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[1] Diverging radial flow takes place in a heterogeneous porous medium where the log
conductivity ¥ = In K is modeled as a stationary random space function (RSF). The flow

is steady, and is generated by a fully penetrating well. A linearly sorbing solute is injected
through the well envelope, and we aim at computing the average flux concentration
(breakthrough curve). A relatively simple solution for this difficult problem is achieved

by adopting, similar to Indelman and Dagan (1999), a few simplifying assumptions: (i) a
thick aquifer of large horizontal extent, (ii) mildly heterogeneous medium, (iii) strongly
anisotropic formation, and (iv) large Peclet number. By introducing an appropriate
Lagrangian framework, three-dimensional transport is mapped onto a one-dimensional
domain (7, f) where 7 and ¢ represent the fluid travel and current time, respectively. Central
for this approach is the probability density function of the RSF 7 that is derived consistently
with the adopted assumptions stated above. Based on this, it is shown that the travel time
can be regarded as a Gaussian random variable only in the far field. The breakthrough
curves are analyzed to assess the impact of the hydraulic as well as reactive parameters.
Finally, the travel time approach is tested against a forced-gradient transport experiment

and shows good agreement.
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1. Introduction

[2] Transport tracer tests at aquifer scale represent a
powerful tool to estimate formation parameters (a general
overview can be found in Ptak et al. [2004]). In fact, since
under natural gradient conditions the flow velocity is gener-
ally small, it is a common practice to force the flow by
using injecting/pumping wells. Another typical application
of the well-flow is provided by the pump and treat proce-
dure to extract pollutants from the groundwater. Therefore,
it is of definite interest to model transport determined by
well flow (WF). Although transport in a radial configura-
tion largely differs from transport under natural gradient
conditions, also referred hereafter as transport in mean
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uniform (MU) flows, parameters estimated from either the
first or the second case are often compared without distinc-
tion [Gelhar et al., 1992]. In particular, large differences
are observed if one uses the MU configuration to identify
the hydraulic properties of an aquifer where the flow pat-
tern is clearly radial [Fernandez-Garcia et al., 2004]. Only
recently theoretical studies [e.g., Indelman et al., 1996;
Fiori et al., 1998 ; Guadagnini et al., 2003 ; Severino et al.,
2008] on radial flows in three-dimensional heterogeneous
porous formations have been undertaken with the aim to
support practical applications [e.g., Dagan and Indelman,
1999; Lessoff and Indelman, 2004 ; Indelman et al., 2006;
Severino et al., 2011].

[3] We consider here steady flow determined by a fully
penetrating well charging at constant specific (per unit
depth) volumetric rate Q,, and given head H,,. The aquifer
Q) is horizontally unbounded with thickness B (Figure 1). A
solute is injected within the aquifer through the well screen,
and the solute concentration is monitored by means of a
battery of recovering wells at the same radial distance r
from the release zone. The simple case of a homogeneous
formation was investigated in the past by accounting for
advection and pore-scale dispersion [Hsieh, 1986; Chen,
1987]. These results mainly apply at laboratory scale [Dagan,
1986]. At aquifer scale, the solute spreading is primarily
dominated by the spatial variability of the advective mecha-
nism [Valocchi, 1986], so that it is customary to neglect the
impact of pore-scale dispersion (large Peclet-number regime).
The first analytical study of transport in a radially diverging
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-------- control cylinder (CC)

current solute front

Figure 1.
radial flow.

Realization of solute spreading by a diverging

flow is from Indelman and Dagan [1999]. This study has
also inspired the analysis of transport in converging flows
[see, e.g., Dagan and Indelman, 1999 ; Lessoff and Indelman,
2004 ; Riva et al., 2006, Indelman et al., 2006]. However, the
dispersion mechanism in transport by converging flows sig-
nificantly differs from that of diverging flows. To illustrate
the implications upon the spreading mechanism, let us con-
sider the simplest case of a homogeneous medium (i.e., heter-
ogeneity is not accounted for) and assume that the pore-scale
dispersion can be neglected. In a converging flow, due to the
axial symmetry of the steady flow, solute particles released at
a given radial distance will take the same time to reach the
well. By using a similar kinematical picture for diverging
flows, any particle released at the well will take the same
time to reach the control cylinder (CC; irrespective of the
polar angle).

[4] In a heterogeneous medium, the spreading mecha-
nism is mainly determined by the fluctuations of the macro-
scopic velocity that are caused in turn by the spatial
variability of the conductivity. As a consequence, solute
particles that experience highly conducting inclusions will
reach the well sooner and vice versa. This large effect is
enhanced by the nonuniformity of the flow, resulting in
huge differences in travel time (in both converging and
diverging flows). The overall effect is that the breakthrough
curve (BTC) determined by a solute pulse will display a
bell-shaped distribution. However, in the case of transport
in radially diverging flows, the characterizing feature (that
is not detected in transport in converging flows) is the large
distance behavior, where the macrodispersivity is constant
[Indelman and Dagan, 1999] similar to what is observed in
MU flows. This is explained by recalling that far away from
the well, the flow (and concurrently transport) behaves as a
MU one [see, e.g., Severino et al., 2008].

[s] A useful characterization of transport in aquifers can
be formulated in terms of average flux concentration [e.g.,
Dagan et al., 1992 ; Cvetkovic and Dagan, 1994] since it is
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consistent with common procedures for measuring concen-
trations [e.g., Andricevic and Cvetkovic, 1997]. The average
flux concentration was considered in numerous studies
dealing with MU flows [e.g., Cvetkovic and Dagan, 1994;
Cvetkovic et al., 1998 ; Severino et al., 2012]. Current regu-
latory standards for the subsurface environment, especially
those set in terms of the travel time approach, make the sol-
ute flux approach an appealing framework for predicting/
analyzing subsurface contaminant transport. The travel time
approach to model solute transport by radial flows in three-
dimensional heterogeneous porous formations has been con-
sidered in both a conditional [e.g., Sanchez-Vila and Rubin,
2003] and unconditional [e.g., Indelman et al., 2006]
framework.

[6] We consider an injection of a solute in the aquifer,

and we aim to determine the average flux concentration (el
at any radial distance from the well related to the heteroge-
neity of the conductivity K (Figure 1). For a fully penetrat-
ing well of length B > I,, the ergodic hypothesis may be

invoked, i.e., ¢/ =~ (C’) (being here and in the following ()
the ensemble average operator). Thus, we consider the
mean concentration as obtained by ensemble averaging the
recovered effluent curves from monitoring wells located at
the same radial distance. Such a concentration is also
termed as BTC. To compute this latter, we shall adapt the
procedure that was formulated by Cvetkovic and Dagan
[1994] for MU flows, and subsequently modified by Dagan
and Indelman [1999] for the so-called doublet problem. To
achieve a simple solution for the flow field, we make use of
the approximate solution obtained by Indelman and Dagan
[1999]. We have shown, unlike previous studies, that the
assumption of normality in the travel time distribution is
valid only in the far field. Then, we derive and discuss
BTCs pertaining to both conservative and reactive solutes.
Finally, the proposed approach is tested against a transport
experiment to demonstrate the usefulness of this stochastic
method for interrogating forced-gradient tests.

2. Problem Statement
2.1.

[71 We deal with an aquifer of constant thickness B and
unbounded horizontal extent. Due to its erratic spatial vari-
ability, the hydraulic conductivity K cannot be measured
and mapped accurately. Thus, we regard it as a random
space function (RSF), and assume that ¥ = InK is station-
ary and normal, defined completely by its ensemble mean
(Y), its variance o3, and the two-point autocorrelation py.
This latter is modeled as anisotropic, with the horizontal in-
tegral scale / larger than the vertical one /, [see, e.g., Rubin,
2003].

[8] A fully penetrating well of radius r,, is injecting at
given volumetric rate BQ,, (where Q,, the volumetric rate
per unit depth). The head H along the well water column is
constant, i.e., H = H,, for r = r,, (Figure 1), whereas in the
flow domain, it satisfies the equation

Flow Configuration

V- (KVH)=0 in Q={x=(x,x2,x3):
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[v] The mass conservation at the well (written in cylin-
drical coordinates) requires that

ro B2 pom
D[ a0 = o, e
- 0

BJ2

where ¢ is the radial component of the specific discharge
at the well envelope. The solution of the flow field yields
the head H and specific discharge q = —exp (Y)VH as
functions of Y.

2.2. Transport Problem

[10] Let C be the solute concentration (mass of solute
per volume of fluid). With the neglect of pore-scale disper-
sion (large Peclet number), C satisfies the reactive advec-
tive transport equation

0 0

v :%z V1, V2, 73), (3)
where N is the concentration sorbed on the matrix of the
medium (mass of sorbed solute per volume of fluid). The
transport equation (3) is solved for a generic boundary con-
dition, whereas the medium is assumed to be initially sol-
ute-free, i.e., C(x,0) = N(x,0) = 0. Several physical and
chemical processes in porous media result in nonequili-
brium [e.g., Rugner et al., 1999]. For a subset of solutes, a
realistic model is [e.g., Li and Brusseau, 2000]:

o
N =rEKC-N) =

, 4)
N(x,t) = KKy exp(flit)/ drexp(kT)C(x,7),
0

where x (T™") and K, (-) are the desorption rate and linear
equilibrium partitioning coefficient, respectively.

[11] At? > 0, a plume starts to migrate toward an acces-
sible environment (hereafter termed as control cylinder) at
a given radial distance  from the injecting well (Figure 1).
In practice, a CC consists of an array of wells/piezometers.
We aim here to compute the solute flux F across the lateral
area of any CC. The procedure adopted herein follows that
of Dagan and Indelman [1999]. Unlike these latter, the
travel time Lagrangian approach is adapted to the radial
flow configuration. More precisely, we consider the travel
time 7 of a fluid particle starting from a point by belonging
to the well envelope of area A, and reaching the surface 4
of the CC at t = 7. As such, 7 satisfies the Cauchy problem
[Dagan and Indelman, 1999]

1
T=—,

d

where V(s) = \/(%Xl)z + (%Xz)z + (%X3)2 is the modu-
lus of the velocity along the curvilinear coordinate s deter-
mined via the particle trajectory X = (X;, X3, X3) solution of

Ix-vx),

i X(0) = by. (6)
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[12] Thus, the curve s = s(7) represents the characteris-
tic line for the fluid particle, and therefore along it one has

9 _ 1 0o _
% = T o As a consequence, along the curve s = s(7)

equation (3) can be written as

d d
g Jce=—o. 7
at(C+N)+aTC 0 @)

[13] It is seen that equation (7) represents the one-dimen-
sional version of equation (3) (with unit velocity). The
three-dimensional nature of the former problem stems from
the dependence of 7 upon the trajectory.

[14] We consider an injection mode that is proportional
to the flux and denote by (7, ¢) the solution of equation (7)
corresponding to a Dirac pulse. The solute flux through the
element dbe 4 is given by dF =dbnV,y(r,t) =
dbon Vo ~y(r,t), where the latter equality results from the
fluid continuity equation (¢,/n = V, and ¢¢/n = V repre-
sent the radial velocity through the CC and the well enve-
lope, respectively). Thus, the solute flux at the CC reads as
follows:

t
F(t;X)=n//dbodt’Co(t’;bo)Vo(bo;m)v(m—t'% ®
40J0

where Cy(#;bg) accounts for the solute injection mode
through the well. Even if not explicitly reported on the
right-hand side of equation (8), it is worth reminding that '
is clearly a function of the position x due to the dependence
of the random field 7 upon it. Similarly, the fluid flux Oy is
given by

Or(x3) =n [ dby Vo(bg;x3). 9)

Ao

[15] Since both V, and « are RSFs so are F and Q.. To
compute their spatial averages F" and Oy, we shall assume
that the thickness B of the aquifer is much larger than the
vertical integral scale /, so that one can replace the spatial
averages with the ensemble means (ergodic hypothesis),
ie.,

F(t;X) ~ <F(I;X)> :n/A /Otdb()dZ,Co(t/;b0)<Vo(bo;X3)’y(T,l*t,)>

(10)

O = (O (x3)) = n{Vo)Ao. (11
[16] Note that equation (11) relies on the stationarity of
Vo, being this latter proportional to the stationary RSF Y
[Indelman and Dagan, 2004]. To compute the quantity
(Vo~(7,1)), we take advantage of the relationship

g(rix) = (V)™ / d¥o Vog(r, Vo3 ) (12)

relating the joint probability density function (PDF) of 7
and ¥V, to that of the travel time. Since equation (12)
slightly differs from the standard definition of marginal
g(7;x), it is worth deriving it in the sequel. Thus, we start

30of 10



W12527

from the definition of conditional expectation (V,|7) and
use the stationarity of 7, to have

(Volr) = /dVo Vog(Volrix) = (7o), (13)

where g(Vy|; x) represents the conditional PDF of V. Mul-
tiplication of equation (13) by g(7;x), and recalling
the fundamental relationship between conditional and uncon-
ditional probabilities, i.e., g(7,Vo;x) = g(Vo|7;x)g(T;X),
leads to (12).

[17] The relationship (12) simplifies the computation of
(Vo~(7,1)) as follows:

(Vor(r,1)) = / / dr dVor(r,1) Vo g(r, Vo: x)
(14)

- / " dry(r0) g(rx).

[18] Hence, the BTC Ef(t; x) = ? is obtained from
equation (10) to (11) as /

?./' ; Z(F(I;X»:L ~ rd drdf C /;
([ X) <Qf> AO/AOA A by d7 df o(t b()) (15)

W7t = 1) g(7;x).

[19] Overall, s expressed by means of a multiple
quadrature whose physical meaning is straightforward: the
BTC is sought as ensemble average along noninteracting
(due to the neglect of pore-scale dispersion) flow paths
where solute particles have (for given 7) reached the CC. It
is interesting to note that, while at flow-path scale the sol-
ute spreading is due to the reactive processes solely, the
BTC will also be affected by the stochastic spreading due
to the average upon the flow paths. For a conservative sol-
ute (i.e., N = 0) one has 7(7,f) = (7 — ¢t), and equation
(15) becomes

_ 1 !
Cf(t;x):—// dbo d? Co(7';bo) g(t — 75 ). (16)
Ao Ja,)0

[20] Our aim now consists in evaluating equation (15)
given: (i) the reactive process (encompassed in the function
7), (ii) the function Cy(#;by), and (iii) the PDF g(7;x).
The crux of the matter consists in computing g(7;x) as
generated by the WF. This is still a difficult task, and some
additional assumptions are needed to obtain a simple solu-
tion for the transport problem.

2.3. Simplifying Assumptions and Solution of the Flow
Field

[21] An analytical solution of the flow field has been
derived by Indelman and Dagan [1999] under some simpli-
fying assumptions that are also adopted herein, and there-
fore it is worth recalling briefly.

[22] The well is replaced by a line of singularities at
r = 0. This implies that to satisfy the boundary condition of
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given head along the well, the velocity 7, must be propor-
tional to the log conductivity Y(0,0,x3). Moreover, the
condition (2) is incorporated into the flow equation (1) by
adding a Dirac function. Hence, equation (1) is now
replaced by

B
V. (KVH) = -0utor), K=y / dxs K(0,0,x5). (17)

This assumption leads to very accurate results when r,, < 1.
Since, generally, ,, = O(cm) and I = O(m), equation (17)
can be used in most of the practical applications.

[23] We consider an unbounded domain, so that the ver-
tical average and ensemble average can be interchanged,
i, K~ (K). This is admissible if B> I,, a condition
which is met in most of the real settings. In fact, one can
assume B — oo (or equivalently Q = R?).

[24] A first-order approximation in o3 (appropriate for
mildly heterogeneous formations) is adopted to compute
the fluctuation of the flux

7

(Y =Y —(¥)),
(18)

0V (x) = —Ka[Y () VA (x) + VH" (x)]

being H*) and H") the mean and fluctuation of the head,
respectively. It has been shown [Riva et al., 2006] that such
an approximation leads to a robust (till to 0% ~ 1) estimate
of the second-order moment of the travel time.

[25] We deal with anisotropic formations characterized
by an anisotropy ratio A\ = [7 < 0.2. For these formations, it
was found [Indelman and Dagan, 1999] that accurate solu-
tions for transport are obtained by retaining only the first
term of the right-hand side of equation (18). Since sedimen-
tary formations [see, e.g., Rubin 2003, Tables 2.1 and 2.2]
are as a rule strongly anisotropic (i.e., A < 1), such an
approximation is relevant for the applications.

[26] In summary, under the above-mentioned assump-

tions, the mean @ = U(r) and radial fluctuation u,(x) of
the velocity are given by

I
S
=
~.
=
1
©

_Ki 0 _
U ="1E00), () )= s

2.4. PDF of Travel Time

[27] Our approach relies on the fact that the probability
p that a fluid particle with given velocity ¥, has crossed the
CC (at any radial distance » from the well) is the same as
the probability that the radial component X, of the particle
trajectory is greater than r, ie., P (7 <#) =P (X, > r). In
an equivalent manner, one can say that when ¢ > 7 the fluid
particle is beyond the CC. Generally, such a distribution
should be considered as the “first arrival” one to remark
the fact that particles can also go back after crossing the
CC (a comprehensive exposition on such a topic can be
found by Redner [2001]). Thus, to avoid this occurrence
that would lead to some shortcomings (especially with
respect to the mass balance between the well and the CC),
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one has to impose the extra condition of absorbing barrier
at the CC. However, in our case, the assumption of moder-
ate heterogeneity implies that the trajectory of any solute
particle slightly differs from the mean trajectory (which is
a straight line), and therefore solute particles do not go
back after crossing the CC. That is why the first arrival and
the travel time PDF are identical. For mathematical con-
venience, the PDF g is expressed as function of the mean
trajectory R (for details, see Appendix A), the final result
being

QV‘/'
2mnR

g(R§ }’) = [Xr(R) +gw(R§ r)]N"[Rv)_(W(R)]’ (20)

gw(Rir) = {% In {UXrVo (R)} (R=r)x,(R) +Drr(R)} ox,v,(R)

(Vo) X, (R) (o)
1)
G® =1 (R0 37
| ( )2 (22)
p—m
_/\//)(m7sz) = msexp |:_ 242 :|7
1d oy

R 73
Do) = S ol®) =T [ ro)(1-7). @

[28] The variance X,, (see equation (AS8)) and the corre-
sponding macrodispersion coefficient D,, are easily com-
puted after specifying the shape of py, i.e.,

T 2dR

X.(R) 203
12 3R?

2

R7 (2R —3) +3[1 — (1 + R) exp(—R)] (exponential )

Rlerf (ﬁR> + % [Z(WR2 —2)exp (ﬂrRZz)

2
+4 — 37rR2] (Gaussian),
24
and
Dn(R) _ oy
I 3R

R®—6+3(R*+2R+2)exp(—R) (exponential)

(25)
R3 erf (?R) + % {(sz +4)

o) 4

(Gaussian)
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where R is now scaled by /, although for simplicity we
have retained the same notation. Similarly, one has from

the last term of equation (A10)

1 — (14 R)exp(—R)

Sl1-ew(-52)]

(exponential)

2
o

1y (R) = (Vo)

(Gaussian).

(26)

[20] It is seen that in the far field oy y, reduces like R™!
since it results:

1 (exponential)

ox 1, (R) ~ R>1. (@27

— (Gaussian)
™

[30] Thus, the cross correlation between X, and V),
decays very slowly with R, and this further underlines the
fact that one has to deal with very large distances before
regarding the travel time 7 as a Gaussian random variable.

[31] In Figure 2, we have depicted the scaled PDF (con-
tinuous line) "5—[2 g versus § for r = 1. For simplicity, we
present results for exponential autocorrelation (the same
conclusions are obtained for Gaussian py). For comparison
purposes, we have also shown (dotted line) the scaled PDF
U%c g pertaining to a MU flow (see Appendix B for
details). Besides being important for understanding the
evolution of reactive transport, these PDFs also represent
the BTCs pertaining to a pulse of passive tracer, and there-
fore they enable one to appreciate the differences between
transport in MU flows and transport in WF. To show the
transition due to different degrees of the medium heteroge-
neity, we have depicted the PDFs for some values of o7.
When the hydraulic conductivity is certain (03 = 0), the
PDFs degenerate (due to the neglect of pore-scale disper-
sion) into a Dirac distribution propagating on the front R/I.

2.5 9
— well

% N ) SN R — uniform

scaled PDF

0.5 4

0.1 1

R/I 10

Figure 2. Scaled PDFs pertaining to a well (continuous
line) and MU (dashed line) flow as function of R/[ for dif-
ferent 0% Other parameter values: 7 =/ and A = 0.1.
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In this case, there is no difference between transport in WF
and in MU one. Uncertainty in the hydraulic conductivity
(0% # 0) smoothes PDFs, leading to asymmetric curves.
The asymmetry increases with o%. In particular, for higher
0%, tailing in the PDF is more persistent for the WF. This is
explained by recalling that, unlike the MU flow, the radial
velocity reduces like R~!'. Thus, tracer particles released
with a relatively small velocity will take more time to reach
a given CC as compared with those in a MU one. This kine-
matical picture also explains why the early arrivals in the
WF are delayed as compared with those observed in a
MU flow.

3. Discussion of Results

[32] We wish to illustrate the impact of linear nonequili-
brium sorption/desorption (4) upon the BTCs. In particular,
for high desorption (k — 00), the sorbed and fluid concen-
trations mix instantaneously, and one recovers the linear
equilibrium model, i.e.,

10
K;C—N=-—N=~0

= N~K;C.
KOt a

(28)

[33] At the other extreme of zero mixing (k — 0), the
sorbed phase is completely blocked off, and the solute
behaves like a conservative one. The model (4) can also be
used to mimic unidirectional solute transfer from the solid
to the water phase (e.g., leaching from waste disposal sites)
by setting K; = 0. Thus, equation (4) represents a relatively
general model for linear reactions that can incorporate both
equilibrium and nonequilibrium processes. It is interesting
to note that the effect of pore-scale dispersion (that is for-
mally neglected) is indirectly accounted for via the kine-
matical mass transfer.

[34] The characteristic reaction function - for the model
(4) has been derived by Lassey [1988]:

(1, 1) = exp(—k Ky 1)6(t — 7) + Ky k*Texp|—r (Ky 7+t — 7))

it Ky HzT(t —7)x(—7)
(29)

with 1,(Z) =1,(2vZ)/VZ, whereas I, represents the
modified Bessel function of the first kind of order one ( is
the Heaviside step function). It is seen that the ~y-function is
expressed as the superposition of:: (i) a continuous distribu-
tion due to nonequilibrium effects and (ii) a propagating
pulse which decays exponentially with ¢. The reaction func-
tion (29) can be further generalized to account for degrada-
tion in the fluid concentration. In this case, the Lagrangian
equation (7) can be written as

0 0
B (Cu +N;L) +E Cp=—uCy,

(30)
where 11 (T~") the (constant) degradation coefficient. The
solution C, is obtained from that of equation (7) as
Cu(r,t) = exp(—pt) C(7,t). Hence, the sorbed concentra-
tion N, is computed by replacing C with C,, into the second
term of equation (4).
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[35] For a pulse of constant strength Cy = fg—}z (M, is the
injected mass per thickness), the BTC is computed from
equation (15) as

—f
i 1 )

20T exp(—DaKyt)g(Vir
Co Wi p( at) g(Vtsr)

D !
+7a\/Kdt’/ dyg(\/y?;r)Y(y;Dat’)
0

G

L[2x/Kgy(1 —y)]
VIi=y

Y(y;x) = exp[—x(Kgy + 1 —=y)],

where Da is the Damkohler number defined as the ratio
between the characteristic flow time ¢, = ”5{2 and the reac-
tion rate = (¢ = t/t.). !

[36] In Figure 3, we have shown the BTC (equation (31))
versus ¢ for some values of Da at r = [ (K; =2 and
0% = 0.5). For a very slow reaction (Da — 0), the solute
behaves conservatively, whereas for a fast reaction
(Da — o0) the solute distribution is close to the equilibrium
(with the partition coefficient K,). At intermediate values of
the Damkohler number, the BTC clearly exhibits a tail due
to the delay caused by the ongoing solute transfer between
the sorbed and liquid phases. This tail is confined between
the BTC corresponding to Da = K; = 0 (i.e., passive scalar)
and the one corresponding to an equilibrium-dominated
transport mechanism, i.e., Da — oo (with K; # 0). Account-
ing for solute degradation produces a further dumping in the
BTCs.

3.1.

[37] It is interesting to illustrate the application of our
model to real data. Generally, there are very few forced
tracer tests, and most lack the amount of data required for
validation purposes (see discussion in Gelhar et al. [1992]).
In fact, it is very difficult to obtain date under the various

Comparison With Experimental Data

1.5 9
o’ (')
Co
1.0 1
—— exponential
-------- Gaussian
0.5 9
0.0 T —F T —rTT
0.01 0.1 1 10 t/ 100
Figure 3. Normalized reactive BTC (31) versus the

scaled time # = t/t. at r = I for different values of the
Damkohler number Da. Other parameters: o3 = 0.5 and
Kqs=2.
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flow regimes, fluctuations in the mean flow direction, non-
uniformity of the flow, etc. Nevertheless, we found in the
literature [Fernandez-Garcia et al., 2004] a divergent flow
tracer test (DFTT) suitable for comparison purposes.
Although the test aquifer was artificially packed, it exhibits
hydraulic properties resembling those found in some real
settings [see Gelhar et al., 1992; Rubin, 2003]. Thus, this
experiment has the unusual advantage that the heterogene-
ity structure of the hydraulic conductivity is relatively well
defined; therefore, reducing the uncertainty related to the
estimate of the statistical parameters.

[38] The DFTT is described in detail by Fernandez-
Garcia et al. [2004]. For the sake of completeness, the test
(whose experimental setup is sketched in Figure 4) is
described briefly herein. A sand tank (243.8 cm long, 121.9
cm wide, and 63.5 cm high) was constructed in the labora-
tory. The heterogeneity structure was artificially created by
packing (for a complete description of the methodology,
see Chao et al. [2000] and Fernandez-Garcia et al. [2004])
five different types of sands (the porosity n was approxi-
mately 0.38). The final arrangement of sands packs was
such that the conductivity is described by a geometric
mean K¢ = exp(Y) = 116.7 m d~' and standard deviation
oy ~ 1.3. As for the statistical properties of the Y-random
field, the autocorrelation was characterized by anisotropic
structure with / ~ 10 cm and A ~ 0.2.

[39] A fully penetrating well located at the center of the
aquifer in conjunction with a peristaltic pump was used to
force the flow at a constant volumetric rate (95 mL min").
After reaching steady-state conditions, a pulse of lithium bro-
mide (LiBr) was added into the injecting well over a period
of 5 min. Bromide concentrations with time were monitored
by three batteries (each one formed by four piezometers)
located at: (i) » = 22 cm (battery E), (ii) » = 35 cm (battery
I), and (iii) » = 45 cm (battery K) from the well (Figure 4).
Since bromide behaves as a passive scalar, the BTC is
obtained by setting Da = K; = 0 into equation (31).

[40] The comparison between the analytical model (con-
tinuous line) and the experimental (discrete symbols) normal-

ized BTCs €’ /Cy is shown in Figure 5. For the three
relative distances (/I = 2.2, 3.5, and 4.5), the BTCs were
computed by averaging the four concentration curves moni-
tored by the batteries E-I-K of piezometers. Before continu-
ing, it is important to observe here that the geometrical

63.5 cm

1 2438cm——m—————F

O injecting well
o piezometer at r = 22cm
o piezometer at r = 35cm

piezometer at r = 45cm

Figure 4. Three-dimensional view of the setup of
Fernandez-Garcia et al. [2004].
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Figure 5. Comparison between theoretical (lines) and
measured (symbols) normalized BTCs at three-scaled ra-
dial distances #/1.

configuration of the DFTT implies that \//B = 2 cm/63.5
cm = 0.03, and therefore transport can be regarded as er-
godic. In addition, it should be noted that the value (i.e.,
oy ~ 1.3) of the standard deviation of Y is slightly larger
than one. However, as it will be immediately clear, this does
not represent a strong limitation, also in view of the other
sources of uncertainty (for instance, those related to the
measuring devices).

[41] Generally, the model slightly underpredicts the posi-
tion of the center of gravity R = R(#'). This small disagree-
ment is mainly attributed to the uncertainty in the hydraulic
properties. In fact, even if the artificial aquifer was packed
to fit a given Y distribution, it nevertheless exhibited some
uncertainty in the resulting distribution of the log conduc-
tivity (see discussion in Fernandez-Garcia et al. [2004]).
More important, the experimental BTCs were computed by
averaging the concentration values at only four radial loca-
tions. In fact, even if ergodicity is ensured since from the
beginning due to the fully sampling of the well (for details,
see Indelman and Dagan [1999]), more sampling would
have been desirable to fully detect the propagating plume.
This experimental aspect (together with the fact that
oy ~ 1.3) represents another reason to explain such a small
disagreement. Finally, the proposed comparison also repre-
sents a quantitative way of testing the assumption (at least
when computing the BTCs) of neglecting the pore-scale
dispersion.

4. Concluding Remarks

[42] The problem investigated here is that of solute mac-
rodispersion into a radial flow configuration. The plume
spreads due to the velocity fluctuations that are caused by
the spatial variability of the conductivity K. The difficulty
of such a problem stems from the fact that, unlike the com-
mon natural gradient conditions, the flow pattern is nonuni-
form in mean. To reduce the mathematical complexity
(while retaining the most relevant features of the problem at
hand), a few simplifying assumptions have been adopted:
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thick aquifer, fully penetrating well of steady discharge and
stationary lognormal conductivity. By assuming weak heter-
ogeneity and by dealing with highly anisotropic formations,
we derive a simple solution to the transport problem.

[43] The main objective is to study transport of a reactive
solute that is sorbed reversibly by the immobile phase (e.g.,
soil aggregates, stagnant zones, rock matrix) while being
advected by the mobile (i.e., fluid) phase. By following
Cvetkovic and Dagan [1994], the transport equation is
rewritten in the one-dimensional domain (7,¢) along
streamlines. Central to the present study is the PDF of 7
which is derived consistently with the assumptions adopted
herein. In particular, it is shown that the travel time 7 can
be regarded as a Gaussian variable only in the far field.

[44] The effect of sorption upon solute concentration in
the mobile phase is manifested in the existence of a wake of
solute trailing behind the propagating pulse. This wake, rep-
resented by the second term of equation (29), is confined to
the stream tubes of the fluid flow (no mechanism of trans-
verse exchange being present). At aquifer scale, the hetero-
geneity in the convective mechanism produces a further
separation into parcels that move quicker than the mean
through zones of higher permeability (for given distance 7),
with the opposite occurring in low-conductivity regions.

[45] Besides the theoretical interest, results of the present
paper are also useful for practical applications. The model
is tested against a forced-gradient experiment [Fernandez-
Garcia et al., 2004]. The good agreement with experimental
data demonstrates that stochastic modeling is a valuable tool
to grasp the transport outcome in forced-gradient tracer tests.

Appendix A: PDF of the Travel Time in Radially
Diverging Flows

[46] By following the procedure of Cvetkovic and Dagan
[1996] and Dagan [1989], we derive an analytical expression
for the PDF of the travel time 7 consistent with the assump-
tions mentioned in section 2.4. Hence, with f'(X,, Vy; t) as the
joint PDF of X, and ¥}, at time ¢, one has

/'tdrgv, fisr) = Gl Vo) = [ f 0 Fn). (AD
0 Jr

[47] We are now in a position to compute the cumulative
density function G(7;r) of 7. In fact, by accounting for
equation (12), G is written as

G(ryr) = /OTd?g(?;r) :ﬁ/OT/d?dVo Vog(7, Vo;r).
(A2)

[48] Then, insertion of the last term of equation (A1) into
(A2) leads to

G(rsr) / N / W Vo Vof (X Voi 7). (A3)

_
B <V0> r

[49] It is now clear that to derive G(7;7) (and conse-
quently the PDF of 7), one has to compute the joint PDF
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f(X,, Vy; 7). To do this, we remind that the trajectory fluc-
tuation X! = X, — (X,) is given by [Indelman and Dagan,
1999, equations (27)—(29)],

U VX3
/d ; '

and that from the second term of (19) the fluctuation
VO Vo <V0> is

X!(R;x3) R= (A4)

Owt
nm

Vi(xs) =~ (Vo) Y'(0,0,x3), (Vo) = constant. (AS)
[50] Thus, at the a%,-order X, and ¥ can be regarded as a
bivariate normal. As a consequence, their joint PDF

f(X,, Vy; ) reads as

f(X, Vo; 1) L ( : cTE’lc) c %
Vo T) = exp| —=— , = ,
AR PV/ N T 7

(A6)
where ¥ is the variance-covariance matrix, 1.€.,
er ox.v,
¥ = ) (A = detX). (A7)
ox.v, Oy,

[s1] The quantity X, is the variance (X/*(R;x3)) along
radii of the particle trajectory [Indelman and Dagan, 1999],

2 R 3F P
Xy,(R):g(T%,R/(; drpy(r,O)(l—ﬁ—l—ﬁ),

whereas oy,y,(R) = (X/(R,x3) V{(0,0,x3)) and o7, repre-
sent the cross variance between the particle trajectory and
the velocity at the well and the variance of ¥}, respectively.
Substitution of equation (A6) into (A3) gives (after carrying
out the involved quadratures) the cumulative density func-
tion of 7, i.e.,

(A8)

=L TR ] @) G
(WerE)_(W)'
(A9)

[52] Note that the dependence of G upon 7 stems from the
fact that R is a monotone increasing function of the travel
time (see the second term of equation (A4)). The cross-
variance oy, y, is readily computed by employing the defini-
tion and accounting for the first term of equation (A4) and
(AS5). The result is

"R _ o
o B) = UR) [ sl Fia)) = 2l

0_2 R
:%/0 d77 py (7,0).

[53] From the last term of equation (A10), it is easy to
show that o y,(c0) = 0 for any py, due to the progressive
reduction of the conditioning effect of V, upon the particle

(A10)
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trajectory X, as R increases. As such, in the far field the cu-
mulative density function (A9) is approximated by

1 R—r
—E{l—i-erf TARJ}

(Al1)

[54] The far-field approximation equation (All) of G

shows that 7 can be regarded as a Gaussian variable only

asymptotically. By employing the definition and the chain
rule of derivation, i.e.,

7] OR 0 Ow
g(ryr) = EG(T;V) =9, 5% G(R;r) =

G(t;r) = 1 erfc | ———
2 2X,.(R)

9
5o OB =gRr)
(A12)

leads to (20).

Appendix B: PDF of the Travel Time in Mean
Uniform Flows

[55] In this case, g represents the PDF of the travel time
of a fluid particle starting from the injection plane at x; = 0
and reaching any control plane at x; > 0. At o5-order, gW
has been derived by Cvetkovic and Dagan [1996] as a func-
tion of the variance X (R) of the fluid particle trajectory,
and the macrodispersion coefficient D™ (R) = 3L X" (R)
(with R = 7 U,.). The final result can be written as:

gY R x1) = U\ /X (R) go(R;x1) N (R,XW)  (BD)

>. _ d D<u>(ﬁ) - d ﬁ — X1
go(R;x1) = & W} + X, (R)ﬁ [XT(RU} (B2)

where the function ¥, is obtained from the ﬁrst term of
equation (22) after replacing X, and D,, with X and DW
respectively. Here, we compute X" (and therefore g(V)) in

accordance with the assumptions recalled in this paper.
This leads to

dr’ R”dk
27r 3/2

(k) exp[—tky (R — R")],
(B3)

R=

~I| =l

being @(k):/#py(x) exp(tk - x) the spectrum

(i.e., Fourier transform of py). Closed analytical expres-
sions are obtained for specific shape of @, i.e.,

XW(R)
(Ioy)?

R+ exp(—R) — 1 (exponential)

=2
Rerf (?R) f% {1 — exp <72R2>} (Gaussian),
(B4)
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and concurrently
1 — exp(—R) (exponential)
DW(R)
o BS5
i (B5)

() (o)

[s6] It is interesting to observe that the first term of equa-
tion (B4) coincides with the approximation provided by
Dagan and Cvetkovic [1993], i.e

(u)
)((Imf;ez) ~f(R;N), [fRA)= g(z—)\){ﬁ()\)R + exp[—£(MR] — 1}
(B6)
A
&) =1 +m
et (B7)
(19— 1002)A — (13 — 4x2) 2V X

V1= N

in the limit £(0) = 1. Thus, although equation (B6) was
derived on the basis of the computational efficiency [see
Severino et al., 2005], it becomes an exact U%, -order result
for stratified formations.
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