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Abstract: Let Φ = (G,ϕ) be a T-gain (or complex unit gain) graph and A(Φ)

be its adjacency matrix. The nullity of Φ, denoted by η(Φ), is the multiplicity of

zero as an eigenvalue of A(Φ), and the cyclomatic number of Φ is defined by c(Φ) =
e(Φ)− n(Φ) + κ(Φ), where n(Φ), e(Φ) and κ(Φ) are the number of vertices, edges and

connected components of Φ, respectively. A connected graph is said to be cycle-spliced if

every block in it is a cycle. We consider the nullity of cycle-spliced T-gain graphs. Given
a cycle-spliced T-gain graph Φ with c(Φ) cycles, we prove that 0 ≤ η(Φ) ≤ c(Φ) + 1.

Moreover, we show that there is no cycle-spliced T-gain graph Φ of any order with
η(Φ) = c(Φ) whenever there are no odd cycles whose gain has real part 0. We give

examples of cycle-spliced T-gain graphs whose nullity equals the cyclomatic number,

and we show some properties of those graphs Φ such that η(Φ) = c(Φ)− ε, ε ∈ {0, 1}.
A characterization is given in case η(Φ) = c(Φ) when Φ is obtained by identifying a

unique common vertex of 2 cycle-spliced T-gain graphs Φ1 and Φ2. Finally, we compute

the nullity of all T-gain graphs Φ with c(Φ) = 2.
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1. Introduction

All graphs in this paper are finite and simple (without loops and multi-edges). Let

G = (V,E) be a simple graph, n(G) and e(G) be the number of vertices and edges

in G, respectively. The cyclomatic number of G is denoted by c(G) and defined
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as c(G) = e(G) − n(G) + κ(G), where κ(G) stands for the number of connected

components of G. A connected simple graph G (κ(G) = 1) is a tree if c(G) = 0; when

c(G) = 1 or c(G) = 2, then G is a unicyclic or a bicyclic graph, respectively. For any

simple graph G a block is a maximal connected subgraph with no articulation point

or cut vertex. Let V (G) = {v1, . . . vn} be the vertex set of G. Then the adjacency

matrix of G is a n × n symmetric matrix usually denoted by A(G) = (aij)n×n and

defined as: aij = 1 if vi is adjacent to vj and 0, otherwise. The nullity (resp. rank)

of G stand for the nullity (resp. rank) of A(G), denoted by η(G) (resp. r(G)). It is

obvious that η(G) = n(G)− r(G), where n(G) is the order of a simple graph G.

Let
−→
E (G) be the set of oriented edges of G. Let G be a group. A gain graph is a triple

Φ = (G,G, ϕ) consisting of an underlying graph G = (V,E), the gain group G and

a mapping ϕ :
−→
E (G) → G such that for every oriented edge of G we have ϕ(eij) =

ϕ(eji)
−1, which is also called the gain function (see [19]). For simplicity, we denote a

G-gain graph by Φ = (G,ϕ), when G is a gain group. For the particular choice G =

T = {z ∈ C : |z| = 1}, a gain graph Φ is known as a complex unit gain graph or T-gain

graph. Gain graphs are commonly used in many fields, including electrical engineering,

computer science, social sciences, and operations research (see [1, 21, 28] for example).

They provide a way to model and analyze complex systems, such as transportation

networks, communication networks, and social networks ([7, 12, 17, 20, 23]). The

adjacency matrix is a fundamental tool for analyzing the properties and behavior

of gain graphs. Considered a gain graph Φ = (G,G, ϕ) with its underlying graph

G = (V,E), the adjacency matrix of Φ is usually denoted by A(Φ) = (aij)n×n and

defined by

aij =

{
ϕ(eij) if vi is adjacent to vj ,

0 otherwise.

When vi is adjacent to vj , then aij = ϕ(eij) = ϕ(eji)
−1 = ϕ(eji) = aji. Therefore,

A(Φ) is Hermitian and its eigenvalues are real.

Most of the concepts defined for simple graphs can be directly extended to complex

unit gain graphs. Let Φ be a T-gain graph, the nullity η(Φ) and rank r(Φ) of Φ is

the nullity and rank of A(Φ), respectively. The cyclomatic number c(Φ) of a T-gain

graph Φ can be borrowed from its underlying graph G. For any connected T-gain

graph Φ (κ(Φ) = 1), if c(Φ) = 0, c(Φ) = 1 or c(Φ) = 2, then Φ is a tree, a unicyclic

or a bicyclic T-gain graph, respectively. The other concepts i.e., block in a graph,

cycle-spliced T-gain graph, and pendant cycles can be inherited directly from simple

graphs. Let W = e12e23 . . . e(h−1)h be a walk of a T−gain graph; then we denote the

gain of W by ϕ(W ) = ϕ(e12)ϕ(e23) . . . ϕ(e(h−1)h). A walk is neutral if ϕ(W ) = 1. A

cycle is balanced if its gain is 1. A T−gain graph is balanced if all of its cycles are

balanced. A switching function is any function ζ : V → T. Switching the T-gain

graph Φ = (G,ϕ) means replacing ϕ by ϕζ , defined by ϕζ(eij) = ζ(vi)
−1ϕ(eij)ζ(vj);

this replacement produces the T-gain graph Φζ = (G,ϕζ). We say Φ1 and Φ2 are

switching equivalent , written Φ1 ∼ Φ2, when there exists a switching function ζ such

that Φ2 = Φζ1. Switching equivalence is an equivalence relation on gain functions for
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a fixed underlying graph G. In 1989, Thomas Zaslavsky [30], proved the following

result for the balance in gain graphs.

Lemma 1. [30] Let Φ = (Γ, ϕ) be a gain graph. Then Φ is balanced if and only if
Φ ∼ (G, 1).

The study of T−gain graphs has attracted considerable attention in recent years. In

[19], N. Reff studied the spectral characteristics for T−gain graphs and defined their

adjacency, Laplacian and incidence matrices. The inertia of T−gain graphs and their

related properties were studied by Yu et al., in [29]. Wang et al., in [26], provided a

description for the determinant of the Laplacian matrix of T−gain graphs. In [13],

Lu et al., considered the T−gain bicyclic graphs and characterized those with rank 2,

3 or 4. Furthermore, Lu et al., in [14] investigated the bounds for the rank of T−gain

graphs in terms of the rank of their underlying graph. In [10], He et al., showed that

2m(G)− 2c(G) ≤ r(Φ) ≤ 2m(G) + c(G), where m(G) is the matching number of G.

A graph G is said to be singular (resp. non-singular) if the adjacency matrix of G

is singular (resp. non-singular). In [24], Collatz and Sinogowitz provided a char-

acterization problem for all singular graphs (η(G) > 0). This problem motivated

researchers to enhance further research in this area. Ma et al., in [16], proved that

η(G) ≤ 2c(G)+p(G)−1 unless G is a cycle of length 0 mod 4, where p(G) is the total

number of leaves in G. Wang [25] and Chang et al., [5] posed the characterization for

all graphs G with η(G) = 2c(G) + p(G)− 1. Further, some related results for signed

graphs were studied by Lu and Wu in [15], where they characterized signed graphs on

the basis of their matching number and further proved that there are no signed graphs

with η(G, σ) = n(G)− 2m(G) + 2c(G)− 1. The nullity of unicyclic signed graphs was

studied by Fan et al. in [9]. In [8], Fan et al. also derived results for the nullity of

bicyclic signed graphs. Information on the nullity of signed graphs can be deduced

by [2]. In [27], Wong et al. provided bounds for the nullity of cycle-spliced bipartite

graphs G in terms of c(Γ), i.e., 0 ≤ η(G) ≤ c(G) + 1. The nullity of cycle-spliced

signed graphs has been studied in [6] and [4].

The main results of the paper are collected in three theorems. In Theorem 1 we show

that the nullity of a cycle-spliced complex unit gain graph with c(Φ) cycles is at most

c(Φ) + 1 and give a characterization of those graphs whose nullity is exactly c(Φ) + 1.

Theorem 2 proves that the nullity of Φ never equals the number of cycles c(Φ) if Φ

does not contain any odd cycle C such that the real part R(C) of its gain is zero.

Examples of cycle-spliced T-gain graphs with η(Φ) = c(Φ) are given. In Theorem 3

there is a characterization of cycle-spliced T-gain graphs with η(Φ) = c(Φ) when Φ

is obtained by identifying the unique common vertex v of two cycle-spliced T-gain

graphs Φ1 and Φ2.

The rest of the article is organized in the following way.

In section 2, we provide some preliminary lemmas, notations and some basic results

about the rank and nullity of T-gain graphs. In section 3, we present the proof of

Theorem 1. Section 4 deals with the proof of Theorem 2 and examples of cycle-spliced
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T-gain graphs with nullity η(Φ) = c(Φ). Section 4 also contains the proof of Theorem

3, which characterizes cycle-spliced T-gain graphs Φ with η(Φ) = c(Φ) obtained by the

coalescence of two graphs Φ1 and Φ2 with respect to their unique common vertex v.

Further, some properties and auxiliary results on cycles-spliced T-gain graphs of this

kind are presented. In Section 5 we compute the nullity of particular configurations

of cycle-spliced T-gain graphs, such as bipartite, wedge of cycles and bicyclic graphs.

2. Preliminaries

In this section we give the definition of the five types of T-gain cycles and recall their

nullity. Given a cut point x for Φ, some basic results about the nullity of T-gain

graphs are provided in terms of the nullity of the components of Φ− x.

A T-gain graph Φ = (G,ϕ) and any induced gain subgraph (H,ϕ) of Φ will also be

denoted by Gϕ and Hϕ respectively. For v ∈ V (Φ), let dΦ(v) be the degree and

NΦ(v) be the set of neighbors of v. Clearly, dΦ(v) = |NΦ(v)|. If M ⊆ V (Φ), then

the deletion of M together with all incidence edges, is the induced subgraph of Φ,

denoted by Φ−M . If M = {v1} or {v1, v2}, then Φ−M is abbreviated to Φ− v1 or

Φ− v1 − v2.

Let Cϕ be a weighted cycle and {v1, v2, . . . , vn} be its vertex set such that

vjvj+1 ∈ E(Cϕ) (1 ≤ j ≤ n − 1), v1vn ∈ E(Cϕ). Let ωj = ϕ(vjvj+1) and

ωn = ϕ(vnv1).

Definition 1. ([13], Definition 2) Let Cϕ be a complex unit gain cycle. Then Cϕ is

said to be of

A-Type, if for even n, (−1)
n
2 ωn = ω1ω2ω3 . . . ωn−2ωn−1;

B-Type, if for even n, (−1)
n
2 ωn 6= ω1ω2ω3 . . . ωn−2ωn−1;

C-Type, if for odd n, Re((−1)
n−1
2 ω1ω2ω3 . . . ωn−2ωn−1ωn) > 0;

D-Type, if for odd n, Re((−1)
n−1
2 ω1ω2ω3 . . . ωn−2ωn−1ωn) < 0;

E-Type, if for n=odd , Re((−1)
n−1
2 ω1ω2ω3 . . . ωn−2ωn−1ωn) = 0.

For Re(·) we mean the real part of any complex number.

Let ϕ(Cϕ) = ω1ω2 · · ·ωn−1ωn = ϕ(v1v2)ϕ(v2v3) · · ·ϕ(vn−1vn)ϕ(vnv1) be the gain of

the cycle Cϕ. Then the five Types of cycles of Definition 1 are equivalent to the

following ones ([14]):

A-Type, if for even n, ϕ(Cϕ) = (−1)
n
2 ;

B-Type, if for even n, ϕ(Cϕ) 6= (−1)
n
2 ;

C-Type, if for odd n, Re((−1)
n−1
2 ϕ(Cϕ)) > 0;

D-Type, if for odd n, Re((−1)
n−1
2 ϕ(Cϕ)) < 0;

E-Type, if for odd n, Re((−1)
n−1
2 ϕ(Cϕ)) = 0.
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Signed graphs are particularly complex unit gain graphs. For i = 0, 1, 2, 3, let us

denote by Ci = (Cn, σ) a signed cycle whose length n is equal to i mod 4. Further,

we write Ci+ for a balanced cycle Ci, that is σ(Ci+) = +1, and Ci− for an unbalanced

cycle Ci, that is σ(Ci−) = −1. Then, according to Definition 1,

C0
+ and C2

− cycles are gain cycles of A-Type;

C2
+ and C0

− cycles are gain cycles of B-Type;

C1
+ and C3

− cycles are gain cycles of C-Type;

C3
+ and C1

− cycles are gain cycles of D-Type.

Signed cycles of E-Type do not exist.

Lemma 2. [29] Let Cϕ be a T−gain cycle of order n. Then

η(Cϕ) =


2, if Cϕ is a cycle of A-Type,

1, if Cϕ is a cycle of E-Type,

0, otherwise.

The Cauchy-interlacing theorem ([11], Theorem 4.3.8) for Hermitian matrices implies

the following result:

Lemma 3. Let Φ be a complex unit gain graph. Then for any vertex x of Φ, η(Φ)− 1 ≤
η(Φ− x) ≤ η(Φ) + 1.

Let Φ be a T−gain graph with a cut-vertex x and Φ1 be a component of Φ−x. Then

Φ1 can be obtained from Φ1 + x, the subgraph induced by V (Φ1) ∪ {x}, by deleting

the vertex x. Hence, η(Φ)− 1 ≤ η(Φ− x) ≤ η(Φ) + 1 by Lemma 3. The relationship

between η(Φ) and η(Φ1 + x) summarizes the formulas on the nullity of complex unit

gain graphs with cut-vertices as follows:

Lemma 4. Let Φ = (Γ, φ) be a complex unit gain graph of order n and u be a cut-point of
Φ. Let Φ1,Φ2, . . . ,Φq be all components of Φ− u. If a component, let say Φ1, exists among
Φ1,Φ2, . . . ,Φq such that η(Φ1) = η(Φ1 + u) + 1, then

η(Φ) = η(Φ− u)− 1 =

q∑
j=1

η(Φj)− 1.

Proof. Let A = A(Φ) be the adjacency matrix of Φ. For each j, denoted by A[Φj ]

the adjacency matrix of the subgraph Φj and by A[u,Φj ] the sub-vector of A[u,Φ]

corresponding to the vertices of Φj . Then the partition of matrix A is given below.
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A =



0 A[u,Φ1] A[u,Φ2] . . . A[u,Φq]

A∗[Φ1, u] A[Φ1] 0 . . . 0

A∗[Φ2, u] 0 A[Φ2] . . . 0

. . . . . . . . . . . . . . .

A∗[Φq, u] 0 0 . . . A[Φq]


,

where, A[Φj , u] = A∗[u,Φj ]
T , the conjugate transpose of A[u,Φj ], for each j. Let us

define a row vector x ∈ Cn on the vertices of Φ such that x[Φ1] = A[u,Φ1], and 0

otherwise. Consider a matrix B′, obtained from matrix A in term of replacing the

vectors A[u,Φ] and A∗[Φ, u] by x and xT , respectively, i.e.,

B′ =



0 A[u,Φ1] 0 . . . 0

A∗[Φ1, u] A[Φ1] 0 . . . 0

0 0 A[Φ2] . . . 0

. . . . . . . . . . . . . . .

0 0 0 . . . A[Φq]


.

Then the matrix B′ is the adjacency matrix of the subgraph Φ′ which is obtained

from Φ by removing all the edges between u and ∪qj=2Φj .

Note that since η(Φ1) = η(Φ1 + u) + 1, then r(A[Φ1 + u]) = r(A[Φ1]) + 2, and

hence the row vector A[u,Φ1] is linearly independent of all the row vectors in A[Φ1].

Consequently, the row vector x, and the vector A[u,Φ] are linearly independent with

respect to all other row vectors in matrix A. Also, the column vectors A∗[Φ, u] and

xT are linearly independent with respect to all other vectors in matrix A and B′,

respectively. Then r(A) = r(A[Φ − u]) + 2 and r(B′) = r(B′[Φ′ − u]) + 2, which

implies that

r(A) = r(B′).

Consequently,

η(Φ) = n− r(A) = n− r(B′) = (n− 1)− r(Φ− u)− 1 = η(Φ− u)− 1

=

q∑
j=1

η(Φj)− 1.

This completes the proof.
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Lemma 5. Let Φ = (Γ, φ) be a complex unit gain graph of order n and u be a cut-point
of Φ. Let Φ1 be a component of Φ− u. If η(Φ1) = η(Φ1 + u)− 1. Then

η(Φ) = η(Φ1) + η(Φ− Φ1).

Proof. Let A = A(Φ) be the adjacency matrix of Φ. We define a row vector x ∈ Cn
on the vertices of Φ such that x[Φ1] = 0 and x[Φ − Φ1] = A[u,Φ − Φ1], where

A[u,Φ−Φ1] represents the subvector of A[u,Φ] corresponding to the vertices in Φ−Φ1.

Consider a matrix B′, obtained from matrix A in term of replacing the vectors A[u,Φ]

and A∗[Φ, u]T by x and xT , respectively, i.e.,

A =


A[Φ1] A[Φ1, u] 0

A∗[u,Φ1] 0 A[u,Φ− Φ1 − u]

0 A∗[Φ− Φ1 − u, u] A[Φ− Φ1 − u]

 ,

and

B′ =


A[Φ1] 0 0

0 0 A[u,Φ− Φ1 − u]

0 A∗[Φ− Φ1 − u, u] A[Φ− Φ1 − u]

 .

Then matrix B′ is the adjacency matrix of the Φ1 ∪ (Φ − Φ1). Since

η(Φ1) = η(Φ1 +u)−1, r(A[Φ1]) = r(A[Φ1 +u]) and hence the row vector A[u,Φ1 +u]

can be written in a linear combination of the row vectors of A[Φ1,Φ1 + u]. In a

similar way, the column vector A[Φ1, U ] can be written in a linear combination of

the column vectors of A[Φ1], since A[u] = 0. Thus, we have

r(A) = r(B′).

Consequently,

η(Φ) = n− r(A) = n− r(B′) = η(Φ1) + η(Φ− Φ1).

This completes the proof.

The nullity of a T-gain tree is independent of the gain (see [29], Theorem 4.), so the

following result holds.

Lemma 6. Let Pϕ
n be a gain path. Then η(Pϕ

n ) = 1 if n is odd, and η(Pϕ
n ) = 0 if n is

even.
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We say that a connected induced subgraph H of a graph G is a pendant subgraph of

G with root x if there exists exacly one vertex x ∈ V (H) such that NG(x) contains

at least one vertex y ∈ V (G)− V (H). If H is a pendant subgraph of a complex unit

gain graph Φ with root x, then x is a cut vertex of Φ. Thus, Lemma 4 and Lemma 5

can be stated respectively as part (i) and part (ii) of the following result:

Lemma 7. Let Φ1 be a pendant subgraph of Φ with root x.
(i) If η(Φ1 − x) = η(Φ1) + 1, then η(Φ) = η(Φ1) + η(Φ− Φ1).
(ii) If η(Φ1 − x) = η(Φ1)− 1, then η(Φ) = η(Φ1) + η(Φ− Φ1 + x)− 1.

When we apply this result to the particular case of a cycle Cϕ as pendant subgraph

Φ1 of Φ, we get what follows.

Lemma 8. Let Cϕ be a pendant cycle of Φ with root x.
(i) If Cϕ is a cycle of A-Type, then η(Φ) = η(Φ− Cϕ + x) + 1.
(ii) If Cϕ is a cycle of B-Type, then η(Φ) = η(Φ− Cϕ).
(iii) If Cϕ is a cycle of E-Type, then η(Φ) = η(Φ− Cϕ + x).

Proof. (i) Φ1 = Cϕ, an A-Type cycle, hence, by Lemma 6 and Lemma 2, 1 =

η(Φ1−x) = 2− 1 = η(Φ1)− 1. By Lemma 7 (ii), η(Φ) = η(Φ1) + η(Φ−Φ1 +x)− 1 =

2 + η(Φ− Cϕ + x)− 1 = η(Φ− Cϕ + x) + 1.

(ii) Φ1 = Cϕ, a B-Type cycle, hence, by Lemma 6 and Lemma 2, 1 = η(Φ1 − x) =

0 + 1 = η(Φ1) + 1. According to Lemma 7 (i), η(Φ) = η(Φ1) + η(Φ−Φ1) = 0 + η(Φ−
Cϕ) = η(Φ− Cϕ).

(iii) Φ1 = Cϕ, an E-Type cycle, hence, by Lemma 6 and Lemma 2, 0 = η(Φ1 − x) =

1− 1 = η(Φ1)− 1. According to Lemma 7 (ii), η(Φ) = η(Φ1) + η(Φ− Φ1 + x)− 1 =

1 + η(Φ− Cϕ + x)− 1 = η(Φ− Cϕ + x).

We deduce that a pendant E-type cycle Cϕ does not change the nullity of a graph.

More generally, if (Cϕ1 , v1), (Cϕ2 , v2), . . . (Cϕs , vs) are s pendant E-type cycles of a

T-gain graph Φ, with corresponding cut vertices vi, i = 1, . . . , s, then

η(Φ) = η(Φ− Cϕ1 − C
ϕ
2 − · · · − Cϕs + v1 + v2 + · · ·+ vs).

Following [29], if y is a pendant vertex of a complex unit gain graph Φ and z is its

unique neighbour, the process of obtaining Φ− y− z from Φ is known as pendant K2

deletion. The following lemma says that pendant K2 deletion does not change the

nullity of a complex unit gain graph.

Lemma 9. ([29] Theorem 1) Let Φ be a complex unit gain graph with a pendant vertex
y such that yz ∈ E(Φ). If Hϕ = Φ− y − z, then η(Φ) = η(Hϕ).
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3. Cycle-spliced T-gain graphs Φ with η(Φ) = c(Φ) + 1

We show that the nullity of a cycle-spliced T-gain graph Φ does not exceed c(Φ) + 1,

then we give a characterization of extremal graphs Φ such that η(Φ) = c(Φ) + 1.

In order to prove Theorem 1, we need the following lemma on cycle-spliced complex

unit gain graphs with a pendant cycle Cϕ and a cut vertex x of Φ.

Lemma 10. Let Φ be a cycle-spliced complex unit gain graph and Cϕ be a pendant cycle
of Φ with a cut vertex x. Let H = Φ− Cϕ + x.
(i) If Cϕ is a cycle of A-Type, then η(Φ) = η(Hϕ) + 1.
(ii) If Cϕ is a cycle of the remaining types, then η(Φ) ≤ η(Hϕ) + 1.

Proof. (i) Let Cϕ be a cycle of A-Type and x be the cut vertex of Φ. By Lemma

5, we have

η(Φ) = η(Hϕ) + η(Cϕ − x) = η(Hϕ) + 1.

(ii) Let y be a vertex in Cϕ adjacent with x. By Lemma 3, we have η(Φ) ≤ η(Φ−y)+1.

If Cϕ is a B-Type cycle, applying pendant K2 deletions on Φ− y, we have η(Φ− y) =

η(Hϕ). Hence, η(Φ) ≤ η(Hϕ) + 1. Now we assume that Cϕ is an odd cycle, that is

η(Cϕ) is 0 or 1. It follows from Lemma 3 that η(Hϕ)− 1 ≤ η(Hϕ − x) ≤ η(Hϕ) + 1.

We now consider the following three cases.

Case 1. η(Hϕ − x) = η(Hϕ) + 1.

Clearly, Hϕ is a pendant subgraph of Φ with root x. By Lemma 6 and Lemma 7, we

have η(Φ) = η(Hϕ) + η(Φ−Hϕ) = η(Hϕ) + η(Cϕ − x) = η(Hϕ) < η(Hϕ) + 1.

Case 2. η(Hϕ − x) = η(Hϕ).

Lemmas 3 and 6 imply that η(Φ) ≤ η(Φ − x) + 1 = η(Cϕ − x) + η(Hϕ − x) + 1 =

η(Hϕ) + 1.

Case 3. η(Hϕ − x) = η(Hϕ)− 1.

Note that Hϕ is a pendant subgraph of Φ with root x. Then Lemmas 2, 7 and 8

imply that η(Φ) = η(Hϕ) + η(Cϕ)− 1 ≤ η(Hϕ) < η(Hϕ) + 1, as desired.

Theorem 1. Let Φ = (Γ, ϕ) be a cycle-spliced complex unit gain graph with c(Φ) cycles.
Then
(i) 0 ≤ η(Φ) ≤ c(Φ) + 1.
(ii) η(Φ) = c(Φ) + 1, if and only if every cycle Cϕ in Φ is of A-Type.

Proof. (i) We proceed by induction on the number of cycles c(Φ) to prove that

η(Φ) ≤ c(Φ) + 1. If c(Φ) = 1 then Φ = Cϕ consists of a gain cycle Cϕ. If Cϕ is an

A−type cycle, then

η(Φ) = η(Cϕ) = 2 ≤ 1 + 1 = c(Φ) + 1.
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If Cϕ is an E-type cycle, then

η(Φ) = η(Cϕ) = 1 < 1 + 1 = c(Φ) + 1.

If Cϕ is a cycle of Type B, C or D, then

η(Φ) = η(Cϕ) = 0 < 1 + 1 = c(Φ) + 1.

Now suppose that η(Φ′) ≤ c(Φ′)+1 for any cycle-spliced gain graph Φ′ with a number

of cycles c(Φ′) ≤ t (induction hypothesis). Let us consider a cycle-spliced bipartite

gain graph Φ with a number of cycles c(Φ) = t+ 1. Let Cϕ1 be a pendant cycle of Φ

with cut vertex y and let Hϕ
1 = Φ− Cϕ1 + y. By Lemma 10,

η(Φ) ≤ η(Hϕ
1 ) + 1.

Hϕ
1 has got t cycles, so by the inductive hypothesis,

η(Hϕ
1 ) ≤ c(Hϕ

1 ) + 1,

hence

η(Φ) ≤ η(Hϕ
1 ) + 1 ≤ c(Hϕ

1 ) + 2 = c(Φ) + 1.

Part (i) is then proved.

Now we prove part (ii): η(Φ) = c(Φ) + 1 if and only if all cycles appearing in Φ are

of A-Type. We use induction again. For Φ = Cϕ an A-Type cycle, we just showed

that η(Φ) = η(Cϕ) = 2 = c(Φ) + 1 = c(Cϕ) + 1. Now suppose that η(Φ′) = c(Φ′) + 1

for any cycle-spliced complex unit gain graph Φ′ with a number of cycles c(Φ′) ≤ t,

where all cycles appearing in the graph are of A-Type (induction hypothesis). Let us

consider a cycle-spliced bipartite complex unit gain graph Φ with a number of cycles

c(Φ) = t + 1, each of them of A-Type. Let Cϕ1 be a pendant cycle of Φ with cut

vertex y and let Hϕ
1 = Φ− Cϕ1 + y. The cycle Cϕ1 is of A-Type. Hϕ

1 has got t cycles

of A-Type. By Lemma 10 and the inductive hypothesis,

η(Φ) = η(Hϕ
1 ) + 1 = c(Hϕ

1 ) + 2 = c(Φ) + 1.

The proof for sufficiency of (ii) is complete.

Now, we proceed by induction on c(Φ) to prove η(Φ) < c(Φ) + 1 if Φ has at least one

cycle of TypeB, C, D or E. If Φ has only one cycle, it follows that η(Φ) ≤ 1 < c(Φ)+1.

Now we assume that c(Φ) ≥ 2. Then Φ has at least two pendant cycles. Let Cϕ be

one of such cycles. If Cϕ is of A−type, then by similar discussion as above, we have

η(Φ) = η(Hϕ)+1, where Hϕ = Φ−Cϕ+x and x is the cut-vertex of Φ on Cϕ. Noting

that Hϕ has at least one cycle of B-Type and it has one cycle less than those of Φ,

we have η(Hϕ) < c(Hϕ) + 1. Hence, η(Φ) = η(Hϕ) + 1 < c(Φ) + 1, as required. Now

suppose all pendant cycles of Φ are not of A-Type. Then Hϕ = Φ−Cϕ+x has at least

one cycle not of A-Type. The induction hypothesis implies that η(Hϕ) < c(Hϕ) + 1.

By Lemma 10 (ii) and the previous inequality, η(Φ) ≤ η(Hϕ) +1 < (c(Hϕ) +1) +1 =

c(Φ) + 1 which proves the necessity of (ii).

This completes the proof of the theorem.
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4. Cycle-splice T-gain graphs with η(Φ) = c(Φ) or η(Φ) = c(Φ)−1

In this section, we consider the properties of cycle-spliced complex unit gain graphs

Φ with η(Φ) = c(Φ) or η(Φ) = c(Φ) − 1. We prove that η(Φ) never equals c(Φ) if

Φ does not contain any E-Type cycle. Examples of cycle-spliced T-gain graphs with

η(Φ) = c(Φ) are given. We also consider cycle-spliced T-gain graphs obtained by

identifying the unique common vertex v of two cycle-spliced T-gain graphs Φ1 and

Φ2. For this kind of graphs, a characterization in case η(Φ) = c(Φ) is given and some

properties and auxiliary results are presented.

In order to prove Theorem 2, first we need the following lemma on the property of

cycle-spliced complex unit gain graphs with nullity η(Φ) = c(Φ) + 1, hence bipartite

graphs.

Lemma 11. Let Φ be a cycle-spliced complex unit gain graph with c(Φ) cycles. If
η(Φ) = c(Φ) + 1, then η(Φ− x) = η(Φ)− 1 for any x ∈ V (Φ).

Proof. We proceed with the induction on c(Φ) to prove η(Φ−x) = η(Φ)− 1 for any

x ∈ V (Φ). If c(Φ) = 1, then Φ is an A-Type cycle, since η(Φ) = c(Φ) + 1 = 2. It

follows from Lemma 2 that 1 = η(Φ − x) = η(Φ) − 1, as required. Assume that the

result holds for a cycle-spliced complex unit gain graphs with c(Hϕ) = p cycles and

assume that Φ has p+ 1 such cycles. Theorem 1 (ii) implies that all cycles in Φ are of

A- Type. Let Cϕ be a pendant cycle of Φ with a cut vertex x and Hϕ = Φ−Cϕ + x.

Then Lemma 10 (i) implies that η(Φ) = η(Hϕ) + 1 since Cϕ is a cycle of A-Type.

Since Hϕ is a cycle-spliced complex unit gain graph with one cycles less than Φ,

by Theorem 1 (ii), η(Hϕ) = c(Hϕ) + 1. Note that c(Hϕ) = p. Then by induction

hypothesis, we have η(Hϕ−x) = η(Hϕ−1) for any x ∈ V (H). Let y be any arbitrary

vertex in Φ. We consider the following two cases for y according to its position in Φ.

Case i. y does not lie on Cϕ.

In this case, Cϕ is also a pendant cycle of Φ − y with root x. Let Hϕ − y = (Φ −
y) − Cϕ + x. Then Lemma 8 (i) implies that η(Φ − y) = η(Hϕ − y) + 1. Hence,

η(Φ− y) = (η(Hϕ)− 1) + 1 = η(Φ)− 1, as desired.

Case ii. y lies on Cϕ.

If dΦ(y, x) is even or possibly zero, then by applying pendant K2 deletions on Φ− y,

we get η(Φ − y) = η(Hϕ − x) + 1 = (η(Hϕ − 1) + 1 = η(Φ) − 1. If dΦ(y, x) is odd,

then pendant K2 deletions on Φ− y produce η(Φ− y) = η(Hϕ) = η(Φ)− 1, and the

proof is completed.

Theorem 2. For any cycle-spliced complex unit gain graph Φ = (G,ϕ) of order n with
c(Φ) cycles, none of E-Type, η(Φ) 6= c(Φ).

Proof. We proceed with the induction on c(Φ) to prove η(Φ) 6= c(Φ) in case no cycle

in Φ is of E-Type. If c(Φ) = 1, then Φ is a cycle. Thus η(Φ) 6= c(Φ), by Lemma

2. Assume the result true for cycle-spliced complex unit gain graphs having p cycles
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and consider Φ with p+ 1 cycles. Let Cϕ be a pendant cycle of Φ with a cut vertex

x. Let Hϕ = Φ − Cϕ + x. Then c(Hϕ) = p. The induction hypothesis says that

η(Hϕ) 6= c(Hϕ). By Theorem 1, we have η(Hϕ) = c(Hϕ) + 1 or η(Hϕ ≤ c(Hϕ)− 1.

For this, we consider the following two cases.

Case i. η(Hϕ) = c(Hϕ) + 1.

By Lemma 11, η(Hϕ − x) = η(Hϕ) − 1 since η(Hϕ) = c(Hϕ) + 1. It follows from

Lemma 7 (ii), η(Φ) = η(Hϕ) + η(Cϕ) − 1. If Cϕ is of A-Type, we have η(Φ) =

η(Hϕ) + 1 = (c(Hϕ) + 1) + 1 = c(Φ) + 1. If Cϕ has nullity 0, that is Cϕ is of Type

B,C or D, we have η(Φ) = η(Hϕ)− 1 = (c(Hϕ) + 1)− 1 = c(Φ)− 1.

Case ii. η(Hϕ) ≤ c(Hϕ)− 1.

By Lemma 10, we have η(Φ) ≤ η(Hϕ) + 1, so we have η(Φ) ≤ η(Hϕ) + 1 ≤ (c(Hϕ)−
1) + 1 = c(Φ)− 1.

In any case, η(Φ) 6= c(Φ).

As we pointed out, Theorem 2 does not hold if the complex unit gain graph Φ contains

E-Type cycles. The smallest counterexample is Φ = CϕE , a graph made by one cycle

of E-Type. In this case, η(Φ) = η(CϕE) = 1 = c(Φ), by Lemma 2. The following

Proposition gives infinite examples of complex unit gain graphs Φ such that η(Φ) =

c(Φ).

Proposition 1. Let Φ be a cycle-spliced complex unit gain graph.
(i) If c(Φ)−1 cycles are of A-Type and one pendant cycle Cϕ

E is of E-Type, with root x, then
η(Φ) = c(Φ).
(ii) If all cycles of Φ are of E-Type, then η(Φ) = 1.

Proof. (i) All cycles in the subgraph Φ′ = Φ−CϕE+x are of A-Type, so, by Theorem

1 (ii), η(Φ′) = c(Φ′)+1. According to Lemma 8 (iii), η(Φ) = η(Φ′) = c(Φ′)+1 = c(Φ).

(ii) It follows from Lemma 8 (iii).

More generally, starting from a complex unit gain graph Φ′ such that η(Φ′) = c(Φ′)−p,
with p any integer p ≥ −1, we can attach s ≥ 1 E-Type cycles at any vertex x of Φ′,

to build a new graph Φ such that η(Φ) = η(φ′) = c(Φ′)− p = c(Φ)− s− p.

Lemma 12. Let Φ be a complex unit gain graph obtained from two cycle-spliced complex
unit gain graphs Φ1 and Φ2 by identifying the unique common vertex x. If η(Φ1) ≤ c(Φ1)−p,
then η(Φ) ≤ c(Φ)− p+ 1. If Φ2 does not contain E-Type cycles, then η(Φ) ≤ c(Φ)− p.

Proof. Let us introduce the variable ε such that ε = 0 if Φ contains E-Type cycles,

and ε = 1 if there is no E-Type cycle in Φ. By Theorem 1, η(Φ2) ≤ c(Φ2) + 1. If

η(Φ2) = c(Φ2)+1, then by Lemma 11, η(Φ2−x) = η(Φ2)−1, so Lemma 7 (ii) implies

η(Φ) = η(Φ1) + η(Φ2)− 1 ≤ (c(Φ1)− p) + (c(Φ2) + 1)− 1 = c(Φ)− p, as required. If

η(Φ2) 6= c(Φ2) + 1, we have η(Φ2) ≤ c(Φ2)− ε by Theorem 2.

Lemma 3 implies that η(Φ2) − 1 ≤ η(Φ2 − x) ≤ η(Φ2) + 1. Now we consider the

following three cases.
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Case i. η(Φ2 − x) = η(Φ2) + 1.

Clearly, Φ2 is a pendant subgraph of Φ with root x. By Lemma 7 (i), we have

η(Φ) = η(Φ2) + η(Φ− Φ2)

= η(Φ2) + η(Φ1 − x)

≤ η(Φ2)− ε+ (η(Φ1) + 1)

≤ c(Φ2)− ε+ (c(Φ1)− p) + 1 = c(Φ)− p+ 1− ε.

If Φ2 does not contain E-Type cycles, then η(Φ2) ≤ c(Φ2)− 1 and η(Φ) ≤ c(Φ)− p.
Case ii. η(Φ2 − x) = η(Φ2).

Clearly, Φ1 is a pendant subgraph of Φ with root x. If η(Φ1 − x) = η(Φ1) + 1, then

by Lemma 7 (i), we have

η(Φ) = η(Φ1) + η(Φ− Φ1)

= η(Φ1) + η(Φ2 − x)

= η(Φ1) + (η(Φ2))

≤ (c(Φ1)− p) + c(Φ2)− ε = c(Φ)− p− ε.

If η(Φ1 − x) ≤ η(Φ1), then Lemma 3 implies that

η(Φ) ≤ η(Φ− x) + 1

= η(Φ1 − x) + η(Φ2 − x) + 1

≤ η(Φ1) + η(Φ2) + 1

≤ (c(Φ1)− p) + (c(Φ2))− ε+ 1 = c(Φ)− p+ 1− ε.

If Φ2 does not contain E-Type cycles, then η(Φ2) ≤ c(Φ2)− 1 and η(Φ) ≤ c(Φ)− p.
Case iii. η(Φ2 − x) = η(Φ2)− 1.

Since Φ2 is a pendant subgraph of Φ with root x, by Lemma 7 (ii), we have

η(Φ) = η(Φ1) + η(Φ2)− 1

≤ (c(Φ1)− p) + c(Φ2)− ε− 1 = c(Φ)− p− 1− ε < c(Φ)− p.

Lemma 13. Let Φ be a complex unit gain graph obtained from two cycle-spliced complex
unit gain graphs Φ1 and Φ2 by identifying the unique common vertex x. Suppose that η(Φ) =
c(Φ)− p, p ≥ 0.
(i) If η(Φ1) = c(Φ1) + 1 then η(Φ2) = c(Φ2)− p;
(ii) If η(Φj) ≤ c(Φj)−p for j = 1, 2, then η(Φj) = c(Φj)−p for j = 1, 2 if neither Φ1 nor Φ2

contain E-Type cycles. If only Φ1 contains E-Type cycles (not Φ2), then η(Φ2) = c(Φ2)−p−ε2

and η(Φ1) = c(Φ1)− p.
If both Φ1 and Φ2 contain E-Type cycles, then η(Φi) = c(Φi) − p − εi, for i = 1, 2 and
εi = 0, 1.
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Proof. (i) Since η(Φ1) = c(Φ) + 1, by Lemma 11 we have, η(Φ1 − x) = η(Φ1) − 1.

Moreover, Lemma 7 (ii) implies that η(Φ) = η(Φ1) + η(Φ2) − 1. It follows that

η(Φ2) = η(Φ)− η(Φ1) + 1 = c(Φ)− p− η(Φ1) + 1 = (c(Φ1) + c(Φ2)− p)− η(Φ1) + 1 =

(c(Φ1)− η(Φ1) + 1) + c(Φ2)− p = 0 + c(Φ2)− p.
(ii) If Φ2 does not contain E-Type cycles and η(Φ1) ≤ c(Φ1)− p− 1, then by Lemma

12 it would be η(Φ) ≤ c(Φ)−p−1 which is a contradiction. Hence η(Φ1) = c(Φ1)−p.
If Φ1 does not contain E-Type cycles too, then η(Φ2) = c(Φ2) − p too. We deduce

that η(Φj) = c(Φj)− p for j = 1, 2 if Φ does not contain E-Type cycles. For p = 0, it

is not possible that neither Φ1 nor Φ2 contain E-Type cycles by Theorem 2.

If Φ2 contains at least one E-Type cycle and η(Φ1) ≤ c(Φ1)−p−2, then by Lemma 12

it would be η(Φ) ≤ c(Φ)−p−1, which is a contradiction. Hence η(Φ1) = c(Φ1)−p−1

or η(Φ1) = c(Φ1)− p. Analogous considerations hold in case Φ1 contains at least one

E-Type cycle.

The case p = 0 in the previous result implies that Φ has at least one E-Type cycle by

Theorem 2. If η(Φ1) = c(Φ1) + 1, then η(Φ2) = c(Φ2), hence all cycles in Φ1 are of

A-Type and there exists at least one E-Type cycle in Φ2. In case η(Φi) ≤ c(Φi) for

i = 1, 2, if only Φ1 contains E-Type cycles, then η(Φ2) = c(Φ)−1 and η(Φ1) = c(Φ1);

if Φ1 and Φ2 both contain E-Type cycles, then η(Φi) = c(Φi)− εi for εi equal to 0 or

1 and i =, 0, 1.

The following result ([22], Theorem 2.4) has been proved for signed graphs, but its

proof can be adapted to the T-gain case. Here it is formulated in terms of nullity of

T-gain graphs, instead of rank, as in the original version for signed graphs.

Proposition 2. Let x be a cut-vertex of a connected complex unit gain graph Φ and Φ′ a
disjoint union of some connected components of Φ− x. The following statements hold true.
(i) If η(Φ′ + x) = η(Φ′)− 2, then η(Φ′) + η(Φ− Φ′)− 2 ≤ η(Φ) ≤ η(Φ′) + η(Φ− Φ′).
(ii) If η(Φ′ + x) = η(Φ′), then η(Φ′) + η(Φ− Φ′)− 1 ≤ η(Φ) ≤ η(Φ′) + η(Φ− Φ′) + 1.

Proposition 3. [3] Let Φ be a complex unit gain graph obtained from two complex unit
gain graphs Φ1 and Φ2 by identifying the unique common vertex x. Then the characteris-
tic polynomial PΦ(λ) = |λI − A(Φ)| is given by PΦ1(λ)PΦ2−x(λ) + PΦ1−x(λ)PΦ2(λ) − λ ·
PΦ1−x(λ)PΦ2−x(λ).

Corollary 1. Let Φ = Φ1

∨
x Φ2. If η(Φi − x) = η(Φi) for i = 1, 2, then η(Φ) ≥

η(Φ1) + η(Φ2).

Proof. Let mi = η(Φi) = η(Φi − x). Then PΦi
(λ) = λmi · qi(λ) and PΦi−x(λ) =

λmi · q′i(λ) where the polynomials qi(λ) and q′i(λ) are not divisible by λ. Ac-

cording to Proposition 3, PΦ(λ) = λm1q1(λ)λm2q′2(λ) + λm1q′1(λ)λm2q2(λ) − λ ·
λm1λm2q′1(λ)q′2(λ) = λm1+m2(q1(λ)q′2(λ) + q′1(λ)q2(λ) − λq′1(λ)q′2(λ)). This proves

that η(Φ) ≥ η(Φ1) + η(Φ2).
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Theorem 3. Let Φ be a complex unit gain graph obtained from two complex unit
gain cycle-spliced graphs Φ1 and Φ2 by identifying the unique common vertex x. Then
η(Φ) = c(Φ) if and only if one of the following conditions is satisfied:
(i) There is one of Φi (i = 1, 2), say Φ1 , such that η(Φ1) = c(Φ1) + 1 and η(Φ2) = c(Φ2);
(ii) η(Φi) = c(Φi) for i = 1, 2, η(Φ1 − x) = η(Φ1) + ε, η(Φ2 − x) = η(Φ2) (hence
η(Φ− x) = c(Φ) + ε);
(iii) η(Φ1) = c(Φ1) = η(Φ1 − x) − ε, η(Φ2) = c(Φ2) − 1 = η(Φ2 − x) − ε (hence
η(Φ− x) = c(Φ) + 2ε− 1) and η(Φ− x) = η(Φ)− 1 when ε = 0.

Proof. Only if part. If η(Φ1) = c(Φ1) + 1, then Lemma 13 (i) for p = 0 implies that

η(Φ2) = c(Φ2), so (i) holds. If η(Φi) ≤ c(Φi) for i = 1, 2, then by Lemma 13 (ii), we

have η(Φi) = c(Φi)− εi for i = 1, 2.

Case εi = 0 for i = 1, 2. Let η(Φi) = c(Φi) for i = 1, 2. Lemma 3 implies that

η(Φi)− 1 ≤ η(Φi − x) ≤ η(Φi) + 1. Now we consider the following three cases.

Case 1. η(Φ1 − x) = η(Φ1) + 1.

Φ1 is a pendant subgraph of Φ with root x. By Lemma 7 (i), we have η(Φ) =

η(Φ1) + η(Φ2 − x). If η(Φ2 − x) = η(Φ1) − 1, then η(Φ) = η(Φ1) + η(Φ2 − x) =

c(Φ1) + c(Φ2)− 1 = c(Φ)− 1, which is a contradiction. Then η(Φ2 − x) = η(Φ2) + ε

(ε = 0 or 1). But η(Φ−x) = η(Φ1−x)+η(Φ2−x) = c(Φ1)+1+c(Φ2)+ε = c(Φ)+1+ε,

which holds if ε = 0. Then η(Φ1 − x) = η(Φ1) + 1 and η(Φ2 − x) = η(Φ2). It follows

that η(Φ− x) = c(Φ) + 1.

Case 2. η(Φ1 − x) = η(Φ1).

Again Φ2 is also a pendant subgraph of Φ with root x. If η(Φ2−x) = η(Φ2)−1, then

by Lemma 7 (i), we have η(Φ) = η(Φ2) + η(Φ1)− 1 = c(Φ2) + c(Φ1)− 1 = c(Φ)− 1,

which is a contradiction. Then we have η(Φ2 − x) = η(Φ2) + ε. Moreover, note

that η(Φ − x) = η(Φ1 − x) + η(Φ2 − x) = η(Φ1) + η(Φ2) + ε = c(Φ) + ε. Hence

η(Φ1 − x) = η(Φ1), η(Φ2 − x) = η(Φ2) + ε and η(Φ− x) = c(Φ) + ε.

Case 3. η(Φ1 − x) = η(Φ1)− 1.

Φ1 is a pendant subgraph of Φ with root x. Then Lemma 7 (ii) implies that η(Φ) =

η(Φ1) + η(Φ2)− 1 = c(Φ1) + c(Φ2)− 1 = c(Φ)− 1, which is a contradiction.

Then (ii) holds.

Case ε1 = 0 and ε2 = 1 . Let η(Φ1) = c(Φ1) and η(Φ2) = c(Φ2)−1. Lemma 3 implies

that η(Φi)− 1 ≤ η(Φi − x) ≤ η(Φi) + 1. Now we consider the following three cases.

Case 1. η(Φ1 − x) = η(Φ1) + 1.

Φ1 is a pendant subgraph of Φ with root x. By Lemma 7 (i), we have η(Φ) =

η(Φ1) + η(Φ2 − x) = c(Φ1) + η(Φ2 − x). If η(Φ2 − x) = η(Φ2) + 1, then η(Φ − x) =

η(Φ1 − x) + η(Φ2 − x) = (η(Φ1) + 1) + (η(Φ2) + 1) = c(Φ1) + 1 + c(Φ2) = c(Φ) + 1.

If η(Φ2 − x) = η(Φ2) or η(Φ2 − x) = η(Φ2)− 1, then η(Φ) ≤ c(Φ1) + c(Φ2)− 1 which

is a contradiction.

Case 2. η(Φ1 − x) = η(Φ1).

Again Φ2 is also a pendant subgraph of Φ with root x. If η(Φ2−x) = η(Φ2)−1, then

by Lemma 7 (i), we have η(Φ) = η(Φ2)+η(Φ1)−1 = c(Φ2)−1+c(Φ1)−1 = c(Φ)−2,
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which is a contradiction. If η(Φ2 − x) = η(Φ2) + 1, then by Lemma 7 (i), we have

η(Φ) = η(Φ2)+η(Φ1−x) = c(Φ2)−1+c(Φ1) = c(Φ)−1, which is a contradiction. Then

we have η(Φ2−x) = η(Φ2). Moreover, note that η(Φ−x) = η(Φ1−x) + η(Φ2−x) =

η(Φ1) + η(Φ2) = c(Φ1) + c(Φ2)− 1 = c(Φ)− 1.

Case 3. η(Φ1 − x) = η(Φ1)− 1.

Φ1 is a pendant subgraph of Φ with root x. Then Lemma 7 (ii) implies that

η(Φ) = η(Φ1) + η(Φ2)− 1 = c(Φ1) + c(Φ2)− 1 = c(Φ)− 1, which is a contradiction.

Hence (iii) holds.

Case εi = 1 for i = 1, 2.

Let η(Φ1) = c(Φ1) − 1 and η(Φ2) = c(Φ2) − 1. Lemma 3 implies that η(Φi) − 1 ≤
η(Φi − x) ≤ η(Φi) + 1. Now we consider the following three cases.

Case 1. η(Φ1 − x) = η(Φ1) + 1.

Φ1 is a pendant subgraph of Φ with root x. By Lemma 7 (i), we have η(Φ) =

η(Φ1) + η(Φ2 − x) ≤ c(Φ1)− 1 + c(Φ2)− 1 + 1 = c(Φ)− 1 which is a contradiction.

Case 2. η(Φ1 − x) = η(Φ1).

Again Φ2 is also a pendant subgraph of Φ with root x. If η(Φ2−x) = η(Φ2)−1, then by

Lemma 7 (ii), we have η(Φ) = η(Φ2)+η(Φ1)−1 = c(Φ2)−1+c(Φ1)−1−1 = c(Φ)−3,

which is a contradiction. If η(Φ2 − x) = η(Φ2) + 1, then by Lemma 7 (i), we have

η(Φ) = η(Φ2)+η(Φ1−x) = c(Φ2)−1+c(Φ1)−1 = c(Φ)−2, which is a contradiction.

Then we have η(Φ2−x) = η(Φ2). Now we note that η(Φ−x) = η(Φ1−x)+η(Φ2−x) =

η(Φ1) + η(Φ2) = (c(Φ1)− 1) + (c(Φ2)− 1) = c(Φ)− 2, which is a contradiction since

c(Φ)− 1 = η(Φ)− 1 ≤ η(Φ− x) ≤ η(Φ) + 1 = c(Φ) + 1.

Case 3. η(Φ1 − x) = η(Φ1)− 1.

Φ1 is a pendant subgraph of Φ with root x. Then Lemma 7 (ii) implies that η(Φ) =

η(Φ1) + η(Φ2)− 1 = c(Φ1)− 1 + c(Φ2)− 1− 1 = c(Φ)− 3, which is a contradiction.

Hence, only conditions (i), (ii) and (iii) occur if η(Φ) = c(Φ) (η(Φ1) = c(Φ1)− 1 and

η(Φ2) = c(Φ2)− 1 never occur).

If part. (i) By Lemma 11, η(Φ1 − x) = η(Φ1)− 1 since η(Φ1) = c(Φ1) + 1. Applying

Lemma 7 (ii), we have η(Φ) = η(Φ1) + η(Φ2)− 1 = (c(Φ1) + 1) + c(Φ2)− 1 = c(Φ).

(ii) Case ε = 0.

η(Φi) = c(Φi) = η(Φi − x), i = 1, 2, hence η(Φ− x) = c(Φ). By Proposition 2 (ii), we

get c(Φ)− 1 ≤ η(Φ) ≤ c(Φ) + 1. η(Φ) = c(Φ) + 1 is not possible because Φ contains

at least one E-Type cycle, being η(Φi) = c(Φi). So, η(Φ) = c(Φ) or η(Φ) = c(Φ)− 1.

By Corollary 1, η(Φ) ≥ η(Φ1) + η(Φ2) = c(Φ1) + c(Φ2) = c(Φ), hence η(Φ) = c(Φ).

Case ε = 1.

η(Φi) = c(Φi), i = 1, 2, η(Φ1 − x) = η(Φ1) + 1, η(Φ2 − x) = η(Φ2), hence η(Φ− x) =

c(Φ) + 1. By Lemma 7, η(Φ) = η(Φ1) + η(Φ2 − x) = c(Φ1) + c(Φ2) = c(Φ).

(iii) Case ε = 0:

η(Φ1) = c(Φ1) = η(Φ1−x), η(Φ2−x) = η(Φ2) = c(Φ2)−1, hence η(Φ−x) = c(Φ)−1.

By Proposition 2 (ii), we get c(Φ) − 2 ≤ η(Φ) ≤ c(Φ). According to Corollary 1,

η(Φ) ≥ η(Φ1) + η(Φ2) = c(Φ1) + c(Φ2) − 1 = c(Φ) − 1, hence η(Φ) = c(Φ) − 1 or
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η(Φ) = c(Φ) but, by hypothesis, η(Φ) = η(Φ− x) + 1 = (c(Φ)− 1) + 1 = c(Φ).

Case ε = 1:

η(Φ1) = c(Φ1) = η(Φ1 − x) − 1, η(Φ2 − x) = η(Φ2) + 1 = c(Φ2), hence η(Φ − x) =

c(Φ) + 1. By Lemma 7 (i), η(Φ) = η(Φ1) + η(Φ2 − x) = c(Φ1) + c(Φ2) = c(Φ).

If c(Φi) = 1 for i = 1, 2, then η(Φ) = η(Φ1

∨
x Φ2) = 2 = c(Φ) iff Φ1 is an A-Type

cycle and Φ2 is an E-Type cycle. For, η(Φi) = c(Φi) − εi = η(Φi − x) holds only if

ε = 1 and this occurs if Φi is a C- or D-Type cycle. In this case, η(Φ) 6= 2 = c(Φ).

If c(Φ1) = 1 and c(Φ2) = 2 and one of the conditions (ii), (iii) and (iv) holds, then

Φ1 is a C- or D-Type cycle and Φ2 is as described above (an A-Type and an E-Type

cycle joined in a common vertex). One can verify that in this case η(Φ2−x) < η(Φ2).

Lemma 14. Let Φ be a complex unit gain graph obtained from two complex unit gain
cycle-spliced graphs Φ1 and Φ2 by identifying the unique common vertex x. Suppose that Φ
does not contain E-Type cycles. Then η(Φ) = c(Φ) − 1 if and only if one of the following
conditions is satisfied:
(i) There is one of Φi (i = 1, 2), say Φ1 , such that η(Φ1) = c(Φ1)+1 and η(Φ2) = c(Φ2)−1;
(ii) η(Φi) = c(Φi)− 1 and η(Φi − x) = η(Φi)− 1 for i = 1, 2;
(iii) η(Φi) = c(Φi)− 1 and η(Φi − x) = η(Φi) for i = 1, 2; moreover η(Φ) = η(Φ− x) + 1.

This result has been proved in [4] for signed graphs and it also holds for T-gain

graphs. The absence of E-Type cycles implies that there are no induced subgraphs

whose nullity equals the number of cycles, so there are fewer cases to be taken into

account. The complete characterization in the general case remains an open problem.

5. Nullity of special configurations

The results presented in the previous sections can be applied to know the nullity of

particular configurations of cycle-spliced T-gain graphs, such as bipartite, wedge of

cycles and bicyclic graphs.

5.1. Bipartite cycle-spliced complex unit gain graphs Φ with η(Φ) = c(Φ)−
1

We focus on bipartite cycle-spliced complex unit gain graphs. All cycles in these

graphs are of A-Type or of B-Type.

Lemma 15. Let Φ be a cycle-spliced bipartite complex unit gain graph with c(Φ) cycles.
If η(Φ) = c(Φ)− 1, then η(Φ− v) 6= η(Φ) for any v ∈ V (Φ).

The corresponding result for signed graphs has been proved in [4]. With a similar

technique, one can prove the analogous result for T-gain graphs.
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Lemma 16. Let Φ be a cycle-spliced bipartite complex unit gain graph with c(Φ) ≥ 2 and
all the pendant cycles of Φ are B-Type. If η(Φ) = c(Φ)− 1, then
(i) η(Φ− y) = η(Φ) + 1 for any cut vertex y of Φ.
(ii) dΦ(y, x) is even for any two cut vertices y and x in Φ.
(iii) η(Φ− y) = η(Φ) + 1 for y ∈ V (Φ) such that the distance between y and any cut vertex
is even.
(iv) η(Φ− y) = η(Φ)− 1 for y ∈ V (Φ) such that the distance between y and any cut vertex
of Φ is odd.

Lemma 17. Let Φ be a cycle-spliced bipartite complex unit gain graph in which every
non-pendant cycle has exactly two cut-vertices as shown in Figure 1. If exactly one pendant
cycle is of B-Type and all the other cycles in Φ are of A-Type, and the distance between any
two cut vertices of Φ is even then
(i) η(Φ) = c(Φ)− 1.
(ii) η(Φ− x) = η(Φ) + 1 for any cut vertex x of Φ.
(iii) η(Φ− y) = η(Φ) + 1 for y ∈ V (Φ) such that the distance between y and any cut vertex
of Φ is even.
(iv) η(Φ− y) = η(Φ)− 1 for y ∈ V (Φ) such that the distance between y and any cut vertex
of Φ is odd.

Figure 1. A cycle-spliced bipartite complex unit gain graph Φ in which every non-pendant cycle has
exactly two cut vertices.

The following two results give a structural characterization of T-gain cycle-spliced bi-

partite graphs Φ satisfying η(Φ) = c(Φ)−1. We give a reference for the corresponding

results in the signed case. The proof techniques equally apply to the gain case.

Theorem 4. [4] Let Φ be a complex unit cycle-spliced bipartite gain graph with c(Φ) ≥ 2
and all pendant cycles are of B-Type. Then η(Φ) = c(Φ) − 1 if and only if the distance
between any two cut vertices of Φ is even.

Theorem 5. [4] For any complex unit cycle-spliced bipartite gain graph Φ with c(Φ)
cycles, η(Φ) = c(Φ)−1 if and only if Φ is obtained from a complex unit cycle-spliced bipartite
gain graph Φ′ with η(Φ′) = c(Φ′) − 1 in which every pendant cycle (if any) is of B-Type by
attaching c(Φ)− c(Φ′) cycles of A-Type on arbitrary vertex of Φ′.

5.2. Wedge of cycles

For any natural number t ≥ 2, let Φ1, . . . ,Φt be complex unit gain rooted graphs with

root vi, respectively. We denote by
∨t
i=1Φi or

∨
vΦi the wedge of the Φi’s, that is, the
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graph obtained by identifying their roots at a unique vertex v. If the rooted graphs

are T-gain cycles, then their wedge is equivalent to a cycle-spliced T-gain graph with

exactly one cut-vertex v.

The following proposition is about the nullity of a wedge of T-gain cycles of any Type.

See Figure 2.

Figure 2. A wedge Φ of m cycles of A- or B-Type, h cycles of C- or D-Type, p cycles of E-Type, all
having a common vertex v.

Proposition 4. Let Φ be a T-gain graph with c(Φ) ≥ 2 cycles, obtained from the wedge
of m cycles Cj of even length, j = 1, . . . ,m, p cycles of E-Type, p ≥ 0, and h ≥ 0 cycles of
C-or D-Type, all having a common vertex v. Then
(i) η(Φ) = m+ 1 if all cycles in Φ are of A-Type or of E-Type.
(ii) η(Φ) = m− 1 if at least one of the cycles Cj is of B-Type.
(iii) η(Φ) ∈ {0, 1} if its cycles are of C-, D- or E-Type.
(iv) η(Φ) = η(W0) + mA if h ≥ 1, W0 is the wedge at the vertex v of all the h cycles of C-
or D-Type, mA is the number of A-Type cycles and there is no B-Type cycle in Φ.

Proof. According to Lemma 8 (iii), E-Type cycles do not give any contribution to

η(Φ) and a wedge Φ of p cycles, all of E-Type, is 1. (i) This comes from Theorem 1

(ii) and (iii) of Lemma 8. If p = 0, then η(Φ) = m+ 1 = c(Φ) + 1 and this is the only

case of wedge Φ whose nullity equals c(Φ) + 1.

(ii) By Lemma 8 (iii), η(Φ) = η(Φ′), where Φ′ is the subgraph made by the m even

cycles C1, . . . , Cm and the C- or D-Type cycles C ′l , l = 1, . . . , h. Assume that a cycle,

say C1, is of B-Type and let v be the unique cut vertex of Φ′. By Lemma 8 (ii),

η(Φ′) = η(Φ′ − C1) = η(∪mj=2(Cj − v)) + η(∪hl=1(C ′l − v)) = m− 1.

(iii) It follows from Lemma 3 and Lemma 6.

(iv) This follows from Lemma 8 (i).

5.3. Bicyclic cycle-spliced T-gain graphs

In this section we compute the nullity of a cycle-spliced T-gain graph Φ whose cyclo-

matic number is 2. Then Φ = C
∨
v C
′, and C and C ′ are T-gain cycles with a vertex

v in common.
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Let Φ be a complex unit gain graph. The characteristic polynomial of Φ is

PΦ(λ) = |λI −A(Φ)| = λn + a1(Φ)λn−1 + · · ·+ an−1(Φ)λ+ an(Φ).

From [18] we get the following two useful results on PΦ(λ):

ai(Φ) =
∑
H∈Hi

(−1)p(H)2c(H)
∏

C∈C(H)

R(C), i = 1, . . . , n

where H is a T-gain subgraph of Φ, spanned over i vertices, whose components are

edges or cycles (of length at least 3), p(H) is the number of components of H, c(H)

is the number of cycles in H, R(C) is the real part of the gain ϕ(C) of the cycle C

and Hi is the set of all subgraphs as H of order i.

In particular,

detA(Φ) =
∑
H∈Hn

(−1)n−p(H)2c(H)
∏

C∈C(H)

R(C).

If n is even, then an in |λI−A(Φ)| is equal to |A(Φ)|; if n is odd, then an in |λI−A(Φ)|
is equal to −|A(Φ)|.
According to Proposition 4, we deduce that

η(Φ) = 3 if and only if C and C ′ are both of A-Type;

η(Φ) = 2 if and only if C is of of A-Type and C ′ is of E-Type;

η(Φ) = 1 if C is of of A-Type and C ′ is of B-, C- or D-Type, or C and C ′ are both of

B-Type.

As a consequence of Lemma 8, we obtain the following information:

η(Φ) = 0 if C is of of B-Type and C ′ is of C-, D- or E-Type, or C is of E-Type and

C ′ is of C- or D-Type;

η(Φ) = 1 if C and C ′ are both of E-Type.

The remaining cases (a) both C and C ′ are of C-Type, (b) both C and C ′ are of D-

Type, (c) C is of C-Type and C ′ is of D-Type need to be investigated. According to

Lemma 10 (or Lemma 12), the nullity of Φ in these cases is 0 or 1. It can be precisely

established by looking at the determinant of A(Φ) or, equivalently, the coefficient

an(Φ) of the characteristic polynomial PΦ(λ). A cycle C is of C-Type if its length is

1 mod 4 and the real part R(C) = R(ϕ(C)) of its gain ϕ(C) is positive (we denote

by C1
+ such a cycle), or if its length is 3 mod 4 and the real part R(C) of its gain is

negative (we denote by C3
− such a cycle).

A cycle C is of D-Type if its length is 3 mod 4 and the real part R(C) of its gain is

positive (we denote by C3
+ such a cycle), or if its length is 1 mod 4 and the real part

R(C) of its gain is negative (we denote by C1
− such a cycle).

Proposition 5. Let Φ = C
∨

v C
′, where C and C′ are of C- or D-Type. Then η(Φ) = 1

if and only if C and C′ are of different Types (one is of C-Type and the other is of D-Type)
and one of the following conditions holds:
(i) R(C) = R(C′) when C = C1

+ and C′ = C3
+, or C = C3

− and C′ = C1
−;

(ii) R(C) = −R(C′) when C = C1
+ and C′ = C1

−, or C = C3
− and C′ = C3

+.
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Proof. The coefficient an(Φ) =
∑
H∈Hn

(−1)p(H)2c(H)
∏
C∈C(H)R(C) consists of 2

terms coming from 2 subgraphs: H made by the cycle C together with the disjoint

edges (K2 components) of C ′ − v, and H ′ made by the cycle C ′ together with the

disjoint edges (K2 components) of C − v. Let us denote by 4h + 1 and 4h + 3 the

length of C depending on whether C is a C1 or a C3 cycle. Similarly, let 4k + 1 and

4k + 3 be the length of C ′ depending on whether C ′ is a C1 or a C3 cycle. Then

p(H ′) = 1 + 2h (p(H) = 1 + 2k) if we take the K2 components in a C1 cycle, and

p(H ′) = 2 + 2h (p(H) = 2 + 2k) if we take the K2 components in a C3 cycle. Then

an(Φ) = 2((−1)p(H)R(C) + (−1)p(H
′)R(C ′)).

The coefficient an(Φ) will be positive, negative or zero according to the parity of p(H)

and p(H ′) and the sign of R(C) and R(C ′). Our result follows by analyzing all the

possibilities for C and C ′.

In [6] the authors computed the nullity of all possible cycle-spliced signed graphs

with three cycles. This study required a distinction among many different cases,

depending on the sign of the cycles and the arrangement of the cycles in the graph. If

this was the case for a graph with only three cycles, we can imagine what the result

would be for a graph with a number of cycles greater than 3 and the gain of cycles

varying in T. Therefore the idea is to continue investigating particular configurations

with conditions on the gain of cycles.
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