Bifurcation from multiple eigenvalues of rotating traveling
waves on a capillary liquid drop
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Abstract. We consider the free boundary problem for a liquid drop of nearly spherical shape with
capillarity, and we study the existence of nontrivial (i.e., non spherical) rotating traveling profiles
bifurcating from the spherical shape, where the bifurcation parameter is the angular velocity. We
prove that every eigenvalue of the linearized problem is a bifurcation point, extending the known
result for simple eigenvalues to the general case of eigenvalues of any multiplicity. We also obtain
a lower bound on the number of bifurcating solutions.

The proof is based on the Hamiltonian structure of the problem and on the variational argument
of constrained critical points for traveling waves of Craig and Nicholls (2000, STAM J. Math.
Anal. 32, 323-359), adapted to the nearly spherical geometry; in particular, the role of the action
functional is played here by the angular momentum with respect to the rotation axis.

Moreover, the bifurcation equation presents a 2-dimensional degeneration, related to some
symmetries of the physical problem. This additional difficulty is overcome thanks to a crucial
transversality property, obtained by using the Hamiltonian structure and the prime integrals cor-
responding to those symmetries by Noether theorem, which are the fluid mass and the component
along the rotation axis of the velocity of the fluid barycenter.
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1 Introduction and main results

We consider the free boundary problem for the motion of a drop of incompressible fluid with
capillarity. The problem is described by the system

Ou+u-Vu+Vp=0 in Q, (1.1)
divu =0 in Q, (1.2)

p=o09Hq, on 0%, (1.3)

Vi = (u,vq,) on 0, (1.4)

where ©; C R3 is the time-dependent, open, bounded region occupied by the fluid, 0€); is its
boundary, u is the fluid velocity vector field, p is the pressure of the fluid, oq is the capillarity
coeflicient, Hq, is the mean curvature of the boundary 0§, V; is the normal velocity of the
boundary, vq, is the unit outer normal of the boundary, and (-,-) denotes the scalar product of
vectors in R3. Equations , are the Euler equations of incompressible fluid mechanics,
gives the pressure at the boundary in terms of capillarity, and is the kinematic condition
that the movement of the boundary 0€; in its normal direction is due to the movement of the
liquid particles on 9€2;. The unknowns are the domain €, the velocity vector field u, and the
pressure p.
We assume that the boundary 0€2; is the graph of a function over the unit sphere,

o ={(1+ht,z)z:xeS?, SP={zcR®:|z|=1}, (1.5)

where the elevation function h satisfies 1+ h > 0. When |h| is small, we say that € is a nearly
spherical domain. We also assume that the motion of the fluid is irrotational, so that the velocity
vector field u is given by the gradient of a scalar function, the velocity potential . For u = VO,
becomes the equation V(9;®+ 1|V®[?+p) = 0 in Q, that is, 9, @+ 1|V®|?+p = independent
of x in £, becomes A® =0 in €, and becomes V; = (V®,vq,) on 9.

As is proved in [12, 47, 9], this problem admits a Craig-Sulem formulation, which is the equiv-
alent system

8th = Xl(h,w), 5't¢ ~ XQ(hvw)a (16)

where, in the notations of [9],

V(1 +h)2 + Vg h|2

Xl(hvw) = 1+h G(h)wa (17)
1 (Vgo1), Vgzh) 2 |Veu
Kol v) =3 (G(hw ETEN N e e |V§2h|2) 2y OO 1Y

and f ~ g means that the difference f — g is independent of x. In system (1.6)) the unknowns h,
are real valued functions of the variables (t,z) € R x S, Vg2 denotes the tangential gradient on

S? (defined in (2.1]) below), H(h) is the mean curvature of the boundary 92, in (1.5)) expressed in
terms of the elevation function i (see formula (2.3)), and G(h)t) is the Dirichlet-Neumann operator
defined (omitting to indicate the time-dependence of functions and domains) as

G(h)y(x) = (V@) (7()), va(y(x))) (1.9)

at all points y(z) = (1 + h(z))z € 99, i.e., for all x € S?, where ® : Q — R is the unique solution
in H'(Q) of the boundary value problem

AP =0in Q and ®(y(z)) = () for all y(z) € 09, i.e., for all z € S%. (1.10)

We refer to [9] for details about the derivation of system (1.6) and about some properties of
the Dirichlet-Neumann operator. Note that system (|1.6)) is not a free boundary problem, as the
unknown functions A, are defined on the fixed surface S2.



One has Xy (h,¥1) = Xg(h,v) for all ¢; ~ ¢, k = 1,2, so that can also be viewed as a
system where h is a function and 1 is an equivalence class of functions. However, in the present
paper we find it more convenient to work with functions, instead of with equivalence classes. For
this reason, we consider the system

Ohh = X1(h, ),  Opp = Xo(h,1b) + 200, (1.11)

where the unknowns h, 1) are both functions, and the constant 20 is determined by the fact that
this is the only term for which the pair (h,v) = (0,0) solves system (T.11)). Note that 2 = H(0)

is the mean curvature of the unit sphere S?, see (2.3). Systems (1.6)) and (1.11]) are equivalent: if
(h,) solves ([1.11)), then it also solves ([1.6); vice versa, if (h,1) solves (1.6), then there exists 1,

such that ¥; ~ v and (h, ;) solves (1.11]).

Rotating traveling waves on the capillary drop are solutions of system given by a fixed
profile that rotates with constant angular velocity around a fixed symmetry axis. Given the absence
of gravity in the equations, the problem has no privileged direction, and hence there is no loss of
generality in fixing the x3 axis as the rotation symmetry axis. Thus, we consider functions h, of
the form

h(t,z) = n(R(wt)x), (t,z) = B(R(wt)x), teR, xS (1.12)

where 7, 3 : S — R are scalar functions defined on S?, independent of time, w € R is the angular
velocity, and R(1¥), ¢ € R, is the rotation matrix

cos —sind 0
R(¥) = | sind cos? O0]. (1.13)
0 0 1

As is observed in [9], for functions h,® of the form (1.12)), system (1.11)) becomes the rotating
traveling wave system

WMn:Xl(nv/B)? WMB:X2<7776)+2007 (114)

where M is the differential operator defined by

Mn(x) == (Jx,Vsn(z)) Vo eS? (1.15)
and J is the matrix
0 -1 0
J=11 0 0]. (1.16)
0 0 O

Since (1, 8) = (0,0) is a solution of system for all values of w, the existence of nontrivial
solutions of can be studied as a bifurcation problem where the angular velocity w is the
bifurcation parameter. This study has been initiated in [9], where the bifurcation from simple
eigenvalues is proved by Crandall-Rabinowitz theorem. In the present paper we go beyond simple
eigenvalues, and, following the approach of Craig-Nicholls [24], we prove that the bifurcation of
nontrivial solutions of occur from eigenvalues of any multiplicity. In particular, we prove
the following result. Let

T:={(,m)€Z?:£>0, |m| < ¢}, (1.17)

the set of indices of the real spherical harmonics on S2. For (£y,mg) € T, with mg # 0, define

V(b +2)(fo — 1)k

wo = /00 o (1.18)
and
S:={(t,m) €T : (£+2)( —1)m2 = (Lo +2)(lo — 1)lgm?}. (1.19)

Note that the set S has a finite number of elements, which are (0, 0), (1,0), (¢, mo), and possibly
finitely many other pairs (¢, +m) with £ > 2 and 1 < |m| < /.



Theorem 1.1. Let (by,mo) € T, £y > 2, mg # 0, where T is in (1.17). Let wy be defined in
(1.18). Let 2n + 2 be the cardinality of the set S in (1.19). Let s > 1. Then there exist ag > 0,
C > 0 such that, for every a € (0,aq), there exist at least n distinct orbits

{8 o RW):9 €T}, i=1,...,n, (1.20)
of nontrivial solutions of the rotating traveling wave equations (|1.14) with angular velocity w = w((zi),
angular momentum

I, 8) = a (1.21)
(Z is defined in (3.13))), and
|w® — wo| + ||77¢(1i)HHs+%(Sg) + ||ﬁ¢(zi)||H5+1(SZ) < CVa. (1.22)

If n =1, the orbit depends analytically on a in the interval (0, ag).

Before continuing, let us explicitly write down an interesting consequence of Theorem
concerning the Cauchy problem for system ([1.1))-(L.4).

There exist infinitely many initial data (i.e., the initial shape Qg and the initial velocity field ug)
arbitrarily close to the equilibrium (i.e., the sphere with null velocity) such that the only solution
to the Cauchy problem for system — is obtained as a pure rotation of the initial data. In
particular, these solutions do not develop singularities and exist for all times.

Let us briefly discuss why such an existence result is not really obvious at a heuristic level. First,
assume that we are given an irrotational solution of system (L.1)-(L.4) with Q; = Qo independent
of time. Since the boundary 0€; = 0y does not change in time, its normal velocity V; is zero
for all t, and therefore, by , (V®,vq,) is also zero. By , A® = divu = 0 in Qg, and,
integrating the product PAP over gy, using the divergence theorem and the boundary identity
(V®,vq,) =0, one obtains that u = V® = 0 in y. Thus, by , p is constant on the boundary
09, and hence, by , the curvature Hg, is also constant. As a consequence, by Alexandrov
theorem (a connected compact embedded surface with constant mean curvature is a sphere), €
is a ball. Thus, the ball is the only possible shape for an irrotational solution of — with
Qt = QO.

Next, consider a solution of — where €); is given by the translation of a time-independent
domain Qg by constant velocity, i.e., Q; = Qg + ct, for some fixed vector ¢ € R3. Then £,
u(t,z) = ug(t,x — ct) + ¢, p(t,x) = po(t,x — ct) solve (L.I)-(L.4), where Q, uo, po solve the same
system. Hence, by the argument above, g is a ball. Thus, the ball is also the only possible shape
for an irrotational solution of — with Q; = Qg + ¢t and Qy independent of time.

From these observations one might be led to think that the same rigidity property that holds for
the translations also holds for the rotations, namely, if the velocity field is irrotational, and if the
domain ), is given by a rotation R(wt) of constant angular velocity applied to a time-independent
domain 2, then £ is a ball. Such a guess turns out to be false, as is actually proved by Theorem
In particular, the solutions obtained in Theorem have domain Q; = R(wt)$g, where Qg is
independent of time and it is not a ball. This is related to the fact that system concernes the
time evolution not only of the shape h, but also of the velocity potential ), which can be suitably
tuned so that a fixed nonspherical shape persists as time evolves.

Another, even less intuitive, consequence of Theorem [I-1]is that, in general, rotating solutions
need not to enjoy any symmetry property to exist.

Theorem [1.1] improves the bifurcation result in [9] in these aspects:

- in [9] bifurcation is proved only from frequencies (¢y, mg) € T such that the set S in (1.19) has
exactly the 4 elements (0, 0), (1,0), (¢y, =my), whereas in Theorem [1.1] there is no restriction
on the cardinality of S;

- in [9] bifurcation is proved only in the subspace of functions (7, §) with 1 even in z3, even
in zo9, and S even in x3, odd in x9, where the frequency (¢, mg) becomes simple, whereas in
Theorem there is no restriction on the symmetry properties of (1, 3);



- in [9] a bifurcating curve of nontrivial solutions is obtained, whereas Theorem gives a
multiplicity result, proving the bifurcation of n orbits of nontrivial solutions.

We also note that the analytic dependence on the bifurcation parameter proved in [9] for simple
eigenvalues is lost in Theorem as one expects in the case of multiple eigenvalues; for n = 1, on
the other hand, the dependence is analytic also in Theorem

The multiplicity result in Theorem relies on the torus action given by the rotations R(?}),
see , and it does not make use of the reversible structure of the problem. Reversibility would
enter into the result in the following way. Given any solution u = (7, 8) of equation with
angular velocity w > 0, the pair

Su = (777 _B)
is a solution of the same equation but with w replaced by its opposite —w < 0. Since the n orbits

in (1.20) are all made by solutions of (|1.14]) with positive angular velocity (wgi) is close to wp > 0,
see ([1.22))), no one of them can be obtained from another one by the reflection S, i.e.,

(D, D) £ S{(nW, B9 o R(¥)} VI ET, i#j.

Thus, taking into account the involution S, we obtain 2n orbits of rotating traveling waves, n of
which having anti-clockwise rotation, and the other n with clockwise rotation. The same happens
for S replaced by the involution operator S; that maps u = (n, 8) into

(S1u)(z) == (n(=2), =B(==)),

which is the composition of S with the map x — —=x, considered, e.g., in [I0]. This change of sign
of the angular velocity is due to the fact that the angular momentum Z defined in satisfies
ZoS8 =-7 and Z o S; = —Z, unlike the linear momentum considered in the nearly flat case, for
instance in [24] [T0]. This difference is ultimately due to the fact that the space derivative operator
in the momentum integral is 0, or V in the nearly flat case, while it is x10,, — 220, in the nearly
spherical one.

Concerning symmetric solutions, we prove the following result.

Theorem 1.2. (i) (Solutions even in x3). Let (¢y,mp) € T, £y > 2, mg # 0, with £y —mg an even
integer, where T is in . Let wg be defined in . Let 2n + 1 be the cardinality of the set
SNZ2,.,, where S is defined in (L.19), and Z2,.,, is the set of pairs (€, m) € Z* such that £ —m is
even. Let s > 1. Then there exist ag > 0, C > 0 such that, for every a € (0, aq), there exist at least
n distinct orbits of solutions of the rotating traveling wave equations (1.14) with symmetry
with respect to the third variable x3

(ng,i)aﬁc(f))<xlax2a_$3) = (ng,i)7ﬁg(¢i))(xlax27x3)7 Tr = (.’L‘l,ZCQ,l‘g) S S2, (123)
angular velocity w = w,(f), angular momentum (L.21)), and estimates (1.22)). If n = 1, the orbit
depends analytically on a in the interval (0, aq).

(#) (Solutions even/odd in xg). Let (b, mo) € T, o > 2, mo # 0. Let wg be defined in (1.18]).
Let s > 1. Then there exist ag > 0, C > 0 such that, for every a € (0,aq), there exist at least 2
solutions

(), 80), i=1,2, (1.24)
of (L.14)) with symmetry with respect to the second variable o
0 (w1, —a2,23) = 1l (21,22, 23), BV (w1, —w2,23) = —B (21, 22, 73), (1.25)

with angular velocity w = w((f), angular momentum (1.21)), and estimates (|1.22]).

(#41) (Solutions even in x5 and even/odd in x3). Let (by,mg) € T, €y > 2, mg # 0, with £y —mg
even. Let wg be defined in (1.18). Let s > 1. Then there exist ag > 0, C > 0 such that, for every
a € (0,ap), there exist at least 2 solutions (1.24) of (L.14) with both symmetries (1.23)) and (1.25),

angular velocity w = w((f), angular momentum (1.21) and estimates (1.22)).



Theorem [I.2]improves the bifurcation result in [9], because in [9] only the case (iii) is considered,
and only when S has exactly 4 elements.

We observe that from the torus action one deduces the invariance of the subspaces of functions
(n, B) which are supported only on spherical harmonics g, with m integer multiple of a fixed
integer k > 1. This is usually called k-fold symmetry, and it corresponds to the discrete rotational
symmetry of angle 27 /k around the x3 axis. Results analogous to those of Theorems and
can be also proved in the k-fold symmetry subspaces.

Sketch of the proof. A fundamental ingredient in Craig-Nicholls approach [24] to the bifurcation
of traveling waves is the variational structure of the problem, namely the key observation that the
traveling wave system is the equation of the critical points of a functional; thus, our analysis begins
with showing that system exhibits a variational structure analogous to the one in [24]. More
precisely, in Section |3| we recall the Hamiltonian structure of the problem, and we show that
is in fact the equation

VHao(nvﬁ) - sz(naﬁ) =0 (126)

of the critical points of the functional H,, — wZ, where H,, is the Hamiltonian defined in
and Z is the angular momentum defined in .

Next, we show some consequences of the geometric nature of the problem: in Section [4| we
use some geometric considerations to find symmetries of the problem and we follow the ideas of
Noether Theorem to find the corresponding conserved quantities. An important tool that we also
study in Section [4] is the operator Tp in (4.2)), which is the natural torus action of the problem,
for which we prove some key invariance properties, see Lemma[4.8] At this point, we are ready to
start the study of equation .

In Sectionwe prove some orthogonality (Lemma and conjugation (Lemma properties
of the nonlinear operator in . These two simple lemmas will have important consequences:
orthogonality will be used at the end of the proof of Theorem see Lemma and it will be
essential in order to show the existence of at least two solutions to @D, while the conjugation
property will be used to obtain n orbits of solutions, see Lemma [11.6]

In Section [6] we linearize the system at the origin and list some properties of the linearized
operator, building the appropriate set up to implement the Lyapunov-Schmidt decomposition in
Section [7} The original problem is then reduced to a finite-dimensional one by solving the range
equation by the implicit function theorem, see Lemma [7.1] It is important to observe that the
reduced problem is now an equation in even dimensional space; more precisely, we are left to solve
the bifurcation equation in a vector space of dimension 2n + 2.

Following [24] and the classical methods described in [22] 40} [52], we note that, even after
performing the Lyapunov Schmidt decomposition, the bifurcation equation has still a variational
structure, see Lemma Hence, to solve the bifurcation equation, we look for critical points of
the reduced functional £y, . To this purpose, we introduce the level set of the angular momentum
as a constraint where to look for constrained critical points.

A close inspection of the constraint Z(u) = a makes clear the necessity of a further reduction, as
the level sets of the angular momentum resemble a cylinder of the type R? xS?"~! (see Lemma.
Hence, in Section [§] we further decompose the problem separating the two degenerate directions in
R? from the other 2n nondegenerate directions on S?*~1. Note that the formula of the main order
Zo(v) in the Taylor expansion of the reduced functional Zy, (v) in Lemma does not depend
on the degenerate variables.

Then, in Section [9} we choose the angular velocity parameter w in an efficient way as a function
of the nondegenerate component of the kernel (Lemma [9.4). This choice of w guarantees that
constrained critical points of the reduced functional are, in fact, critical points, and therefore
solutions of the nondegenerate bifurcation equation (Lemma . Thus the level sets of the
reduced angular momentum functional Zy, (v) = a become natural constraints (in the sense of
[B]) for the reduced functional &y, (v). Actually, we have that critical points of the restricted
functional (defined on a 2n dimensional space) invariant under the group action 7y on a manifold
diffeomorphic to S?»~! are solutions to the bifurcation equation. Hence, by using classical theorems




of critical point theory (Benci S'-index), we infer the existence of n distinct orbits of solutions, see
Lemma

Finally, in Section we solve the bifurcation equation also in the two degenerate directions,
thanks to the orthogonality property of Lemma [5.2

Difficulties in the proof. Although the strategy of the proof is well established, we encounter
some nontrivial challenges in the way to prove Theorem which seem to be peculiar of the
problem of the drop with its spherical geometry, in the sense that they are not present for the
more studied case of traveling waves on a flat reference manifold (the ocean). We try to explain
this point.

In the problem of traveling gravity-capillary waves on a flat 2-dimensional lattice considered by
Craig and Nicholls [24], there is one degenerate direction, which corresponds to the zeroth Fourier
coeflicient 1&0 of the velocity potential unknown . This degeneration is easily removed in [24] by
restricting all the analysis to the linear invariant subspace of functions (h,) where ¢ has zero
average over the lattice, i.e., l/AJo = 0. Also, the conservation of the fluid mass in [24] corresponds to
the linear identity flo = constant. The same happens, for example, also in the recent paper [10] with
constant vorticity. In fact, this can also be achieved for the drop: the first orthogonality relation
in (that is, the first orthogonality relation in (5.10])) gives an invariant linear subspace, while
the mass conservation, despite its cubic expression in the elevation function h, could become
the linear identity iLO = constant by means of a simple change of variable, as explained in Lemma
3.4 in [9].

However, the problem for the drop contains another degenerate direction, which corresponds
to the conservation of the xs-component B3 of the barycenter velocity B, see . To better
explain, let us describe the simple action of moving the barycenter of the drop along the z3 axis.
Geometrically and physically, this is probably the simplest operation one can perform and yet the
reparametrization of a translated drop is an implicitly defined nonlinear diffeomorphism. From a
physical point of view, it is clear that if a drop rotating around the z3 axis is a solution to ,
any other drop that rotates in the same fashion and translates along x3 with constant velocity is
still a solution.

Now, unlike the previous degeneration, the conservation of B3 is not linear, and it is hard, if
not even impossible, to find an elementary change of variable that simultaneously turns both the
conservation relations into linear ones. This would force one to work over infinitely-dimensional
invariant manifolds of codimension 2. This technical issue is not present in the flat case. At a linear
level, this is related to the fact that the linearization at h = 0 of the mean curvature term H (h) (see
(2.3))) gives the linear operator H'(0) = —Ag2 — 2, whose eigenvalues are £(£+1)—2 = ({+2)({—1),
vanishing for £ = 1, in contrast with the flat case (z € R? or T?), where H'(0) = —A.

From a technical point of view, we encounter the degeneracy in Section |8 where, after perform-
ing the Lyapunov-Schmidt decomposition, following the method of [22] 24} 40| 52], we have to fix
the bifurcation parameter w as a function of the kernel component v by implicit function theorem,
and we face the fact that the dominant term depends nontrivially on all the components of
v but two, 99,0 and 91,9, which are the degenerate directions.

In fact, we choose not to perform any change of variable to make the mass conservation a linear
expression of h, and we also choose not to work on infinitely-dimensional invariant manifolds.
Instead, the strategy that we find more convenient to overcome this obstacle is to exploit the
two orthogonality conditions (that is, (5.10))) coming from the Hamiltonian structure of our
problem and Noether Theorem. While the first relation in is a simple linear expression,
the second one is not, but it gives a geometrical transversality condition in the vicinity of the
bifurcation point. This transversality property is sufficient to cancel out the Lagrange multipliers
related to the two degenerate directions in the proof of Lemma [12.1

Another nontrivial aspect of working on S? concerns the compatibility of the Lyapunov-Schmidt
decomposition with the torus action 7y, which does not seem to be a priori obvious, because of the
nontrivial algebraic expression of the spherical harmonics. This compatibility is proved in Lemma
0.2l

Related literature about the drop. The problem of the fluid motion of a capillary nearly spherical



drop dates back to the paper [46] by Lord Rayleigh. The formulation of the free boundary problem
for the drop in the irrotational regime as a system of equations on S? has been used in [9, 12} 47,
48]. Tts Hamiltonian structure has been obtained in [12] and, in the present formulation, in [9].
The Dirichlet-Neumann operator for the drop has been studied in [48] (paralinearization) and [9]
(linearization, analyticity, tame estimates). Local well-posedness results for the Cauchy problem
have been obtained in [12] 23] 48], and continuation results and a priori estimates in [37, [49]. The
existence of rotating traveling waves has been analytically proved, under symmetry assumptions,
in [9] and, in dimension 2, in [42], while its numerical evidence is shown in [28]; we mention also
[41] for the existence of 2D steady bubbles for capillary drops and [44] for the existence of 2D
steady vortex sheets.

Related literature about the bifurcation and critical point theory. Concerning the bifurcation
technique, the present paper is inspired by [24], where the existence of capillary-gravity traveling
waves on 2D and 3D flat torus is proved, relying on the proof of the Lyapunov Centre Theorem
n [55] and [43]; a similar approach can also be found in the very recent paper [10]. We refer to
[111, 22| 40l 52] as far as the Benci index and its applications in proving multiplicity of critical points
are concerned. We refer to [5l [0, [7, 20, 22, 27, 29] 40, [52] for further literature about bifurcation
and critical point theories, and to [13, 14} [16] for some interesting applications to PDEs.

Related literature about traveling water waves. Starting from the pioneering works [50], [51],
[39] and [45], the literature about the water wave problem in the flat (i.e., non spherical) case,
and in particular on traveling waves, is huge. For a recent review, we refer to [33]. Concerning
the Hamiltonian structure and the Dirichlet-Neumann operator, important references are [3, 25]
20, 38, [66]; see also [I8, [B4] for recent developments. For the Cauchy problem we refer, for
instance, to [T}, 2 15, B8]. For traveling waves we mention, e.g., [32} 34 [35] for 3D problems, [4] for
global bifurcation, [31] for Beltrami flows, [53] for nonzero vorticity, [36] for secondary bifurcations,
[1°7, 19, 211 [30] for quasi-periodic traveling waves.
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2 Notations and preliminaries

Tangential gradient, tangential Laplacian. Given a function f : S2 — R, we denote by & f its
0-homogenous extension to R? \ {0}

&f@)=1() =R \{0)

Using the extension operator &, we define the tangential gradient Vg2 f and the tangential Lapla-
cian Age f of a function f : S — R as the classical gradient and Laplacian of & f,

Ve f = VEf, Agef=AEf. (2.1)

By using the definition of tangential gradient in (2.1)), it also holds that, if f is any diffentiable
extension of f in a neighborhood of S2, then

Ve f =Vf—(Vf )z (2.2)
Mean curvature. The mean curvature term H(h) in equation (|1.8) is given by

Ag2h 2 ((DZ%h)Vs:h,Vgh)  |Vgh|?
H(h)=— = 2.
(h) (1+h)J+J+ (1+ h)J? TR (2:3)

where

J =+ (A +h)?2+|Vsh]?2, ((DZ%h)Vgh,Vsh) = ((D*Eh)VEh, VEW), (2.4)



and D?&yh is the Hessian matrix of &yh. Formula (2.3)) is proved in Lemma 2.3 of [9].

Divergence Theorem on S%. Given a vector field ' on S?, one has

divg: F do = 2/ (F,x) do, (2.5)

S? $2

where do is the 2-dimensional Hausdorff measure, and the tangential divergence is
div SQF = div goF

Spherical harmonics. The real Hilbert space L?(S?, R) admits orthonormal Hilbert basis made of
real spherical harmonics. In particular, we consider the L?(S?, R) orthonormal Hilbert basis

{Qtm:(t,m)eTY, T:={,m)€Z?:£>0, m=—L,... ¢}, (2.6)

where @ (), m = —£, ..., £, are the Legendre real spherical harmonics on S? of degree ¢ written
in Cartesian coordinates z € S> C R?, namely

peo(@) = ¥ Pu(xs),

Prm(x) =™ P™ (@5)Re[(x1 +iza)™], m=1,....¢
1, -m(2) = ¢ P (a3)Im [(w1 +ima)™], m=1,...,4, (2.7)

where P, is the ordinary Legendre polynomial of degree ¢, Pe(m) is its mth derivative, and cg,m) eR
is a normalizing coefficient; see, e.g., [§], Example 2.48 in Section 2.11, and [9], Section 6.1. For
all (¢,m) € T, one has

—Aseprm =L+ 1)0m.

Sobolev spaces. Given any function v € L?(S?,R), one has

u= Z Go,mPems  Uem = (Us Pe,m)L2(s2) =/ upe,m do.
e,m)eT s

For any real s > 0, we define the Sobolev space H*(S?,R) as

H(SLR) = {u € LA(SAR) : ulley < 00, ulfreey = @20+ S a2,  (28)
(Z,;n)GT
>1

Sometimes, we shortly write L?(S?), H*(S?) instead of L*(S% R), H*(S?,R).

3 Variational formulation of the problem

As is proved in [I2] and [9], system (1.11) has a Hamiltonian structure. Consider the quantity

1
T2

+ 0o /Sz(1+h)\/(1+h)2+\vgm|2 do, (3.1)

Hh o) =5 | HCWE)A+h) A+ )+ [Vehl do

which is the sum of the kinetic energy and the capillarity energy of the drop expressed in terms of
the functions h, 1. Then (see Proposition 3.2 in [9])

_ Oy H(h,P)
(1+h)2"’

_OnH(h, )

Xl(ha'l/}) (1+h)2 )

Xa(h,¢) = (3.2)



where X, X5 are defined in , and OpH, OpH are the gradients of H with respect to
the L%(S?) scalar product. The factors (1 + h)~2 in can be easily removed with a change of
variables to obtain a Hamiltonian system in Darboux coordinates, see Lemma 3.4 in [9]; however,
this is not necessary for the analysis of the present paper, and therefore we do not do it. We also
consider the quantity

V(h, ) := V(h) := %/S (1+ h)3do, (3.3)

which is the volume of the fluid domain €; written in terms of the elevation function h. Its
gradients with respect to the L?(S?) scalar product are

Hence, by (3.2) and , one has
_ 81/1HUO (h7 1/)) _ ahHUO (ha ¢)
Xi(h,¢) = EE Xo(h, ) + 200 = At h)eE (3.5)
where
Hoo :=H — 200V, (3.6)
and is the Hamiltonian system
o awHUO (hﬂﬁ) _ ahHUD (haw)
Oth = Y o = TA+h? (3.7)
Also, by 7 the rotating traveling wave system can be written as
aﬁHa' (7775) 8777—[0 (773 ﬁ)
Mn = —""""o2 MB=——"""2 3.8
M= M Ty %

Now we show that also the terms Mn, M3 are the product of the factor (1 + n)~2 with the
gradients of a functional with respect to the L?(S?) scalar product, and this functional is the
angular momentum Z with respect to the rotation symmetry axis. Before proving this, we show
in the following lemma that the differential operator M is anti-symmetric, i.e., one has a simple
integration by parts formula for M, and we calculate its commutator with the tangential gradient
operator.

Lemma 3.1. (i) One has
/ fMngZ—/ (Mf)gdo (3.9)
S2 S2

for all f,g € C1(S?%,R).
(#4) One has } } }
Mf(x) =(Tz,V[(x)) = 2100, f(x) — 2204, f(x) (3.10)

for all x € S, all f € Cl(Sz,N]R), where f is any extension of f to a neighborhood of S?; in
particular, (3.10) holds even if f is not a homogeneous function.
(#4i) One has the commutator identity

M(Vs2 f) = Vee(M[) + T Vs f (3.11)
for all f € C*(S%,R).

Proof. (i) Consider the vector field F(z) = f(x)g(x)Jx on S?, and consider its 0-homogeneous
extension & F = (£0f)(Eog) T x|x|~1. Since the matrix J in (1.16) satisfies

div(Jz) =0, (Jz,z)=0, div(Jz|z|™')=0
for all z € R3,  # 0, the tangential divergence of I on S? is

dive: I = div (& F) = (V{(& f)(E0g)}, Tx) = (M f)g + fMag,
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and the divergence theorem on S? in (2.5) gives identity (3.9).
(#) By (2.2)), since (Jz,z) = 0, one has

Mf = (T, Vf—(Vfa)x)=(Tz,Vf).

(4ii) One has Vg f = VE f on S?, and V& f is defined in R?\ {0}. Hence V& f is an extension

of szf7 and7 by ‘ )
M(Vs2 f) = (105, — 220,,)VEo f. (3.12)
The scalar function g := (210,, — 120, )& f is defined in R3\ {0}, it is a 0-homogeneous function,

and it coincides with M f on S2. Hence g is the 0-homogeneous extension & (M f) of the function
M, and, by definition (2.1}, one has

VS2 (Mf) = VEO(Mf) = v.g = V{((L‘lam2 - x26a:1 )50f} = (-rlazg - xZazl)ngf - jvgoﬂ
where the last identity is an elementary calculation. Thus, recalling (3.12]), we have proved (3.11)).
O

Define
2.9 i= [ (1 nPMmsds = = [ (14 0P Mido, (313)

where the last identity in (3.13) follows from formula (3.9). By (3.13)), the gradients of Z with
respect to the L?(S?) scalar product are

9y Z(n, B) = —(L+n)>MB,  9sZ(n,B) = (1 +n)*Mn. (3.14)
Using to substitute Mn, M3, system becomes
aBHO'D (77’ ﬂ) - WaﬁI(n7 ﬁ) = 07 6’r],}-tO'o (na ﬁ) - WanI(U» 6) = 07

that is,
V,;L[UO (777 ﬂ) - WVI(% B) = 07 (315)

where V = (9,,03) is the gradient with respect to the L?(S? R?) scalar product. Thus is
the equation of the critical points of the functional H,,(n, 8) — wZ(n, B).

Before starting with the study of equation , in the next section we study some symmetries
of the Hamiltonian # in and conserved quantities of system .

4 Symmetries, prime integrals and group action

In this section we study some symmetries of the Hamiltonians H in and Hy, = H — 200V in
and the prime integrals corresponding to them by Noether’s theorem, which are

- the angular momentum Z(h, ) with respect to the z3 axis (Lemma ;

- the mass, or volume, V(h) (Lemma [£.2));

- the barycenter velocity B(h,) (Lemma [4.6]).

Then we observe an invariance property under a torus action (Lemma .

It is convenient to introduce the Poisson brackets notation corresponding to the Hamiltonian
structure of system (3.7)): given any two functionals A(h, ), B(h,1)), we denote

8y B(h, 1) InB(h, )

{A, B}(h,¥) := (O, A(h, V), e (14 h)?

)r2(s2) — (O A(h,¥), )L2(s2) (4.1)
where 9, A, 0y A, O B, 0y B are the gradients of A, B with respect to the scalar product of L?(S?).
We recall that, if {A, H,,} = 0, then, by the chain rule, the time derivative of A(h(t),(¢)) vanishes
along any solution (h(t),v(t)) of (3.7), and A is a prime integral of system .

Now we show first that Z in (3.13)) is a prime integral of associated to the invariance of
H,, with respect to the action of the rotations R(¥).
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Lemma 4.1. Let R(Y), 9 € T := R/27Z, be the rotation matriz (1.13)), and let Ty denote the
composition operator

Tof = foR(V), (4.2)
that is, (Tof)(x) = f(R(9)x) for all x € S?, for any function f defined on S®. Then
(1) the Hamiltonian H in (3.1) and the volume V in (3.3)) are Ty-invariant, i.e.,
HoTy=H, VoTy=V, (4.3)

that is, H(Toh, Tey) = H(h,v) and V(Teh) = V(h) for all (h,);
(ii) the infinitesimal generator %b:OR(ﬁ) of the one-parameter group of rotations { R(9) : ¥ €

T} is the matriz J in (1.16);

(#4i) the infinitesimal generator %b:o% of the one-parameter group of composition operators
{Ty : 9 € T} is the differential operator M in ;

() the functional T defined in (3.13) satisfies {Z,H} = 0 and {Z,V} = 0, it is a prime
integral of the Hamiltonian system d it is the angular momentum associated to the rotation
invariance (4.3).

Proof. (i) As noticed in Lemma 6.2 of [9], one has
G(Toh)[Tov] = To(G(R)Y),  |Vs2(Toh)| = |Ts(Vs2h)].

Hence (4.3) follows from the change of integration variable R(¥)x = y in formulas (3.1)) and (3.3).
(i) By (|1.13)), the identity is elementary. (ii¢) The identity follows from (iz) and the chain rule.
(w) By (4.3), one has -LH(Tyh, Tywb) = 0. This identity at ¥ = 0, using the chain rule and (i),
gives

<8h7'[(h, ¥), ./\/lh>L2(Sz) + <8¢’H(h, ’(/J), M’(/J>L2(Sz) =0. (4.4)
Using (3.14)), we deduce that {Z,H} = 0. Similarly, one proves that {Z,V} = 0. O

Second, in the next lemma we prove that V itself is a prime integral of system (3.7)). This
is closely related to the invariance already observed in the lines surrounding equation (|1.11)),
corresponding to the basic fact that the velocity potential ® is defined up to a constant.

Lemma 4.2. Let S,, a € R, denote the shift operator
Sa(h, ) = (h,9 + a).
Then (i) the Hamiltonian H in is Sg-invariant, i.e.,
HoS, =H; (4.5)
(i9) the infinitesimal generator %b:osﬂ of the one-parameter group of operators {S, : a € R}
is the constant map (h, ) — (0,1);

(74i) the functional V defined in (3.3)) satisfies {V,H} =0, it is a prime integral of the Hamil-
tonian system (3.7), and it is the fluid mass, associated to the invariance (4.5)).

Proof. (i) By definition (1.9)), one has G(h)1 = 0 and, by linearity, G(h)(¢¥+a) = G(h)y. Moreover,

- P1(G(h)Y2)(1 + h)J do = . Y2 (G(h)Y1)(1 + h)J do

for all ¥, 9, with J in (2.4), see (3.22) in [9]. Hence (4.5)) follows from formula (3.1)). (i¢) Trivial.
(ii7) By (L5)), one has -LH(S,(h,v¢)) = 0. This identity at a = 0, by the chain rule and (ii), gives

(OnH(h, 1), 0) 12(s2) + (OpH (D, ), 1) L2(s2) = 0. (4.6)
Hence, by (3.4), {V,H} = 0. Also {V,V} trivially vanishes. O
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Third, we consider the quantity

1
B(h,v) = §/SQ(1+h)2VS2wda :/

x(1+ h)*pdo — / (14 h)yVs2hdo, (4.7)
S2

S2

which is the fluid barycenter velocity multiplied by the volume of €;, written in terms of (h, ).
Note that B(h,v) is a vector in R3. The second identity in is obtained by applying the
divergence theorem on S? to the vector field F' = (1 + h)?wey, for k = 1,2,3. By , the
gradients of B with respect to the L?(S?) scalar product are

WB(h, ) = (1+h)Vsetp,  8uB(h,¥) = (1 + h)> — (1 + h)Vg:h. (4.8)

The symmetry of H associated to B is the translation invariance of the original liquid drop problem,
whose definition, in our geometric formulation where the fluid domain is parametrized as a graph
over the (fixed, i.e., non translated) unit sphere, is nontrivial. In the next lemma we prove that,
for any small elevation function h, the translated boundary 9 + o = {z(1 + h(z)) + a : z € §?}
is also parametrized as {£(1 + hqo(€)) : € € S?}, where h,, is another suitable elevation function.
Lemma 4.3. Let a € R?, |a| < 1, and let h € C*(S%,R), |[hllwr=s2) < §-

(i) For every x € S? there exists a unique pair (£,\) € S? x (0,00) such that
(14 h(z)z +a = A, (4.9)

which is
(4 h(@)r+ o B RV
&= (1+ h(z)z +a| A= |1+ h(z))z +af. (4.10)

(ii) For every &€ € S? there exists a unique pair (x,\) € S? x (0,00) satisfying (4.9).

(iii) Let f:S?* — S?, o+ f(x) be the function mapping any point x € S? to the point & given
by item (i), and let g : S* — S2, € — g(€) be the function mapping any point & € S? to the point
given by item (ii). Both f and g are bijective maps of S%, and one is the inverse of the other.

(iv) Let hg : S? = R, £ = ho(€) be the function mapping any point & € S? into X\ — 1, where X

is the real number given by item (ii). Then

(1+h(g(©)g(€) +a=(1+ha(§)E  (1+h(x))z+a=(1+ha(f(x))f(x) (4.11)

for all z, & € S%. The functions f, g, he are determined by a, h, in the sense that there are no other

functions satisfying (4.11)).
(v) One has f,g € C1(S?,S?), hy € C1(S?,R), with

I1f = idllwreo(s2) + |9 — id|lwroe(s2) + [ha = R0 gllwre(s2) < Clal. (4.12)
Proof. (i) Let z € S%. One has
(L +h(@)z +al 2 |1+ h(@)z] = la] 2 1= [|hllo —|af > 5.

Hence the vector (1 + h(z))xz + « is nonzero, and therefore the pair (£, A) in is well defined,
it belongs to S? x (0,00) and it solves (4.9). If (¢, X') € §% x (0,00) is another solution of (£.9)),
then A§ = X&', whence A = |X¢| = |[N¢'| = N, and therefore also £ = ¢'.
(ii) First, we prove a necessary condition for A\. Suppose that x,& € S, X € (0, 00) satisfy .
Then
A —a| = |1+ h(z))z| =1+ h(z), (4.13)

and, taking the square,
N =2\ a) + |a)® — (1 + h(x))* = 0.
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This is a polynomial in A\ of degree 2 with discriminant
LA = (6,0)? — [a + (1+h(@)? > (€.0)? = o + (1= [hl)? > () + 4, (4.14)

having two distinct real roots of opposite sign. Hence A\ is the unique real positive root

A= (& a) + V(€ a)? — a? + (1 + h(z)). (4.15)

We also observe that, vice versa, implies , that is, given z, ¢ € S?, if A is the number
in (4.15), then identity holds.

Now we use the necessary condition to solve equation with £ given and (z, )
as unknown. Let & € S?. For any x € S?, denote r(z) the right-hand side of . A pair
(z,\) = (z,r(x)) solves equation if and only if 2 solve the fixed point equation

r(x) —

T = Qb(x)a (;S(IL') = 1 —‘rh(l‘) :

(4.16)
For all z € S? one has |¢(x)| = 1 because ([4.15) implies (4.13). Hence ¢ is a map of S? into itself.
We consider S? as the complete metric space where the distance between two points z,y € S? is the
R? Euclidean norm |z — y|, and we show that ¢ is a contraction mapping on S2. For all x,y € S?,
one has

_ (@) —r@)E | (r)€ — a)(hly) — h(z))

@) =W = ) (1+h(x)A+h(y)
|r(z) — r(y)| + |h(y) — h(zx)]
[6(z) — o(y)| < 1+ h(z)

because |r(y)§ — a| =1+ h(y), and

() — rig) = (2 + h(x) + h(y)) (h(x) — h(y)
V&2 — o+ (L b)) + (& )2 — a2 + (1 + h())?
Ir(@) - r(y)| < 3lh(x) — h(y)

by (4.14). Hence

[6(2) — d(y)| < 6lh(y) — h(z)]. (4.17)

Moreover,
1h(y) = h(@)| < [|hllwr.oes2) [z = yl. (4.18)

To prove ([4.18)), consider the 1-homogeneous extension & h(z) := |z|Eoh(z), integrate the derivative
of the function s — E1h(y+s(z—y)) over the interval [0, 1], use the fact that V& h is 0-homogeneous
to obtain |[VEA||pe(p,) = |VEIA| L2y, and VEA(z) = Vgh(z) + h(z)z on §?, |VEA| <
|Vszh| + |h| on S2.

By and , for [|h]|y1.00(s2) < %, ¢ is a contraction map on the complete metric space
(S2,] - |), and therefore it has a unique fixed point x = ¢(x) € S%. Then, by the definition of ¢ in
([#16), the pair (z,A) = (z,7(x)) is a solution of (£.9).

To prove the uniqueness, assume that a pair (z,\) € S? x (0,00) solves ([£.9). Then, as proved
above, A must be the number in , that is, A = r(x), and therefore, by identity , T is a
fixed point of ¢. Hence (z, ) is the pair (z,r(x)) where x = ¢(z).

(iii) Let S — S% x (0,00),  + (f(x), \o(x)) be the function that maps any z € S? to the
unique solution (£, A) of , whose existence and uniqueness is given by item (¢). Similarly,
let S2 — §% x (0,00), € = (9(£), 1(£)) be the function that maps any ¢ € S? to the unique
solution (x, A) of (4.9), whose existence and uniqueness is given by item (ii). For every « € S?, the
pair (§,\) = (f(z), \o(z)) solves (4.9). Hence the pair (z,\) = (z, Ao(2)) is the unique solution
(z,A) of equation with datum & = f(z), that is, (x, Ao(x)) = (g(f(x)), A1(f(x))). Therefore
g(f(z)) = z and M (f(z)) = Ao() for all z € S?. Similarly one proves that f(g(¢)) = ¢ and
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A1 (€) = XNo(g(€)) for all € € S?. Hence f and g are invertible maps of S?, and one is the inverse of
the other.
(iv) By construction, the functions f, A, g, A1 defined above satisfy

(I+h(@))z +a= (@) f(2), (1+R(g(£)g(E) +a=A(5)E

for all z,& € S%. The function h, in the statement is ho(€) = A1 (€) — 1, and therefore (.11 is
satisfied. The uniqueness of f, g, h, directly follows from the construction.
(v) It follows from identities (4.11)) and the construction above. O

For a € R3, |a| < i, we denote A, the operator
-Aoc(h>w) = (homwoga)a (419)

where h, is the function in item (iv) of Lemma [4.3] and g, is the function g in item (iii) of the
same lemma, where the dependence on o was not explicitly indicated.

Lemma 4.4. Let a, 3 € R®, with |al,|8],|a+ B8] < ;. Then
9o ©98 = ga+p, (ha)g = harp, AaoAs=Aaip.
Proof. By with 3 instead of «, one has
(1+hogs(€)gs&) + 8 =(1+hs(€)E (4.20)
for all ¢ € S%. By applied with hg in the role of h, one has

(L4 hgoga(d))ga(¥) + o= (1 + (hg)a(9))d (4.21)
for all ¥ € S2. Identity at &€ = go (V) gives
(1 +ho gp © ga(ﬁ))gﬂ o ga(ﬁ) + B = (1 + hﬁ o ga(ﬁ))ga(ﬂ) (422)

for all ¥ € S%. The left-hand side of (4.21]) is the sum of the right-hand side of (4.22) with «,
whence

(1+hogsoga(®)gsoga(®) +B+a=(1+(hs)a(¥))0
for all ¥ € S2. On the other hand, by (#.11) with a + 3 instead of «, one also has

(1450 gasp(9))gars () + o+ B = (1 + hatp(9))?

for all ¥ € S2. Hence, by the uniqueness property in item (iv) of Lemma 93 © ga = ga+p and
ha+s = (hg)a. Since the sum is commutative, the lemma is proved. O

Lemma 4.5. One has

a
do

(1+mx—myl_vyw> (4.23)

1+h T 14h

Aa(h) = (

a=0
Proof. From (4.10) and item (i) in Lemma we have the explicit formula

(I +h@)r+a
'mu)_K1+h@»x+ay (4.24)

Hence we calculate the derivatives of f,, at o = 0 with respect to « in direction 8 € R? and with
respect to z in direction v € T,S?,

d I-z®x B —x(z, )

fa(x)[ﬂ] = 1—|—h($) B = 1+I’L($) ,

o oo Dfa(@)],_[t] = (I —z @) =v.
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The last identity is immediate because, at o = 0, f, is the identity map of S?2. Concerning g,
one has the identity fo(go(€)) = & on S?, which, with a temporary, helpful notation, can also be
written as f(«,g(a,€)) = £ Differentiating this identity, and using the fact that, for « = 0, g, is
the identity map of S?, we get

 I-¢®t
azQQa(ﬁ)[ﬁ] - 1+ h(é—)

a
do

1+h(&

B=

Dga(&)| _olt] = I €@ &v =

Also, we have the chain rule

d (Veh(€), 8)

% a:Oh Oga(g)[ﬁ] = <VS2h(£)7 % a:Oga(g)[ﬁD = - 1+ h(f) (425)
Recalling , one has
(1+hoga(§)gal§) +a= (14 ha(§))§ (4.26)
on S2. Differentiating this identity with respect to « in direction 8 at o = 0 we get
(Ve:h(€), B) BHEEB) . d
*Wf + 1+ h(f))w +p5= i a:Oha(g)[B] 13
namely
d _ (L4 R(8))§ — Vs2h(§)
This gives the first component in the statement. The second component follows from with
1 instead of h. O

We note that at & = 0 one has h, = h, and therefore the derivative of h,(§) with respect to &
in direction v € T¢S? is

Dha(€)] ,—o[v] = Dh(€)[v] = (Vs2h(€), v).

Lemma 4.6. Let A, be the operator defined in (4.19)) for all a € R3, |a| < i. Then
(¢) the Hamiltonian H in (3.1) and the volume V in (3.3)) are Ay-invariant, i.e.,

HoAow=H, VoA,=V; (4.27)

(i7) the functional B defined in (4.7)) satisfies {B,H} =0 and {B,V} =0, it is a prime integral

of the Hamiltonian system (3.7)), and it is the fluid barycenter velocity, associated to the invariance
(14.27)).

Proof. (i) By Section 3.2 of [9], one has
H(h, ) = %/ |V®|? dz + ogArea(9Q), V(h) = / dx = Volume(2), (4.28)
Q Q

where (2 is the bounded domain with boundary 9Q = {(1 + h(z))z : z € S?} and ® is the solution
in H*(Q) of problem (1.10). Let Q, := Q + «a. Its boundary is 99, = 99 + «a, and, by the
translation invariance of the Hausdorff measure and that of the Lebesgue measure,

Area(0Q,) = Area(0Q),  Volume(Q2,) = Volume(Q).

Let @, (z) := ®(z — ). Then &, € H(Qy), VO, (z) = (V®)(x — «) for all z € Q,, and, with the
change of variable x — o = y, one has

/‘|V¢aﬁdm:1/|V¢Fd$
Qo Q
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Moreover A®, =0 in 2, and
Oo((1 4+ h(z))z +a) = ®(1 + h(z))x) = Y(z) VoS

The diffeomorphism g, of S? satisfies (4.26)), and therefore the change of variable x = g, (§) gives
the identities

0% ={(1+ha(£)€: € €8}, Pa((14ha(6)E) =9 0galf) VEES
Hence formulas (4.28)) applied with Q,, ha, 1 © g in place of Q, h, 1 give

1
H(he, 0 go) = 3 / |V®,|? dx + ooArea(9Q,), V(ha) = Volume(£2,).
Qo
This proves that H(Ay(h,¢)) = H(h, ) and V(A (h, ) = V(h, ).
(i1) By (4.27), one has -LH(Aq(h,v)) = 0. This identity at o = 0, using the chain rule and

([E23). gives

(1 + h)x - V§2h Vgﬂﬁ
<8h?-[(h, w), H—h>L2(§2) + <8¢H(h, ’(/J), —m>L2(82) =0. (429)
By (4.8), we deduce that {B,H} = 0. Similarly, one proves that {B,V} = 0. O

As a consequence of Lemma one also has {Z,V} = 0 and {Z, B3} = 0, as we prove in the
next Lemma.

Lemma 4.7. One has
{Z,B}y=J8B, {Z,B1}=-Ba, {Z,B:}=D8B1, {Z,B3}=0, (4.30)

where T,B,J are defined in (3.13)), (4.7)), (1.16), and By is the k-th component of B.

Proof. Let f:= L1(1+h)? Then Vg f = (1 + h)Vs:h and Mf = (14 h)Mh. By definition (4.1
and formulas (4.8) and (3.14)), one has

{B,Z}(h,%) = / (M) [:1:(1 +h)? —(1+ h)VSzh] do + / (Mh)(1 + h)Vs2) do
S2 S2
2/ 2z fMipdo —/ (M)Vs: f do —‘r/ (M[)Vs2¢) do. (4.31)
s2 s2 s2
Given any scalar function g, the divergence theorem applied to the vector field F' = exg,

k=1,2,3, gives the identity
/ 2xgdo :/ Vsz2g do. (4.32)
s2 s2

Applying (4.32)) to the function g = f M1, the first integral in the right hand side of (4.31)) is

/ 2 M do = / Ve (FM) do = / (Ver f) (M) do + / [V (M) do. (4.33)
s? S2? s2

S2
Combining and we find that
(B.T}(h, ) = / Ve (M) do + / (Mf)Vestb do
s2 s2
- / Ve (M) do — / FM(Vsa) do,
s2 s2

where in the last identity we have used (3.9). Then, from the commutator identity (3.11)), we
obtain {B,Z} = —J B, which gives the first identity in (4.30). The other three identities in (|4.30)
follow from the first one, because {Z, B}, = {Z, By} for all k = 1,2, 3. O
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To conclude this section, we prove that the prime integrals H,)V,Z, Bs have the following in-
variance property.

Lemma 4.8. The functionals H,V,Z,Bs defined in , 1 3)), , 4.7) (where Bs is the
(-2),

third component of B) are invariant under the group actzon To deﬁned in namely
HoTy=H, VoTy=YV, ZToTy=I, BsoTy=Ds (4.34)
for ally € T :=R/27Z.

Proof. The first two identities are proved in (4.3)). For all ¥, € T one has Ty o Ty, = Ty 0 Ty.
Differentiating this identity with respect to « at a = 0, and recalling (7i¢) of Lemma one has

TooM=MoTy

for all ¥ € T. Thus the third identity in (4.34]) follows from the change of integration variable
R(¥)x =y in formula (3.13]). As noticed in Lemma 6.2 of [9], one has

V2 (Tof) = R(9)" Ty (Vsz f), (4.35)

where R(9)T is the transpose of the matrix R(Y) in (1.13). From (4.35), with the change of
integration variable R(¢)x = y in formula (4.7)), we deduce that

BoTy=R(W'B.

Taking the third component of this identity, by formula (1.13)), we obtain the last identity in
(14.34). O

5 The nonlinear operator

We define

. Oty (n, B) —woyZ(n,B)\ _. (Fi(w,u)
Flw,u) i= VHa, (1) — wVT(u) = <5’5’H00(z ey g)) _. (I;(%UQ, (5.1)

where u = (1, 8), Ho, is defined in (3.6)), (3.1), (3.3), and Z in (3.13]), so that the critical point
equation ([3.15) is shortly written as

F(w,u) =0. (5.2)

By and , the operators F; and F; defined in are
fl(w,u) = —(]_ + 77)2(X2(777ﬁ) + 20¢ — UJMﬁ), (53)
Fa(w,u) = (1+n)*(X1(n, B) — wMn), (5.4)

where X7, X5 are defined in ([1.7)), (1.8). To take advantage of the results proved in [9], where these
operators are studied using a different order and sign convention for the two components of F, it
is convenient to also define

A= (i) = (B -x05) e

Filw,u) = (1+1)*(Foalw,u) —200), Falw,u) =—(1+1)*Fo1(w,u),

so that

that is,

Flw,u) = (1 1)2J5 ™ [Fow, u) - (220>] To = (‘; _01) T =—J.  (5.6)

We underline that Fjy is the operator studied in [9]. Note that the order and sign convention of F is
motivated by the variational structure of the problem, as F in (5.1)) is the gradient of a functional,
while the order and sign convention of Fy is that of system

The next lemma concerns the regularity of F.

18



Lemma 5.1. Let sg,s € R, s > sg > 1. There exists 0g > 0, depending on sq, with the following
property. Let

Us={u=(n5):neH*(SR), 8 B ELR), [0l 0rg g < o}

Then Fy(w,u) € H"2(S%,R), Fo(w,u) € H¥(S%,R) for all (w,u) € R x U, and the map
F:RxU— H2(S2,R) x H*(S%,R)
18 analytic.

Proof. The lemma follows from Lemma 6.3 of [9], where the corresponding statement is proved for
Fo, and from identity (5.6) which gives F in terms of Fy. O

In the next lemma we use the properties of the conserved quantities H,Z,V, B of Section [ to
obtain important orthogonality properties for the image of the nonlinear operator F.

Lemma 5.2. Assume the hypotheses of Lemma . Then, for all (w,u) € R x U, one has the
orthogonality identities

(Flw,u), (1+ n)fzj(;lVV(u)}Lz(Sz) =0, (5.7)
<‘F(wau) 5 (1 + 77)72‘]0_1VB3(U)>L2(S2) = 07
where Bs is the third component of B in (4.7)), and V is in (3.3).

Proof. By definition, F = VH,, — wVZ and H,, = H — 200V, see (5.1) and (3.6). By (éi7) in
Lemma (#4) in Lemma and the last identity in Lemma the Poisson brackets

{H.Bs}, {V.Bs}, {Z,Bs}, {H,V}, {V.V}, {Z.V}
all vanish. Then and are an immediate consequence of definition :
(Fw,u), (L+n)"2Jy 'VBs(w) r2s2) = {H, B3} (u) — 200{V, B3} (u) — w{Z, Bs}(u) = 0,
and similarly for V. O

Let us emphasize the meaning of Lemma By (3.4)), (4.8), and the definition of ng in (5.6),

one has

(14 7) 205 'V (u) = ( 0 ) (L4 n) 205 'VBs(u) = (%‘ - (1 *”)I(VSZ”)?’) 59

-1 —(1+n)"1(Vs2P)3
Thus, identities (5.7)), (5.8)) guarantee the L?(S?) orthogonality
0 3 L ((Vs2n)s
Fw,u) L <1), Flw,u) L <0>_1+’7 ((V§23)3 , (5.10)

meaning that F(w, u) is orthogonal to the pair (0,1) and to a perturbation of the pair (z3,0), for
u = (n,8) in a neighborhood of the origin. As we will see, this is a key observation in order to
prove our main result.

We conclude this section by observing the following conjugation property.

Lemma 5.3. For all ¥ € T, (w,u) € R x U, one has
(VH)o Ty =Togo (VH), (VV)oTy=Tyo(VV), (VI)oTy=Tyo(VI),
(VB3)oTy=Tyo(VBs), Flw, Tyu)=ToF(w,u). (5.11)
Proof. By Lemma H(Typu) = H(u). Taking the derivative with respect to w in direction @
gives H'(Tyu)[Toa] = H'(v)[d], i-e.,
(VH)(Tou), Tot)p2(s2) = (VH(u), @) r2(s2).

Hence

Ty (VH)(Tou) = VH(w),
where 7;9T is the transpose of Ty with respect to the L?(S?) scalar product. One can easily notice
that Tyl = T_y = ’7:971, so that the first identity of the lemma is proved. The other identities are
proved similarly; recall that F(w,u) = VH(u) — 200VV(u) — wVZ(u) by and (3.6)). O
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6 The linearized operator
To study the nonlinear equation (|5.2]), we consider its linearized operator at u =0

Lw — 8u.7:(w70) . Hs-i-%(SQ) % Hs-‘rl(SQ) N HS—%(SQ) % HS(SQ),

Lo(n, ) = <_0°£2W}LMASQ) g{}f)) (Z) (6.1)

and we recall that the bifurcation from zero of nontrivial solutions of (5.2)) can only occur from
values of w for which L, has a nontrivial kernel. Owing to (5.6]), one has

Lo=Jy'"Lr w, Lrw:=0uFo(w,0),
where J; ! is defined in (5.6). The operator Lz, , is studied in [J] thanks to the simple identities
—(2+ As2)prm = (+2)(0 = Dprm,  G(O)pom = lopm;,  Mpom = —mpe,—m, (6.2)

which hold for all (¢,m) € T, where ¢; ., and T are given in , . In the next proposition
we collect some properties of Lz, ,, proved in [9, Section 6.

Proposition 6.1 (From [9]). Let (¢p,mo) € T with £y > 2 and mg # 0. Let

V(b +2)(6o — 1)lg

wo 1= /oo e (6.3)
and
S:={(tym) €T :(L+2)({ 1)l =com?}, co:= (Lo +2)(lo — 1)lomy 2. (6.4)

Then the set S has a finite number of elements, which are (0,0), (1,0), (¢o,£myo), and possibly
finitely many other pairs (¢,+m) with £ > 2 and 1 < |m| < £. The kernel of the linear operator
Lz, w, @5 the finite dimensional space

— _ ny _ Loom .
Vi=ker Lz, w, = { <ﬁ> = o, (@0 ) Z Ao (_wOmw’m) Nom € R}. (6.5)

)es

Its orthogonal complement in L*(S?) x L?(S?) is the vector space

m 3 Ne,mPe,m
, E (ot
B , ;n)GS ©e, (er)eT\S Be.m®e.m
>1

: )\Z,maﬁl,maéf,m S Ra (7775) € L2(82) X Lz(Sz)}

The range of Lx, «, is contained in

Ry, = { (i;) = §o,0 < ) Z fom ( womﬁ mﬁpe,m> * @ Z (gj:iﬁZ)

,m)ET\S
€>1

: f@,magf,m S Ra (fa g) € Lz(Sz) X Lz(Sz)}

The orthogonal complement of Rz, with respect to the scalar product of L*(S?) x L%(S?) is the
finite-dimensional space

Zr, = { (g) = Ao (“’0 °> S Am (“OZZL—W) : Aem € R}. (6.6)

(¢,m)€s
0>1
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Define
W* =W N (H3(S?) x H**(S?), R%, = Ry, N (H(S?) x H*"3(S?)). (6.7)

The linear map Lz, w,|lws : W* — R% is bijective. Its inverse (L wolws)"": Ry, — W* is
bounded, with

|| (L]:07UJO |WS)_1(f7 g)||HS+%(SQ)><HS+1(SQ) < Cs ||(f7 g)”HS(SQ)XHS*% (s2) (68)

for all (f,g) € R§. The constant Cs depends on oy, Lo, .

We are interested in the operator L, = J, 'L Fo,wo- Observe that J ! acts as a rotation on
the arrival space of the operator, leaving the domain unchanged. Thus,

ker(Ly,) = ker(Lr, w,) = V.
The range of L, satisfies

R := Range(L,,) = J; ' Range(Lz, ),

whence
f) £ %0,0 R womee,m f@ ©y
RZ{( =fool| o |t Z Jo,—m )+ Z LLmhm
’ 0 ' Lor —m mPlm
g (tmes e, @emer\s \JbmPL
>1

i € R () € ) x L) | (69)
We also define
R®:=Jy 'Ry = RN (H*"2(S®) x H*(S?)), Z:=Jy'Zxr,.
Thus Z is the orthogonal complement of R in L?(S?) x L%(S?). We also note that
Z=V, R=W, (6.10)

while, for any real s, o, the spaces R® and W are not equal (if R®* = W7, then both s — % =0+ %
and s = o + 1, which is impossible); on the contrary, Z = V because they are finite-dimensional
vector spaces, and R = W as subspaces of L%(S?) x L?(S?). Since V is finite-dimensional, we
denote

|U‘ = HUHL2(SZ)><L2(SQ) (6.11)

for all v € V. Also, we introduce the notation

1o, B)llws == Ml or g o) + IBlEerrs2), N 9Re = M1F1] oy o) + N9llare 2y, (6:12)
for all (n,8) € W=, all (f,g) € R°. We denote by
Np:R®Z R, My :ROZ—7Z

the projection maps onto R and Z, and we also write IIyy = I1z, IIyyy = IIz. To keep track of the
invariance property under the group action Ty, we make the following observations. Recall that T
is the set of indices defined in ({2.6]).

Lemma 6.2. For all (¢,m) € T with m >0, for all 9 € T, one has

Toe,m = cos(mB) e m — sin(md) e, _m,
T9oe,—m = sin(mv) g m + cos(mi) e, —m. (6.13)

As a consequence, for all (¢,m) € T, the linear space generated by Y¢ m,Pe,—m s invariant for Ty.
Moreover, V and W are also invariant for Ty, namely

To(V)=V, ToW)=W, Tlly =IyTy, Tollyw =wTy. (6.14)
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Proof. Let x € R? and y := R(9)x, where R(¢) is in (1.13). Then the complex number y; + iys is
equal to the product e*’(z; + izs), while y3 = x3. Therefore, for any integer m > 0, one has

(1 +iy2)™ = €™ (w1 + iz)™

and, by and ,
Topem(@) = @om(R(V)x)
= em(y)
o™ P{™ (ys)Re (y + iya)"]
= cé P(m (z3)Re [e"™ (21 + iz2)™]
= cgm)PZ(m (x3){cos(m¥)Re [(x1 + ix2)™] — sin(md)Im [(x1 + ix2)™]},

which is the first identity in (6.13). The second identity in (6.13)) is proved similarly. By (6.13)),
for (¢,m) € T, with m > 0, one has

To < or.m ) = cos(md) < lorm > — sin(md) ( o, —m ) ,
—WoMPe,—m —WoMPe,—m WoMmMPe,m

T ( Lot —m ) — cos(m) ( bot—m ) +sin(m19)< ot ) (6.15)

wWomwye m wWomwye m —WoMmyye, —m

Hence, recalling the definition of V', we deduce that Tyv € V for all v € V. This means that
To(V) CV forall ¥ € T. Applying T_y to this inclusion, we get V' C T_»(V) for all ¢ € T, whence
V =Ty(V) for all ¥. Now let w € W, and consider Tyw, which is the sum Tyw = v1 + w; for some
v1 €V, w; € W. One has

(Tow, U1>L2(§2) = (w, 7:9TU1>L2(§2) = (w, T_gv1>L2(S2) =0
because T_yv, € V and w € W. On the other hand, one also has
(Tow,v1) 252y = (V1 + w1, 01) p2(s2) = |1 /%,

whence v; = 0. Hence Tyw = wy; € W. This proves that Ty(W) C W for all 9 € T. Applying T_»
to this inclusion gives W C T_y(W) for all ¥ € T, whence Ty(W) = W. O

Remark 6.3. Concerning the definitions and , one could wonder why introducing F
should be more convenient than just keeping Fy, which is already studied in [9]. The reason is
that, with Fo, the matrix (Lo)s,m) is a Jordan block for (¢,m) = (0,0) and (1,0), while using F
the corresponding matrices are diagonal, with one zero eigenvalue. Jordan blocks create troubles
proving that the bifurcation equation is still a variational problem, but this difficulty is easy to
overcome, as it can be removed by Jjy in . This problem is not visible in [9], both because
there the variational structure is not explicitly used, and because the frequencies (0,0) and (1,0)
are removed by considering invariant subspaces of even/odd functions. On the contrary, Theorem
does not rely on any symmetry assumption for the unknown functions. O

7 Lyapunov-Schmidt decomposition and solution of the range
equation

We perform the Lyapunov-Schmidt decomposition. Decomposing any u € H*+3 (S?) x HsT(S?)
as the sum u = v +w where v € V and w € W?#, the equation F(w,u) = 0 can be reformulated as

Mg F(w,v 4+ w) =0, (7.1)
Iz F(w,v+w) =0.
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Here (7.1) is the range equation, while (7.2)) is the bifurcation equation.
For any € > 0, recalling the notation in (6.11)), denote

Ue :={(w,v) ER XV i |w—wp| <eg, |[v| <e} (7.3)

In the next lemma we observe that the range equation can be solved by the implicit function
theorem.

Lemma 7.1 (Solution of the range equation). There exist g > 0, C > 0, and an analytic function
Uy — W7, (w,v) = w(w,v) such that

Mgs F(w,v 4+ w(w,v)) =0 (7.4)

for all (w,v) € U, and the only solution (w,v,w) of the range equation (7.1)) with (w,v) € U,
and ||w||ws < Ce? is the triplet (w, v, w(w,v)). Moreover, for all (w,v) € Ue,, all ¥ € T, one has

w(w,0) =0 Viw—wpl| < e, Opyw(wp,0) =0, (7.5)
lw(w, v)lws < C(Jo]* + |v]lw — wol), :
w(w, Tyv) = Tyw(w,v). (7.7)

Proof. The operator in the left-hand side of is analytic in w,v,w (see Lemma , and its
linearization with respect to w at the point (w,v,w) = (wg,0,0) is the operator L, which is a
linear homeomorphism of W* onto R®. Hence the existence and uniqueness in the statement comes
from the implicit function theorem for analytic operators in Banach spaces. The first identity in
holds by the uniqueness of the solution and because F(w,0) = 0 for all w. The derivative of
identity with respect to v in any direction o € V' at (w,v) = (wo,0) gives

0=1IIgs (&J—")(wo, 0) [’17 + 8“1)(&10, O)[@H = HRsto ‘Ws [6U’LU(LU0, O)[TJH,
which implies the second identity in (7.5). Then (7.6) follows by ([7.5) and the Taylor expansion
of w(w, v) around (wp,0). Applying Ty to identity ([7.4), and using the third identity in (6.14]) and
the last one in (5.11]), one has
0 = Tyllps F(w,v + w(w,v)) = Hrs Ty F (w,v + w(w, v)) = Hgs F(w, Tov + Tow(w, v)).
On the other hand, (7.4) applied with Tyv in place of v gives
M gs F(w, Tyv + w(w, Tyv)) = 0.

Thus (7.7)) follows from the uniqueness property of the implicit function. O

8 Degenerate and non-degenerate decomposition

For notation convenience, recalling (6.5]), we define

0 1 g(pf m
= , m = ——— ’ , tm)e S, £>1. 8.1
oo <<Po,o> e /02 + wim? <—womw,—m> (tm) (8.1)

Since each ¢y, has unitary L?(S?* R) norm, one has
[vem| =1 VY(,m) €S, (8.2)

where notation (6.11]) is used. Thus the vectors in (8.1)) form an orthonormal basis of V' with
respect to the L?(S?,R) x L?(S%, R) scalar product. We split the set S defined in (6.4) into its
“degenerate” and “non-degenerate” part,

Sp :=1{(0,0),(1,0)}, Sy:={({,m)eS:{>1}, (8.3)
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and we decompose V into the corresponding linear subspaces
Vp := spang{v(s,m) : ((,m) € Sp}, VN :=spang{vim) : ({,m) € Sy} (8.4)

Thus, S=SpUSy and V =Vp & V. Since Z =V, we also define Zp := Vp, Zn := V. From
Lemma [6.2] it follows that Vp and Vi are invariant spaces for Ty; more precisely, one has

Tolv, =1id,  Te(Vn) = Vn. (8.5)
By (6.15) and ({8.1), one has
Tove,m = cos(m)ve m, — sin(md)ve, _p, (8.6)

for all (¢,m) € Sy; note that holds not only for m positive, but also for m negative. By ,
for any v = Z(e m)ESn O¢,mVem € Vi one has

Tov = Z Vg, m cos(M) vy — Z Vp,m SIn(MI)ve, —m,

(¢,m)eSn (6,m)eSn
= Z Vg, m cos(M) Vg — Z Vg, —m, SIN(—MY)Vp 1
(¢,m)eSn (6,m)eSn
= Z {cos(m) Dy, + sin(md) g, —m }ve,m, (8.7)
(£,m)ESN

where we have made a change of summation variable in the second sum. In other words, if
Sy = {(ﬁl,ml), (61, —ml), ey (Zn,mn), (gn, —mn)}, and v = (@ghml, . ,’IA}gm_mn) € R2" is the
vector of the coefficients of v with respect to the basis {v¢, m,,. .., Ve, —m, } of Vi, then the linear
map Ty : Vy — Vi is represented by the block-diagonal matrix M = diag(Mi, ..., M,), where the

j-th block is
~_( cos(m;¥)  sin(m;d) o
M; = <— sin(m;v) cos(m;v) )’ j=1...,n

9 Choice of w(v)

In this section we determine w as a function of v, see Lemmal[9.4] Let us consider the scalar product
F(wvv) = <f(wa ”U), g(W,U)>L2(§2), (91)
flw,v) =z, Flw,v+ w(w,v)), glw,v):=(VI)(v+w(w,v)). (9.2)

Lemma 9.1. The functions f : U, — Zn, g : Usy, — L*(S*,R?), and F : U., — R defined in
9.1, (9.2) are analytic in the open neighborhood Uz, of (w,v) = (wo,0) given by Lemma .

Proof. It trivially follows from (3.14]) and Lemmas O

Our goal is to obtain a function w = w(v) such that F(w(v),v) = 0 around (w,v) = (wp,0) by
the implicit function theorem. To this purpose, we calculate the derivatives of F' at (wg, 0). Since
v — F(w,v) is an analytic function starting with quadratic terms, we have to consider second
order derivatives of F' with respect to v.

Lemma 9.2. One has

f(w’ 0) = 0) 8’Uf(w070) = 07 6wvf(w07 0) = _HZNJOM7 (93)
g(w,0) =0, 9yg(wo,0) =d(VI)(0) = JoM (9.4)

for any |w — wo| < eg, where Jy is defined in (5.6), and, recalling the notation (6.11]),

F(w,0) =0, 0,F(w,0)=0, 9y,F(wo,0)=0,
Duon F (w0, 0)[0, 0] = —|Tlz JoMB|* Vi € V. (9.5)
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Proof. Recall that w(w,0) = 0, see (7.5). Hence g(w,0) = VZ(0) = 0 by (3.14). The second
identity in (9.4) follows from (3.14). One has f(w,0) = 0 because F(w,0) = 0 for all w. Also,

9o f(w,v)[0] = Hzy (0uF)(w, v + w(w, v)) [0 + yw(w,v)[]].

At v = 0, this gives

Oy f(w, 0)[0] = Uz, 0uF(w,0)[0 + Opyw(w, 0)[0]]. (9.6)
This implies the second identity in (9.3) because, at w = wp, 9, F (wp, 0) is the operator L,,,, whose
range is orthogonal to Z. From ({9.6) we also obtain

awvf(w7 O)[{)] = HZNawu]:(w7 O)[{) + 3Uw(w, O)[T]H + HZN au]:(wv O)[awvw(wv O)[{}H’
and, at w = wy,
&wf(wo, 0) [’D] = HZN 8wu]-"(w0, O) [’D]

because 9,w(wp,0) = 0, see , and because the range of 9, F(wp,0) = L, is orthogonal to Z.
By the definition (5.1)) of F, one has 9, F(w,u) = —d(VZ)(u), and, as already observed in the
last identity of (VI)(O) = JoM. This proves the third identity in (9.3).

The identities for F' and its derivatives follow from , and the product rule; for the
last identity, we also use the basic fact that (Ilz, a,a) = (IIzya, Uz, a) = [z, al?. O

Lemma 9.3. Letv € V, with v = Z(z myes Vg,m Ve,m for some coefficients Up,, € R, where vy,

is defined in (8.1). Then

JoMv = Z ﬁg,mm(ﬁ +w(2,m2)_% (womw’m> , (9.7)
_&p(,—m
(f,m)ESN
HzyJoMv = 2wom?l((* + wim?) ™ iy m Ve.m,
(,m)eSn
Mz JoMol* = > dwdm* (62 + wim?) 267 ., (9.8)
(f,m)ESN

where Sy is defined in (8.3)).
Proof. Use the third identity in (6.2]) and basic calculations. O
Lemma 9.4 (Choice of w(v)). There exist &1 € (0,e0], b1,C > 0 and a function w : By, (¢1) = R,

v — w(v), where By, (e1) := {v € Vi : |[v| < e1}, which is Lipschitz continuous in By, (¢1),
analytic in By, (e1) \ {0}, such that w(0) = wo,

F(w(v),v) =0 (9.9)

for all v € By, (e1), and, if (w,v) satisfies F(w,v) = 0 with |w — wp| < by, v € By, (e1), then
w = w(v). Moreover, the graph {(w(v),v) : v € By, (1)} C R X Vy is contained in the open set
U., C R x V where the function w constructed in Lemma[7.] is defined, and

|w(v) —wo| < Clv| Vv € By, (e1). (9.10)
Also, for all 9 € T, one has
w(Tyv) = w(v). (9.11)
Proof. By (9.5)), the expansion of the analytic function v — F(w,v) is
1
F(w,v) = iawF(w,O)[v,v] + O(v?). (9.12)

Consider v € Vi, that is, v € V with coefficients 09y = 91,0 = 0, and introduce polar coordinates
p=|v|, y =v/|v] on Vy \ {0}. The function

®(w, p,y) :=p *F(w, py)
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is defined for |w — wp| < €9, p € (0,20), y in the unit sphere {|y| = 1} of Viy. In fact, replacing v
with py in the converging Taylor series of F'(w,v) centered at (wp,0), one obtains that ®(w, p,y)
is a well-defined, converging power series in the open set D := {(w,p,y) : |w — wo| < €0, p €
(0,3c0), |yl < 2}. By (0.12)), ®(w, p,y) converges to 10,,F(w,0)[y,y] as p — 0, and therefore
® has a removable singularity at p = 0. Hence ® has an analytic extension to the open set
Dy == {(w,p,y) : |w — wo| < 0, |p| < %e0, |y| < 2}. We also denote this extension by ®. By

and , one has
‘I)(WO,OJJO) = %8’UUF(WO>O)[y07yO] = 07
awq)(WO»anO) - %awvvF(w()aO)[yanO] = _%|HZNJOMyO|2 7£ 0

for any |yo| = 1. Hence, by the implicit function theorem for analytic functions, there exists a
function Q(p,y) such that 2(0,y0) = wo and

2(Q(p,y),p,y) =0

for all (p,y) with |p| < e1, |y — yo| < €1, for some &1 € (0,e0]. Moreover, ¢; is independent of yqg
because the unit sphere of Viy is compact. Finally, given v € Vy, |v| < €1, we define w(v) := Q(p, y)
with p = |v| and y = v/|v| for v # 0, and w(0) := wp. The Lipschitz estimate (9.10]) holds because
|w(v) = wo| = |Qp,y) — 20, y)| < Cp.

By (9.2)), the second identity in (8.5)), the last one in (5.11)), and (7.7]), one has

Tof(w,v) = flw, Tyv), Tog(w,v) = g(w, Tyv).
Hence, by , one has
F(w,Tyv) = F(w,v) (9.13)
because T, Ty = id. By with 7yv in place of v, one has F(w(Tyv), Typv) = 0. On the other
hand, by (9.13]), one also has that F'(w(Tyv), Toyv) = F(w(Tyv),v). Therefore
F(w(Tyv),v) =0,
and, by the uniqueness property of the implicit function, we obtain (9.11])). O

Remark 9.5. In general, even if the function Q(p, y) in the proof of Lemma is analytic around
p = 0, the function w(v) is not analytic around v = 0, because of the singularity of the polar
coordinates at the origin; in fact, w(v) is not even differentiable at v = 0, but it is merely Lipschitz
continuous. For example, consider the variable v = x = (x1,...,2,) € R™ and the function

F(w,v) = (w—wo)(@? + ...+ 22) 4 23

The function F is analytic in R™*! (it is a polynomial), and F(w,0) = 0, 9,F(w,0) = 0,
Oy F(wo,0) = 0, and 0, F(wo, 0)[v,v] = 2[v|?, so that the identities in ([9.5]) are all essentially
satisfied. Solving the equation F' = 0 in the unknown w, we directly calculate the implicit function

it
wv) =wy — 54————=
(v) = wo 2+ +ad’

which is analytic on R™ \ {0}, Lipschitz continuous in R", but not differentiable at v = 0. The
map ®(w, p,y) = p~2F(w, py), or, more precisely, its analytic extension, is
®(w,p,y) = (w—wo)(yi +...+y2) +uip,
which is analytic in (w, p,y) € R**2 (® is a polynomial), and the function Q(p,y) is
3
YipP
Qp,y) =wo — 59—,
2 yit ... +y2

which is analytic in a neighborhood of (p,y) = (0,yo), for any yo € R™, |yo| = 1.
This basic example shows that w(v) can be not differentiable at v = 0 even when F'(w,v) is
analytic around (wg, 0), (9.5) holds, and Q(p,y) is analytic around (0, yo) for all |yo| = 1. O
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10 The constraint
We define the reduced Hamiltonian and the reduced angular momentum

Hoo vy (V) = Hoo (u(v)),  Zuy (v) = T(u(v),  w(v) = v+ w(w(),v), (10.1)

and, for a € R, we define the set

Svy(a) :={v € Byy(e1) : Zyy(v) = a}, (10.2)

where w(v) is the function constructed in Lemma defined for v € By, (¢1) C V. Since w(v)
is Lipschitz around v = 0, the function v — w(w(v),v) is also Lipschitz; in fact, we observe in the
next lemma that its regularity is higher.

Lemma 10.1. The function By, (e1) — W?, v — w(w(v),v) is analytic in By, (e1) \ {0},
it is of class C*(Byy(c1)), and its differential is Lipschitz continuous in By, (e1). Moreover

w(w(Tyv), Tov) = Tow(w(v),v) for all ¥ € T.

Proof. The function v — w(w v) ) is Lipschitz continuous in By, (¢1) and analytic in By, (¢1)\{0}

by Lemmas [7.1] n . By (7.6)) and ( -7 one has
(@), v)llwe < Clof? (10.3)

for all v € By, (e1). Hence the function v — w(w(v),v) is differentiable at v = 0 with zero
differential. Its differential at any point v € By, (e1) \ {0} in direction v € Vy is

Op{w(w(v), v)}[0] = (Ouw)(w(v), v)w' (v)[0] + (w)(w(v),v)[T]. (10.4)

For v — 0, one has (w(v),v) — (wo,0) because the function w(v) in Lemma is continuous,
(Opw)(w(v),v) = Oyw(wp,0) = 0 and (,w)(w(v),v) = J,w(wp,0) = 0 because the function w in
Lemma is analytic and by , while w’(v)[?], which is defined for v # 0, remains bounded
as v — 0 because w(v) is Lipschitz. Hence 9,{w(w(v),v)} — 0, which implies that w(w(v),v) is of
class C1(By, (¢1)). Moreover, |w'(v)[8]| < C|3] for 0 < |v| < &1 because w(v) is Lipschitz, and

[(Guw)(w(v),v)[lws < Clvf,  [(Bvw)(w(v),v)[t][we < Clv]|o]
because the function w in Lemma is analytic and by (9.10]). Hence, by (10.4)),
[0u{w(w(v), v)}ollw- < Clol[o]

for v € By, (e1) \ {0}, so that the map v — 9, {w(w(v),v)} is Lipschitz continuous around v = 0.
The last property in the statement follows from ([7.7) and (9.11)). O

Lemma 10.2. The functionals Hsy vy @ Byy(€1) = R and Iy, : By, (e1) — R are analytic
in Byy(e1) \ {0} and of class C*(By, (1)), and their second order differentials are Lipschitz
continuous in By, (€1). Moreover Heyy vy © Tog = Heoy v and Iy, o Ty =Ly, for alld € T.

Proof. From Lemmas andone deduces the analyticity, the C! regularity with Lipschitz
differentials and the invariance with respect to the group action Ty. To prove the higher regularity,
we proceed like in the proof of Lemma[10.1] By (10.1)), the differential of Zy,, at a point v € By, (1)
in direction v € Vi is

vy (0] =T (u(0)) [ ()[B]], v (0)[0] = ¥ + Op{w(w(v),v)}1],
and the map v +— Zj, (v) is Lipschitz. At v # 0, its differential in direction z € Vv is
Iy, (0)[2,0] = 27 (u(v)) [/ (v) [2], ' (v) [0]] + Z' (u(v))[u" (v)[2, 7).
As v — 0, one has u(v) — 0, v/ (v)[0] = 0, Z'(u(v)) = Z'(0) = 0, and Z"”(u(v)) — Z”(0), while the

bilinear map v’ (v) = Oy {w(w(v),v)} remains bounded, i.e., ||u” (v)[Z, ?]|lws < C|Z||0| uniformly
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as v — 0, because the map v — w(v) is Lipschitz. Hence Zy, (v)[Z,?] converges to Z"(0)[Z, 9] as
v — 0. Similarly, one proves that

T4 (0)[8] = Z7(0)[v, 0] < Clof*[]

for v # 0. This implies that the map v — Iy, (v) is differentiable at v = 0, with differential
7{; . (0) = Z"(0). Also, from the limit already proved it follows that Zy, is of class C?. The
Lipschitz estimate for the second order differential

1z, (v)[2, 9] — Iy, (0)[2,9]| < Clo]|2]|2]
is proved similarly. The proof for H, v, is analogous. O

We recall that V is a finite-dimensional space, which can be identified with the Euclidean space
R?"+2 where 2n + 2 is the cardinality of the set S in (6.4), and Vy = {v € V : G99 = 01,0 = 0} is
a linear subspace of V' of dimension 2n. Thus, n is the number of elements (¢, m) of S with £ > 2
and m > 1. The set Sy, (a) C Vy will play the role of a constraint for our variational problem.
To study its geometrical and topological properties, we study the functional Zy,, in more detail.

Lemma 10.3. The functional Zy, : By, (e1) — R defined in (10.1)) satisfies

Ty (v) = Zo(v) + R(v),  [R(v)] < Clof?, (10.5)
where 2
1 Wom 42
I()(’U> = §<JOM’U,’U>L2(g2) = Z va,m’ (106)
(,m)eSN
forv = Z(Z,m)esN Vp,m Ve,m, Where Jy is defined in (5.6) and Sy in (8.3).
Proof. The Taylor expansion around v = 0 of the analytic functional Z defined in (3.13) is
T(u) = To(u) + O(u?), (10.7)

with Zy defined in ((10.6)), because Z(0) = 0, VZ(0) = 0, and

ST O)u,u] = AVI)O)u) u) p2er) = 5 (oM, u) ey = Tou).

Note that the identity d(VZ)(0) = JoM was already observed in (9.4]). Alternatively, (10.7)) can
also be deduced from (3.13)) by observing that

Tw) = [ (14 20+ 2 (Mn)Bdo = (Mn. 812 + OC). = (n.)

and that (Mmn, B)r2(s2) = %(JoMu, u)r2s2y by (3.9). Recalling (10.3), plugging u(v) = v +
w(w(v),v) = v+ O(|v]?) into the expansion (10.7) gives the first identity in (10.5). The last
identity in (10.5) follows from the formula of JoMw in (9.7) and the definition (8.1) of vp,,. O

From expansion (10.5), by the implicit function theorem, we obtain that the set Sy, (a) is
diffeomorphic to a sphere of Vi, with a diffeomorphism preserving the Ty group action. More
precisely, we prove the following lemma.

Lemma 10.4. There exist a constant g2 € (0,£1] and a map ¢ : By, (e2) — By, (1) such that
Tyy (Y (v)) = [vf? (10.8)

for all v € By, (e2). The map v is analytic in By, (c2) \ {0}, it is of class C*(By, (e2)), with
Lipschitz differential, it is a diffeomorphism of By, (£2) onto its image ¥ (By, (e2)), which is an
open neighborhood of 1(0) = 0 contained in By, (1), and

VoTy="Tyod (10.9)
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for all ¥ € T. Moreover, there exists ag > 0 such that, for all a € (0,a0), the set Sy, (a) in (10.2)
1s the diffeomorphic image

Svy (a) =1 (S(a))

of the sphere
S(a) :=={v € Vi : [v|* = a}, (10.10)

and thus Sy, (a) is an analytic connected compact manifold of dimension 2n — 1 embedded in Vi .
Its tangent and normal space at a point v € Sy, (a) are

TSy (a) = {5 € Vi : (VI (v), ) 12(e2) = O}, (10.11)
Ny(Syy (@) = {\VIy, (v) : A € R}, (10.12)

where VI, (v) # 0 for all v € Sy, (a), all a € (0,a0).

Proof. Define the diagonal linear map

ANV = VN, Avim = AemVem, Aom = (% + w§m2)%(wom2€)7%. (10.13)
Let |A| := max Ay, so that |[Av| < |A]]v| for all v € Viy. By and (10.5), one has
To(Av) = Y 67, = v (10.14)
(6,m)eSN
Given v, we look for a real number g such that
Ty (1 + p)Av) = [v]?. (10.15)

We look for p in the interval [—4, ], with § = %, and we assume that [v] < €2, where &5 € (0,£1] is
such that 2|Ale; < €1, so that, for v € By, (e2), the point (14 p)Av is in the ball By, (¢1) where
Zv, is defined. Let R be the remainder in (10.5)). By (10.14), one has Zo((1+ p)Av) = (1+ p)?|v|?,
and, since Zy,, =7y + R, becomes

(2u + p)v* + R((1 + p)Av) = 0. (10.16)
For v # 0, (10.16]) is the fixed point equation u = K(p) for the unknown p, where

K(u) = —% - W (10.17)

By the inequality in (10.5]), for some constants Cy, Cy one has

52 1
() < 5 +Crea <5, 1K/ (w)] <6+ Cozy < 5

for all |u| <0, |v| < &g, provided 9 is sufficiently small, namely Cieq < %5 and Caeg < %. Hence,
by the contraction mapping theorem, in the interval [—§, d] there exists a unique fixed point of K,
which we denote by u(v). Hence

Ty (Y(v)) = J*,  (v) = (1 + p(v)Av, (10.18)

for all v € By, (2) \ {0}. From the implicit function theorem applied to equation ([10.16|) around
any pair (v, u(v)) it follows that the map v — pu(v) is analytic in By, (e2) \ {0}. Moreover,
1(0)] = [K(a(@))] < 32() + Cilo] < Llu(w)] + Cilo], whence

|u(v)] < Clo].

Thus, defining p(0) := 0, the function p(v) is also Lipschitz in By, (¢2). As a consequence, the
function ¢ is analytic in By, (e2) \ {0} and Lipschitz in By, (¢2). In addition, |¢(v) —(0) — Av| <
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C|v|?, which means that v is differentiable also at v = 0, with differential ¢(0)[7] = Ad. At v # 0,
the differential is

P ()[o] = ' (W) [E]Av + (1 + p(v))Av,
and ¥'(v) = ¢¥'(0) = A as v — 0 because p(v) = 0, Av — 0, and |/ (v)[?]| < C|9| uniformly as
v — 0. Thus 1 is of class C'! in By, (2). Moreover

W' (v)[o] = ¥'(0)[7]] < Clolla],

i.e., the differential map v — ¢/ (v) is Lipschitz continuous.
The function v is a diffeomorphism of open sets of Vy, and, for each a € (0,aq) sufficiently
small, one has

Svy(a) ={v € Byy (1) : Tvy (v) = a}
= {U = ’l/)(y) Yy € Byy <€2)7 a= IVN(U) =Zvy (d’(y)) = |y|2}
=¢v({y eV : |yl = a}),

namely Sy, (a) is the image of the sphere {|y|?> = a} by the diffeomorphism 1.
Since the eigenvalues in ((10.13) satisfy A¢,—m = Aem, by (8.7) we have

A(Tyv) = Z {cos(m)Dg,m + sin(m)de, —m }Ae.mVe,m
(,m)ESN

= > {cos(m?)Aombem) + sin(md) (Ar,—mie,—m) }vem = To(Av)
(¢,m)eSn

for all v € Vi, i.e.,
ATy = TyA. (10.19)

By and , with the change of integration variable y = R(9)x on S?, one proves that
|Tov|? = |v]?. (10.20)
Alternatively, the same identity can also be proved using and the fact that {v;, : ({,m) €
Sy} is an orthonormal basis of Viy. From , , and , one has
To(ToAv) = To(ATyv) = |Tov|* = |[v]? = Zo(Av)

for all v € Viy, and this implies that Zy o Ty = Zy because {Av : v € Vy} = Vy. By Lemmam
the functional Zy,, has the same invariance property, and therefore the difference R = Zy,, — 7
also satisfies

RoTyg =R (10.21)

for all ¥ € T. Now denote by K(u,v) the scalar quantity IC(u) in (10.17). By the contraction
mapping theorem, we have proved that IC(u(v),v) = p(v) for all v € By, (e2) \ {0}, and, if a pair

(u,v) € [=6,0] x (Byy(e2) \ {0}) satisfies K(p,v) = p, then p = p(v). Moreover, by (10.20) and
(110.21)), one has K(u, Tyv) = K(u,v) for all pairs (u,v), all ¢ € T. Then

pu(v) = K(p(v),v) = K(p(v), Tov),
whence p(v) = p(Tyv). This identity, together with (10.19)), gives (10.9). O

11 Variational structure of the reduced non-degenerate bi-
furcation equation
In this section we prove that the projection on the non-degenerate subspace Zy of the bifurcation

equation ([7.2)) restricted to the graph w = w(v) has a variational structure, namely it is the critical
point equation of a functional.
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The reduced Hamiltonian H, v, and the reduced angular momentum Zy,, are defined in (10.1)),
and the function w(v) is defined in Lemma Now for v € By, (g1) we define the functional

Evy (V) 1= Hoy, vy (V) — w(V) (IVN (v) — a). (11.1)

Lemma 11.1. For alla € R, the functional v, : By, (1) — R is Lipschitz continuous in By, (1)
and analytic in By, (1) \ {0}. Moreover, for all ¢ € T, one has

v 0Ty = Evy. (11.2)
Proof. It follows from Lemmas and O

Lemma 11.2. The differential of the functional Ev,, at a point v € By, (e1)\ {0} in any direction
v € Vy is

8‘//1\, (’U)[f}] = <ngN (’U), 6>L2(S2) = <HZN]:(OJ(’U), u(v)), 1~}>L2(§2) — w’(v)[f;] (IVN (’U) — a). (11.3)
Proof. We calculate
Uy ()[T] = H, vy (0)[0] = W' (0) [0] (Zvy (v) = @) = w(v) Ty, (v)[7]

(VHao ) (w(v)), v (0)[0]) 2(s2) — &' (0) [0) (Zvy (v) — @) = w(V)((VI)(u(v)), u' (0)[0]) L2 (s2)

u

)

< )
— (F(@(v), u(v)), o/ @) 12(e2) — & ©)[8] (Zvy (v) - )
— (F(@(0),u(0)),8) 22 + (F@(0), u(0)), d{w(w(w), 0)}[8]) 2(e2) — & (0)[] Ty (v) - a)
— (I Flw(v), u(v)), 8) 2@ + (TrF(@(v), u(v)), {w(w(v), 0)} o)) 2o
— &/ (0)[] (Zvy (v) — a)
= (T F((0), u(0)), ) 2(a2) — ' (0)[7] (T (v) — ),

where we have used the definition (10.1) of Hs, vy, Zyvy, u(v), the chain rule, the definition (5.1
of F, the fact that © € Viy and 9,{w(w(v),v)}[v] € W, the identities in (6.10), and the range

equation ((7.4)). O

The manifold Sy, (a) has been defined in ([10.2) and studied in Lemma for a € (0,aq). For
points v on Sy, (a) we immediately deduce the following lemma.

Lemma 11.3. Let a € (0,a9), where aq is given in Lemma[10.4} For any v € Sy, (a), one has

Ve, (v) =z, Flw(v),u(v)). (11.4)
Proof. The term (Zy, (v) — a) in (11.3)) vanishes because v € Sy, (a). O

Lemma 11.4 (Constrained critical points solve the reduced bifurcation equation on Zy). Let
€ (0,ap), where ag is given in Lemma [10.4, Suppose that v € Sy, (a) is a constrained critical
point of the functional v, on the constraint Sy, (a). Then v is a critical point of Ev, in Vi, and

Iz, F(w(v),u(v)) =0. (11.5)
Proof. Let v be a constrained critical point of €y, on the constraint Sy, (a). Then
Evy (0)[0] = (VEyy (v),0) L2(s2) = 0

for all tangent vectors ¥ € T,(Sy, (a)), and therefore VEy, (v) (which is a vector of Vi) belongs
to the normal space N, (Sy, (a)), that is, by (10.12)),

Vv, (v) = A\VZy, (v) (11.6)
for some Lagrange multiplier A € R. Then, using . . the definition of u(v) in (10.1)),

, and (11.6]), we obtain

0= F(w(v),v) = (Izy F(w(v), u(v)), (VI)(u(v)))r2s2) = MVZvy (v), (VI)(u(v))) L2s2). (11.7)
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By (10.5)), (10.7), and (10.3)), one has

VI, (v) = VIo(v) + O(|[v]*), (VI)(u(v)) = VIo(v) + O([v[*),
and
(VZuy (v), (VI)(u(v))) 2(s2) = [VZo(v)]* + O(|0]*) = 3|VIo(v)[* > 0.

This means that the coefficient of A in (11.7)) is nonzero, whence A = 0. Thus, by (11.6)), V&, (v) =
0, and (11.5) follows from (11.4). O

Since Sy, (a) is a smooth compact manifold, the functional £y, constrained to Sy, (a) has at
least one minimum point and one maximum point (if £y, is constant, there are infinitely many
constrained critical points). In fact, in Lemma we give a more accurate lower estimate on the
number of distinct constrained critical points of £y, on Sy, (a), using the following result from
[40].

Lemma 11.5 (Lemma 6.10 in [40], Sec. 6.4). Let A be an open S'-invariant neighborhood of S**~1
and let o € C1(A,R) be a S'-invariant function. Then there exist at least k S'-orbits of critical
points of ¢ restricted to S** 1.

Lemma 11.6. For anya € (0,a9), the functional Ey, has at least n distinct orbits {Tyv® : 9 € T},
i=1,...,n, of constrained critical points on the constraint Sy, (a).

Proof. Fix a € (0,a0). By Lemma|[10.4] one has Sy, (a) = ¢(S(a)). Consider the function

[ Byy(e2) = R, f(y) = Evy (¥(y)). (11.8)

The differential of f at a point y € By, (2) in direction § € Vi is

F' W) = Evy W)W ()],

and, for y € S(a), 7 is in the tangent space Ty, (S(a)) iff 9’ (y)[7] is in the tangent space Ty, (Svy (a)).
Hence a point v = 9 (y) € Sy, (a) is a constrained critical point of y,, on the constraint Sy, (a) iff
y € S(a) is a constrained critical point of f on the constraint S(a). By (10.9) and (11.2), one has

foTy =1 (11.9)
for all ¥ € T. Then, by Lemma [11.5] f has at least n orbits of critical points on S(a). O

Compared with the basic observation that £y, constrained to Sy, (a) always has at least one
minimum and one maximum point, Lemma provides more solutions even in the case n = 1,
as it gives the existence of an orbit of solutions (therefore infinitely many solutions). In fact, for
n = 1 we have the following result.

Lemma 11.7. If n = 1, then, for every a € (0,aq), the constraint Sy, (a) is diffeomorphic to
S = T and it consists of one orbit of critical points of Ey,. Moreover the orbit Sy, (a) depends
analytically on a in the interval (0, ap).

Proof. For each value a € (0, ap), the functional £y, is constant on the constraint Sy, (a) by ((11.2]).
Hence the orbit of critical points of £y, is exactly the level set Sy, (a) of the restricted angular
momentum Zy,, , which depends analytically on a. O

12 Solution of the bifurcation equation in the degenerate
directions

In this section we deal with the degenerate subspace Vp = Zp, and we prove that the constrained
critical points of Lemma [11.4] give solutions of the bifurcation equation also on Zp.
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Lemma 12.1 (Solution of the bifurcation equation). Let a € (0,aq), and suppose that v € Sy, (a)
is a constrained critical point of the functional Ev, on the constraint Sy, (a). Then (w(v),u(v))
solve the (full) bifurcation equation

Mz F(w(v),u(v)) =0. (12.1)
Proof. By and , one has
Flw(v),u(v)) = Iz, F(w(v), u(v)).

This means that F(w(v),u(v)) belongs to the degenerate space Zp, which is the 2-dimensional
linear space generated by vg ¢ and vy o. By the first orthogonality relation in (5.10), recalling the
definition (8.1 of vg o, where g o is a constant, one has

(Fw(v),u(v)), vo,0)r2(s2) = 0.

Hence
F(w(v),u(v)) = pvio (12.2)

for some p € R. Recalling the definition (8.1)) of vy, and the fact that ¢ ¢(z) = cx3 for some
nonzero normalizing coefficient ¢, the second orthogonality relation in (5.10) can be written as

(F(ww),u(v)),vi,0 — p(v))r2(s2) = 0, (12.3)
where [[p(v)]| 2(s2) = O(Jo]). Plugging (TZ3) into (IZ3) gives
? = (v10, p())L2(s2)) = p(L + O(Jv])).
The coefficient of p is nonzero, and therefore = 0. Then ([12.2)) gives (12.1)). O

Applying Lemmas|11.6] [11.7] and defining (5", B := u® = u(v®) and Wl = wv®),

i=1,...,n, the proof of Theorem [I.I]is complete.

0= p(v1,0, v1,0 = P(v)) 12(s2) = p(|v1,0

13 The symmetric case

Given u = (n,8) € L*(S?,R) x L%(S%, R), we define

u)(a) = (e ) ) = () dmmdaen (13)

—B(x1, —x2, 23 Bz, x2, —x3)

for all z € S?, and we note that Yy 0 V3 = Y3 0 Y, and y;l =Y, = Y¥ i =23, where y;l is
the inverse operator, and Y is the transpose operator with respect to the L?(S* R) x L?(S?,R)
scalar product. We define

Yy = {u € L*(S%,R) x L*(S%,R) : You = u},
Y3 :={u € L*(S*,R) x L*(S*,R) : Ysu = u}, Ya3:=YyNY5, (13.2)

so that Y3 is the subspace of the functions u that are even in x3, and Y5 is the subspace of the
pairs u = (n, 8) where 7 is even in 25 and 8 is odd in x2. We denote

‘/2 = VﬂY27 ‘/3 :VﬂY37 ‘/23 ::V0Y23:VQQV37 (133)
and we use analogous notation for the spaces Vp,Vy, W, R, Z.
Lemma 13.1. One has

HoVi=H, VoV;=V, LoY;=1, BzolY;=-Bs, 1i=2,3 (13.4)
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and

(VH)o Vi =Vio (VH), (VV)ol; =0 (VV), (13.5)
(VI)oY;=Yio(VI), (VB3)oli=-Y;0(VB;), i=223. (13.6)

As a consequence,

F(w, Vi) = ViF(w,u). (13.7)
Proof. As is observed in Lemma 6.2 of [J], given any 3x3 matrix M such that MM7T = I, one has

G(i)B(z) = (Gm)B)(Mz),  Vgaij(x) = MT (Vgzn) (M),  |Veaii(x)| = |(Va) (Ma)]

for all z € S?, all functions 7, 8, where 7(z) := n(Mz) and f(z) := S(Mz). Hence the first
two identities in follows from the change of integration variable Mx = y, where M =
diag(1,—1,1) for i = 2 and M = diag(1,1,—1) for i = 3. To prove the third identity in (13.4), we
note that the operator M in satisfies

MoV, =Yoo M, MoYs=)Y30M,

and that Z(n, 8) is linear in . Finally, one has B(Yeu) = —MB(u) where M = diag(1,—1,1), and
B(Ysu) = MB(u) where M = diag(l 1,—1). Taking the third component of these vector identities,

we obtain the fourth identity in . The identities in - follow from ([13.4]) by taking
the gradient and using the fact that the transpose operator yT is the inverse of ). Identlty -

holds because F(w,u) = VH(u) — 200V V(u) — wVZ(u).

From formula (13.7) it follows that if u € Y;, then F(w,u) € Y;, ¢ = 2,3, namely Y; is an
invariant subspace for the nonlinear operator F(w, -).

Lemma 13.2. The spherical harmonics @gm in (2.7) satisfy
Pom(T1, 02, —23) = (=1)"opm(z)  V(,m)eT
and

@Z,m(xlv_x%x?)) - @E,m(x)v m = Oa"'a‘ev
@Z,m(x177x27x3) = 7805771’1(1‘)7 m = 765"'a717

for all x = (z1,m2,23) € S?, all £ € Ng. As a consequence, the vectors vy, defined in (8.1) satisfy
Vovim = 0(M)Vim, VaVom = (—1)€_mv&m V¢, m) € S, (13.8)
where o(m) ;=14 m >0 and o(m) := =1 if m < 0.

From it follows that YV;(V;) = Vi, Yi(W;) = W;, i = 2,3. We observe that, if a function n
is even in x3, then only the spherical harmonics ¢y ,, that are even in x3 appear in its expansion,
i.e., fg,m = 0 for all (¢,m) € T such that £ —m is odd, and only coefficients 7 ,,, with £ —m even
can be nonzero. Also, if 7 is even in z9 and S is odd in x5, then their coeflicients satisfy 7, = 0
for m < 0 and Bg’m = 0 for m > 0, and only coefficients 7 ,, with m > 0 and Bg’m with m < 0 can
be nonzero.

On the subspace Y3 one has the torus action Ty, ¥ € T, because the matrices R(9) and
diag(1,1, —1) commute, and therefore

V30Ty="Tyols.

Proof of Theorem[I-3 (i) The arguments of the proof of Theorem [I.1] u can be repeated in the
subspace Y3. (ii) The arguments of the proof of Theorem can be repeated in the subspace Ys,
except for the fact that we do not have the torus action Ty, and therefore we do not obtain n orbits
of critical points of the restricted functional, but only two critical points, namely one minimum
point and one maximum point for the functional. (iii) is similar to (ii). O
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We conclude the section with some observations about the transformations )5, )5 defined in
. First, as is observed in Lemma for n = 1, the constraint Sy, (a) consists of one orbit
of critical points of €v,,. On the other hand, by item (iii) in Theorem[I.2] there exists a symmetric
solution u, = You, = Ysu, whose Viy component belongs to the constraint Sy, (a). Hence the
orbit of solutions given by Theorem coincides with the orbit {u, o R() : ¥ € T}.

Second, as is proved in , the nonlinear operator F is equivariant with respect to Vs, V3.
Hence F is equivariant for the action of the group (G,o) generated by Ty,Ys,Ys. Thus, if one
proved a version of Lemma adapted to the action of G, then Lemma [11.6] and therefore
Theorem [I.1} would hold for G-orbits.
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