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Abstract

The aim of this paper is to study the impact of the variability of inertia of interconnected
electrical systems on transient stability. In the first part of the paper, after formulating
the transient stability problem as a boundary value problem, we demonstrate how to
evaluate the transient stability margin, considering the impact of the randomness of inertia,
with reference to a single area connected to an infinite power grid. In the second part of
the paper, we determine the distributional properties of the transient stability margin for
two interconnected areas, considering the correlation of the area’s inertias, described as
random variables. To demonstrate the robustness of the procedure, two case studies are
analyzed. In the first case, the random variables are described as correlated lognormal
random variables, while in the second they are considered as correlated gamma random
variables. The numerical analyses reported in the final part of the paper show an almost
linear dependence of transient stability margin from inertia while correlation coefficient
affects mainly the transient stability random variable’s dispersion rather than its magnitude.
Some useful considerations are performed regarding the applicability and validity of the
linearized probabilistic method instead of the Monte Carlo method. The Monte Carlo
method allows considering the non-linearity of the model, which is more pronounced in
the tails. This could affect, in some critical cases, the priority of access to production in
the logic of the free market. In such a case, greater accuracy allows for a more transparent
mechanism of access to production.

Keywords: estimation; inertia; interconnected power systems; transient stability margins

1. Introduction

The progressive reduction in rotational inertia in the power grids, resulting from the
increasing inverter-based generation, represents a significant challenge to power system
security, as already expected by European Network of Transmission System Operators
for Electricity (ENTSO-E) [1], which proposed several measures to mitigate the problem
in [2]. The inertia reduction is the subject of extensive discussion in contemporary research:
ref. [3] discusses various methodologies to maintain power system stability increasing
inertia, ref. [4] provides some tools for analysis of low-inertia power systems security,
ref. [5] analyses the stability support provided by utilizing the fast response capability of
converter to provide virtual inertia and ref. [6] shows the inertia level dependence from
location in the power system.
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Since the electrical power system is a complex electromechanical system, inertia is a
central variable for the analysis of stability and frequency regulation [7]. The core of the
modeling is the d’Alembert equation whose essential parameter is inertia. The massive and
widespread penetration of modern electricity production systems replacing conventional
rotational generation systems (energy transition) has led to a high variability of the inertia
parameter [8], at an area level and also at a global level, requiring its measure and estimation
at low [9], medium and high voltage power grid, and estimation of its effects on power
system transient stability [10]. The decrease in the inertia of power systems after the grid
integration of a high proportion of renewable energy sources connected to the power
grid through power electronic inverters introduces faster dynamics than conventional
controllers [11]. This could cause outage accidents such as those which occurred in Britain
and Texas, as described in [8].

A critical aspect of both the planning and operation of electrical power systems is cer-
tainly that of the evaluation of transient stability margins (TSMs) [12]. Inertia plays a funda-
mental role in the variation in the rotor motions of machines [13] and their parameters [14],
and it is important to identify the variation characteristics of the maximum transmissible
power as a function of the inertia variation interval. It is appropriate to say that inertia is
a random quantity and, therefore, the most rigorous way to deal with this problem is to
resort to appropriate probabilistic methodologies.

In a previous work [11], some of the authors described the inertia of the system in a
probabilistic way by introducing the so-called “Renewable Energy Source Share” (RESS)
which is a function of both the renewable energy and conventional energy amount. In [11],
based on real data, these quantities were described through statistically independent
lognormal random variables.

Borrowing this type of approach, like in [15], in this work first, with reference to
an area connected to the rest of the network via a double three-phase line, the transient
stability margin is described in a probabilistic way in the face of a single-phase short-circuit
to earth with successful reclosing of the line affected by the fault; secondly, unlike [15], in
order to exam a more general scenario, such as that with renewable distributed energy
resources (DERs), the same approach is opportunely applied to two-area of the power
system connected to each other, and TSM has been evaluated considering the interaction
between two different areas characterized by their own inertia for different fault types.
Moreover, in this investigation, an inertia correlation between two areas is considered
according to appropriate assumptions related to two cases: the inertia is assumed as
multivariate lognormal or multivariate gamma random variables are chosen because the
parameters of the gamma distribution allow great flexibility in adapting to a wide variety
of histograms related to real data. The authors proposed an optimization procedure to
generate the multivariate gamma distribution. The inertial contribution of each area is used
to evaluate the equivalent total inertia of the system. Other papers analyzing transient
stability of a power system with a two-area model, such as in [16], without considering
its dependence on inertia of areas and its probabilistic values. In [17] the same model is
used for evaluation of the so-called “probability of transient stability” obtained assuming a
normal distribution of rotor angle displacement due to the cumulative effect of the generic
random disturbance.

The stability problem, modeled as a boundary value problem, allows us to find the
value of the maximum transmittable power for each given value of inertia applying the
equal area criterion (EAC) [18]. With a classic Monte Carlo procedure, it is possible to
evaluate the approximation of the probability density function (PDF) of the stability margin.
This type of approach is certainly very useful in the planning phase and for understanding
the extent of the impact of inertia on the stability margin.
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Other fast estimation methods of TSM are presented in the literature as in [19],
in which the TSM is evaluated in power system with uncertainty due to high-level
penetration of wind generation using a single machine infinite bus (SMIB) model and
unscented transformation.

In Section 2 of this paper the theoretical development for TSM evaluation is described
for a SMIB and the model is extended for a power system constituted of two areas, while,
in Section 3, the probabilistic methodology for TSM evaluation and the original sensitivity
analysis of TSM dependence on inertia for the two-area model are reported. Section 4 fo-
cuses on the linear dependence of TSM on inertia, while Section 5 shows some probabilistic
analyses regarding TSM evaluation in two-area model for specific case studies considering
the innovative analysis of its dependence on a correlation between inertia variables of two
areas of the power system.

2. Stability Margins Evaluation as a Boundary Value Problem

In this paper, the problem of determining transient stability is solved by formulating
an appropriate boundary value problem. Following the contingency, the electrical system
appears as a sequence of dynamic systems different in terms of configuration. The transient
stability margin is defined as the maximum power that can be delivered by the prime
mover such that, given the fault clearance time At and the reclosing time At,, stability
is regained. This value can therefore be determined by requiring the dynamic system to
reach the post-fault unstable equilibrium point at the end of the trajectory. As will be seen
below, this unknown is determined based on the application of the area criterion, which is
essentially an energy criterion based on an integral formulation. To use the criterion as a
nonlinear algebraic equation with a single unknown, the entire trajectory of the dynamic
system is expressed as a function of the initial condition using the explicit Euler method.
Obviously, the electrical quantities are also expressed as a function of the single unknown,
with the reactive power delivered being the parameter.

2.1. Formulation of the Problem for One Machine Connected to Infinite Bus

In this section we intend to show the method used to evaluate TSM. To this end,
without loss of generality, explicit reference will be made to an area of the electrical system
connected via passive double three-phase line to a network bus assumed to have infinite
short-circuit power (infinite power bus Pcc = o0): Figure 1. Without loss of generality, the

voltage magnitude (e) of this bus is supposed to be equal to 1 p.u.

Infinite bus

e=1 p.u.

Pee = @

Figure 1. Electrical system connected via passive double three-phase line to a node assumed to have
infinite short-circuit power (infinite power bus).
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The area of the electrical power system modelled is a multi-generators power system
region with conventional and renewable generators. The conventional synchronous gener-
ators are characterized by high mechanical inertia, while the renewable power generation
is a stochastic process and could be not able to support power system during frequency
excursions. The randomness of the value of power generated by renewable sources leads,
as already mentioned, to the consequent randomness of the equivalent area inertia.

For this investigation the area is modelled as a single equivalent generator delivering
power through a transformer with its reactance x4, (SMIB or OMIB—one machine infinite
bus—model). The equivalent generator is assumed to have a constant electromotive force
and its own direct and inverse transient reactances x/; and x; (the last assumed equal to
subtransient reactance x;). Each single-circuit three-phase line of length [ is characterized
by its direct and zero reactance (x; and xjg, respectively).

The variability of electric power is described, as made in the relevant technical litera-
ture, by a sinusoidal law as a function of the rotor position, with a maximum amplitude
dependent on a suitable equivalent reactance which in turn depends on the various phases
of the transient, that is, whether it occurs during the fault, the elimination of the fault, and

the subsequent reclosing:
/

eie
max = — 1)
Pe,max Xeq
where ¢; is the transient electromotive force of the equivalent generator and x.; is the

equivalent reactance of the switching system according to

Xtot, t=0
Xiotfy 0<t <At
xeq — tOtf < — cl (2)
Xtotr, Aty <t < Aty + Aty
Xtot, t> Atcl + Aty

where Xyof, X0t f and Xyt are the values assuming by x,, in steady-state condition, during
the fault and reclosing time.

It is a matter of evaluating the equivalent impedance in the positive sequence, which
is responsible for the active power transfer mechanism, that changes because of the fault
and subsequent elimination and reclosing.

For sake of illustrations, in the following the single-phase short-circuit to earth is
examined. The equivalent reactance of system in steady-state condition (pre-fault steady
state) xyo¢ is

Xtot = Xtran + x/d + % 3)

At time t = 0, from the pre-fault stable equilibrium state, the power transfer mechanism
is affected by a random single-phase short-circuit to earth which occurred at a random
distance [; from transformer busbar on one single-circuit of a double three-phase line.

It is useful to define the following reactances corresponding to the two sections of the
transmission line:

I I
xpn = xl%, Xp = X (1 - ll) 4)

I l
Xj01 = Xzo%f X102 = X0 (1 - ;) 5)

for direct and zero sequence respectively.
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During the fault time interval, the equivalent reactance of system, as far as the active
power is concerned, becomes

/ X X
(54+ 3+ $)

xtotf = Xtot + XnXp2 (6)
2x1 + Xg
where the equivalent fault reactance x, is
Xg = Xj+ Xp )
with . -
v = i F (xg + Xtran + ) ®)
l 2x; x; + Xtran + %
and
0ty + 251)
Xo = X101X102 4 2 \Hran " 75 9)
- X,
2x19 Xtran + %

The faulted single-circuit of double three-phase line supposed to be cleared by its
circuit breaker at t = At,;: the system delivers power through the unfaulted line. Therefore,
the equivalent reactance is

Xtotr = Xtran + x,/1 +x; (10)

Successively the circuit breaker implements the fast reclosing at time t = At + At,
which is supposed to be successful. Then the equivalent reactance of system will be equal
to equivalent reactance of system in steady-state condition x;;.

Power system stability can be compromised by various types of faults. The proposed
TSM assessment methodology can be applied to each of these by making appropriate
modifications to the system reactance formulation. Therefore, to test the robustness of the
methodology, three-phase, two-phase, and two-phase-to-ground faults were also consid-
ered. In Table 1 the expressions of the different reactances are reported for the various
fault typologies.

Table 1. Reactances expression for the various fault typologies.

Earth Fault Type Xtotr Xtotf Xg
Single-phase X + X
Two-phase Y 1 T2 S
+Xtran+ 5 ) 5~ Xi+x
Xtotr = Xtran + xii + X Xtot + ( s x11r’l:1nz ° ) : —
Two-phase ground 2 TR x;
Three-phase 0

The stability margin is defined as the maximum value of the power p;; such that, in
the event of a given fault and for given values of the fault clearing time At;; and reclosing
time At;, the condition of stability is still maintained. This value corresponds to the equality
of the accelerating and decelerating areas at the unstable equilibrium point, by applying
the well-known equal area criterion to the electromechanical transient dynamic model of
the generator. This model, by neglecting the damping torque can be expressed as

dAw __ wy

40 — Aw = w — wo
“ w (11)
dat = Ta(pm - pé’) = Tg(pm - Pe,mux5€n5) = ﬁ(Pm — ESETI(S)

where
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/(Sj(Atcl)

e  Jis the angular position of the synchronous machine rotor relative to a synchronously
rotating reference frame;

e w and wy are actual and rated values, respectively, of angular speed of equivalent
machine expressed in [rad/s];

e T, is the mechanical starting time of the equivalent generator [s];

e  pm and p, are the mechanical and active electric power, respectively, [p.u.].

The electromotive force e}, see Equation (13), can be expressed as a function g1 (po) of
active power delivered to the network at steady by infinite bus (the subscript 0 is related to

steady state):
eje
Po = Pmo = —sen&o (12)
Xeq
. 1 — jtan
df = [e 4 g PP S20) e] 2| = gi(po) (13)

where cos ¢ is the power factor, which can be handled as a parameter.
The steady state angle dy can be expressed as function > (po):

= arcsen

PXeq PXeq
eje g1(po)e

o = = g2(po) (14)

The dynamics of the electromechanical system correspond to a switching system,
that is, to a second-order dynamic system with time-variable parameters. However, the
initial and final conditions of the system must correspond to equilibrium conditions. The
initial condition is characterized by Aw(0) = 0 and §(0) = Jy, for the end one Aw = 0
and 0 = 7t — dp. Therefore, the stability margin is calculated by formalizing the problem
in terms of a somewhat atypical boundary problem. The search for the unknown pg can
be carried out in a simple and direct way through the application of the explicit Euler
method, since the trajectory can be expressed as a function of the initial point. Specifically,
during the fault phase, the fault clearing time At is assigned, and corresponding to this,
the functional expression of the power angle as a function of the initial one is determined
using the explicit Euler method. In a completely similar way, the angular position before
the waiting pause for reclosing is calculated, which is assumed to be known. The angular
position is, therefore, still expressed as a function of the initial rotor angle.

Just for sake of clarity, it is useful to demonstrate that at the first step / of the numerical
integration (corresponding to fault occurrence) the state variables can be expressed as

function f},l(po) and f},z(PO):

Aw(h) = Aw(0) + 95¢ (0)h = %(po— o semFo)h f£1(po)

(15)
8(h) = 8o + Aw(0)h = 6o = f},(po) = &, (po)

where the subscript f refers to fault condition.

By applying this algorithm in recursive way;, it is easy to argue that the whole trajectory
can be expressed as function of the only variable py.

The maximum flow of power py is determined by a single proper nonlinear equation
obtained by imposing the equal area criterion in Equation (16) and graphically shown in
Figure 2:

/

(Dt +Dt)
¢ sens |ds + / N (po — ee sen5> dsé + / <po — etesené) ds=0 (16)
Xtotr O(Aty+Aty) Xtot
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i=1

(-

: P e fault
P |cw] \/ pre-fault
l
P |
- breaker opened
o4
/ L 1 . \
0 (idif (5{ T— 50 4 [rad]

Figure 2. Equal area criterion for a synchronous generator connected to an infinite bus; in the figure
Op = 0(Aty) and &6y = 0(Atyg + Aty).

In Equation (16), it is not necessary, however, to integrate the last trajectory after
reclosing since the final condition is set equal to the unstable equilibrium point 7t — g
with zero velocity. In addition, thanks to the integral formulation of the area criterion, it is
enough to know the initial position, determined by Euler’s method as the final condition
of the second trajectory, and the final position of this third segment of the trajectory,
corresponding to the unstable equilibrium point.

The three integrals in Equation (16) can be expressed as function of the only unknown
po by keeping in mind the recursive form of the differential model:

/
ee

totr i=1 Xrotpf

. N, ele . Ny / ‘
f},z(PO)))h + ; (Po — xt sen(frl,z(Po)))h + 2 <PO - Sen(f;f,z(Po))>h =0 (17)

This nonlinear equation in the unknown pg can be efficiently solved by a numerical
method.

Applying the Monte Carlo methodology, the TSM of power system under investigation
is evaluated.

2.2. Formulation for Two Areas

In the Section 2.1, the problem of determining the stability margin with reference to
the case of a single machine connected to an infinite power network was formulated. In
this paragraph, based on what has been presented, the issue of determining the transient
stability margin for two interconnected areas is addressed. It is of interest to examine how
the stability margin depends on the inertia of the two areas, which will be subsequently
described in terms of random variables.

First, it is appropriate to show how it is possible to reduce the problem of determining
transient stability to the previous case, after defining the equivalent inertia of the two areas.
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1starea

For this investigation the power system has been modelled considering two equivalent
generators each delivering power through an equivalent transformer with its reactance
Xtran1 and Xyg,p interconnected via double three-phase line: Figure 3. The two equivalent
generators are assumed to have a constant voltage value (e; = e = 1 p.u.) and their
direct transient and inverse sequence reactances x);;, X/, x;1 and x;, (the inverse transient
reactances are assumed equal to subtransient reactances x;; and x/,). As far as the double-
three line is concerned, modeling is the one already examined previously.

2th area

o

€1 = 1 p-u. ey = 1 p.u.

Line 1

@,

). A Line2 )_

Figure 3. Two electrical system areas connected via passive double three-phase line.

Also in this case, the power transmitted between the two areas can be expressed
according to a sinusoidal law depending on the rotor position, with a maximum amplitude
dependent on a suitable equivalent reactance for the different phases of the transient.

For reasons of brevity of exposition, the expressions of the equivalent reactances are
not reported, as they can be quickly obtained by borrowing what has already been done for
the case of a single machine.

From an electromechanical point of view, the two-area system can be reduced to that
of a single machine [18]. Considering the lossless system, the electromechanical dynamics
are summarized by the system of two second-order differential equations:

d2s w ene;
b il 1 (Pml — 'J}e;z sen(dy — dy)

2 /ol (18)
£ _ oy sen(s, o)

The electromechanical stability of the system depends on the difference in angu-
lar positions of the two rotors, so it is enough to subtract the second from the first of

(18), obtaining:
d*(0; = &) _ d*op _ wp ehen wo enern
_ — — by — 6 19
T, =3 T, (Pm Xeg sen (o 52)) T (sz Yer sen(d; 1)) 19)

In the pre-fault conditions the following condition is assumed to be satisfied:

Pm1 + Pmz2 =0 (20
As a result, it can be written as
d2512 ( 1 1 > < 8;18;}2 >
=wo| =— + — — ——=—%send 21
7 o\, t7,)\Pm Xeg 12 (21)
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One can then define the equivalent mechanical starting time which, borrowing the
logic of electrical circuits, can be regarded as the parallel of the mechanical starting times of

6 _ wy ( - eneh
dt Taeg \' " eq

the individual areas:

sen§12> (22)

with T, :
eq
Ta 1 Taz 1
feq To1+ Tap 77%1 + 7T12 @3)

The primary aim of the paper is to critically evaluate the stability margin depending
on the variability of the inertias of the two areas. Although, strictly speaking, the variability
of the inertias should properly be addressed in terms of a stochastic process, in this context
the issue will be tackled in terms of a static approach, specifically focusing attention on the
correlation of the inertia of the two areas.

3. Probabilistic Characterization of Transient Stability as a Function of
Areas Inertia

3.1. General Aspects of the Methodology

The interconnected electrical system is a dynamic system intrinsically characterized
by randomness. Therefore, all quantities can be regarded, strictly speaking, as stochastic
processes. It is more essential than ever to have tools that allow us to consider the impact
of random factors, even by resorting to simplifying hypotheses.

First and foremost, according to what was discussed in the Section 2.1 of the present
paper, it can be assumed that the quantities of interests are observed in each very “short
time” interval due to rapid dynamic proprieties of fault event. This event interacts with the
slower dynamic-related power system parameters such as random inertia value that, for
this reason, may be assumed to be constant in time.

The fundamental characteristics of the probabilistic approach to the assessment of
transient stability margins are first presented. This approach is necessary due to the
stochasticity of the inertia of interconnected areas. However, inertia is not the only random
variable; there can potentially be numerous. For example, it is enough to consider the fault
type and location, the fault clearing phenomenon. In this paper, for sake of clarity and
simplicity in addition to the inertias, the type of fault is considered a significant random
variable, with any additional random variables being treated in the same way through the
theorem of total probability.

Let P(pp) denote the cumulative probability function of the transient stability margin
dependent on the randomness of inertia. For simplicity, let {E1, E2, E3, E4} be the set of
fault types which constitute a set of credible and mutually exclusive contingencies.

The transient stability margin can then be calculated in the following way:

Iy

P(po) = ) P(po|Ei)P(E;) (24)
i=1

where

e P(E;) is the probability of occurrence of the fault E; over the time interval under
consideration;

e P(po|E;) is the probability of the transient stability margin, once the fault E; occurs.
The fault statistics can be estimated based on past data relative to the power system

under investigation and, therefore, P(E;) can be considered quantities that are very rea-

sonably well known. In the same way as the type of fault, the randomness of the fault

location could be treated obtaining results as those shown in Figure 4 for single-phase
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line-to-ground fault. For example, in this analysis, it was assumed that the occurrence of a
fault in any of the small portions into which the central section of the double three-phase
line connecting two areas of an electrical network was divided is equiprobable. In this case,
the results show that faults occurring near one of two areas are those that most significantly
limit TSM.

2.08 T T T

1.98 - q

1.94 1 ' ! !
0 50 100 150 200 250

Fault location [km]

Figure 4. Stability margin curves as a function of fault location.

So, what constitutes the core of the issue addressed by the paper is the evaluation
of P(po|E;). In the literature, there exists a plurality of probabilistic methodologies. The
paper focuses attention on the classic linearized probabilistic method and on the Monte
Carlo method. The aim of the paper, in fact, is not to find the best method but rather to
provide useful tools both in the planning phase and in the operation of the electrical system,
intended to support decisions in a flexible and rational way.

Based on a preliminary sensitivity analysis reported in Section 3.2, it will be shown that
the linearized probabilistic approach appears as a legitimate candidate to be used. However,
it could turn out to be not very accurate in the tails of the distribution and, therefore, it
could be inadequate for some aspects related to free market logic. In such a case, the robust
Monte Carlo method seems to be the simplest and most appropriate method for the rapid
determination of the distributional properties of the transient stability margin.

3.2. Sensitivity Analysis of Stability Margins

From numerous simulations carried out on a two-area system, it was observed that
the stability margin is an increasing function of the equivalent inertia, following an almost
linear law. In Figure 5, the stability margin curves are shown for the four types of faults
considered, namely three-phase fault, line-to-ground double-phase fault, two-phase fault,
and single-phase line-to-ground fault for the two-area system whose data are reported in
the numerical application.

The equivalent inertia is assumed to vary in the range 3 to 10 s considering 701 samples.
As can be seen, for all types of faults, it can be stated that the linear variation law can be
considered satisfied with a truly satisfactory approximation, above all for single-phase
line-to-ground fault. Indeed, the linearization error relative to the TSM values obtained

https:/ /doi.org/10.3390/en19122737
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from the previously described methodology has a very low mean value, equal to approx-
imately 7.7 x 1074 p.u. Although at the tails (around inertia values of 3 s and 10 s) the
approximation is less accurate (this will be discussed later), the 95th percentile of error is
about of 1.6 x 10~* p.u. For the other types of faults, the accuracy is slightly lower, but still
sufficient for the physical evaluation of the obtained values (see Table 2).

single-phase line-to-ground fault two-phase fault
2 2+
1.8 1.8}
=) =)
2 16 8 16t
£ 14 S 14+
1.2 O data | 12+ [0 data
linear fit linear fit
1 " " i 1 L " " "
4 6 8 10 4 6 8 10
Mechanical starting time [s] Mechanical starting time [s]
two-phase line-to-ground fault three-phase fault
2 2+
1.8 18+
=) =)
2 16 8 16t
S 44 < g4/
1.2 ) data | 1271 [0 data
linear fit linear fit
1 1
4 6 8 10 4 6 8 10
Mechanical starting time [s] Mechanical starting time [s]

Figure 5. Stability margin curves for the four types of faults considered: single-phase line-to-ground
fault (at the top on the left), two-phase fault (at the top on the right), line-to-ground double-
phase fault (at the bottom on the left) and three-phase fault (at the bottom on the right) for the
two-area system.

Table 2. TSM as a function of inertia linearization error for the various fault typologies.

Earth Fault Type Error Mean Value [p.u.] 95th Percentile of Error [p.u.]
Single-phase 7.7 x 1074 1.6 x 1073
Two-phase 22 %1073 4.7 x 1073
Two-phase ground 1.3 x 1073 2.7 %1073
Three-phase 2.6 x 1073 5.5 % 1072

Consequently, since transient stability margin p for each type of fault depends linearly

on the equivalent mechanical starting time Tj,,, it can be optimally approximated by a
linear law of the type

po =a+bT,, (25)

in which parameters 4 and b are obtained from linearization.
In Section 4 the approximation is justified by proof theoretical and numerical analysis.

3.3. Transient Stability and Areas Inertia Correlation

In a static approach of probability, which is certainly appropriate for us from a planning
perspective and for forecasting stability properties, the randomness of the inertia of the
various areas can be described in terms of multivariate distribution. In particular, the
primary objective of this paper is to evaluate the stability margins as function of the
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correlation of these random variables. To achieve this objective, it is first necessary to assess
the impact of the correlation between random variables of inertia of the two areas T;; and
Tyz on the Tg,, .

Now, to demonstrate the generality of the methodology, two multivariate distributions
are employed. The first relates to the characterization of inertia as a lognormal random
variable: the lognormal model is one of the most popular in applied probability and this
characterization is also in line with what some of the authors have already proposed
in previous scientific papers [11]. The second multivariate distribution is related to the
gamma distribution, which was chosen for its flexibility, in a certain way, to approximate
distributions related to available real data. In this paper, based on what was presented
in [20], a suitable optimization problem is formulated for generating samples distributed
according to the multivariate gamma distribution.

3.3.1. Multivariate Lognormal Random Inertia

As described above, the randomness of inertia of various areas of a power system
can be modelled with a multivariate lognormal probability density of the inertia variables

X
y = e*, withx = = vector of n normal distribution variables with the probability
X
density function
flx) = —— e W ) (26)
(2m)" x|

where p and X are the vector of means and the n x n variance matrix.
For the investigation of this work in which the TSM is evaluated in a power system
characterized by two areas interconnected with a double three-phase line, weakly interact-

X1
e .
ing, the inertias PDF of two areas can be assumed as two variables y = ly 11 = l Xz] with
Y2 €
E
a variable correlation coefficient p . Starting from mean E[y| = EF/ 1} , variances matrix
Y2
2
I, = Oy 01,20y, Uyé , (27)
01,20y, 0y, Ty

with standard deviations 0, and 0, of two variables [yl , the mean y and variance matrix
2

L of the multivariate lognormal probability density is obtained from following relationships:

Ely] = e*"*/? = u = diag(In(diag(E[y]))) — diag(Z/2) (28)

L, = diag(E[y]) (eZ — 1nxn)diag(E[y]) =X = ln(lnxn + diag(]E[y])712ydiag(E[y])7l> (29)

In this manner it is possible to obtain the probability density in (28) useful for TSM
evaluation for the two-area power system with correlated inertia.

3.3.2. Multivariate Gamma Distribution

While the multivariate lognormal distribution was obtained with a closed-form solu-
tion, the multivariate gamma distribution is obtained from the statistical parameters of the
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individual variables by an optimization procedure. Considering a multivariate gamma as
the joint distribution of linear combination,

2 = L1V, 00, o 10) + Vilos B ), (30)
of independent gamma variables V; (as in [20]), each with a density
s Baoayps) — (vi_%)a[?l —(vi=7i)/Bi
f‘Ui (’Uz, lxz/ ‘Bll r)/z) - lexlr((xl) e 7 (31)

in which v; > 7, a; > 0, B; > 0 and i < n, where n is the gamma vari-
ables number; this procedure is based on a minimization of the module of the x =
[@(l:n) B(1:n) v(1:n) ayg Po 7o] vector of gamma distribution parameters (shape,
scale and location parameters for each variable, respectively), assuming a(1 : n), f(1: n),
«p and By strictly positive, and applying the following constraints:

E[Zi] = (a0 +ai)Bi + (v0/ Bo)Bi + i (32)
0z = (@ + ;) B;* and (33)
Cov|Z;, Z;] = aoPiBj, fori # (34)

for obtaining x vector and then evaluating gamma variables V;, and Z;.

3.3.3. Sensitivity Analysis of Equivalent Inertia

Considering a power system consisting of two areas whose inertias T;; and T, are
correlated, we examine the influence of this correlation on the mean value of equivalent
inertia pr, =E {Tam} of the entire power system, evaluated according to Equation (23),
assuming, for brevity, only the case in which the inertias of the two areas are described by
multivariate lognormal random variables. The same considerations can also be made for
other possible probability densities, such as the multivariate gamma distribution analyzed
in this paper.

Figure 6 shows the relationship between the mean value of the equivalent inertia and
the correlation of the inertias of the two areas of the power system. As can be seen, a lin-
earization can be applied, obtaining an error with a low mean value equal to approximately
6 x 1077 s and the 95th percentile of error about 0.0055 s.

Then, E {T‘lm} has been found to numerically depend linearly on the correlation
coefficient p of the inertias of the two areas:

E[Taeq] = c+dp (35)

where the parameters ¢ and d were obtained from linearization. From Equations (25) and (35),
it is possible to characterize the stability margin mean value E[p¢] as a function of the
correlation of area moments of inertia, thereby deriving the linearized method:

E[po] =a+b(c+dp) = (a+bc) + bdp (36)

For a single-phase fault the linearization error mean value corresponds to 0.02 GW
on an expected TSM value of about 1.61 GW and the 95th percentile value is 0.0246 GW:
considering this latter value, the error amounts to about 1.5% of the expected values.

https:/ /doi.org/10.3390/en19122737


https://doi.org/10.3390/en19122737

Energies 2026, 19, 2737

14 of 31

3.16 T T T T T T T

O data
linear fit

312+

wr, [s]

307 1 1 1 1 L 1 1
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Correlation coefficient

Figure 6. Equivalent inertia mean value pr,, curve as a function of correlation coefficient between
multivariate lognormal random inertias of two power system areas.

4. Impact of Inertia on Stability Margins

In pre-fault stationary conditions, the phase angle J of equivalent synchronous ma-
chines of OMIB of the power system area is constant, while, in presence of a fault, the station-
ary condition of operational status of power system area is loss and J parameter is affected
by an accelerating or decelerating force according with the swing equation in Equation (11).
Since the typical fault clearance times Af,; and the circuit breaker reclosing times At, are
very quick, around values of 0.1 s and 0.3 s, respectively, the accelerated /decelerated angu-
lar motion obtained can be assumed uniformly accelerated /decelerated for each different
time slot. In the first approximation, the TSM can be assumed with a linear dependence on
the angular phase value of the equivalent synchronous generator.

During fault clearance time the phase angle motion §(t), starting from a stationary

condition (w = wp) with 6 = const and phase angle speed v;5(0) = % ‘t*O = 0, becomes

5(H) = 6o+ %aftz (37)
with P26 i wo -
obtaining
8 = 6+ %%) (P = pes(077) ) At (39)

where pe, ((5 f_) is active electric power at the end of fault clearance time interval
(6(Aty) = ¢ as indicated in Figure 2).

In Equation (38) the values §; depend on T% For the typical values around 6 s and
variability range of T, of £3 s (in two following equations T, defined value is labelled as
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T:a) the expression can be expanded on base of Taylor series obtaining a linear dependence
of phase angles value 6;:

leifz(nﬁ) (40)
a T, T,
and
1 1 1 ~
55 = do + 5w (pm ~ Pey (5f—))Atf2 LR (:ra . Ta> (41)
T, T,

The same analysis can also be extended to other time intervals in the sequence of
different configurations of the electrical system that occur following a fault. Therefore, the
theoretical evaluation of the variability of the phase angle J; as a function of the equivalent
inertia of the electrical system reported in Equation (40) can be extended to the other phase
angles 6y and J, = 5(At. + At,) and can be supported by the Monte Carlo methodology.

In fact, starting from a possible probability distribution of the random variable of the
inertia of the electrical system defined on the basis of typical values that this parameter
can assume in an actual network, with the Monte Carlo methodology it is possible to
validate the observations on the linearity of the various parameters during the various
phases of a fault by analyzing the variability of their distribution through the coefficients
of variation CV} in Equation (41) and the Pearson coefficient in Equation (42) evaluated
in correlation with the inertia variable (with the index k indicating one of various fault
process parameters):

_ %
CVy = Ik (42)
_ Cov[T,, k]
Tk T, = T, 0% (43)

where E[-] 0. are the mean and standard deviation operators.

The results obtained for fault types reported in Table 1, assuming a realistic lognormal
probability distribution of the power system with an equivalent inertia T,,, (power system
consisting of two areas, see Section 2.2) between 3 s and 10 s (distribution shown at the top
left in Figure 7) are reported in Table 3.

Some cases for three-phase and single-phase faults are described in detail as examples.
For the three-phase fault, the distributions of the random variables of the phase angles
(b0, d¢, 6r) of the equivalent synchronous machine are shown in Figure 7 at the top right
and in the two graphs at the bottom left and right, respectively. As can be seen in Figure 7
and Table 3, the coefficients of variation (CV,, CVs % CVs,) of angular phases (o, df, Jr)
are very low, especially for 67, demonstrating the very slight variation in angular phases as
a function of the different inertia values.

For this reason, the approximation in Equation (40) can be confirmed without losing
its validity. This is even more valid for the case of single-phase-to-ground fault, as reported
in Table 3.

The linear dependence can also be associated with the areas defined in Figure 2 and
shown in Figures 8 and 9 for three-phase and single-phase ground faults, respectively.
These areas represent the increase (positive values) or decrease (negative values) in the
kinetic energy of the equivalent rotating synchronous machine for the different power
supply system configurations during the fault process.

The two graphs at the top left and right, and at the bottom left of Figure 8 show the
distributions of the different areas A fr Ay and A, defined in Figure 2, delimited by the
phase angles ¢y and d¢, 65 and 4y, and 6, and 7w — Jo, respectively. During the reclosing
and post-reclosing times, the negative values of the areas represent a deceleration of the
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equivalent synchronous machine that compensates for the positive acceleration area during
the fault elimination time.
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Figure 7. Distributions of the random variables of power system inertia (at the top left) and of the
phase angles (o, 6, dr) of the equivalent synchronous machine (at the top right and at the bottom
left and right, respectively) for three-phase faults.
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Figure 8. Distributions of the random area variables (A fr Ay and A;;) evaluated for equal area
criterion for the equivalent synchronous machine (at the top left and right and at the bottom left,
respectively) and the TSM related to this case at the right bottom for three-phase faults.
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Table 3. Lognormal probability variables parameters for different fault types.
Earth Fault Type k E[k] o CVy [%] kT,
T, 6s 1s 16.7 1
o 0.61 rad 0.022 rad 3.6 0.9937
of 0.90 rad 0.013 rad 1.5 —0.9405
oy 2.28 rad 0.070 rad 3.1 —0.9939
Three-phase Ag 0.38 GW rad 0.028 GW rad 7.5 —0.9867
Ay —0.32 GW rad 0.049 GW rad 15.3 0.9957
A —0.06 GW rad 0.021 GW rad 35.5 —0.9998
TSM 1.33 GW 0.062 GW 4.6 0.9959
do 0.77 rad 0.015 rad 2.0 0.9979
of 0.92 rad 0.005 rad 0.6 —0.7737
Single-phase Or 2.00 rad 0.053 rad 27 —0.9954
Ay 0.10 GW rad 0.008 GW rad 79 —0.9843
Ay 0.01 GW rad 0.028 GW rad 227.1 0.9954
Ap —0.11 GW rad 0.020 GW rad 19.0 —0.9978
TSM 1.83 GW 0.056 GW 3.1 0.9991
do 0.66 rad 0.020 rad 2.9 0.9943
of 0.91 rad 0.011 rad 1.2 —0.9196
or 2.19rad 0.064 rad 29 —0.9938
Ay 0.27 GW rad 0.021 GW rad 7.7 —0.9844
Two-phase A, —0.20 GW rad 0.042 GW rad —20.8 0.9949
A —0.07 GW rad 0.021 GW rad —-29.3 —0.9995
TSM 1.48 GW 0.060 GW 4.0 0.9965
o 0.73 rad 0.017 rad 23 0.9964
of 0.92 rad 0.008 rad 0.9 —0.8677
Two-phase oy 2.08 rad 0.057 rad 2.7 —0.9945
A 0.15 GW rad 0.012 GW rad 79 —0.9832
ground faults f
Ay —0.06 GW rad 0.033 GW rad -56.0 0.9948
A —0.09 GW rad 0.021 GW rad —224 —0.9984
TSM 1.70 GW 0.06 GW 34 0.9981

The same considerations could be made considering the acceleration and deceleration
areas in Figure 9 relating to the single-phase fault (the numerical characteristics are shown
in Table 3).

In this case, the reclosing area can take on negative or positive values as the equivalent
inertia of the power system varies, while A £ and A, maintain their acceleration (positive
values) and deceleration (negative values) characteristics as in the case of the three-phase
ground fault. For this reason, CV 4, assumes an anomalous (very high) value, unrelated to
an actual high variation in the occurrences of the A, distribution.

Moreover, the Pearson correlation coefficients 7y 1, reported in Table 3 highlight the
linear dependence of all parameters on the equivalent inertia of the power system.

The linear dependence on the equivalent inertia of the power system is confirmed
above all for the random variable TSM obtained with the methodology adopted in this
article for both three-phase and single-phase ground faults. The probability distributions
of these variables are shown respectively at the bottom right in Figures 8 and 9 and
described numerically in Table 3. The Pearson correlation coefficients r( 7, reported in
Table 3 highlight the linear dependence of all parameters on the equivalent inertia of the
power system. The investigation conducted gives information also on impact of inertia
different values on the TSM random variables.
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Figure 9. Distributions of the random area variables (Af, A, and A;,) evaluated for equal area
criterion for the equivalent synchronous machine (at the top left and right and at the bottom left,
respectively) and the TSM related to this case at the right bottom for single-phase faults.

In particular, the TSM random variable associated with the double three-phase line
of the power system under consideration assumes a mean value of 1.33 GW in the case
of a three-phase ground fault, while it reaches a mean value of 1.83 GW in the case of a
single-phase ground fault. Considering the 2% and 98% percentiles of the random variables
examined, it is possible to identify the impact of the variation in inertia on the TSM:

- Aninertia interval between 4.23 and 8.49 s corresponds to a TSM variability between
1.72 and 1.97 GW for a three-phase fault (dependence with a linear coefficient of
approximately 58.7 MW /s);

- Aninertia interval between 4.23 and 8.3 s corresponds to a TSM variability between
1.21 and 1.46 GW for a single-phase ground fault (dependence with a linear coefficient
of approximately 61.4 MW /s).

These data show a greater impact of the variability of the system inertia on the TSM
for the three-phase ground fault (and two-phase ground faults, see Table 3) than in the case
of the single-phase fault (and two-phase faults, see Table 3), for which, on the other hand, a
greater capacity for the line was assessed in terms of TSM.

5. Numerical Results

In the presence of a power grid assumable as constituted of two areas, weakly con-
nected through a double three-phase line of 230 km, the transient stability margin, obtained
considering a single-phase ground fault, can be evaluated modeling the inertia contribution
of each area as provided from an equivalent synchronous machine. Each of these two
equivalent synchronous machines will be characterized by an inertia value corresponding
to total contribution of each different actual generator in the area. These generators could be
traditional generators (synchronous machines with their high inertia values) and renewable
generators with their typically low and non-programmable inertia values. The interaction
between these generator types in each area makes the probabilistic modelling of inertia
necessary to a comprehensive analysis of transient stability of the transmission network.
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For this reason, the probability density function of inertia of each area (T;; and Tj;) has
been assumed to be that of lognormal variables or gamma variables. Here, to illustrate
different cases which can occur in practice, three cases are considered, and in each one of
them it is assumed that T,; and T}, follow a LN PDF or gamma PDEF:

e Case A—Independent inertias, with equal means;
e Case B—Independent inertias, with different means;
e  (Case C—Not independent inertias (not null correlation between T,; and T,, PDFs).

As described previously, TSM is evaluated through a Monte Carlo technique. For this
investigation in each simulation 10,000 samples have been considered and convergence
occurs generally after about 100 s (value in according with that obtained in the simulation
reported in Section 3.2 in which, considering 701 samples, a simulation time of about of
7 s is obtained) when at least one of two convergence criteria (44), with €step= 10719, and
first-order optimality of Karush-Kuhn-Tucker (KKT) condition [21] with a tolerance of
101 is satisfied:

lPo(j) — po(j — )| <E€step *(1+ [po(j)|) (44)

where j index represents the order number of iteration for which the convergence criterion
has been checked. For each sample a simulation time of about 0.01 s occurs. These
simulation times obtained with a commercial notebook are acceptable for planning and
operation studies of power systems. For online/real-time investigation, an improvement
in the simulation architecture is needed.

The results presented in this section demonstrate undeniable usefulness both in the
planning phase and in the operation of electrical systems. In the framework of progressive
penetration of renewable sources into the generation portfolio, ensuring the transmission
system is adequate to allow increases in power transfer between areas while respecting
safe operating limits and determining stability margins in the face of credible contingencies
become necessary elements for supporting the decisions of the network operator. The
calculation of these margins can be decisive in establishing production access priorities
within the logic of the free market. An improper assessment could be subject to disputes,
even with significant economic consequences.

5.1. Case A—Independent Inertias, with Equal Means

For this case, we assume for each area an equivalent probabilistic inertia lognormal
variable with a typical mean value E[T,;] = E[T;3] = 6 s and a standard deviation
01, = 01,, = 1 s corresponding to a 16.7% with respect to its mean values. Figure 10 shows
the equivalent inertia PDFs of each of two areas (at the top), the PDF resulting from the
interaction between two areas (at the bottom in the left side) and the TSM PDF for the line
connecting the two areas (at the bottom in the right side).

The total equivalent inertia PDF is characterized by a mean value of about £ [Tae J =29s
and a ot,, = 0.34s. Indeed, the total inertia T,,, has a mean value which can be roughly
approximated as follows:

E[Tueq] = E[TalTaz/(Tal + TaZ)] ~ E[Tul]E[THZ]/E[Tal —+ THZ] =3s. (45)

Such approximation is rather satisfactory, but it is shown here only to get an idea on
the order of magnitude of Tﬂm. On the other hand, the evaluated TSM PDF (Figure 10 at
bottom in right side) can be fit with a lognormal variable and assumes the mean value of
1.64 GW and a standard deviation of about 25.2 MW. The TSM developed, starting from
the lognormal inertia variable, keeps the lognormal distribution for TSM. This is due to
its almost linear dependence from inertia on the typical parameter values of real electrical
systems as discussed in Section 3.
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Figure 10. Distributions of the lognormal random inertia variables with the same means of the two
areas and total power system (at the top left and right and at the bottom left, respectively) and of the
TSM related to this case at the bottom right.

Analogous results can be obtained by assuming a gamma PDF for the variables T,4
and T, as visible in Figure 11.
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Figure 11. Distributions of the gamma random inertia variables with the same means of the two areas
and total power system (at the top left and right and at the bottom left, respectively) and of the TSM
related to this case at the bottom right.
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Indeed, also in this case a mean value of about E [Taaq} =~ 296 s and a standard
deviation o7, = 0.31 s occurs. In each case the PDF of total inertia of a power system
consisting in the areas weakly connected and uncorrelated is meanly reduced with respect to
the inertia of each single area. Applying the methodology investigated for TSM evaluation,
the margin values obtained are characterized by a PDF with mean value of 1.64 GW and a
standard deviation of 22 MW.

5.2. Case B—Independent Inertias, with Different Means

In this case the influence of different mean values of inertia for two areas on TSM is
investigated. Given a fixed inertia PDF mean value for the first area (E[T,1] = 6 s), the
inertia PDF mean value for the second area ranges between 3 s and 9 s (typical range of
variation in inertia) assuming a standard deviation of 16.7% of related mean value. For the
inertia PDF mean value of the second area equal to E[T,;] = 3 s and interacting with inertia
of the first areas, the total equivalent inertia PDF is characterized by E {Tﬂeq} =198sand a
07,,, = 0.24's. The TSM obtained is characterized by a PDF with mean value of 1.56 GW
and a standard deviation of 22.7 MW (Figure 12).
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Figure 12. Distributions of the lognormal random inertia variables with different means (E[T;,] = 3 s)
of the two areas and total power system (at the top left and right and at the bottom left, respectively)
and of the TSM related to this case at the right bottom.

On the other hand, assuming a higher inertia PDF mean value for the second area
as E[T,»] = 9 s (Figure 13), the mean value of TSM increases to 1.68 GW with a standard
deviation of 29.1 MW. This is due to the total PDF inertia value, that, with the higher
contribution of second area, reaches [E [Taeq} = 3.56 s and OToeq 2 0.43 s with respect to that
of the previous cases. The dependence of TSM with different values of PDF of inertia of the
second area is considerable from Figure 14 in which the variation in different percentile
values of TSM are shown as a function of mean values of inertia of the second area.

For the typical inertia range 3-9 s, the 95% percentile of TSM obtained ranges from
1.60 to 1.73 GW. The same consideration can be given in cases in which the inertia PDF
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variables are assumed as a gamma multivariate distribution. Figure 15 shows this result for
case with E[T;;] = 6 s and E[Ty,] = 3 s, assuming a CV'r,, = 0.167.
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Figure 13. Distributions of the lognormal random inertia variables with E[T;;] = 6 s and
(E[Ta2] = 9 s) and total power system (at the top left and right and at the bottom left, respectively).
The TSM related to this case is shown at the right bottom.
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Figure 14. The 95%, 96%, 97% and 98% percentile values of TSM Distributions as a function of the
lognormal random inertia variable values of the second area.
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Figure 15. Distributions of multivariate gamma random inertia variables with E[T;;] = 6 s and

E[Taz] = 3 s and of total power system (at the top left and right and at the bottom left, respectively);
the TSM related to this case is shown at the right bottom.

In this case a total inertia PDF variable with E {Tueq} = 198sand o7, =0.22s and
a TSM PDF variable with E[TSM] = 1.56 GW and 075y = 20 MW are obtained. In the
same condition with a E[T,,] = 9 s a total inertia PDF variable with E {Tam} = 3.56 s and
or,,, = 0.38 s occurs and a TSM PDF variable with E[TSM] = 1.68 GW and orgm = 25 MW
is obtained (Figure 16).

In Figure 17 the variation in TSM percentiles as a function of inertia mean values of
second areas is shown. The increase in inertia of second area leads to an increase in TSM
that for a percentile of 95% ranges from the value of 1.60 GW to 1.73 GW.

5.3. Case C—Not Independent Inertias

Finally, case C is illustrated in this section, where for sake of brevity only the case of
equal means will be considered.

It is recalled that the correlation coefficient (CC) may assume values from —1 to +1,
and a negative CC for the two areas RESS’s could mean that while the RSS in one area
tends to increase, the other tends to decrease, a situation which may occur depending on
different adopted strategies or even weather conditions.

Assuming a lognormal PDF for the inertia variable of each on two areas of the power
system with the same characteristics reported in case A, this investigation introduces a
correlation between two inertia variables with a correlation coefficient p; » variable in the
range between —0.9 and 0.9.

Figure 18 shows results for p; o = —0.9. In this case a total inertia PDF variable with
E|Ts| = 293 s and o7, = 0.12's occurs and a TSM PDF variable with mean value of
1.638 GW and a standard deviation of 8.9 MW is obtained.

Instead, for a p1 2 = 0.9 the mean value E|Tg,, | = 3.00 s and the standard deviation
0T,,, = 0.49 s occurs and a TSM PDF variable with mean value of about 1. 643 GW and a
standard deviation of about 35.7 MW is obtained (Figure 19).
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Figure 16. Distributions of the gamma random inertia variables of two areas (E[T;;1] = 6 s and

E[Tap] = 9 s) and of the total power system (at the top left and right and at the bottom left,
respectively) and of the TSM related to this case at the right bottom.
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Figure 17. The 95%, 96%, 97% and 98% percentile values of TSM Distributions as a function of the
gamma random inertia variable values of the second area.

The impact of the correlation between random variables of inertia of the two areas
Ts1 and Ty on the Ty, is more important on random variable dispersion than on its mean
value. In Figure 20, assuming a lognormal multivariate distribution for T,; and Tj5, the
parameters E [Tueq] , 07,,, and CV'r, that characterize the random variable T;,, are shown.
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Figure 18. Distributions of the lognormal multivariate random inertia variables of the two areas
and of total power system (at the top left and right and at the bottom left, respectively) assuming
01,2 = —0.9 between inertia of the two areas; the related TSM is visible at the right bottom.
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Figure 19. Distributions of the lognormal random inertia variables of the two areas and total power
system (at the top left and right and at the bottom left, respectively) assuming a correlation coefficient
01,2 = 0.9 between inertia of the two areas, and of the TSM related to this case at the right bottom.

The standard deviation o7, changes from a value of 0.12 s to a value of 0.35 s as a
function of correlation coefficient between the inertias of the two areas, ranging from —0.9
to 0, and from 0.35 s to a value of 0.49 s for correlation coefficient ranging from 0 to 0.9,
with a monotone trend.
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Figure 20. Probability parameters of the equivalent inertia random variable (T, ) as a function of
correlation coefficient between the multivariate inertia random variables of two areas of investigated
power system with a lognormal distribution.

There is the same relationship between E {Tae q} and the correlation coefficient, but with
a less steep slope (from 2.93 s to 2.96 s and to 3 s for —0.9-0 and 0-0.9 ranges of correlation
coefficient, respectively). The parameter CV'r,, increases from 0.04 to 0.12 and to 0.16 with
the rise in correlation coefficient from —0.9 to 0 and from 0 to 0.9, respectively. The same
result is obtained for a gamma multivariate distribution of random variables of inertia of
the two areas T,;1 and Tj; as visible in Figure 21.
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Figure 21. Probability parameters of the equivalent inertia random variable (T, ) as a function of
correlation coefficient between the multivariate inertia random variables of two areas of investigated
power system with a gamma distribution.
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In this second case the standard deviation o7, ranges from 0.31 s to 0.49 s in relation

to coefficient correlation variation from 0 to 1, while E [Taeq} ranges from 2.97 s to 3 s. Also,

in this case the o7, is characterized by a steeper slope than £ {Taeq} as verified from CV'r,,
that increases from 0.11 to 0.16 for correlation coefficient variation from 0 to 1. Therefore,
the correlation coefficient variation has a low effect on mean value, but a greater effect on
standard deviation: the increase in correlation between two areas’ inertias leads to a greater
increase the random variable dispersion than its mean value.

Figure 22 shows the variation in different percentile values of TSM probability densities
obtained with p; » variation: the negative correlation between inertia values of two areas
is an index of opposite behaviors in transient phases leading to a reduction in TSM with
respect to the positive correlation. The 95% percentile is characterized by a variation in its
value for correlation coefficient range —0.9-0 of about 31 MW and in the range 0-0.9 of
about 21 MW. Although the impact of the correlation coefficient on the TSM, as derived
from the results shown in Figures 7 and 18-20, is very low (all values reported are very
close to 1.64 GW), it mainly affects the standard deviation of the TSM, which varies from
8.9 MW (correlation coefficient equal to —0.9) to 35.7 MW (correlation coefficient of 0.9).
Assuming a gamma multivariate inertia variables distribution with a correlation coefficient
of 0.5, E|Tg,, | =298 sand o7, = 0.42's occur and a TSM PDF variable with mean value
of 1.64 GW and a standard deviation of 29 MW is obtained (Figure 23).
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Figure 22. The 95%, 96%, 97% and 98% percentile values of TSM Distributions as a function of the
correlation coefficient between the lognormal random inertia variables of the two areas.

Figure 24 shows the results for the case in which the correlation coefficient between
the PDFs of the inertia variables of the two areas is assumed to reach the maximum value
of 1. In this condition, the two PDFs of the inertia variables for the two areas, at up in
left and right sides of Figure 24, are almost identical; consequently, a PDF of the total
inertia (at bottom in left side of Figure 24) is obtained that almost coincides with them. Its
mean value E {Tam} = 3 sand its standard deviation 07, = 0.42's. The TSM obtained has
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E[TSM] = 1.64 GW and o7g) = 34 MW. Figure 25 shows the different percentile values
of TSM probability densities obtained with p; » variation in the range of 0-1.
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Figure 23. Distributions of the gamma random inertia variables of the two areas and total power
system (at the top left and right and at the bottom left, respectively) assuming a correlation coefficient
01,2 = 0.5 between inertia of the two areas, and of the TSM related at the right bottom.
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Figure 24. Distributions of the multivariate gamma random inertia variables of the two areas and
of the total power system (at the top left and right and at the bottom left, respectively) assuming
01,2 = 1, and the related distribution of the TSM at the right bottom.
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Figure 25. The 95%, 96%, 97% and 98% percentile values of TSM Distributions as a function of the
correlation coefficient between the gamma random inertia variable values of the two areas.

Similarly with lognormal multivariate distribution, also in this case a greater correla-
tion coefficient led to increase in TSM. The 95% percentile is characterized by a variation
in its value for correlation coefficient range 0-1 is of about 29 MW according to results for
lognormal multivariate distribution.

6. Conclusions

The paper provides a rigorous probabilistic framework for assessing transient stability
in low-inertia and renewable-rich grids. Indeed, the variability of rotational inertia in
interconnected power systems affects their transient stability margins. As modern grids
increasingly integrate converter-based renewable generation, system inertia becomes both
lower and more uncertain, introducing faster electromechanical dynamics and raising
concerns for operational security. In this paper the transient stability is modeled as a
boundary value problem, applying the equal area criterion to determine the maximum
transferable power that preserves synchronism after a disturbance. The paper derives the
TSM as a nonlinear function of system reactances and inertia and shows how the entire
post-fault trajectory can be expressed through explicit Euler integration. The probabilistic
characterization of TSM is used when inertia is treated as a random variable. Monte Carlo
simulations demonstrate that, for realistic parameter ranges, TSM depends almost linearly
on inertia, a result supported by analytical approximations of the swing equation. The
methodology is applied to a two-area system, where each area has its own stochastic
inertia. The equivalent system inertia is computed through a harmonic-mean relationship,
and its distribution is analyzed under both correlated lognormal and gamma models.
Results show that inertia correlation has limited influence on the expected value of the
TSM but significantly affects its dispersion: higher correlation increases the variance of
both equivalent inertia and TSM. Numerical case studies confirm that the randomness of
inertia can alter stability margins.

The paper offers insights relevant to planning, risk assessment, and future multiarea
extensions.
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