑘) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

(𝜌̃(−𝜔)𝑢𝑛)𝑖+(𝜌̃(−𝜔)𝑢𝑛)𝑖+𝑘
2

(𝜌̃(−𝜔)𝑢𝑛)𝑖+𝑘+(𝜌̃(−𝜔)𝑢𝑛)𝑖+𝑘
2

(𝑢𝑚)𝑖+(𝑢𝑚)𝑖+𝑘
2 + 𝑝𝑖+𝑝𝑖+𝑘

2
(𝜌̃(−𝜔)𝑢𝑛𝑒(−𝜔))𝑖+(𝜌̃(−𝜔)𝑢𝑛𝑒(−𝜔))𝑖+𝑘

2

+
∑d
𝑚=1

(𝜌̃(−𝜔)𝑢𝑛𝑢𝑚)𝑖+𝑘(𝑢𝑚)𝑖+(𝜌̃(−𝜔)𝑢𝑛𝑢𝑚)𝑖(𝑢𝑚)𝑖+𝑘
2

+ 𝑝𝑖(𝑢𝑛)𝑖+𝑘+𝑝𝑖+𝑘(𝑢𝑛)𝑖
2

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(B.3)

𝐹 (𝜔),𝐴𝐷
𝑛 (𝑞𝑖, 𝑞𝑖+𝑘) =

𝜔
2
⋅

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

[(𝜌̃(−𝜔)𝑢𝑛)𝑖+𝑘 − (𝜌̃(−𝜔)𝑢𝑛)𝑖]
(𝑢𝑚)𝑖+(𝑢𝑚)𝑖+𝑘

2 ((𝜌̃(−𝜔)𝑢𝑛)𝑖+𝑘 − (𝜌̃(−𝜔)𝑢𝑛)𝑖) − [𝑝𝑖+𝑘 − 𝑝𝑖]

((𝜌̃(−𝜔)𝑢𝑛𝑒(−𝜔))𝑖+𝑘 − (𝜌̃(−𝜔)𝑢𝑛𝑒(−𝜔))𝑖)

+
∑d
𝑚=1((𝜌̃

(−𝜔)𝑢𝑛𝑢𝑚)𝑖(𝑢𝑚)𝑖+𝑘 − (𝜌̃(−𝜔)𝑢𝑛𝑢𝑚)𝑖+𝑘(𝑢𝑚)𝑖)

+ (𝑝𝑖(𝑢𝑛)𝑖+𝑘 − 𝑝𝑖+𝑘(𝑢𝑛)𝑖)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (B.4)

Note that employing the FD-EC method in terms of split differences, rather than in terms of flux differencing based on the Hadamard 
form, is likely more simple and efficient—although such assessments are beyond the current paper’s scope and are not performed 
here. 

The flux differencing associated with the central component of Eq. (48) is well understood and is therefore not reviewed herein 
(e.g., see [26,52]). Meanwhile, in order to deduce the flux-differencing associated with the AD component of Eq. (49), we first consider 

9 The efficiency of a flux differencing implementation compared to a finite difference algorithm will depend on the specific split form.
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a basic second-order AD term based on a three-point narrow diffusion stencil of the form:

𝑎𝛿𝐴𝐷3pt 𝑏 − 𝑏𝛿
𝐴𝐷
3pt𝑎 = 𝑎𝑖(𝑏𝑖+𝑘 − 2𝑏𝑖 + 𝑏𝑖−𝑘) − 𝑏𝑖(𝑎𝑖+𝑘 − 2𝑎𝑖 + 𝑎𝑖−𝑘)

= (𝑎𝑖𝑏𝑖+𝑘 − 𝑎𝑖+𝑘𝑏𝑖) − 2(𝑎𝑖𝑏𝑖 − 𝑎𝑖𝑏𝑖) + (𝑎𝑖𝑏𝑖−𝑘 − 𝑎𝑖−𝑘𝑏𝑖)

→ 𝐹𝐴𝐷(𝑎𝑖, 𝑏𝑖, 𝑎𝑖+𝑘, 𝑏𝑖+𝑘) = 𝑎𝑖𝑏𝑖+𝑘 − 𝑎𝑖+𝑘𝑏𝑖 = −𝐹𝐴𝐷(𝑏𝑖, 𝑎𝑖, 𝑏𝑖+𝑘, 𝑎𝑖+𝑘)

The above generalizes for an arbitrary symmetric difference stencil, since these can be decomposed as

𝛿𝐴𝐷𝑎 =
∑

𝑘
𝛼𝑘 ⋅ (𝑎𝑖+𝑘 − 2𝑎𝑖 + 𝑎𝑖−𝑘) .

The above relations then form the basis for the dissipative matrix 𝐹𝐴𝐷 proposed in Eq. (B.4).

Appendix C.  Incorporating entropy-stable artificial dissipation

As previously shown in Section 5.3, applying EC schemes in the presence of discontinuities will lead to non-physical results, both 
in terms of oscillations and in terms of the local entropy dynamics. While it is not the primary focus of the present work, we will 
briefly explore the incorporation of entropy stable (ES) regularization in this section, as they are better suited for these applications. 
Rather than enforcing exact entropy conservation at the discrete level, ES schemes ensure satisfaction of the entropy inequality, by 
which the mathematical entropy does not increase (i.e. the physical entropy does not decrease). It is possible to obtain such schemes 
by introducing an additional specialized dissipation to an otherwise baseline EC scheme. A wide variety of possibilities for such terms 
exist, which may further include the use of sensors to locally adjust the amount of regularization for improved accuracy.

In this section we adopt a simple approach, introducing a basic artificial dissipation based on the entropy variables 𝑤 with the 
sole aim of demonstrating the feasibility of the concept. The dissipative term is given by 𝐴2𝑝𝑤 in which, following the formulation 

Fig. C.1. Sod test using entropy stables schemes: black lines are used for ESB, red for ESS, green for ESF, blue ESW. CFL = 0.1. Evolution in time of 
the 𝐿2 norm of the difference between computed solution and analytical one. (For interpretation of the references to colour in this figure legend, 
the reader is referred to the web version of this article.)
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Fig. C.2. Sod test using entropy stable schemes: black lines are used for ESB, red for ESS, green for ESF, blue ESW; pale green line is the exact 
solution. CFL = 0.1, final solutions at 𝑇 = 0.1. (For interpretation of the references to colour in this figure legend, the reader is referred to the web 
version of this article.)

of Mattsson et al. [72], the operator is defined as

𝐴2𝑝 = 𝑐2𝑝 ⋅ (−1)𝑝+1 ⋅ 𝖧−1𝖣̃𝑇𝑝 𝐵𝖣̃𝑝. (C.1)

This corresponds to a term of order 2𝑝, in which 𝖣𝑝 = ℎ−𝑝𝖣̃𝑝 is a consistent approximation of the 𝑝th derivative, 𝐻 is the norm matrix 
or SBP quadrature matrix that scales with grid spacing, and 𝑐2𝑝 is a scaling coefficient satisfying sign

{

(𝑐2𝑝) ⋅ (−1)𝑝+1
}

≥ 0. For the 
𝐵 scaling matrix, we consider |𝜕𝑓 (inv)∕𝜕𝑤| ≜ (𝑌 −1

|Λ|𝑌 ), in which the inviscid flux Jacobian with respect to the entropy variables is 
diagonalized as (𝜕𝑓 (inv)∕𝜕𝑤) = 𝑌 −1Λ𝑌  (see [20] for the eigen-decomposition) and |Λ| is the diagonal matrix containing the absolute 
values of the eigenvalues. As a result, this constitutes characteristics-based matrix dissipation, which is known to be less diffusive 
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[32]. In this work, a second-order non-divided difference operator is employed (written here for a bounded 1D domain): 

𝖣̃2 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

1 −2 1
1 −2 1

⋱
1 −2 1
1 −2 1

⎤

⎥

⎥

⎥

⎥

⎥

⎦

(C.2)

which leads to the final expression for the dissipation term that is appended to the baseline scheme, expressed here in both a matrix-
vector and a local modified equation form:10

𝑑𝑡𝑞 = ⋯ +

𝐴4𝑤
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
𝖧−1𝖣̃𝑇2 (𝑌

−1
|Λ|𝑌 )𝖣̃2𝑤 → (𝑑𝑡𝑞𝑖)

|

|

|𝑥
=

(

⋯ +
(2+dim)
∑

𝑗=1
(Δ𝑥)3 ⋅ 𝜕2𝑥|𝜕𝑓𝑖∕𝜕𝑤𝑗 |𝜕

2
𝑥𝑤𝑗

)

|

|

|

|

|

|𝑥

(C.3)

Entropy stability is thus automatically recovered since 𝑤𝑇𝐴2𝑝𝑤 ≥ 0 by construction. Additional tuning of the spectral attenuation 
of such operators is possible by employing multi-derivative stabilization terms, such as those arising from filter-based dissipation 
[73,74]. Also note that analogous difference operators are available for non-uniform nodal arrangements [75–77]. By adding such 
terms to the EC schemes introduced earlier, we obtain the corresponding ES counterpart, which will be denoted ESB, ESF, ESS, and 
ESWin analogy with the respective biasing of the studied FD-EC schemes. 

To evaluate the performance of these schemes, we apply them to the 1D Sod shock tube problem, which features discontinuities 
that can lead to spurious oscillations if not properly treated. The setup is identical to that described in Section 5.3, except that a higher 
CFL number (CFL = 0.1) is used here. This is justified by the fact that the entropy production introduced by the temporal integrator 
is negligible compared to that introduced by artificial dissipation. 

Fig. C.1 reports the 𝐿2 norm of the error for the various quantities. Improvements are especially visible in the density 𝜌 and 
pressure 𝑝 compared to the EC scheme. A noticeable difference emerges when comparing the forward and backward formulations: 
the ESFscheme exhibits a larger error in the velocity field compared to the others. This is in line with the idea that a local choice of 
the formulation based on the direction of the velocity could be beneficial. 

Examining the solution profiles in Fig. C.2, we observe that while some oscillations remain near the discontinuities relative to the 
exact solution, the ES schemes significantly reduce these artifacts compared to the EC case. Further improvements could potentially 
be achieved by locally adjusting the dissipation—for example, via scaling, selecting the dissipation order, or switching between scalar 
and matrix-based dissipation operators. 

As expected, all the scheme provide a positive entropy production (see Fig. C.2f) and demonstrate sufficient accuracy compared 
to the EC baseline. For examples, as visible in Fig. C.2c, all the schemes are now able to reproduce the correct behavior for entropy 
in the region leading up to shock 𝑥 ∈ [0.1, 0.2], as opposed to what was happening for the EC versions. However, the wide-stencil 
variant (ESW) appears to introduce excessive dissipation in certain regions, although this could also potentially be mitigated with 
appropriate local calibration of the dissipation. One noteworthy observation is that the ESSscheme still shows a small spurious peak 
in pressure and velocity around 𝑥 = 0, albeit less pronounced than in the corresponding ECSsolution. 

Appendix D.  Reducing errors in the biased EC schemes via traditional flux differencing

The current FD-EC methods would naturally extend to high-order upon employing high-order derivative formulas within the 
differencing as well as the FD definitions of the specialize averages. However, the latter requires the development of new multi-point 
algorithms for calculating the mean quantities while  1) appropriately handling the risk of a singularity when evaluating the quotient 
expressions and 2) enforcing positivity of the output. Here, in the meantime, we propose a error-reducing extension of the narrow 
biased FD-EC schemes based on flux differencing.

Per Remark 2, the FD-EC methods imply satisfaction of a local entropy conserving flux condition. High-order flux reconstructions 
are then typically viable via combinations of symmetric two-point fluxes [52]. The two-point functions of the biased schemes, however, 
are no longer symmetric in their arguments (i.e., the order in which the solution vectors 𝑞 are supplied informs the respective biases 
of the velocity and the pressure); therefore, this nuance needs to be accounted for within the flux differencing definition as

 (𝑛)
𝑖+1∕2 −  (𝑛)

𝑖−1∕2

ℎ𝑖 ⋅ Δ𝑥
= 1

Δ𝑥

(

∑

𝑘≤0
2𝑑c𝑖,𝑖+𝑘 ⋅ 

(𝑛)|
|

|

𝜔

2pt
(𝑞𝑖+𝑘, 𝑞𝑖) +

∑

𝑘>0
2𝑑c𝑖,𝑖+𝑘 ⋅ 

(𝑛)|
|

|

𝜔

2pt
(𝑞𝑖, 𝑞𝑖+𝑘)

)

(D.1)

where

 (𝑛)|
|

|

𝜔

2pt
(𝑞𝑎, 𝑞𝑏) =

⎡

⎢

⎢

⎢

⎢

⎣

 (𝑛)
𝜌

|

|

|

𝜔

2pt

 (𝑛)
𝜌𝑢𝑚

|

|

|

𝜔

2pt

 (𝑛)
𝜌𝐸

|

|

|

𝜔

2pt

⎤

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

(𝜌𝑎, 𝜌𝑏)
log,𝑛(

(1 − 𝜔) ⋅ 𝑢𝑛,𝑎 + 𝜔 ⋅ 𝑢𝑛,𝑏
)

 (𝑛)
𝜌

|

|

|

𝜔

2pt
⋅
(𝑢𝑚,𝑏+𝑢𝑚,𝑎)

2 + 𝛿𝑚𝑛 ⋅
(

(1 − 𝜔) ⋅ 𝑝𝑏 + 𝜔 ⋅ 𝑝𝑎
)

 (𝑛)
𝜌

|

|

|

𝜔

2pt
⋅
(

∑𝑑
𝑚=1

𝑢𝑚,𝑎𝑢𝑚,𝑏
2 + (𝑒𝑎, 𝑒𝑏)

𝐻 log,𝑛)

+ (1 − 𝜔) ⋅ 𝑢𝑛,𝑎𝑝𝑏 + 𝜔 ⋅ 𝑢𝑛,𝑏𝑝𝑎

⎤

⎥

⎥

⎥

⎥

⎥

⎦

. (D.2)

10 Note that the matrix representation shown in Eq. (C.3), formally, would imply the use of Kronecker products such that the difference operator 
is applied equivalently to each entropy variable.
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Fig. D.1. Isentropic vortex test for different discretizations using flux differencing: black lines are used for ECBand red for ECS. CFL = 0.01. (For 
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

In the above, 𝑑c𝑖,𝑖+𝑘 are the stencil coefficients associated with a central SBP operator evaluated at node 𝑖. While the fluxes are fully 
biased with respect to the advective velocity and the pressure, these quantities are counter-balanced and therefore the overall method 
and its fluxes can be interpreted as being “centered”. As such, a central SBP operator is still appropriate for the prescription of the 
𝑑c𝑖,𝑖+𝑘 coefficients. The multi-point flux associated with the above is (see Eq. (3.9) in [52])

 (𝑛)|
|

|

𝜔

multi-pt
=
∑

𝑘>0

∑

𝓁≤0
2𝑑c𝑖+𝓁,𝑖+𝑘 ⋅ 

(𝑛)|
|

|

𝜔

2pt
(𝑞𝑖+𝓁 , 𝑞𝑖+𝑘) . (D.3)

Then the Hadamard product form for the residual associated with the above is given as
(𝜔) = −(𝖣𝑐𝑥𝑛◦2𝐹

(𝜔)
𝑛 )𝟏

with

𝐹 (𝜔)
𝑛 (𝑞𝑖+𝑘, 𝑞𝑖) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

(𝜌𝑖+𝑘, 𝜌𝑖)
log,𝑛(

(1 − 𝜔) ⋅ 𝑢𝑛,𝑖+min[0,𝑘] + 𝜔 ⋅ 𝑢𝑛,𝑖+max[0,𝑘]
)

[

(𝜌𝑖+𝑘, 𝜌𝑖)
log,𝑛(

(1 − 𝜔) ⋅ 𝑢𝑛,min[0,𝑘] + 𝜔 ⋅ 𝑢𝑛,𝑖+max[0,𝑘]
)

]

⋅
(𝑢𝑚,𝑖+𝑘+𝑢𝑚,𝑖)

2
+𝛿𝑚𝑛 ⋅

(

(1 − 𝜔) ⋅ 𝑝𝑖+max[0,𝑘] + 𝜔 ⋅ 𝑝𝑖+min[0,𝑘]
)

[

(𝜌𝑖+𝑘, 𝜌𝑖)
log,𝑛(

(1 − 𝜔) ⋅ 𝑢𝑛,𝑖+min[0,𝑘] + 𝜔 ⋅ 𝑢𝑛,𝑖+max[0,𝑘]
)

]

⋅
(

∑𝑑
𝑚=1

𝑢𝑚,𝑖+min[0,𝑘]𝑢𝑚,𝑖+max[0,𝑘]
2 + (𝑒𝑖+𝑘, 𝑒𝑖)

𝐻 log,𝑛)

+ (1 − 𝜔) ⋅ 𝑢𝑛,𝑖+min[0,𝑘]𝑝𝑖+max[0,𝑘] + 𝜔 ⋅ 𝑢𝑛,𝑖+max[0,𝑘]𝑝𝑖+min[0,𝑘]

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (D.4)

The strict biasing of the velocity and pressure that results from the asymmetric flux function can be expected to limit the above 
to first order. Namely, despite the 𝑑𝑖,𝑖+𝑘 coefficients stemming from a high-order central operator, they do not allow for the necessary 
error cancellations within the velocity and pressure variables, which are fully biased. Even though formal asymptotic accuracy is not 
increased, employing such stencils can be made to reduce errors in the solutions.

Here we revisit the isentropic vortex and Sod shock tube test cases from Section 5 in order to survey the newly proposed methods; 
we focus on the backward biased ECBand symmetric ECSrenditions for brevity. The long-time entropy conservation of the new 
formulations are confirmed (see Figs. D.1b and D.3f). Meanwhile, the convergence test on the isentropic vortex (see Fig. D.1a) shows 
that the current multi-point flux-differencing of the biased schemes are still limited to first order; however, the error constant is 
reduced from the nominal two-point second order method previously shown in Fig. 1a. Despite not being formally high-order, the 
current multi-point flux-differencing extension of the biased schemes is also seen to reduce oscillations in Sod shock tube results 
compared to the symmetric flux. In fact, Fig. D.2 shows that the 𝐿2 norm of the error is consistently lower for the biased ECBscheme 
in all cases, in spite of the order of accuracy formally being lower. The opposite would be true for the ECFscheme (not shown here) 
which would have a slightly larger error for this test case. The presence of additional non-physical oscillations when the symmetric 
ECSscheme is employed can be observed in Fig. D.3, which shows the solution at time 𝑇 = 0.1. This property of oscillations reduction 
therefore motivates the potential utility of such schemes for flows exhibiting sharp gradients, albeit still requiring suitable coupling 
with entropy stable regularization in order to sufficiently damp large oscillations.
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Fig. D.2. Sod test for different discretizations: solid black lines are used for ECB, red for ECS(note: ECFwould be slightly above the red line of ECS). 
CFL = 0.01. Circles identify the two-point schemes, triangles the multi-point version. Evolution in time of the 𝐿2 norm of the difference between 
computed solution and analytical one. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version 
of this article.)
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Fig. D.3. Sod test for different discretizations using flux differencing: black lines are used for ECBand red for ECS; pale green line is the exact 
solution. Final solutions at 𝑇 = 0.1 based on CFL = 0.01. (For interpretation of the references to colour in this figure legend, the reader is referred to 
the web version of this article.)
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