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Abstract. We consider the free boundary problem for a liquid drop of nearly spherical shape with
capillarity, and we study the existence of nontrivial (i.e., non spherical) rotating traveling profiles
bifurcating from the spherical shape, where the bifurcation parameter is the angular velocity. We
prove that every eigenvalue of the linearized problem is a bifurcation point, extending the known
result for simple eigenvalues to the general case of eigenvalues of any multiplicity. We also obtain
a lower bound on the number of bifurcating solutions.

The proof is based on the Hamiltonian structure of the problem and on the variational argument
of constrained critical points for traveling waves of Craig and Nicholls (2000, SIAM J. Math.
Anal. 32, 323-359), adapted to the nearly spherical geometry; in particular, the role of the action
functional is played here by the angular momentum with respect to the rotation axis.

Moreover, the bifurcation equation presents a 2-dimensional degeneration, related to some
symmetries of the physical problem. This additional difficulty is overcome thanks to a crucial
transversality property, obtained by using the Hamiltonian structure and the prime integrals cor-
responding to those symmetries by Noether theorem, which are the fluid mass and the component
along the rotation axis of the velocity of the fluid barycenter.
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1 Introduction and main results

We consider the free boundary problem for the motion of a drop of incompressible fluid with
capillarity. The problem is described by the system

∂tu+ u · ∇u+∇p = 0 in Ωt, (1.1)

div u = 0 in Ωt, (1.2)

p = σ0HΩt on ∂Ωt, (1.3)

Vt = ⟨u, νΩt⟩ on ∂Ωt, (1.4)

where Ωt ⊂ R3 is the time-dependent, open, bounded region occupied by the fluid, ∂Ωt is its
boundary, u is the fluid velocity vector field, p is the pressure of the fluid, σ0 is the capillarity
coefficient, HΩt is the mean curvature of the boundary ∂Ωt, Vt is the normal velocity of the
boundary, νΩt

is the unit outer normal of the boundary, and ⟨·, ·⟩ denotes the scalar product of
vectors in R3. Equations (1.1), (1.2) are the Euler equations of incompressible fluid mechanics,
(1.3) gives the pressure at the boundary in terms of capillarity, and (1.4) is the kinematic condition
that the movement of the boundary ∂Ωt in its normal direction is due to the movement of the
liquid particles on ∂Ωt. The unknowns are the domain Ωt, the velocity vector field u, and the
pressure p.

We assume that the boundary ∂Ωt is the graph of a function over the unit sphere,

∂Ωt = {(1 + h(t, x))x : x ∈ S2}, S2 = {x ∈ R3 : |x| = 1}, (1.5)

where the elevation function h satisfies 1 + h > 0. When |h| is small, we say that Ωt is a nearly
spherical domain. We also assume that the motion of the fluid is irrotational, so that the velocity
vector field u is given by the gradient of a scalar function, the velocity potential Φ. For u = ∇Φ,
(1.1) becomes the equation ∇(∂tΦ+ 1

2 |∇Φ|2+p) = 0 in Ωt, that is, ∂tΦ+ 1
2 |∇Φ|2+p = independent

of x in Ωt, (1.2) becomes ∆Φ = 0 in Ωt, and (1.4) becomes Vt = ⟨∇Φ, νΩt
⟩ on ∂Ωt.

As is proved in [12, 47, 9], this problem admits a Craig-Sulem formulation, which is the equiv-
alent system

∂th = X1(h, ψ), ∂tψ ∼ X2(h, ψ), (1.6)

where, in the notations of [9],

X1(h, ψ) :=

√
(1 + h)2 + |∇S2h|2

1 + h
G(h)ψ, (1.7)

X2(h, ψ) :=
1

2

(
G(h)ψ +

⟨∇S2ψ,∇S2h⟩
(1 + h)

√
(1 + h)2 + |∇S2h|2

)2

− |∇S2ψ|2

2(1 + h)2
− σ0H(h), (1.8)

and f ∼ g means that the difference f − g is independent of x. In system (1.6) the unknowns h, ψ
are real valued functions of the variables (t, x) ∈ R × S2, ∇S2 denotes the tangential gradient on
S2 (defined in (2.1) below), H(h) is the mean curvature of the boundary ∂Ωt in (1.5) expressed in
terms of the elevation function h (see formula (2.3)), and G(h)ψ is the Dirichlet-Neumann operator
defined (omitting to indicate the time-dependence of functions and domains) as

G(h)ψ(x) = ⟨(∇Φ)(γ(x)), νΩ(γ(x))⟩ (1.9)

at all points γ(x) = (1 + h(x))x ∈ ∂Ω, i.e., for all x ∈ S2, where Φ : Ω → R is the unique solution
in H1(Ω) of the boundary value problem

∆Φ = 0 in Ω and Φ(γ(x)) = ψ(x) for all γ(x) ∈ ∂Ω, i.e., for all x ∈ S2. (1.10)

We refer to [9] for details about the derivation of system (1.6) and about some properties of
the Dirichlet-Neumann operator. Note that system (1.6) is not a free boundary problem, as the
unknown functions h, ψ are defined on the fixed surface S2.
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One has Xk(h, ψ1) = Xk(h, ψ) for all ψ1 ∼ ψ, k = 1, 2, so that (1.6) can also be viewed as a
system where h is a function and ψ is an equivalence class of functions. However, in the present
paper we find it more convenient to work with functions, instead of with equivalence classes. For
this reason, we consider the system

∂th = X1(h, ψ), ∂tψ = X2(h, ψ) + 2σ0, (1.11)

where the unknowns h, ψ are both functions, and the constant 2σ0 is determined by the fact that
this is the only term for which the pair (h, ψ) = (0, 0) solves system (1.11). Note that 2 = H(0)
is the mean curvature of the unit sphere S2, see (2.3). Systems (1.6) and (1.11) are equivalent: if
(h, ψ) solves (1.11), then it also solves (1.6); vice versa, if (h, ψ) solves (1.6), then there exists ψ1

such that ψ1 ∼ ψ and (h, ψ1) solves (1.11).

Rotating traveling waves on the capillary drop are solutions of system (1.11) given by a fixed
profile that rotates with constant angular velocity around a fixed symmetry axis. Given the absence
of gravity in the equations, the problem has no privileged direction, and hence there is no loss of
generality in fixing the x3 axis as the rotation symmetry axis. Thus, we consider functions h, ψ of
the form

h(t, x) = η(R(ωt)x), ψ(t, x) = β(R(ωt)x), t ∈ R, x ∈ S2, (1.12)

where η, β : S2 → R are scalar functions defined on S2, independent of time, ω ∈ R is the angular
velocity, and R(ϑ), ϑ ∈ R, is the rotation matrix

R(ϑ) =

cosϑ − sinϑ 0
sinϑ cosϑ 0
0 0 1

 . (1.13)

As is observed in [9], for functions h, ψ of the form (1.12), system (1.11) becomes the rotating
traveling wave system

ωMη = X1(η, β), ωMβ = X2(η, β) + 2σ0, (1.14)

where M is the differential operator defined by

Mη(x) := ⟨J x,∇S2η(x)⟩ ∀x ∈ S2, (1.15)

and J is the matrix

J :=

0 −1 0
1 0 0
0 0 0

 . (1.16)

Since (η, β) = (0, 0) is a solution of system (1.14) for all values of ω, the existence of nontrivial
solutions of (1.14) can be studied as a bifurcation problem where the angular velocity ω is the
bifurcation parameter. This study has been initiated in [9], where the bifurcation from simple
eigenvalues is proved by Crandall-Rabinowitz theorem. In the present paper we go beyond simple
eigenvalues, and, following the approach of Craig-Nicholls [24], we prove that the bifurcation of
nontrivial solutions of (1.14) occur from eigenvalues of any multiplicity. In particular, we prove
the following result. Let

T := {(ℓ,m) ∈ Z2 : ℓ ≥ 0, |m| ≤ ℓ}, (1.17)

the set of indices of the real spherical harmonics on S2. For (ℓ0,m0) ∈ T , with m0 ̸= 0, define

ω0 :=
√
σ0

√
(ℓ0 + 2)(ℓ0 − 1)ℓ0

m0
(1.18)

and
S := {(ℓ,m) ∈ T : (ℓ+ 2)(ℓ− 1)ℓm2

0 = (ℓ0 + 2)(ℓ0 − 1)ℓ0m
2}. (1.19)

Note that the set S has a finite number of elements, which are (0, 0), (1, 0), (ℓ0,±m0), and possibly
finitely many other pairs (ℓ,±m) with ℓ ≥ 2 and 1 ≤ |m| ≤ ℓ.
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Theorem 1.1. Let (ℓ0,m0) ∈ T , ℓ0 ≥ 2, m0 ̸= 0, where T is in (1.17). Let ω0 be defined in
(1.18). Let 2n + 2 be the cardinality of the set S in (1.19). Let s > 1. Then there exist a0 > 0,
C > 0 such that, for every a ∈ (0, a0), there exist at least n distinct orbits

{(η(i)a , β(i)
a ) ◦R(ϑ) : ϑ ∈ T}, i = 1, . . . , n, (1.20)

of nontrivial solutions of the rotating traveling wave equations (1.14) with angular velocity ω = ω
(i)
a ,

angular momentum
I(η(i)a , β(i)

a ) = a (1.21)

(I is defined in (3.13)), and

|ω(i)
a − ω0|+ ∥η(i)a ∥

Hs+3
2 (S2)

+ ∥β(i)
a ∥Hs+1(S2) ≤ C

√
a. (1.22)

If n = 1, the orbit depends analytically on a in the interval (0, a0).

Before continuing, let us explicitly write down an interesting consequence of Theorem 1.1
concerning the Cauchy problem for system (1.1)-(1.4).

There exist infinitely many initial data (i.e., the initial shape Ω0 and the initial velocity field u0)
arbitrarily close to the equilibrium (i.e., the sphere with null velocity) such that the only solution
to the Cauchy problem for system (1.1)-(1.4) is obtained as a pure rotation of the initial data. In
particular, these solutions do not develop singularities and exist for all times.

Let us briefly discuss why such an existence result is not really obvious at a heuristic level. First,
assume that we are given an irrotational solution of system (1.1)-(1.4) with Ωt = Ω0 independent
of time. Since the boundary ∂Ωt = ∂Ω0 does not change in time, its normal velocity Vt is zero
for all t, and therefore, by (1.4), ⟨∇Φ, νΩ0

⟩ is also zero. By (1.2), ∆Φ = div u = 0 in Ω0, and,
integrating the product Φ∆Φ over Ω0, using the divergence theorem and the boundary identity
⟨∇Φ, νΩ0⟩ = 0, one obtains that u = ∇Φ = 0 in Ω0. Thus, by (1.1), p is constant on the boundary
∂Ω0, and hence, by (1.3), the curvature HΩ0 is also constant. As a consequence, by Alexandrov
theorem (a connected compact embedded surface with constant mean curvature is a sphere), Ω0

is a ball. Thus, the ball is the only possible shape for an irrotational solution of (1.1)-(1.4) with
Ωt = Ω0.

Next, consider a solution of (1.1)-(1.4) where Ωt is given by the translation of a time-independent
domain Ω0 by constant velocity, i.e., Ωt = Ω0 + ct, for some fixed vector c ∈ R3. Then Ωt,
u(t, x) = u0(t, x − ct) + c, p(t, x) = p0(t, x − ct) solve (1.1)-(1.4), where Ω0, u0, p0 solve the same
system. Hence, by the argument above, Ω0 is a ball. Thus, the ball is also the only possible shape
for an irrotational solution of (1.1)-(1.4) with Ωt = Ω0 + ct and Ω0 independent of time.

From these observations one might be led to think that the same rigidity property that holds for
the translations also holds for the rotations, namely, if the velocity field is irrotational, and if the
domain Ωt is given by a rotation R(ωt) of constant angular velocity applied to a time-independent
domain Ω0, then Ω0 is a ball. Such a guess turns out to be false, as is actually proved by Theorem
1.1. In particular, the solutions obtained in Theorem 1.1 have domain Ωt = R(ωt)Ω0, where Ω0 is
independent of time and it is not a ball. This is related to the fact that system (1.11) concernes the
time evolution not only of the shape h, but also of the velocity potential ψ, which can be suitably
tuned so that a fixed nonspherical shape persists as time evolves.

Another, even less intuitive, consequence of Theorem 1.1 is that, in general, rotating solutions
need not to enjoy any symmetry property to exist.

Theorem 1.1 improves the bifurcation result in [9] in these aspects:

- in [9] bifurcation is proved only from frequencies (ℓ0,m0) ∈ T such that the set S in (1.19) has
exactly the 4 elements (0, 0), (1, 0), (ℓ0,±m0), whereas in Theorem 1.1 there is no restriction
on the cardinality of S;

- in [9] bifurcation is proved only in the subspace of functions (η, β) with η even in x3, even
in x2, and β even in x3, odd in x2, where the frequency (ℓ0,m0) becomes simple, whereas in
Theorem 1.1 there is no restriction on the symmetry properties of (η, β);
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- in [9] a bifurcating curve of nontrivial solutions is obtained, whereas Theorem 1.1 gives a
multiplicity result, proving the bifurcation of n orbits of nontrivial solutions.

We also note that the analytic dependence on the bifurcation parameter proved in [9] for simple
eigenvalues is lost in Theorem 1.1, as one expects in the case of multiple eigenvalues; for n = 1, on
the other hand, the dependence is analytic also in Theorem 1.1.

The multiplicity result in Theorem 1.1 relies on the torus action given by the rotations R(ϑ),
see (1.20), and it does not make use of the reversible structure of the problem. Reversibility would
enter into the result in the following way. Given any solution u = (η, β) of equation (1.14) with
angular velocity ω > 0, the pair

Su := (η,−β)
is a solution of the same equation but with ω replaced by its opposite −ω < 0. Since the n orbits

in (1.20) are all made by solutions of (1.14) with positive angular velocity (ω
(i)
a is close to ω0 > 0,

see (1.22)), no one of them can be obtained from another one by the reflection S, i.e.,

(η(i), β(i)) ̸= S{(η(j), β(j)) ◦R(ϑ)} ∀ϑ ∈ T, i ̸= j.

Thus, taking into account the involution S, we obtain 2n orbits of rotating traveling waves, n of
which having anti-clockwise rotation, and the other n with clockwise rotation. The same happens
for S replaced by the involution operator S1 that maps u = (η, β) into

(S1u)(x) := (η(−x),−β(−x)),

which is the composition of S with the map x→ −x, considered, e.g., in [10]. This change of sign
of the angular velocity is due to the fact that the angular momentum I defined in (3.13) satisfies
I ◦ S = −I and I ◦ S1 = −I, unlike the linear momentum considered in the nearly flat case, for
instance in [24, 10]. This difference is ultimately due to the fact that the space derivative operator
in the momentum integral is ∂x or ∇x in the nearly flat case, while it is x1∂x2

−x2∂x1
in the nearly

spherical one.

Concerning symmetric solutions, we prove the following result.

Theorem 1.2. (i) (Solutions even in x3). Let (ℓ0,m0) ∈ T , ℓ0 ≥ 2, m0 ̸= 0, with ℓ0−m0 an even
integer, where T is in (1.17). Let ω0 be defined in (1.18). Let 2n+ 1 be the cardinality of the set
S ∩Z2

even, where S is defined in (1.19), and Z2
even is the set of pairs (ℓ,m) ∈ Z2 such that ℓ−m is

even. Let s > 1. Then there exist a0 > 0, C > 0 such that, for every a ∈ (0, a0), there exist at least
n distinct orbits (1.20) of solutions of the rotating traveling wave equations (1.14) with symmetry
with respect to the third variable x3

(η(i)a , β(i)
a )(x1, x2,−x3) = (η(i)a , β(i)

a )(x1, x2, x3), x = (x1, x2, x3) ∈ S2, (1.23)

angular velocity ω = ω
(i)
a , angular momentum (1.21), and estimates (1.22). If n = 1, the orbit

depends analytically on a in the interval (0, a0).

(ii) (Solutions even/odd in x2). Let (ℓ0,m0) ∈ T , ℓ0 ≥ 2, m0 ̸= 0. Let ω0 be defined in (1.18).
Let s > 1. Then there exist a0 > 0, C > 0 such that, for every a ∈ (0, a0), there exist at least 2
solutions

(η(i)a , β(i)
a ), i = 1, 2, (1.24)

of (1.14) with symmetry with respect to the second variable x2

η(i)a (x1,−x2, x3) = η(i)a (x1, x2, x3), β(i)
a (x1,−x2, x3) = −β(i)

a (x1, x2, x3), (1.25)

with angular velocity ω = ω
(i)
a , angular momentum (1.21), and estimates (1.22).

(iii) (Solutions even in x3 and even/odd in x2). Let (ℓ0,m0) ∈ T , ℓ0 ≥ 2, m0 ̸= 0, with ℓ0−m0

even. Let ω0 be defined in (1.18). Let s > 1. Then there exist a0 > 0, C > 0 such that, for every
a ∈ (0, a0), there exist at least 2 solutions (1.24) of (1.14) with both symmetries (1.23) and (1.25),

angular velocity ω = ω
(i)
a , angular momentum (1.21) and estimates (1.22).
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Theorem 1.2 improves the bifurcation result in [9], because in [9] only the case (iii) is considered,
and only when S has exactly 4 elements.

We observe that from the torus action one deduces the invariance of the subspaces of functions
(η, β) which are supported only on spherical harmonics φℓ,m with m integer multiple of a fixed
integer k > 1. This is usually called k-fold symmetry, and it corresponds to the discrete rotational
symmetry of angle 2π/k around the x3 axis. Results analogous to those of Theorems 1.1 and 1.2
can be also proved in the k-fold symmetry subspaces.

Sketch of the proof. A fundamental ingredient in Craig-Nicholls approach [24] to the bifurcation
of traveling waves is the variational structure of the problem, namely the key observation that the
traveling wave system is the equation of the critical points of a functional; thus, our analysis begins
with showing that system (1.14) exhibits a variational structure analogous to the one in [24]. More
precisely, in Section 3 we recall the Hamiltonian structure of the problem, and we show that (1.14)
is in fact the equation

∇Hσ0
(η, β)− ω∇I(η, β) = 0 (1.26)

of the critical points of the functional Hσ0
− ωI, where Hσ0

is the Hamiltonian defined in (3.6)
and I is the angular momentum defined in (3.13).

Next, we show some consequences of the geometric nature of the problem: in Section 4 we
use some geometric considerations to find symmetries of the problem and we follow the ideas of
Noether Theorem to find the corresponding conserved quantities. An important tool that we also
study in Section 4 is the operator Tθ in (4.2), which is the natural torus action of the problem,
for which we prove some key invariance properties, see Lemma 4.8. At this point, we are ready to
start the study of equation (1.26).

In Section 5 we prove some orthogonality (Lemma 5.2) and conjugation (Lemma 5.3) properties
of the nonlinear operator in (1.26). These two simple lemmas will have important consequences:
orthogonality will be used at the end of the proof of Theorem 1.1, see Lemma 12.1, and it will be
essential in order to show the existence of at least two solutions to (1.26), while the conjugation
property will be used to obtain n orbits of solutions, see Lemma 11.6.

In Section 6 we linearize the system at the origin and list some properties of the linearized
operator, building the appropriate set up to implement the Lyapunov-Schmidt decomposition in
Section 7. The original problem is then reduced to a finite-dimensional one by solving the range
equation by the implicit function theorem, see Lemma 7.1. It is important to observe that the
reduced problem is now an equation in even dimensional space; more precisely, we are left to solve
the bifurcation equation in a vector space of dimension 2n+ 2.

Following [24] and the classical methods described in [22, 40, 52], we note that, even after
performing the Lyapunov Schmidt decomposition, the bifurcation equation has still a variational
structure, see Lemma 11.3. Hence, to solve the bifurcation equation, we look for critical points of
the reduced functional EVN

. To this purpose, we introduce the level set of the angular momentum
as a constraint where to look for constrained critical points.

A close inspection of the constraint I(u) = a makes clear the necessity of a further reduction, as
the level sets of the angular momentum resemble a cylinder of the type R2×S2n−1 (see Lemma 10.3).
Hence, in Section 8 we further decompose the problem separating the two degenerate directions in
R2 from the other 2n nondegenerate directions on S2n−1. Note that the formula of the main order
I0(v) in the Taylor expansion of the reduced functional IVN

(v) in Lemma 10.3 does not depend
on the degenerate variables.

Then, in Section 9, we choose the angular velocity parameter ω in an efficient way as a function
of the nondegenerate component of the kernel (Lemma 9.4). This choice of ω guarantees that
constrained critical points of the reduced functional are, in fact, critical points, and therefore
solutions of the nondegenerate bifurcation equation (Lemma 11.4). Thus the level sets of the
reduced angular momentum functional IVN

(v) = a become natural constraints (in the sense of
[5]) for the reduced functional EVN

(v). Actually, we have that critical points of the restricted
functional (defined on a 2n dimensional space) invariant under the group action Tθ on a manifold
diffeomorphic to S2n−1 are solutions to the bifurcation equation. Hence, by using classical theorems
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of critical point theory (Benci S1-index), we infer the existence of n distinct orbits of solutions, see
Lemma 11.6.

Finally, in Section 12, we solve the bifurcation equation also in the two degenerate directions,
thanks to the orthogonality property of Lemma 5.2.

Difficulties in the proof. Although the strategy of the proof is well established, we encounter
some nontrivial challenges in the way to prove Theorem 1.1, which seem to be peculiar of the
problem of the drop with its spherical geometry, in the sense that they are not present for the
more studied case of traveling waves on a flat reference manifold (the ocean). We try to explain
this point.

In the problem of traveling gravity-capillary waves on a flat 2-dimensional lattice considered by
Craig and Nicholls [24], there is one degenerate direction, which corresponds to the zeroth Fourier

coefficient ψ̂0 of the velocity potential unknown ψ. This degeneration is easily removed in [24] by
restricting all the analysis to the linear invariant subspace of functions (h, ψ) where ψ has zero

average over the lattice, i.e., ψ̂0 = 0. Also, the conservation of the fluid mass in [24] corresponds to

the linear identity ĥ0 = constant. The same happens, for example, also in the recent paper [10] with
constant vorticity. In fact, this can also be achieved for the drop: the first orthogonality relation
in (5.7) (that is, the first orthogonality relation in (5.10)) gives an invariant linear subspace, while
the mass conservation, despite its cubic expression (3.3) in the elevation function h, could become

the linear identity ĥ0 = constant by means of a simple change of variable, as explained in Lemma
3.4 in [9].

However, the problem for the drop contains another degenerate direction, which corresponds
to the conservation of the x3-component B3 of the barycenter velocity B, see (4.7). To better
explain, let us describe the simple action of moving the barycenter of the drop along the x3 axis.
Geometrically and physically, this is probably the simplest operation one can perform and yet the
reparametrization of a translated drop is an implicitly defined nonlinear diffeomorphism. From a
physical point of view, it is clear that if a drop rotating around the x3 axis is a solution to (1.6),
any other drop that rotates in the same fashion and translates along x3 with constant velocity is
still a solution.

Now, unlike the previous degeneration, the conservation of B3 is not linear, and it is hard, if
not even impossible, to find an elementary change of variable that simultaneously turns both the
conservation relations into linear ones. This would force one to work over infinitely-dimensional
invariant manifolds of codimension 2. This technical issue is not present in the flat case. At a linear
level, this is related to the fact that the linearization at h = 0 of the mean curvature term H(h) (see
(2.3)) gives the linear operator H ′(0) = −∆S2−2, whose eigenvalues are ℓ(ℓ+1)−2 = (ℓ+2)(ℓ−1),
vanishing for ℓ = 1, in contrast with the flat case (x ∈ R2 or T2), where H ′(0) = −∆.

From a technical point of view, we encounter the degeneracy in Section 8, where, after perform-
ing the Lyapunov-Schmidt decomposition, following the method of [22, 24, 40, 52], we have to fix
the bifurcation parameter ω as a function of the kernel component v by implicit function theorem,
and we face the fact that the dominant term (9.8) depends nontrivially on all the components of
v but two, v̂0,0 and v̂1,0, which are the degenerate directions.

In fact, we choose not to perform any change of variable to make the mass conservation a linear
expression of h, and we also choose not to work on infinitely-dimensional invariant manifolds.
Instead, the strategy that we find more convenient to overcome this obstacle is to exploit the
two orthogonality conditions (5.7) (that is, (5.10)) coming from the Hamiltonian structure of our
problem and Noether Theorem. While the first relation in (5.10) is a simple linear expression,
the second one is not, but it gives a geometrical transversality condition in the vicinity of the
bifurcation point. This transversality property is sufficient to cancel out the Lagrange multipliers
related to the two degenerate directions in the proof of Lemma 12.1.

Another nontrivial aspect of working on S2 concerns the compatibility of the Lyapunov-Schmidt
decomposition with the torus action Tϑ, which does not seem to be a priori obvious, because of the
nontrivial algebraic expression of the spherical harmonics. This compatibility is proved in Lemma
6.2.

Related literature about the drop. The problem of the fluid motion of a capillary nearly spherical
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drop dates back to the paper [46] by Lord Rayleigh. The formulation of the free boundary problem
for the drop in the irrotational regime as a system of equations on S2 has been used in [9, 12, 47,
48]. Its Hamiltonian structure has been obtained in [12] and, in the present formulation, in [9].
The Dirichlet-Neumann operator for the drop has been studied in [48] (paralinearization) and [9]
(linearization, analyticity, tame estimates). Local well-posedness results for the Cauchy problem
have been obtained in [12, 23, 48], and continuation results and a priori estimates in [37, 49]. The
existence of rotating traveling waves has been analytically proved, under symmetry assumptions,
in [9] and, in dimension 2, in [42], while its numerical evidence is shown in [28]; we mention also
[41] for the existence of 2D steady bubbles for capillary drops and [44] for the existence of 2D
steady vortex sheets.

Related literature about the bifurcation and critical point theory. Concerning the bifurcation
technique, the present paper is inspired by [24], where the existence of capillary-gravity traveling
waves on 2D and 3D flat torus is proved, relying on the proof of the Lyapunov Centre Theorem
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2 Notations and preliminaries

Tangential gradient, tangential Laplacian. Given a function f : S2 → R, we denote by E0f its

0-homogenous extension to R3 \ {0}

E0f(x) = f
( x

|x|

)
, x ∈ R3 \ {0}.

Using the extension operator E0, we define the tangential gradient ∇S2f and the tangential Lapla-
cian ∆S2f of a function f : S2 → R as the classical gradient and Laplacian of E0f ,

∇S2f = ∇E0f, ∆S2f = ∆E0f. (2.1)

By using the definition of tangential gradient in (2.1), it also holds that, if f̃ is any diffentiable
extension of f in a neighborhood of S2, then

∇S2f = ∇f̃ − ⟨∇f̃, x⟩x. (2.2)

Mean curvature. The mean curvature term H(h) in equation (1.8) is given by

H(h) = − ∆S2h

(1 + h)J
+

2

J
+

⟨(D2
S2h)∇S2h,∇S2h⟩
(1 + h)J3

+
|∇S2h|2

J3
, (2.3)

where
J =

√
(1 + h)2 + |∇S2h|2, ⟨(D2

S2h)∇S2h,∇S2h⟩ = ⟨(D2E0h)∇E0h,∇E0h⟩, (2.4)
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and D2E0h is the Hessian matrix of E0h. Formula (2.3) is proved in Lemma 2.3 of [9].

Divergence Theorem on S2. Given a vector field F on S2, one has∫
S2
div S2F dσ = 2

∫
S2
⟨F, x⟩ dσ, (2.5)

where dσ is the 2-dimensional Hausdorff measure, and the tangential divergence is

div S2F = div E0F.

Spherical harmonics. The real Hilbert space L2(S2,R) admits orthonormal Hilbert basis made of

real spherical harmonics. In particular, we consider the L2(S2,R) orthonormal Hilbert basis

{φℓ,m : (ℓ,m) ∈ T}, T := {(ℓ,m) ∈ Z2 : ℓ ≥ 0, m = −ℓ, . . . , ℓ}, (2.6)

where φℓ,m(x), m = −ℓ, . . . , ℓ, are the Legendre real spherical harmonics on S2 of degree ℓ written
in Cartesian coordinates x ∈ S2 ⊂ R3, namely

φℓ,0(x) := c
(0)
ℓ Pℓ(x3),

φℓ,m(x) := c
(m)
ℓ P

(m)
ℓ (x3)Re [(x1 + ix2)

m], m = 1, . . . , ℓ,

φℓ,−m(x) := c
(m)
ℓ P

(m)
ℓ (x3)Im [(x1 + ix2)

m], m = 1, . . . , ℓ, (2.7)

where Pℓ is the ordinary Legendre polynomial of degree ℓ, P
(m)
ℓ is its mth derivative, and c

(m)
ℓ ∈ R

is a normalizing coefficient; see, e.g., [8], Example 2.48 in Section 2.11, and [9], Section 6.1. For
all (ℓ,m) ∈ T , one has

−∆S2φℓ,m = ℓ(ℓ+ 1)φℓ,m.

Sobolev spaces. Given any function u ∈ L2(S2,R), one has

u =
∑

(ℓ,m)∈T

ûℓ,mφℓ,m, ûℓ,m = ⟨u, φℓ,m⟩L2(S2) =

∫
S2
uφℓ,m dσ.

For any real s ≥ 0, we define the Sobolev space Hs(S2,R) as

Hs(S2,R) = {u ∈ L2(S2,R) : ∥u∥Hs(S2) <∞}, ∥u∥2Hs(S2) = û20,0 +
∑

(ℓ,m)∈T
ℓ≥1

ℓ2sû2ℓ,m. (2.8)

Sometimes, we shortly write L2(S2), Hs(S2) instead of L2(S2,R), Hs(S2,R).

3 Variational formulation of the problem

As is proved in [12] and [9], system (1.11) has a Hamiltonian structure. Consider the quantity

H(h, ψ) :=
1

2

∫
S2
ψ(G(h)ψ)(1 + h)

√
(1 + h)2 + |∇S2h|2 dσ

+ σ0

∫
S2
(1 + h)

√
(1 + h)2 + |∇S2h|2 dσ, (3.1)

which is the sum of the kinetic energy and the capillarity energy of the drop expressed in terms of
the functions h, ψ. Then (see Proposition 3.2 in [9])

X1(h, ψ) =
∂ψH(h, ψ)

(1 + h)2
, X2(h, ψ) = −∂hH(h, ψ)

(1 + h)2
, (3.2)
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where X1, X2 are defined in (1.7), (1.8) and ∂hH, ∂ψH are the gradients of H with respect to
the L2(S2) scalar product. The factors (1 + h)−2 in (3.2) can be easily removed with a change of
variables to obtain a Hamiltonian system in Darboux coordinates, see Lemma 3.4 in [9]; however,
this is not necessary for the analysis of the present paper, and therefore we do not do it. We also
consider the quantity

V(h, ψ) := V(h) := 1

3

∫
S2
(1 + h)3 dσ, (3.3)

which is the volume of the fluid domain Ωt written in terms of the elevation function h. Its
gradients with respect to the L2(S2) scalar product are

∂hV(h, ψ) = (1 + h)2, ∂ψV(h, ψ) = 0. (3.4)

Hence, by (3.2) and (3.4), one has

X1(h, ψ) =
∂ψHσ0(h, ψ)

(1 + h)2
, X2(h, ψ) + 2σ0 = −∂hHσ0(h, ψ)

(1 + h)2
, (3.5)

where
Hσ0 := H− 2σ0V, (3.6)

and (1.11) is the Hamiltonian system

∂th =
∂ψHσ0

(h, ψ)

(1 + h)2
, ∂tψ = −∂hHσ0

(h, ψ)

(1 + h)2
. (3.7)

Also, by (3.5), the rotating traveling wave system (1.14) can be written as

ωMη =
∂βHσ0

(η, β)

(1 + η)2
, ωMβ = −∂ηHσ0

(η, β)

(1 + η)2
. (3.8)

Now we show that also the terms Mη,Mβ are the product of the factor (1 + η)−2 with the
gradients of a functional with respect to the L2(S2) scalar product, and this functional is the
angular momentum I with respect to the rotation symmetry axis. Before proving this, we show
in the following lemma that the differential operator M is anti-symmetric, i.e., one has a simple
integration by parts formula for M, and we calculate its commutator with the tangential gradient
operator.

Lemma 3.1. (i) One has ∫
S2
fMg dσ = −

∫
S2
(Mf)g dσ (3.9)

for all f, g ∈ C1(S2,R).
(ii) One has

Mf(x) = ⟨J x,∇f̃(x)⟩ = x1∂x2
f̃(x)− x2∂x1

f̃(x) (3.10)

for all x ∈ S2, all f ∈ C1(S2,R), where f̃ is any extension of f to a neighborhood of S2; in
particular, (3.10) holds even if f̃ is not a homogeneous function.

(iii) One has the commutator identity

M(∇S2f) = ∇S2(Mf) + J∇S2f (3.11)

for all f ∈ C2(S2,R).

Proof. (i) Consider the vector field F (x) = f(x)g(x)J x on S2, and consider its 0-homogeneous
extension E0F = (E0f)(E0g)J x|x|−1. Since the matrix J in (1.16) satisfies

div (J x) = 0, ⟨J x, x⟩ = 0, div (J x|x|−1) = 0

for all x ∈ R3, x ̸= 0, the tangential divergence of F on S2 is

div S2F = div (E0F ) = ⟨∇{(E0f)(E0g)},J x⟩ = (Mf)g + fMg,
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and the divergence theorem on S2 in (2.5) gives identity (3.9).
(ii) By (2.2), since ⟨J x, x⟩ = 0, one has

Mf = ⟨J x,∇f̃ − ⟨∇f̃, x⟩x⟩ = ⟨J x,∇f̃⟩.

(iii) One has ∇S2f = ∇E0f on S2, and ∇E0f is defined in R3 \{0}. Hence ∇E0f is an extension
of ∇S2f , and, by (3.10),

M(∇S2f) = (x1∂x2
− x2∂x1

)∇E0f. (3.12)

The scalar function g := (x1∂x2
−x2∂x1

)E0f is defined in R3 \ {0}, it is a 0-homogeneous function,
and it coincides with Mf on S2. Hence g is the 0-homogeneous extension E0(Mf) of the function
Mf , and, by definition (2.1), one has

∇S2(Mf) = ∇E0(Mf) = ∇g = ∇{(x1∂x2
− x2∂x1

)E0f} = (x1∂x2
− x2∂x1

)∇E0f − J∇E0f,

where the last identity is an elementary calculation. Thus, recalling (3.12), we have proved (3.11).

Define

I(η, β) :=
∫
S2
(1 + η)2(Mη)β dσ = −1

3

∫
S2
(1 + η)3Mβ dσ, (3.13)

where the last identity in (3.13) follows from formula (3.9). By (3.13), the gradients of I with
respect to the L2(S2) scalar product are

∂ηI(η, β) = −(1 + η)2Mβ, ∂βI(η, β) = (1 + η)2Mη. (3.14)

Using (3.14) to substitute Mη,Mβ, system (3.8) becomes

∂βHσ0
(η, β)− ω∂βI(η, β) = 0, ∂ηHσ0

(η, β)− ω∂ηI(η, β) = 0,

that is,
∇Hσ0

(η, β)− ω∇I(η, β) = 0, (3.15)

where ∇ = (∂η, ∂β) is the gradient with respect to the L2(S2,R2) scalar product. Thus (3.15) is
the equation of the critical points of the functional Hσ0

(η, β)− ωI(η, β).
Before starting with the study of equation (3.15), in the next section we study some symmetries

of the Hamiltonian H in (3.1) and conserved quantities of system (3.7).

4 Symmetries, prime integrals and group action

In this section we study some symmetries of the Hamiltonians H in (3.1) and Hσ0 = H− 2σ0V in
(3.6) and the prime integrals corresponding to them by Noether’s theorem, which are

- the angular momentum I(h, ψ) with respect to the x3 axis (Lemma 4.1);
- the mass, or volume, V(h) (Lemma 4.2);
- the barycenter velocity B(h, ψ) (Lemma 4.6).
Then we observe an invariance property under a torus action (Lemma 4.8).

It is convenient to introduce the Poisson brackets notation corresponding to the Hamiltonian
structure of system (3.7): given any two functionals A(h, ψ), B(h, ψ), we denote

{A,B}(h, ψ) := ⟨∂hA(h, ψ),
∂ψB(h, ψ)

(1 + h)2
⟩L2(S2) − ⟨∂ψA(h, ψ),

∂hB(h, ψ)

(1 + h)2
⟩L2(S2), (4.1)

where ∂hA, ∂ψA, ∂hB, ∂ψB are the gradients of A,B with respect to the scalar product of L2(S2).
We recall that, if {A,Hσ0

} = 0, then, by the chain rule, the time derivative of A(h(t), ψ(t)) vanishes
along any solution (h(t), ψ(t)) of (3.7), and A is a prime integral of system (3.7).

Now we show first that I in (3.13) is a prime integral of (3.7) associated to the invariance of
Hσ0

with respect to the action of the rotations R(ϑ).
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Lemma 4.1. Let R(ϑ), ϑ ∈ T := R/2πZ, be the rotation matrix (1.13), and let Tϑ denote the
composition operator

Tϑf = f ◦R(ϑ), (4.2)

that is, (Tϑf)(x) = f(R(ϑ)x) for all x ∈ S2, for any function f defined on S2. Then
(i) the Hamiltonian H in (3.1) and the volume V in (3.3) are Tϑ-invariant, i.e.,

H ◦ Tϑ = H, V ◦ Tϑ = V, (4.3)

that is, H(Tϑh, Tϑψ) = H(h, ψ) and V(Tϑh) = V(h) for all (h, ψ);
(ii) the infinitesimal generator d

dϑ

∣∣
ϑ=0

R(ϑ) of the one-parameter group of rotations {R(ϑ) : ϑ ∈
T} is the matrix J in (1.16);

(iii) the infinitesimal generator d
dϑ

∣∣
ϑ=0

Tϑ of the one-parameter group of composition operators
{Tϑ : ϑ ∈ T} is the differential operator M in (1.15);

(iv) the functional I defined in (3.13) satisfies {I,H} = 0 and {I,V} = 0, it is a prime
integral of the Hamiltonian system (3.7), and it is the angular momentum associated to the rotation
invariance (4.3).

Proof. (i) As noticed in Lemma 6.2 of [9], one has

G(Tϑh)[Tϑψ] = Tϑ(G(h)ψ), |∇S2(Tϑh)| = |Tϑ(∇S2h)|.

Hence (4.3) follows from the change of integration variable R(ϑ)x = y in formulas (3.1) and (3.3).
(ii) By (1.13), the identity is elementary. (iii) The identity follows from (ii) and the chain rule.
(iv) By (4.3), one has d

dϑH(Tϑh, Tϑψ) = 0. This identity at ϑ = 0, using the chain rule and (iii),
gives

⟨∂hH(h, ψ),Mh⟩L2(S2) + ⟨∂ψH(h, ψ),Mψ⟩L2(S2) = 0. (4.4)

Using (3.14), we deduce that {I,H} = 0. Similarly, one proves that {I,V} = 0.

Second, in the next lemma we prove that V itself is a prime integral of system (3.7). This
is closely related to the invariance already observed in the lines surrounding equation (1.11),
corresponding to the basic fact that the velocity potential Φ is defined up to a constant.

Lemma 4.2. Let Sa, a ∈ R, denote the shift operator

Sa(h, ψ) = (h, ψ + a).

Then (i) the Hamiltonian H in (3.1) is Sa-invariant, i.e.,

H ◦ Sa = H; (4.5)

(ii) the infinitesimal generator d
da

∣∣
a=0

Sa of the one-parameter group of operators {Sa : a ∈ R}
is the constant map (h, ψ) 7→ (0, 1);

(iii) the functional V defined in (3.3) satisfies {V,H} = 0, it is a prime integral of the Hamil-
tonian system (3.7), and it is the fluid mass, associated to the invariance (4.5).

Proof. (i) By definition (1.9), one has G(h)1 = 0 and, by linearity, G(h)(ψ+a) = G(h)ψ. Moreover,∫
S2
ψ1(G(h)ψ2)(1 + h)J dσ =

∫
S2
ψ2(G(h)ψ1)(1 + h)J dσ

for all ψ1, ψ2, with J in (2.4), see (3.22) in [9]. Hence (4.5) follows from formula (3.1). (ii) Trivial.
(iii) By (4.5), one has d

daH(Sa(h, ψ)) = 0. This identity at a = 0, by the chain rule and (ii), gives

⟨∂hH(h, ψ), 0⟩L2(S2) + ⟨∂ψH(h, ψ), 1⟩L2(S2) = 0. (4.6)

Hence, by (3.4), {V,H} = 0. Also {V,V} trivially vanishes.
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Third, we consider the quantity

B(h, ψ) := 1

2

∫
S2
(1 + h)2∇S2ψ dσ =

∫
S2
x(1 + h)2ψ dσ −

∫
S2
(1 + h)ψ∇S2h dσ, (4.7)

which is the fluid barycenter velocity multiplied by the volume of Ωt, written in terms of (h, ψ).
Note that B(h, ψ) is a vector in R3. The second identity in (4.7) is obtained by applying the
divergence theorem on S2 (2.5) to the vector field F = (1 + h)2ψek for k = 1, 2, 3. By (4.7), the
gradients of B with respect to the L2(S2) scalar product are

∂hB(h, ψ) = (1 + h)∇S2ψ, ∂ψB(h, ψ) = x(1 + h)2 − (1 + h)∇S2h. (4.8)

The symmetry ofH associated to B is the translation invariance of the original liquid drop problem,
whose definition, in our geometric formulation where the fluid domain is parametrized as a graph
over the (fixed, i.e., non translated) unit sphere, is nontrivial. In the next lemma we prove that,
for any small elevation function h, the translated boundary ∂Ω + α = {x(1 + h(x)) + α : x ∈ S2}
is also parametrized as {ξ(1 + hα(ξ)) : ξ ∈ S2}, where hα is another suitable elevation function.

Lemma 4.3. Let α ∈ R3, |α| < 1
4 , and let h ∈ C1(S2,R), ∥h∥W 1,∞(S2) <

1
6 .

(i) For every x ∈ S2 there exists a unique pair (ξ, λ) ∈ S2 × (0,∞) such that

(1 + h(x))x+ α = λξ, (4.9)

which is

ξ =
(1 + h(x))x+ α

|(1 + h(x))x+ α|
, λ = |(1 + h(x))x+ α|. (4.10)

(ii) For every ξ ∈ S2 there exists a unique pair (x, λ) ∈ S2 × (0,∞) satisfying (4.9).

(iii) Let f : S2 → S2, x 7→ f(x) be the function mapping any point x ∈ S2 to the point ξ given
by item (i), and let g : S2 → S2, ξ 7→ g(ξ) be the function mapping any point ξ ∈ S2 to the point x
given by item (ii). Both f and g are bijective maps of S2, and one is the inverse of the other.

(iv) Let hα : S2 → R, ξ 7→ hα(ξ) be the function mapping any point ξ ∈ S2 into λ− 1, where λ
is the real number given by item (ii). Then

(1 + h(g(ξ)))g(ξ) + α = (1 + hα(ξ))ξ, (1 + h(x))x+ α = (1 + hα(f(x)))f(x) (4.11)

for all x, ξ ∈ S2. The functions f, g, hα are determined by α, h, in the sense that there are no other
functions satisfying (4.11).

(v) One has f, g ∈ C1(S2,S2), hα ∈ C1(S2,R), with

∥f − id∥W 1,∞(S2) + ∥g − id∥W 1,∞(S2) + ∥hα − h ◦ g∥W 1,∞(S2) ≤ C|α|. (4.12)

Proof. (i) Let x ∈ S2. One has

|(1 + h(x))x+ α| ≥ |(1 + h(x))x| − |α| ≥ 1− ∥h∥∞ − |α| > 1
2 .

Hence the vector (1 + h(x))x+ α is nonzero, and therefore the pair (ξ, λ) in (4.10) is well defined,
it belongs to S2 × (0,∞) and it solves (4.9). If (ξ′, λ′) ∈ S2 × (0,∞) is another solution of (4.9),
then λξ = λ′ξ′, whence λ = |λξ| = |λ′ξ′| = λ′, and therefore also ξ = ξ′.

(ii) First, we prove a necessary condition for λ. Suppose that x, ξ ∈ S2, λ ∈ (0,∞) satisfy (4.9).
Then

|λξ − α| = |(1 + h(x))x| = 1 + h(x), (4.13)

and, taking the square,
λ2 − 2λ⟨ξ, α⟩+ |α|2 − (1 + h(x))2 = 0.
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This is a polynomial in λ of degree 2 with discriminant

1
4∆ = ⟨ξ, α⟩2 − |α|2 + (1 + h(x))2 ≥ ⟨ξ, α⟩2 − |α|2 + (1− ∥h∥∞)2 ≥ ⟨ξ, α⟩2 + 1

2 , (4.14)

having two distinct real roots of opposite sign. Hence λ is the unique real positive root

λ = ⟨ξ, α⟩+
√

⟨ξ, α⟩2 − |α|2 + (1 + h(x))2. (4.15)

We also observe that, vice versa, (4.15) implies (4.13), that is, given x, ξ ∈ S2, if λ is the number
in (4.15), then identity (4.13) holds.

Now we use the necessary condition (4.15) to solve equation (4.9) with ξ given and (x, λ)
as unknown. Let ξ ∈ S2. For any x ∈ S2, denote r(x) the right-hand side of (4.15). A pair
(x, λ) = (x, r(x)) solves equation (4.9) if and only if x solve the fixed point equation

x = ϕ(x), ϕ(x) :=
r(x)ξ − α

1 + h(x)
. (4.16)

For all x ∈ S2 one has |ϕ(x)| = 1 because (4.15) implies (4.13). Hence ϕ is a map of S2 into itself.
We consider S2 as the complete metric space where the distance between two points x, y ∈ S2 is the
R3 Euclidean norm |x− y|, and we show that ϕ is a contraction mapping on S2. For all x, y ∈ S2,
one has

ϕ(x)− ϕ(y) =
(r(x)− r(y))ξ

1 + h(x)
+

(r(y)ξ − α)(h(y)− h(x))

(1 + h(x))(1 + h(y))
,

|ϕ(x)− ϕ(y)| ≤ |r(x)− r(y)|+ |h(y)− h(x)|
1 + h(x)

because |r(y)ξ − α| = 1 + h(y), and

r(x)− r(y) =
(2 + h(x) + h(y))(h(x)− h(y))√

⟨ξ, α⟩2 − |α|2 + (1 + h(x))2 +
√
⟨ξ, α⟩2 − |α|2 + (1 + h(y))2

,

|r(x)− r(y)| ≤ 3|h(x)− h(y)|

by (4.14). Hence
|ϕ(x)− ϕ(y)| ≤ 6|h(y)− h(x)|. (4.17)

Moreover,
|h(y)− h(x)| ≤ ∥h∥W 1,∞(S2)|x− y|. (4.18)

To prove (4.18), consider the 1-homogeneous extension E1h(x) := |x|E0h(x), integrate the derivative
of the function s 7→ E1h(y+s(x−y)) over the interval [0, 1], use the fact that∇E1h is 0-homogeneous
to obtain ∥∇E1h∥L∞(B1) = ∥∇E1h∥L∞(S2), and ∇E1h(x) = ∇S2h(x) + h(x)x on S2, |∇E1h| ≤
|∇S2h|+ |h| on S2.

By (4.17) and (4.18), for ∥h∥W 1,∞(S2) <
1
6 , ϕ is a contraction map on the complete metric space

(S2, | · |), and therefore it has a unique fixed point x = ϕ(x) ∈ S2. Then, by the definition of ϕ in
(4.16), the pair (x, λ) = (x, r(x)) is a solution of (4.9).

To prove the uniqueness, assume that a pair (x, λ) ∈ S2 × (0,∞) solves (4.9). Then, as proved
above, λ must be the number in (4.15), that is, λ = r(x), and therefore, by identity (4.9), x is a
fixed point of ϕ. Hence (x, λ) is the pair (x, r(x)) where x = ϕ(x).

(iii) Let S2 → S2 × (0,∞), x 7→ (f(x), λ0(x)) be the function that maps any x ∈ S2 to the
unique solution (ξ, λ) of (4.9), whose existence and uniqueness is given by item (i). Similarly,
let S2 → S2 × (0,∞), ξ 7→ (g(ξ), λ1(ξ)) be the function that maps any ξ ∈ S2 to the unique
solution (x, λ) of (4.9), whose existence and uniqueness is given by item (ii). For every x ∈ S2, the
pair (ξ, λ) = (f(x), λ0(x)) solves (4.9). Hence the pair (x, λ) = (x, λ0(x)) is the unique solution
(x, λ) of equation (4.9) with datum ξ = f(x), that is, (x, λ0(x)) = (g(f(x)), λ1(f(x))). Therefore
g(f(x)) = x and λ1(f(x)) = λ0(x) for all x ∈ S2. Similarly one proves that f(g(ξ)) = ξ and
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λ1(ξ) = λ0(g(ξ)) for all ξ ∈ S2. Hence f and g are invertible maps of S2, and one is the inverse of
the other.

(iv) By construction, the functions f, λ0, g, λ1 defined above satisfy

(1 + h(x))x+ α = λ0(x)f(x), (1 + h(g(ξ)))g(ξ) + α = λ1(ξ)ξ

for all x, ξ ∈ S2. The function hα in the statement is hα(ξ) = λ1(ξ) − 1, and therefore (4.11) is
satisfied. The uniqueness of f, g, hα directly follows from the construction.

(v) It follows from identities (4.11) and the construction above.

For α ∈ R3, |α| < 1
4 , we denote Aα the operator

Aα(h, ψ) := (hα, ψ ◦ gα), (4.19)

where hα is the function in item (iv) of Lemma 4.3, and gα is the function g in item (iii) of the
same lemma, where the dependence on α was not explicitly indicated.

Lemma 4.4. Let α, β ∈ R3, with |α|, |β|, |α+ β| < 1
4 . Then

gα ◦ gβ = gα+β , (hα)β = hα+β , Aα ◦ Aβ = Aα+β .

Proof. By (4.11) with β instead of α, one has

(1 + h ◦ gβ(ξ))gβ(ξ) + β = (1 + hβ(ξ))ξ (4.20)

for all ξ ∈ S2. By (4.11) applied with hβ in the role of h, one has

(1 + hβ ◦ gα(ϑ))gα(ϑ) + α = (1 + (hβ)α(ϑ))ϑ (4.21)

for all ϑ ∈ S2. Identity (4.20) at ξ = gα(ϑ) gives(
1 + h ◦ gβ ◦ gα(ϑ)

)
gβ ◦ gα(ϑ) + β =

(
1 + hβ ◦ gα(ϑ)

)
gα(ϑ) (4.22)

for all ϑ ∈ S2. The left-hand side of (4.21) is the sum of the right-hand side of (4.22) with α,
whence (

1 + h ◦ gβ ◦ gα(ϑ)
)
gβ ◦ gα(ϑ) + β + α = (1 + (hβ)α(ϑ))ϑ

for all ϑ ∈ S2. On the other hand, by (4.11) with α+ β instead of α, one also has(
1 + h ◦ gα+β(ϑ)

)
gα+β(ϑ) + α+ β = (1 + hα+β(ϑ))ϑ

for all ϑ ∈ S2. Hence, by the uniqueness property in item (iv) of Lemma 4.3, gβ ◦ gα = gα+β and
hα+β = (hβ)α. Since the sum is commutative, the lemma is proved.

Lemma 4.5. One has

d

dα

∣∣∣
α=0

Aα(h, ψ) =
( (1 + h)x−∇S2h

1 + h
, −∇S2ψ

1 + h

)
. (4.23)

Proof. From (4.10) and item (iii) in Lemma 4.3, we have the explicit formula

fα(x) =
(1 + h(x))x+ α

|(1 + h(x))x+ α|
. (4.24)

Hence we calculate the derivatives of fα at α = 0 with respect to α in direction β ∈ R3 and with
respect to x in direction v ∈ TxS2,

d

dα

∣∣∣
α=0

fα(x)[β] =
I − x⊗ x

1 + h(x)
β =

β − x⟨x, β⟩
1 + h(x)

, Dfα(x)
∣∣
α=0

[v] = (I − x⊗ x)v = v.
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The last identity is immediate because, at α = 0, fα is the identity map of S2. Concerning gα,
one has the identity fα(gα(ξ)) = ξ on S2, which, with a temporary, helpful notation, can also be
written as f(α, g(α, ξ)) = ξ. Differentiating this identity, and using the fact that, for α = 0, gα is
the identity map of S2, we get

d

dα

∣∣∣
α=0

gα(ξ)[β] = −I − ξ ⊗ ξ

1 + h(ξ)
β =

−β + ξ⟨ξ, β⟩
1 + h(ξ)

, Dgα(ξ)
∣∣
α=0

[v] = (I − ξ ⊗ ξ)v = v.

Also, we have the chain rule

d

dα

∣∣∣
α=0

h ◦ gα(ξ)[β] = ⟨∇S2h(ξ),
d

dα

∣∣∣
α=0

gα(ξ)[β]⟩ = −⟨∇S2h(ξ), β⟩
1 + h(ξ)

. (4.25)

Recalling (4.11), one has

(1 + h ◦ gα(ξ))gα(ξ) + α = (1 + hα(ξ))ξ (4.26)

on S2. Differentiating this identity with respect to α in direction β at α = 0 we get

−⟨∇S2h(ξ), β⟩
1 + h(ξ)

ξ + (1 + h(ξ))
−β + ξ⟨ξ, β⟩
1 + h(ξ)

+ β =
d

dα

∣∣∣
α=0

hα(ξ)[β] ξ,

namely
d

dα

∣∣∣
α=0

hα(ξ)[β] = ⟨ (1 + h(ξ))ξ −∇S2h(ξ)

1 + h(ξ)
, β⟩.

This gives the first component in the statement. The second component follows from (4.25) with
ψ instead of h.

We note that at α = 0 one has hα = h, and therefore the derivative of hα(ξ) with respect to ξ
in direction v ∈ TξS2 is

Dhα(ξ)
∣∣
α=0

[v] = Dh(ξ)[v] = ⟨∇S2h(ξ), v⟩.

Lemma 4.6. Let Aα be the operator defined in (4.19) for all α ∈ R3, |α| < 1
4 . Then

(i) the Hamiltonian H in (3.1) and the volume V in (3.3) are Aα-invariant, i.e.,

H ◦ Aα = H, V ◦ Aα = V; (4.27)

(ii) the functional B defined in (4.7) satisfies {B,H} = 0 and {B,V} = 0, it is a prime integral
of the Hamiltonian system (3.7), and it is the fluid barycenter velocity, associated to the invariance
(4.27).

Proof. (i) By Section 3.2 of [9], one has

H(h, ψ) =
1

2

∫
Ω

|∇Φ|2 dx+ σ0Area(∂Ω), V(h) =
∫
Ω

dx = Volume(Ω), (4.28)

where Ω is the bounded domain with boundary ∂Ω = {(1 + h(x))x : x ∈ S2} and Φ is the solution
in H1(Ω) of problem (1.10). Let Ωα := Ω + α. Its boundary is ∂Ωα = ∂Ω + α, and, by the
translation invariance of the Hausdorff measure and that of the Lebesgue measure,

Area(∂Ωα) = Area(∂Ω), Volume(Ωα) = Volume(Ω).

Let Φα(x) := Φ(x−α). Then Φα ∈ H1(Ωα), ∇Φα(x) = (∇Φ)(x−α) for all x ∈ Ωα, and, with the
change of variable x− α = y, one has∫

Ωα

|∇Φα|2 dx =

∫
Ω

|∇Φ|2 dx.
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Moreover ∆Φα = 0 in Ωα and

Φα((1 + h(x))x+ α) = Φ(1 + h(x))x) = ψ(x) ∀x ∈ S2.

The diffeomorphism gα of S2 satisfies (4.26), and therefore the change of variable x = gα(ξ) gives
the identities

∂Ωα = {(1 + hα(ξ))ξ : ξ ∈ S2}, Φα((1 + hα(ξ))ξ) = ψ ◦ gα(ξ) ∀ξ ∈ S2.

Hence formulas (4.28) applied with Ωα, hα, ψ ◦ gα in place of Ω, h, ψ give

H(hα, ψ ◦ gα) =
1

2

∫
Ωα

|∇Φα|2 dx+ σ0Area(∂Ωα), V(hα) = Volume(Ωα).

This proves that H(Aα(h, ψ)) = H(h, ψ) and V(Aα(h, ψ)) = V(h, ψ).
(ii) By (4.27), one has d

dαH(Aα(h, ψ)) = 0. This identity at α = 0, using the chain rule and
(4.23), gives

⟨∂hH(h, ψ),
(1 + h)x−∇S2h

1 + h
⟩L2(S2) + ⟨∂ψH(h, ψ),−∇S2ψ

1 + h
⟩L2(S2) = 0. (4.29)

By (4.8), we deduce that {B,H} = 0. Similarly, one proves that {B,V} = 0.

As a consequence of Lemma 3.1 one also has {I,V} = 0 and {I,B3} = 0, as we prove in the
next Lemma.

Lemma 4.7. One has

{I,B} = JB, {I,B1} = −B2, {I,B2} = B1, {I,B3} = 0, (4.30)

where I,B,J are defined in (3.13), (4.7), (1.16), and Bk is the k-th component of B.

Proof. Let f := 1
2 (1 + h)2. Then ∇S2f = (1 + h)∇S2h and Mf = (1 + h)Mh. By definition (4.1)

and formulas (4.8) and (3.14), one has

{B, I}(h, ψ) =
∫
S2
(Mψ)

[
x(1 + h)2 − (1 + h)∇S2h

]
dσ +

∫
S2
(Mh)(1 + h)∇S2ψ dσ

=

∫
S2
2xfMψ dσ −

∫
S2
(Mψ)∇S2f dσ +

∫
S2
(Mf)∇S2ψ dσ. (4.31)

Given any scalar function g, the divergence theorem (2.5) applied to the vector field F = ekg,
k = 1, 2, 3, gives the identity ∫

S2
2xg dσ =

∫
S2
∇S2g dσ. (4.32)

Applying (4.32) to the function g = fMψ, the first integral in the right hand side of (4.31) is∫
S2
2xfMψ dσ =

∫
S2
∇S2(fMψ) dσ =

∫
S2
(∇S2f)(Mψ) dσ +

∫
S2
f∇S2(Mψ) dσ. (4.33)

Combining (4.31) and (4.33) we find that

{B, I}(h, ψ) =
∫
S2
f∇S2(Mψ) dσ +

∫
S2
(Mf)∇S2ψ dσ

=

∫
S2
f∇S2(Mψ) dσ −

∫
S2
fM(∇S2ψ) dσ,

where in the last identity we have used (3.9). Then, from the commutator identity (3.11), we
obtain {B, I} = −JB, which gives the first identity in (4.30). The other three identities in (4.30)
follow from the first one, because {I,B}k = {I,Bk} for all k = 1, 2, 3.

17



To conclude this section, we prove that the prime integrals H,V, I,B3 have the following in-
variance property.

Lemma 4.8. The functionals H,V, I,B3 defined in (3.1), (3.3), (3.13), (4.7) (where B3 is the
third component of B) are invariant under the group action Tϑ defined in (4.2), namely

H ◦ Tϑ = H, V ◦ Tϑ = V, I ◦ Tϑ = I, B3 ◦ Tϑ = B3 (4.34)

for all ϑ ∈ T := R/2πZ.

Proof. The first two identities are proved in (4.3). For all ϑ, α ∈ T one has Tϑ ◦ Tα = Tα ◦ Tϑ.
Differentiating this identity with respect to α at α = 0, and recalling (iii) of Lemma 4.1, one has

Tϑ ◦M = M◦ Tϑ

for all ϑ ∈ T. Thus the third identity in (4.34) follows from the change of integration variable
R(ϑ)x = y in formula (3.13). As noticed in Lemma 6.2 of [9], one has

∇S2(Tϑf) = R(ϑ)TTϑ(∇S2f), (4.35)

where R(ϑ)T is the transpose of the matrix R(ϑ) in (1.13). From (4.35), with the change of
integration variable R(ϑ)x = y in formula (4.7), we deduce that

B ◦ Tϑ = R(ϑ)TB.

Taking the third component of this identity, by formula (1.13), we obtain the last identity in
(4.34).

5 The nonlinear operator

We define

F(ω, u) := ∇Hσ0(u)− ω∇I(u) =
(
∂ηHσ0

(η, β)− ω∂ηI(η, β)
∂βHσ0(η, β)− ω∂βI(η, β)

)
=:

(
F1(ω, u)
F2(ω, u)

)
, (5.1)

where u = (η, β), Hσ0 is defined in (3.6), (3.1), (3.3), and I in (3.13), so that the critical point
equation (3.15) is shortly written as

F(ω, u) = 0. (5.2)

By (3.5) and (3.14), the operators F1 and F2 defined in (5.1) are

F1(ω, u) = −(1 + η)2
(
X2(η, β) + 2σ0 − ωMβ

)
, (5.3)

F2(ω, u) = (1 + η)2
(
X1(η, β)− ωMη

)
, (5.4)

where X1, X2 are defined in (1.7), (1.8). To take advantage of the results proved in [9], where these
operators are studied using a different order and sign convention for the two components of F , it
is convenient to also define

F0(ω, u) :=

(
F0,1(ω, u)
F0,2(ω, u)

)
:=

(
ωMη −X1(η, β)
ωMβ −X2(η, β)

)
, (5.5)

so that
F1(ω, u) = (1 + η)2(F0,2(ω, u)− 2σ0), F2(ω, u) = −(1 + η)2F0,1(ω, u),

that is,

F(ω, u) = (1 + η)2J−1
0

[
F0(ω, u)−

(
0

2σ0

)]
, J0 :=

(
0 −1
1 0

)
, J−1

0 = −J0. (5.6)

We underline that F0 is the operator studied in [9]. Note that the order and sign convention of F is
motivated by the variational structure of the problem, as F in (5.1) is the gradient of a functional,
while the order and sign convention of F0 is that of system (1.14).

The next lemma concerns the regularity of F .
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Lemma 5.1. Let s0, s ∈ R, s ≥ s0 > 1. There exists δ0 > 0, depending on s0, with the following
property. Let

U := {u = (η, β) : η ∈ Hs+ 3
2 (S2,R), β ∈ Hs+1(S2,R), ∥η∥

Hs0+ 3
2 (S2)

< δ0}.

Then F1(ω, u) ∈ Hs− 1
2 (S2,R), F2(ω, u) ∈ Hs(S2,R) for all (ω, u) ∈ R× U , and the map

F : R× U → Hs− 1
2 (S2,R)×Hs(S2,R)

is analytic.

Proof. The lemma follows from Lemma 6.3 of [9], where the corresponding statement is proved for
F0, and from identity (5.6) which gives F in terms of F0.

In the next lemma we use the properties of the conserved quantities H, I,V,B of Section 4 to
obtain important orthogonality properties for the image of the nonlinear operator F .

Lemma 5.2. Assume the hypotheses of Lemma 5.1. Then, for all (ω, u) ∈ R × U , one has the
orthogonality identities

⟨F(ω, u) , (1 + η)−2J−1
0 ∇V(u)⟩L2(S2) = 0, (5.7)

⟨F(ω, u) , (1 + η)−2J−1
0 ∇B3(u)⟩L2(S2) = 0, (5.8)

where B3 is the third component of B in (4.7), and V is in (3.3).

Proof. By definition, F = ∇Hσ0 − ω∇I and Hσ0 = H − 2σ0V, see (5.1) and (3.6). By (iii) in
Lemma 4.2, (ii) in Lemma 4.6, and the last identity in Lemma 4.7, the Poisson brackets

{H,B3}, {V,B3}, {I,B3}, {H,V}, {V,V}, {I,V}

all vanish. Then (5.7) and (5.8) are an immediate consequence of definition (4.1):

⟨F(ω, u) , (1 + η)−2J−1
0 ∇B3(u)⟩L2(S2) = {H,B3}(u)− 2σ0{V,B3}(u)− ω{I,B3}(u) = 0,

and similarly for V.

Let us emphasize the meaning of Lemma 5.2. By (3.4), (4.8), and the definition of J−1
0 in (5.6),

one has

(1 + η)−2J−1
0 ∇V(u) =

(
0
−1

)
, (1 + η)−2J−1

0 ∇B3(u) =

(
x3 − (1 + η)−1(∇S2η)3
−(1 + η)−1(∇S2β)3

)
. (5.9)

Thus, identities (5.7), (5.8) guarantee the L2(S2) orthogonality

F(ω, u) ⊥
(
0
1

)
, F(ω, u) ⊥

(
x3
0

)
− 1

1 + η

(
(∇S2η)3
(∇S2β)3

)
, (5.10)

meaning that F(ω, u) is orthogonal to the pair (0, 1) and to a perturbation of the pair (x3, 0), for
u = (η, β) in a neighborhood of the origin. As we will see, this is a key observation in order to
prove our main result.

We conclude this section by observing the following conjugation property.

Lemma 5.3. For all ϑ ∈ T, (ω, u) ∈ R× U , one has

(∇H) ◦ Tϑ = Tϑ ◦ (∇H), (∇V) ◦ Tϑ = Tϑ ◦ (∇V), (∇I) ◦ Tϑ = Tϑ ◦ (∇I),
(∇B3) ◦ Tϑ = Tϑ ◦ (∇B3), F(ω, Tϑu) = TϑF(ω, u). (5.11)

Proof. By Lemma 4.8, H(Tϑu) = H(u). Taking the derivative with respect to u in direction ũ
gives H′(Tϑu)[Tϑũ] = H′(u)[ũ], i.e.,

⟨(∇H)(Tϑu), Tϑũ⟩L2(S2) = ⟨∇H(u), ũ⟩L2(S2).

Hence
T T
ϑ (∇H)(Tϑu) = ∇H(u),

where T T
ϑ is the transpose of Tϑ with respect to the L2(S2) scalar product. One can easily notice

that T T
ϑ = T−ϑ = T −1

ϑ , so that the first identity of the lemma is proved. The other identities are
proved similarly; recall that F(ω, u) = ∇H(u)− 2σ0∇V(u)− ω∇I(u) by (5.1) and (3.6).
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6 The linearized operator

To study the nonlinear equation (5.2), we consider its linearized operator at u = 0

Lω := ∂uF(ω, 0) : Hs+ 3
2 (S2)×Hs+1(S2) → Hs− 1

2 (S2)×Hs(S2),

Lω(η, β) =

(
−σ0(2 + ∆S2) ωM

−ωM G(0)

)(
η
β

)
, (6.1)

and we recall that the bifurcation from zero of nontrivial solutions of (5.2) can only occur from
values of ω for which Lω has a nontrivial kernel. Owing to (5.6), one has

Lω = J−1
0 LF0,ω, LF0,ω := ∂uF0(ω, 0),

where J−1
0 is defined in (5.6). The operator LF0,ω is studied in [9] thanks to the simple identities

−(2 + ∆S2)φℓ,m = (ℓ+ 2)(ℓ− 1)φℓ,m, G(0)φℓ,m = ℓφℓ,m, Mφℓ,m = −mφℓ,−m, (6.2)

which hold for all (ℓ,m) ∈ T , where φℓ,m and T are given in (2.6), (2.7). In the next proposition
we collect some properties of LF0,ω proved in [9, Section 6].

Proposition 6.1 (From [9]). Let (ℓ0,m0) ∈ T with ℓ0 ≥ 2 and m0 ̸= 0. Let

ω0 :=
√
σ0

√
(ℓ0 + 2)(ℓ0 − 1)ℓ0

m0
(6.3)

and
S := {(ℓ,m) ∈ T : (ℓ+ 2)(ℓ− 1)ℓ = c0m

2}, c0 := (ℓ0 + 2)(ℓ0 − 1)ℓ0m
−2
0 . (6.4)

Then the set S has a finite number of elements, which are (0, 0), (1, 0), (ℓ0,±m0), and possibly
finitely many other pairs (ℓ,±m) with ℓ ≥ 2 and 1 ≤ |m| ≤ ℓ. The kernel of the linear operator
LF0,ω0

is the finite dimensional space

V := kerLF0,ω0 =

{(
η
β

)
= λ0,0

(
0
φ0,0

)
+

∑
(ℓ,m)∈S
ℓ≥1

λℓ,m

(
ℓφℓ,m

−ω0mφℓ,−m

)
: λℓ,m ∈ R

}
. (6.5)

Its orthogonal complement in L2(S2)× L2(S2) is the vector space

W :=

{(
η
β

)
= λ0,0

(
φ0,0

0

)
+

∑
(ℓ,m)∈S
ℓ≥1

λℓ,m

(
ω0mφℓ,m
ℓφℓ,−m

)
+

∑
(ℓ,m)∈T\S

(
η̂ℓ,mφℓ,m
β̂ℓ,mφℓ,m

)

: λℓ,m, η̂ℓ,m, β̂ℓ,m ∈ R, (η, β) ∈ L2(S2)× L2(S2)
}
.

The range of LF0,ω0
is contained in

RF0
:=

{(
f
g

)
= ĝ0,0

(
0
φ0,0

)
+

∑
(ℓ,m)∈S
ℓ≥1

f̂ℓ,−m

(
φℓ,−m

−ω0mℓ
−1φℓ,m

)
+

∑
(ℓ,m)∈T\S

(
f̂ℓ,mφℓ,m
ĝℓ,mφℓ,m

)

: f̂ℓ,m, ĝℓ,m ∈ R, (f, g) ∈ L2(S2)× L2(S2)
}
.

The orthogonal complement of RF0 with respect to the scalar product of L2(S2) × L2(S2) is the
finite-dimensional space

ZF0
:=

{(
f
g

)
= λ0,0

(
φ0,0

0

)
+

∑
(ℓ,m)∈S
ℓ≥1

λℓ,m

(
ω0mφℓ,−m
ℓφℓ,m

)
: λℓ,m ∈ R

}
. (6.6)
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Define

W s :=W ∩ (Hs+ 3
2 (S2)×Hs+1(S2)), RsF0

:= RF0
∩ (Hs(S2)×Hs− 1

2 (S2)). (6.7)

The linear map LF0,ω0
|W s : W s → RsF0

is bijective. Its inverse (LF0,ω0
|W s)−1 : RsF0

→ W s is
bounded, with

∥(LF0,ω0
|W s)−1(f, g)∥

Hs+3
2 (S2)×Hs+1(S2)

≤ Cs∥(f, g)∥
Hs(S2)×Hs− 1

2 (S2)
(6.8)

for all (f, g) ∈ Rs0. The constant Cs depends on σ0, ℓ0, s.

We are interested in the operator Lω0
= J−1

0 LF0,ω0
. Observe that J−1

0 acts as a rotation on
the arrival space of the operator, leaving the domain unchanged. Thus,

ker(Lω0
) = ker(LF0,ω0

) = V.

The range of Lω0
satisfies

R := Range(Lω0
) = J−1

0 Range(LF0,ω0
),

whence

R =

{(
f
g

)
= f̂0,0

(
φ0,0

0

)
+

∑
(ℓ,m)∈S
ℓ≥1

f̂ℓ,−m

(
ω0mφℓ,m
ℓφℓ,−m

)
+

∑
(ℓ,m)∈T\S

(
f̂ℓ,mφℓ,m
ĝℓ,mφℓ,m

)

: f̂ℓ,m, ĝℓ,m ∈ R, (f, g) ∈ L2(S2)× L2(S2)
}
. (6.9)

We also define

Rs := J−1
0 RsF0

= R ∩ (Hs− 1
2 (S2)×Hs(S2)), Z := J−1

0 ZF0 .

Thus Z is the orthogonal complement of R in L2(S2)× L2(S2). We also note that

Z = V, R =W, (6.10)

while, for any real s, σ, the spaces Rs and Wσ are not equal (if Rs =Wσ, then both s− 1
2 = σ+ 3

2
and s = σ + 1, which is impossible); on the contrary, Z = V because they are finite-dimensional
vector spaces, and R = W as subspaces of L2(S2) × L2(S2). Since V is finite-dimensional, we
denote

|v| := ∥v∥L2(S2)×L2(S2) (6.11)

for all v ∈ V . Also, we introduce the notation

∥(η, β)∥W s := ∥η∥
Hs+3

2 (S2)
+ ∥β∥Hs+1(S2), ∥(f, g)∥Rs := ∥f∥

Hs− 1
2 (S2)

+ ∥g∥Hs(S2), (6.12)

for all (η, β) ∈W s, all (f, g) ∈ Rs. We denote by

ΠR : R⊕ Z → R, ΠZ : R⊕ Z → Z

the projection maps onto R and Z, and we also write ΠV = ΠZ , ΠW = ΠR. To keep track of the
invariance property under the group action Tϑ, we make the following observations. Recall that T
is the set of indices defined in (2.6).

Lemma 6.2. For all (ℓ,m) ∈ T with m ≥ 0, for all ϑ ∈ T, one has

Tϑφℓ,m = cos(mϑ)φℓ,m − sin(mϑ)φℓ,−m,

Tϑφℓ,−m = sin(mϑ)φℓ,m + cos(mϑ)φℓ,−m. (6.13)

As a consequence, for all (ℓ,m) ∈ T , the linear space generated by φℓ,m, φℓ,−m is invariant for Tϑ.
Moreover, V and W are also invariant for Tϑ, namely

Tϑ(V ) = V, Tϑ(W ) =W, TϑΠV = ΠV Tϑ, TϑΠW = ΠWTϑ. (6.14)
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Proof. Let x ∈ R3 and y := R(ϑ)x, where R(ϑ) is in (1.13). Then the complex number y1 + iy2 is
equal to the product eiϑ(x1 + ix2), while y3 = x3. Therefore, for any integer m ≥ 0, one has

(y1 + iy2)
m = eimϑ(x1 + ix2)

m

and, by (2.7) and (4.2),

Tϑφℓ,m(x) = φℓ,m(R(ϑ)x)

= φℓ,m(y)

= c
(m)
ℓ P

(m)
ℓ (y3)Re [(y1 + iy2)

m]

= c
(m)
ℓ P

(m)
ℓ (x3)Re [e

imϑ(x1 + ix2)
m]

= c
(m)
ℓ P

(m)
ℓ (x3){cos(mϑ)Re [(x1 + ix2)

m]− sin(mϑ)Im [(x1 + ix2)
m]},

which is the first identity in (6.13). The second identity in (6.13) is proved similarly. By (6.13),
for (ℓ,m) ∈ T , with m ≥ 0, one has

Tϑ
(

ℓφℓ,m
−ω0mφℓ,−m

)
= cos(mϑ)

(
ℓφℓ,m

−ω0mφℓ,−m

)
− sin(mϑ)

(
ℓφℓ,−m
ω0mφℓ,m

)
,

Tϑ
(
ℓφℓ,−m
ω0mφℓ,m

)
= cos(mϑ)

(
ℓφℓ,−m
ω0mφℓ,m

)
+ sin(mϑ)

(
ℓφℓ,m

−ω0mφℓ,−m

)
. (6.15)

Hence, recalling the definition (6.5) of V , we deduce that Tϑv ∈ V for all v ∈ V . This means that
Tϑ(V ) ⊆ V for all ϑ ∈ T. Applying T−ϑ to this inclusion, we get V ⊆ T−ϑ(V ) for all ϑ ∈ T, whence
V = Tϑ(V ) for all ϑ. Now let w ∈W , and consider Tϑw, which is the sum Tϑw = v1 +w1 for some
v1 ∈ V , w1 ∈W . One has

⟨Tϑw, v1⟩L2(S2) = ⟨w, T T
ϑ v1⟩L2(S2) = ⟨w, T−ϑv1⟩L2(S2) = 0

because T−ϑv1 ∈ V and w ∈W . On the other hand, one also has

⟨Tϑw, v1⟩L2(S2) = ⟨v1 + w1, v1⟩L2(S2) = |v1|2,

whence v1 = 0. Hence Tϑw = w1 ∈W . This proves that Tϑ(W ) ⊆W for all ϑ ∈ T. Applying T−ϑ
to this inclusion gives W ⊆ T−ϑ(W ) for all ϑ ∈ T, whence Tϑ(W ) =W .

Remark 6.3. Concerning the definitions (5.1) and (5.5), one could wonder why introducing F
should be more convenient than just keeping F0, which is already studied in [9]. The reason is
that, with F0, the matrix (L0)(ℓ,m) is a Jordan block for (ℓ,m) = (0, 0) and (1, 0), while using F
the corresponding matrices are diagonal, with one zero eigenvalue. Jordan blocks create troubles
proving that the bifurcation equation is still a variational problem, but this difficulty is easy to
overcome, as it can be removed by J0 in (5.5). This problem is not visible in [9], both because
there the variational structure is not explicitly used, and because the frequencies (0, 0) and (1, 0)
are removed by considering invariant subspaces of even/odd functions. On the contrary, Theorem
1.1 does not rely on any symmetry assumption for the unknown functions.

7 Lyapunov-Schmidt decomposition and solution of the range
equation

We perform the Lyapunov-Schmidt decomposition. Decomposing any u ∈ Hs+ 3
2 (S2) ×Hs+1(S2)

as the sum u = v +w where v ∈ V and w ∈W s, the equation F(ω, u) = 0 can be reformulated as

ΠRsF(ω, v + w) = 0, (7.1)

ΠZF(ω, v + w) = 0. (7.2)
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Here (7.1) is the range equation, while (7.2) is the bifurcation equation.
For any ε > 0, recalling the notation in (6.11), denote

Uε := {(ω, v) ∈ R× V : |ω − ω0| < ε, |v| < ε}. (7.3)

In the next lemma we observe that the range equation can be solved by the implicit function
theorem.

Lemma 7.1 (Solution of the range equation). There exist ε0 > 0, C > 0, and an analytic function
Uε0 →W s, (ω, v) 7→ w(ω, v) such that

ΠRsF(ω, v + w(ω, v)) = 0 (7.4)

for all (ω, v) ∈ Uε0 , and the only solution (ω, v, w) of the range equation (7.1) with (ω, v) ∈ Uε0
and ∥w∥W s < Cε20 is the triplet (ω, v, w(ω, v)). Moreover, for all (ω, v) ∈ Uε0 , all ϑ ∈ T, one has

w(ω, 0) = 0 ∀|ω − ω0| < ε0, ∂vw(ω0, 0) = 0, (7.5)

∥w(ω, v)∥W s ≤ C(|v|2 + |v||ω − ω0|), (7.6)

w(ω, Tϑv) = Tϑw(ω, v). (7.7)

Proof. The operator in the left-hand side of (7.1) is analytic in ω, v, w (see Lemma 5.1), and its
linearization with respect to w at the point (ω, v, w) = (ω0, 0, 0) is the operator Lω0

, which is a
linear homeomorphism ofW s onto Rs. Hence the existence and uniqueness in the statement comes
from the implicit function theorem for analytic operators in Banach spaces. The first identity in
(7.5) holds by the uniqueness of the solution and because F(ω, 0) = 0 for all ω. The derivative of
identity (7.4) with respect to v in any direction ṽ ∈ V at (ω, v) = (ω0, 0) gives

0 = ΠRs(∂uF)(ω0, 0)
[
ṽ + ∂vw(ω0, 0)[ṽ]

]
= ΠRsLω0

|W s

[
∂vw(ω0, 0)[ṽ]

]
,

which implies the second identity in (7.5). Then (7.6) follows by (7.5) and the Taylor expansion
of w(ω, v) around (ω0, 0). Applying Tϑ to identity (7.4), and using the third identity in (6.14) and
the last one in (5.11), one has

0 = TϑΠRsF(ω, v + w(ω, v)) = ΠRsTϑF(ω, v + w(ω, v)) = ΠRsF(ω, Tϑv + Tϑw(ω, v)).

On the other hand, (7.4) applied with Tϑv in place of v gives

ΠRsF(ω, Tϑv + w(ω, Tϑv)) = 0.

Thus (7.7) follows from the uniqueness property of the implicit function.

8 Degenerate and non-degenerate decomposition

For notation convenience, recalling (6.5), we define

v0,0 :=

(
0
φ0,0

)
, vℓ,m :=

1√
ℓ2 + ω2

0m
2

(
ℓφℓ,m

−ω0mφℓ,−m

)
, (ℓ,m) ∈ S, ℓ ≥ 1. (8.1)

Since each φℓ,m has unitary L2(S2,R) norm, one has

|vℓ,m| = 1 ∀(ℓ,m) ∈ S, (8.2)

where notation (6.11) is used. Thus the vectors in (8.1) form an orthonormal basis of V with
respect to the L2(S2,R) × L2(S2,R) scalar product. We split the set S defined in (6.4) into its
“degenerate” and “non-degenerate” part,

SD := {(0, 0), (1, 0)}, SN := {(ℓ,m) ∈ S : ℓ > 1}, (8.3)

23



and we decompose V into the corresponding linear subspaces

VD := spanR{v(ℓ,m) : (ℓ,m) ∈ SD}, VN := spanR{v(ℓ,m) : (ℓ,m) ∈ SN}. (8.4)

Thus, S = SD ∪ SN and V = VD ⊕ VN . Since Z = V , we also define ZD := VD, ZN := VN . From
Lemma 6.2 it follows that VD and VN are invariant spaces for Tϑ; more precisely, one has

Tϑ|VD
= id, Tϑ(VN ) = VN . (8.5)

By (6.15) and (8.1), one has

Tϑvℓ,m = cos(mϑ)vℓ,m − sin(mϑ)vℓ,−m (8.6)

for all (ℓ,m) ∈ SN ; note that (8.6) holds not only for m positive, but also for m negative. By (8.6),
for any v =

∑
(ℓ,m)∈SN

v̂ℓ,mvℓ,m ∈ VN one has

Tϑv =
∑

(ℓ,m)∈SN

v̂ℓ,m cos(mϑ)vℓ,m −
∑

(ℓ,m)∈SN

v̂ℓ,m sin(mϑ)vℓ,−m

=
∑

(ℓ,m)∈SN

v̂ℓ,m cos(mϑ)vℓ,m −
∑

(ℓ,m)∈SN

v̂ℓ,−m sin(−mϑ)vℓ,m

=
∑

(ℓ,m)∈SN

{cos(mϑ)v̂ℓ,m + sin(mϑ)v̂ℓ,−m}vℓ,m, (8.7)

where we have made a change of summation variable in the second sum. In other words, if
SN = {(ℓ1,m1), (ℓ1,−m1), . . . , (ℓn,mn), (ℓn,−mn)}, and v̂ = (v̂ℓ1,m1

, . . . , v̂ℓn,−mn
) ∈ R2n is the

vector of the coefficients of v with respect to the basis {vℓ1,m1
, . . . , vℓn,−mn

} of VN , then the linear
map Tϑ : VN → VN is represented by the block-diagonal matrix M = diag(M1, . . . ,Mn), where the
j-th block is

Mj =

(
cos(mjϑ) sin(mjϑ)
− sin(mjϑ) cos(mjϑ)

)
, j = 1, . . . , n.

9 Choice of ω(v)

In this section we determine ω as a function of v, see Lemma 9.4. Let us consider the scalar product

F (ω, v) := ⟨f(ω, v), g(ω, v)⟩L2(S2), (9.1)

f(ω, v) := ΠZN
F(ω, v + w(ω, v)), g(ω, v) := (∇I)(v + w(ω, v)). (9.2)

Lemma 9.1. The functions f : Uε0 → ZN , g : Uε0 → L2(S2,R2), and F : Uε0 → R defined in
(9.1), (9.2) are analytic in the open neighborhood Uε0 of (ω, v) = (ω0, 0) given by Lemma 7.1.

Proof. It trivially follows from (3.14) and Lemmas 5.1, 7.1.

Our goal is to obtain a function ω = ω(v) such that F (ω(v), v) = 0 around (ω, v) = (ω0, 0) by
the implicit function theorem. To this purpose, we calculate the derivatives of F at (ω0, 0). Since
v 7→ F (ω, v) is an analytic function starting with quadratic terms, we have to consider second
order derivatives of F with respect to v.

Lemma 9.2. One has

f(ω, 0) = 0, ∂vf(ω0, 0) = 0, ∂ωvf(ω0, 0) = −ΠZN
J0M, (9.3)

g(ω, 0) = 0, ∂vg(ω0, 0) = d(∇I)(0) = J0M (9.4)

for any |ω − ω0| ≤ ε0, where J0 is defined in (5.6), and, recalling the notation (6.11),

F (ω, 0) = 0, ∂vF (ω, 0) = 0, ∂vvF (ω0, 0) = 0,

∂ωvvF (ω0, 0)[ṽ, ṽ] = −|ΠZN
J0Mṽ|2 ∀ṽ ∈ V. (9.5)
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Proof. Recall that w(ω, 0) = 0, see (7.5). Hence g(ω, 0) = ∇I(0) = 0 by (3.14). The second
identity in (9.4) follows from (3.14). One has f(ω, 0) = 0 because F(ω, 0) = 0 for all ω. Also,

∂vf(ω, v)[ṽ] = ΠZN
(∂uF)(ω, v + w(ω, v))[ṽ + ∂vw(ω, v)[ṽ]].

At v = 0, this gives
∂vf(ω, 0)[ṽ] = ΠZN

∂uF(ω, 0)[ṽ + ∂vw(ω, 0)[ṽ]]. (9.6)

This implies the second identity in (9.3) because, at ω = ω0, ∂uF(ω0, 0) is the operator Lω0 , whose
range is orthogonal to Z. From (9.6) we also obtain

∂ωvf(ω, 0)[ṽ] = ΠZN
∂ωuF(ω, 0)[ṽ + ∂vw(ω, 0)[ṽ]] + ΠZN

∂uF(ω, 0)[∂ωvw(ω, 0)[ṽ]],

and, at ω = ω0,
∂ωvf(ω0, 0)[ṽ] = ΠZN

∂ωuF(ω0, 0)[ṽ]

because ∂vw(ω0, 0) = 0, see (7.5), and because the range of ∂uF(ω0, 0) = Lω0 is orthogonal to Z.
By the definition (5.1) of F , one has ∂ωuF(ω, u) = −d(∇I)(u), and, as already observed in the
last identity of (9.4), d(∇I)(0) = J0M. This proves the third identity in (9.3).

The identities for F and its derivatives follow from (9.3), (9.4) and the product rule; for the
last identity, we also use the basic fact that ⟨ΠZN

a, a⟩ = ⟨ΠZN
a,ΠZN

a⟩ = |ΠZN
a|2.

Lemma 9.3. Let v ∈ V , with v =
∑

(ℓ,m)∈S v̂ℓ,m vℓ,m for some coefficients v̂ℓ,m ∈ R, where vℓ,m

is defined in (8.1). Then

J0Mv =
∑

(ℓ,m)∈SN

v̂ℓ,mm(ℓ2 + ω2
0m

2)−
1
2

(
ω0mφℓ,m
−ℓφℓ,−m

)
, (9.7)

ΠZN
J0Mv =

∑
(ℓ,m)∈SN

2ω0m
2ℓ(ℓ2 + ω2

0m
2)−1v̂ℓ,m vℓ,m,

|ΠZN
J0Mv|2 =

∑
(ℓ,m)∈SN

4ω2
0m

4ℓ2(ℓ2 + ω2
0m

2)−2v̂2ℓ,m, (9.8)

where SN is defined in (8.3).

Proof. Use the third identity in (6.2) and basic calculations.

Lemma 9.4 (Choice of ω(v)). There exist ε1 ∈ (0, ε0], b1, C > 0 and a function ω : BVN
(ε1) → R,

v 7→ ω(v), where BVN
(ε1) := {v ∈ VN : |v| < ε1}, which is Lipschitz continuous in BVN

(ε1),
analytic in BVN

(ε1) \ {0}, such that ω(0) = ω0,

F (ω(v), v) = 0 (9.9)

for all v ∈ BVN
(ε1), and, if (ω, v) satisfies F (ω, v) = 0 with |ω − ω0| < b1, v ∈ BVN

(ε1), then
ω = ω(v). Moreover, the graph {(ω(v), v) : v ∈ BVN

(ε1)} ⊂ R × VN is contained in the open set
Uε0 ⊂ R× V where the function w constructed in Lemma 7.1 is defined, and

|ω(v)− ω0| ≤ C|v| ∀v ∈ BVN
(ε1). (9.10)

Also, for all ϑ ∈ T, one has
ω(Tϑv) = ω(v). (9.11)

Proof. By (9.5), the expansion of the analytic function v 7→ F (ω, v) is

F (ω, v) =
1

2
∂vvF (ω, 0)[v, v] +O(v3). (9.12)

Consider v ∈ VN , that is, v ∈ V with coefficients v̂0,0 = v̂1,0 = 0, and introduce polar coordinates
ρ = |v|, y = v/|v| on VN \ {0}. The function

Φ(ω, ρ, y) := ρ−2F (ω, ρy)
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is defined for |ω − ω0| < ε0, ρ ∈ (0, ε0), y in the unit sphere {|y| = 1} of VN . In fact, replacing v
with ρy in the converging Taylor series of F (ω, v) centered at (ω0, 0), one obtains that Φ(ω, ρ, y)
is a well-defined, converging power series in the open set D := {(ω, ρ, y) : |ω − ω0| < ε0, ρ ∈
(0, 12ε0), |y| < 2}. By (9.12), Φ(ω, ρ, y) converges to 1

2∂vvF (ω, 0)[y, y] as ρ → 0, and therefore
Φ has a removable singularity at ρ = 0. Hence Φ has an analytic extension to the open set
D1 := {(ω, ρ, y) : |ω − ω0| < ε0, |ρ| < 1

2ε0, |y| < 2}. We also denote this extension by Φ. By (9.5)
and (9.8), one has

Φ(ω0, 0, y0) =
1
2∂vvF (ω0, 0)[y0, y0] = 0,

∂ωΦ(ω0, 0, y0) =
1
2∂ωvvF (ω0, 0)[y0, y0] = − 1

2 |ΠZN
J0My0|2 ̸= 0

for any |y0| = 1. Hence, by the implicit function theorem for analytic functions, there exists a
function Ω(ρ, y) such that Ω(0, y0) = ω0 and

Φ(Ω(ρ, y), ρ, y) = 0

for all (ρ, y) with |ρ| < ε1, |y − y0| < ε1, for some ε1 ∈ (0, ε0]. Moreover, ε1 is independent of y0
because the unit sphere of VN is compact. Finally, given v ∈ VN , |v| < ε1, we define ω(v) := Ω(ρ, y)
with ρ = |v| and y = v/|v| for v ̸= 0, and ω(0) := ω0. The Lipschitz estimate (9.10) holds because
|ω(v)− ω0| = |Ω(ρ, y)− Ω(0, y)| ≤ Cρ.

By (9.2), the second identity in (8.5), the last one in (5.11), and (7.7), one has

Tϑf(ω, v) = f(ω, Tϑv), Tϑg(ω, v) = g(ω, Tϑv).

Hence, by (9.1), one has
F (ω, Tϑv) = F (ω, v) (9.13)

because T T
ϑ Tϑ = id. By (9.9) with Tϑv in place of v, one has F (ω(Tϑv), Tϑv) = 0. On the other

hand, by (9.13), one also has that F (ω(Tϑv), Tϑv) = F (ω(Tϑv), v). Therefore

F (ω(Tϑv), v) = 0,

and, by the uniqueness property of the implicit function, we obtain (9.11).

Remark 9.5. In general, even if the function Ω(ρ, y) in the proof of Lemma 9.4 is analytic around
ρ = 0, the function ω(v) is not analytic around v = 0, because of the singularity of the polar
coordinates at the origin; in fact, ω(v) is not even differentiable at v = 0, but it is merely Lipschitz
continuous. For example, consider the variable v = x = (x1, . . . , xn) ∈ Rn and the function

F (ω, v) = (ω − ω0)(x
2
1 + . . .+ x2n) + x31.

The function F is analytic in Rn+1 (it is a polynomial), and F (ω, 0) = 0, ∂vF (ω, 0) = 0,
∂vvF (ω0, 0) = 0, and ∂ωvvF (ω0, 0)[v, v] = 2|v|2, so that the identities in (9.5) are all essentially
satisfied. Solving the equation F = 0 in the unknown ω, we directly calculate the implicit function

ω(v) = ω0 −
x31

x21 + . . .+ x2n
,

which is analytic on Rn \ {0}, Lipschitz continuous in Rn, but not differentiable at v = 0. The
map Φ(ω, ρ, y) = ρ−2F (ω, ρy), or, more precisely, its analytic extension, is

Φ(ω, ρ, y) = (ω − ω0)(y
2
1 + . . .+ y2n) + y31ρ,

which is analytic in (ω, ρ, y) ∈ Rn+2 (Φ is a polynomial), and the function Ω(ρ, y) is

Ω(ρ, y) = ω0 −
y31ρ

y21 + . . .+ y2n
,

which is analytic in a neighborhood of (ρ, y) = (0, y0), for any y0 ∈ Rn, |y0| = 1.
This basic example shows that ω(v) can be not differentiable at v = 0 even when F (ω, v) is

analytic around (ω0, 0), (9.5) holds, and Ω(ρ, y) is analytic around (0, y0) for all |y0| = 1.
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10 The constraint

We define the reduced Hamiltonian and the reduced angular momentum

Hσ0,VN
(v) := Hσ0(u(v)), IVN

(v) := I(u(v)), u(v) := v + w(ω(v), v), (10.1)

and, for a ∈ R, we define the set

SVN
(a) := {v ∈ BVN

(ε1) : IVN
(v) = a}, (10.2)

where ω(v) is the function constructed in Lemma 9.4, defined for v ∈ BVN
(ε1) ⊂ VN . Since ω(v)

is Lipschitz around v = 0, the function v 7→ w(ω(v), v) is also Lipschitz; in fact, we observe in the
next lemma that its regularity is higher.

Lemma 10.1. The function BVN
(ε1) → W s, v 7→ w(ω(v), v) is analytic in BVN

(ε1) \ {0},
it is of class C1(BVN

(ε1)), and its differential is Lipschitz continuous in BVN
(ε1). Moreover

w(ω(Tϑv), Tϑv) = Tϑw(ω(v), v) for all ϑ ∈ T.

Proof. The function v 7→ w(ω(v), v) is Lipschitz continuous inBVN
(ε1) and analytic inBVN

(ε1)\{0}
by Lemmas 7.1, 9.4. By (7.6) and (9.10), one has

∥w(ω(v), v)∥W s ≤ C|v|2 (10.3)

for all v ∈ BVN
(ε1). Hence the function v 7→ w(ω(v), v) is differentiable at v = 0 with zero

differential. Its differential at any point v ∈ BVN
(ε1) \ {0} in direction ṽ ∈ VN is

∂v{w(ω(v), v)}[ṽ] = (∂ωw)(ω(v), v)ω
′(v)[ṽ] + (∂vw)(ω(v), v)[ṽ]. (10.4)

For v → 0, one has (ω(v), v) → (ω0, 0) because the function ω(v) in Lemma 9.4 is continuous,
(∂vw)(ω(v), v) → ∂vw(ω0, 0) = 0 and (∂ωw)(ω(v), v) → ∂ωw(ω0, 0) = 0 because the function w in
Lemma 7.1 is analytic and by (7.5), while ω′(v)[ṽ], which is defined for v ̸= 0, remains bounded
as v → 0 because ω(v) is Lipschitz. Hence ∂v{w(ω(v), v)} → 0, which implies that w(ω(v), v) is of
class C1(BVN

(ε1)). Moreover, |ω′(v)[ṽ]| ≤ C|ṽ| for 0 < |v| < ε1 because ω(v) is Lipschitz, and

∥(∂ωw)(ω(v), v)∥W s ≤ C|v|, ∥(∂vw)(ω(v), v)[ṽ]∥W s ≤ C|v||ṽ|

because the function w in Lemma 7.1 is analytic and by (9.10). Hence, by (10.4),

∥∂v{w(ω(v), v)}[ṽ]∥W s ≤ C|v||ṽ|

for v ∈ BVN
(ε1) \ {0}, so that the map v 7→ ∂v{w(ω(v), v)} is Lipschitz continuous around v = 0.

The last property in the statement follows from (7.7) and (9.11).

Lemma 10.2. The functionals Hσ0,VN
: BVN

(ε1) → R and IVN
: BVN

(ε1) → R are analytic
in BVN

(ε1) \ {0} and of class C2(BVN
(ε1)), and their second order differentials are Lipschitz

continuous in BVN
(ε1). Moreover Hσ0,VN

◦ Tϑ = Hσ0,VN
and IVN

◦ Tϑ = IVN
for all ϑ ∈ T.

Proof. From Lemmas 5.1, 10.1 and 4.8 one deduces the analyticity, the C1 regularity with Lipschitz
differentials and the invariance with respect to the group action Tϑ. To prove the higher regularity,
we proceed like in the proof of Lemma 10.1. By (10.1), the differential of IVN

at a point v ∈ BVN
(ε1)

in direction ṽ ∈ VN is

I ′
VN

(v)[ṽ] = I ′(u(v))[u′(v)[ṽ]], u′(v)[ṽ] = ṽ + ∂v{w(ω(v), v)}[ṽ],

and the map v 7→ I ′
VN

(v) is Lipschitz. At v ̸= 0, its differential in direction z̃ ∈ VN is

I ′′
VN

(v)[z̃, ṽ] = I ′′(u(v))[u′(v)[z̃], u′(v)[ṽ]] + I ′(u(v))[u′′(v)[z̃, ṽ]].

As v → 0, one has u(v) → 0, u′(v)[ṽ] → ṽ, I ′(u(v)) → I ′(0) = 0, and I ′′(u(v)) → I ′′(0), while the
bilinear map u′′(v) = ∂vv{w(ω(v), v)} remains bounded, i.e., ∥u′′(v)[z̃, ṽ]∥W s ≤ C|z̃||ṽ| uniformly
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as v → 0, because the map v 7→ u′(v) is Lipschitz. Hence I ′′
VN

(v)[z̃, ṽ] converges to I ′′(0)[z̃, ṽ] as
v → 0. Similarly, one proves that

|I ′
VN

(v)[ṽ]− I ′′(0)[v, ṽ]| ≤ C|v|2|ṽ|

for v ̸= 0. This implies that the map v 7→ I ′
VN

(v) is differentiable at v = 0, with differential
I ′′
VN

(0) = I ′′(0). Also, from the limit already proved it follows that IVN
is of class C2. The

Lipschitz estimate for the second order differential

|I ′′
VN

(v)[z̃, ṽ]− I ′′
VN

(0)[z̃, ṽ]| ≤ C|v||z̃||ṽ|

is proved similarly. The proof for Hσ0,VN
is analogous.

We recall that V is a finite-dimensional space, which can be identified with the Euclidean space
R2n+2, where 2n+ 2 is the cardinality of the set S in (6.4), and VN = {v ∈ V : v̂0,0 = v̂1,0 = 0} is
a linear subspace of V of dimension 2n. Thus, n is the number of elements (ℓ,m) of S with ℓ ≥ 2
and m ≥ 1. The set SVN

(a) ⊂ VN will play the role of a constraint for our variational problem.
To study its geometrical and topological properties, we study the functional IVN

in more detail.

Lemma 10.3. The functional IVN
: BVN

(ε1) → R defined in (10.1) satisfies

IVN
(v) = I0(v) +R(v), |R(v)| ≤ C|v|3, (10.5)

where

I0(v) :=
1

2
⟨J0Mv, v⟩L2(S2) =

∑
(ℓ,m)∈SN

ω0m
2ℓ

ℓ2 + ω2
0m

2
v̂2ℓ,m, (10.6)

for v =
∑

(ℓ,m)∈SN
v̂ℓ,m vℓ,m, where J0 is defined in (5.6) and SN in (8.3).

Proof. The Taylor expansion around u = 0 of the analytic functional I defined in (3.13) is

I(u) = I0(u) +O(u3), (10.7)

with I0 defined in (10.6), because I(0) = 0, ∇I(0) = 0, and

1

2
I ′′(0)[u, u] =

1

2
⟨d(∇I)(0)[u], u⟩L2(S2) =

1

2
⟨J0Mu, u⟩L2(S2) = I0(u).

Note that the identity d(∇I)(0) = J0M was already observed in (9.4). Alternatively, (10.7) can
also be deduced from (3.13) by observing that

I(u) =
∫
S2
(1 + 2η + η2)(Mη)β dσ = ⟨Mη, β⟩L2(S2) +O(u3), u = (η, β),

and that ⟨Mη, β⟩L2(S2) = 1
2 ⟨J0Mu, u⟩L2(S2) by (3.9). Recalling (10.3), plugging u(v) = v +

w(ω(v), v) = v + O(|v|2) into the expansion (10.7) gives the first identity in (10.5). The last
identity in (10.5) follows from the formula of J0Mv in (9.7) and the definition (8.1) of vℓ,m.

From expansion (10.5), by the implicit function theorem, we obtain that the set SVN
(a) is

diffeomorphic to a sphere of VN , with a diffeomorphism preserving the Tϑ group action. More
precisely, we prove the following lemma.

Lemma 10.4. There exist a constant ε2 ∈ (0, ε1] and a map ψ : BVN
(ε2) → BVN

(ε1) such that

IVN
(ψ(v)) = |v|2 (10.8)

for all v ∈ BVN
(ε2). The map ψ is analytic in BVN

(ε2) \ {0}, it is of class C1(BVN
(ε2)), with

Lipschitz differential, it is a diffeomorphism of BVN
(ε2) onto its image ψ(BVN

(ε2)), which is an
open neighborhood of ψ(0) = 0 contained in BVN

(ε1), and

ψ ◦ Tϑ = Tϑ ◦ ψ (10.9)
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for all ϑ ∈ T. Moreover, there exists a0 > 0 such that, for all a ∈ (0, a0), the set SVN
(a) in (10.2)

is the diffeomorphic image
SVN

(a) = ψ
(
S(a)

)
of the sphere

S(a) := {v ∈ VN : |v|2 = a}, (10.10)

and thus SVN
(a) is an analytic connected compact manifold of dimension 2n− 1 embedded in VN .

Its tangent and normal space at a point v ∈ SVN
(a) are

Tv(SVN
(a)) = {ṽ ∈ VN : ⟨∇IVN

(v), ṽ⟩L2(S2) = 0}, (10.11)

Nv(SVN
(a)) = {λ∇IVN

(v) : λ ∈ R}, (10.12)

where ∇IVN
(v) ̸= 0 for all v ∈ SVN

(a), all a ∈ (0, a0).

Proof. Define the diagonal linear map

Λ : VN → VN , Λvℓ,m := λℓ,mvℓ,m, λℓ,m := (ℓ2 + ω2
0m

2)
1
2 (ω0m

2ℓ)−
1
2 . (10.13)

Let |Λ| := maxλℓ,m, so that |Λv| ≤ |Λ||v| for all v ∈ VN . By (8.2) and (10.5), one has

I0(Λv) =
∑

(ℓ,m)∈SN

v̂2ℓ,m = |v|2. (10.14)

Given v, we look for a real number µ such that

IVN
((1 + µ)Λv) = |v|2. (10.15)

We look for µ in the interval [−δ, δ], with δ = 1
4 , and we assume that |v| < ε2, where ε2 ∈ (0, ε1] is

such that 5
4 |Λ|ε2 < ε1, so that, for v ∈ BVN

(ε2), the point (1 + µ)Λv is in the ball BVN
(ε1) where

IVN
is defined. Let R be the remainder in (10.5). By (10.14), one has I0((1+µ)Λv) = (1+µ)2|v|2,

and, since IVN
= I0 +R, (10.15) becomes

(2µ+ µ2)|v|2 +R((1 + µ)Λv) = 0. (10.16)

For v ̸= 0, (10.16) is the fixed point equation µ = K(µ) for the unknown µ, where

K(µ) := −µ
2

2
− R((1 + µ)Λv)

2|v|2
. (10.17)

By the inequality in (10.5), for some constants C1, C2 one has

|K(µ)| ≤ δ2

2
+ C1ε2 ≤ δ, |K′(µ)| ≤ δ + C2ε2 ≤ 1

2

for all |µ| ≤ δ, |v| < ε2, provided ε2 is sufficiently small, namely C1ε2 ≤ 1
2δ and C2ε2 ≤ 1

4 . Hence,
by the contraction mapping theorem, in the interval [−δ, δ] there exists a unique fixed point of K,
which we denote by µ(v). Hence

IVN
(ψ(v)) = |v|2, ψ(v) := (1 + µ(v))Λv, (10.18)

for all v ∈ BVN
(ε2) \ {0}. From the implicit function theorem applied to equation (10.16) around

any pair (v, µ(v)) it follows that the map v 7→ µ(v) is analytic in BVN
(ε2) \ {0}. Moreover,

|µ(v)| = |K(µ(v))| ≤ 1
2µ

2(v) + C1|v| ≤ 1
8 |µ(v)|+ C1|v|, whence

|µ(v)| ≤ C|v|.

Thus, defining µ(0) := 0, the function µ(v) is also Lipschitz in BVN
(ε2). As a consequence, the

function ψ is analytic in BVN
(ε2)\{0} and Lipschitz in BVN

(ε2). In addition, |ψ(v)−ψ(0)−Λv| ≤
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C|v|2, which means that ψ is differentiable also at v = 0, with differential ψ′(0)[ṽ] = Λṽ. At v ̸= 0,
the differential is

ψ′(v)[ṽ] = µ′(v)[ṽ]Λv + (1 + µ(v))Λṽ,

and ψ′(v) → ψ′(0) = Λ as v → 0 because µ(v) → 0, Λv → 0, and |µ′(v)[ṽ]| ≤ C|ṽ| uniformly as
v → 0. Thus ψ is of class C1 in BVN

(ε2). Moreover

|ψ′(v)[ṽ]− ψ′(0)[ṽ]| ≤ C|v||ṽ|,

i.e., the differential map v 7→ ψ′(v) is Lipschitz continuous.
The function ψ is a diffeomorphism of open sets of VN , and, for each a ∈ (0, a0) sufficiently

small, one has

SVN
(a) = {v ∈ BVN

(ε1) : IVN
(v) = a}

= {v = ψ(y) : y ∈ BVN
(ε2), a = IVN

(v) = IVN
(ψ(y)) = |y|2}

= ψ({y ∈ VN : |y|2 = a}),

namely SVN
(a) is the image of the sphere {|y|2 = a} by the diffeomorphism ψ.

Since the eigenvalues in (10.13) satisfy λℓ,−m = λℓ,m, by (8.7) we have

Λ(Tϑv) =
∑

(ℓ,m)∈SN

{cos(mϑ)v̂ℓ,m + sin(mϑ)v̂ℓ,−m}λℓ,mvℓ,m

=
∑

(ℓ,m)∈SN

{cos(mϑ)(λℓ,mv̂ℓ,m) + sin(mϑ)(λℓ,−mv̂ℓ,−m)}vℓ,m = Tϑ(Λv)

for all v ∈ VN , i.e.,
ΛTϑ = TϑΛ. (10.19)

By (4.2) and (6.11), with the change of integration variable y = R(ϑ)x on S2, one proves that

|Tϑv|2 = |v|2. (10.20)

Alternatively, the same identity can also be proved using (8.7) and the fact that {vℓ,m : (ℓ,m) ∈
SN} is an orthonormal basis of VN . From (10.19), (10.14), and (10.20), one has

I0(TϑΛv) = I0(ΛTϑv) = |Tϑv|2 = |v|2 = I0(Λv)

for all v ∈ VN , and this implies that I0 ◦ Tϑ = I0 because {Λv : v ∈ VN} = VN . By Lemma 10.2,
the functional IVN

has the same invariance property, and therefore the difference R = IVN
− I0

also satisfies
R ◦ Tϑ = R (10.21)

for all ϑ ∈ T. Now denote by K(µ, v) the scalar quantity K(µ) in (10.17). By the contraction
mapping theorem, we have proved that K(µ(v), v) = µ(v) for all v ∈ BVN

(ε2) \ {0}, and, if a pair
(µ, v) ∈ [−δ, δ] × (BVN

(ε2) \ {0}) satisfies K(µ, v) = µ, then µ = µ(v). Moreover, by (10.20) and
(10.21), one has K(µ, Tϑv) = K(µ, v) for all pairs (µ, v), all ϑ ∈ T. Then

µ(v) = K(µ(v), v) = K(µ(v), Tϑv),

whence µ(v) = µ(Tϑv). This identity, together with (10.19), gives (10.9).

11 Variational structure of the reduced non-degenerate bi-
furcation equation

In this section we prove that the projection on the non-degenerate subspace ZN of the bifurcation
equation (7.2) restricted to the graph ω = ω(v) has a variational structure, namely it is the critical
point equation of a functional.
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The reduced HamiltonianHσ0,VN
and the reduced angular momentum IVN

are defined in (10.1),
and the function ω(v) is defined in Lemma 9.4. Now for v ∈ BVN

(ε1) we define the functional

EVN
(v) := Hσ0,VN

(v)− ω(v)
(
IVN

(v)− a
)
. (11.1)

Lemma 11.1. For all a ∈ R, the functional EVN
: BVN

(ε1) → R is Lipschitz continuous in BVN
(ε1)

and analytic in BVN
(ε1) \ {0}. Moreover, for all ϑ ∈ T, one has

EVN
◦ Tϑ = EVN

. (11.2)

Proof. It follows from Lemmas 9.4 and 10.2.

Lemma 11.2. The differential of the functional EVN
at a point v ∈ BVN

(ε1) \{0} in any direction
ṽ ∈ VN is

E ′
VN

(v)[ṽ] = ⟨∇EVN
(v), ṽ⟩L2(S2) = ⟨ΠZN

F(ω(v), u(v)), ṽ⟩L2(S2) − ω′(v)[ṽ]
(
IVN

(v)− a
)
. (11.3)

Proof. We calculate

E ′
VN

(v)[ṽ] = H′
σ0,VN

(v)[ṽ]− ω′(v)[ṽ]
(
IVN

(v)− a
)
− ω(v)I ′

VN
(v)[ṽ]

= ⟨(∇Hσ0)(u(v)), u
′(v)[ṽ]⟩L2(S2) − ω′(v)[ṽ]

(
IVN

(v)− a
)
− ω(v)⟨(∇I)(u(v)), u′(v)[ṽ]⟩L2(S2)

= ⟨F(ω(v), u(v)), u′(v)[ṽ]⟩L2(S2) − ω′(v)[ṽ]
(
IVN

(v)− a
)

= ⟨F(ω(v), u(v)), ṽ⟩L2(S2) + ⟨F(ω(v), u(v)), ∂v{w(ω(v), v)}[ṽ]⟩L2(S2) − ω′(v)[ṽ]
(
IVN

(v)− a
)

= ⟨ΠZN
F(ω(v), u(v)), ṽ⟩L2(S2) + ⟨ΠRF(ω(v), u(v)), ∂v{w(ω(v), v)}[ṽ]⟩L2(S2)

− ω′(v)[ṽ]
(
IVN

(v)− a
)

= ⟨ΠZN
F(ω(v), u(v)), ṽ⟩L2(S2) − ω′(v)[ṽ]

(
IVN

(v)− a
)
,

where we have used the definition (10.1) of Hσ0,VN
, IVN

, u(v), the chain rule, the definition (5.1)
of F , the fact that ṽ ∈ VN and ∂v{w(ω(v), v)}[ṽ] ∈ W , the identities in (6.10), and the range
equation (7.4).

The manifold SVN
(a) has been defined in (10.2) and studied in Lemma 10.4 for a ∈ (0, a0). For

points v on SVN
(a) we immediately deduce the following lemma.

Lemma 11.3. Let a ∈ (0, a0), where a0 is given in Lemma 10.4. For any v ∈ SVN
(a), one has

∇EVN
(v) = ΠZN

F(ω(v), u(v)). (11.4)

Proof. The term (IVN
(v)− a) in (11.3) vanishes because v ∈ SVN

(a).

Lemma 11.4 (Constrained critical points solve the reduced bifurcation equation on ZN ). Let
a ∈ (0, a0), where a0 is given in Lemma 10.4. Suppose that v ∈ SVN

(a) is a constrained critical
point of the functional EVN

on the constraint SVN
(a). Then v is a critical point of EVN

in VN , and

ΠZN
F(ω(v), u(v)) = 0. (11.5)

Proof. Let v be a constrained critical point of EVN
on the constraint SVN

(a). Then

E ′
VN

(v)[ṽ] = ⟨∇EVN
(v), ṽ⟩L2(S2) = 0

for all tangent vectors ṽ ∈ Tv(SVN
(a)), and therefore ∇EVN

(v) (which is a vector of VN ) belongs
to the normal space Nv(SVN

(a)), that is, by (10.12),

∇EVN
(v) = λ∇IVN

(v) (11.6)

for some Lagrange multiplier λ ∈ R. Then, using (9.9), (9.1), (9.2), the definition of u(v) in (10.1),
(11.4), and (11.6), we obtain

0 = F (ω(v), v) = ⟨ΠZN
F(ω(v), u(v)), (∇I)(u(v))⟩L2(S2) = λ⟨∇IVN

(v), (∇I)(u(v))⟩L2(S2). (11.7)
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By (10.5), (10.7), and (10.3), one has

∇IVN
(v) = ∇I0(v) +O(|v|2), (∇I)(u(v)) = ∇I0(v) +O(|v|2),

and
⟨∇IVN

(v), (∇I)(u(v))⟩L2(S2) = |∇I0(v)|2 +O(|v|3) ≥ 1
2 |∇I0(v)|2 > 0.

This means that the coefficient of λ in (11.7) is nonzero, whence λ = 0. Thus, by (11.6), ∇EVN
(v) =

0, and (11.5) follows from (11.4).

Since SVN
(a) is a smooth compact manifold, the functional EVN

constrained to SVN
(a) has at

least one minimum point and one maximum point (if EVN
is constant, there are infinitely many

constrained critical points). In fact, in Lemma 11.6 we give a more accurate lower estimate on the
number of distinct constrained critical points of EVN

on SVN
(a), using the following result from

[40].

Lemma 11.5 (Lemma 6.10 in [40], Sec. 6.4). Let A be an open S1-invariant neighborhood of S2k−1

and let φ ∈ C1(A,R) be a S1-invariant function. Then there exist at least k S1-orbits of critical
points of φ restricted to S2k−1.

Lemma 11.6. For any a ∈ (0, a0), the functional EVN
has at least n distinct orbits {Tϑv(i) : ϑ ∈ T},

i = 1, . . . , n, of constrained critical points on the constraint SVN
(a).

Proof. Fix a ∈ (0, a0). By Lemma 10.4, one has SVN
(a) = ψ(S(a)). Consider the function

f : BVN
(ε2) → R, f(y) := EVN

(ψ(y)). (11.8)

The differential of f at a point y ∈ BVN
(ε2) in direction ỹ ∈ VN is

f ′(y)[ỹ] = E ′
VN

(ψ(y))[ψ′(y)[ỹ]],

and, for y ∈ S(a), ỹ is in the tangent space Ty(S(a)) iff ψ
′(y)[ỹ] is in the tangent space Tψ(y)(SVN

(a)).
Hence a point v = ψ(y) ∈ SVN

(a) is a constrained critical point of EVN
on the constraint SVN

(a) iff
y ∈ S(a) is a constrained critical point of f on the constraint S(a). By (10.9) and (11.2), one has

f ◦ Tϑ = f (11.9)

for all ϑ ∈ T. Then, by Lemma 11.5, f has at least n orbits of critical points on S(a).

Compared with the basic observation that EVN
constrained to SVN

(a) always has at least one
minimum and one maximum point, Lemma 11.6 provides more solutions even in the case n = 1,
as it gives the existence of an orbit of solutions (therefore infinitely many solutions). In fact, for
n = 1 we have the following result.

Lemma 11.7. If n = 1, then, for every a ∈ (0, a0), the constraint SVN
(a) is diffeomorphic to

S1 = T and it consists of one orbit of critical points of EVN
. Moreover the orbit SVN

(a) depends
analytically on a in the interval (0, a0).

Proof. For each value a ∈ (0, a0), the functional EVN
is constant on the constraint SVN

(a) by (11.2).
Hence the orbit of critical points of EVN

is exactly the level set SVN
(a) of the restricted angular

momentum IVN
, which depends analytically on a.

12 Solution of the bifurcation equation in the degenerate
directions

In this section we deal with the degenerate subspace VD = ZD, and we prove that the constrained
critical points of Lemma 11.4 give solutions of the bifurcation equation also on ZD.
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Lemma 12.1 (Solution of the bifurcation equation). Let a ∈ (0, a0), and suppose that v ∈ SVN
(a)

is a constrained critical point of the functional EVN
on the constraint SVN

(a). Then (ω(v), u(v))
solve the (full) bifurcation equation

ΠZF(ω(v), u(v)) = 0. (12.1)

Proof. By (11.5) and (7.4), one has

F(ω(v), u(v)) = ΠZD
F(ω(v), u(v)).

This means that F(ω(v), u(v)) belongs to the degenerate space ZD, which is the 2-dimensional
linear space generated by v0,0 and v1,0. By the first orthogonality relation in (5.10), recalling the
definition (8.1) of v0,0, where φ0,0 is a constant, one has

⟨F(ω(v), u(v)), v0,0⟩L2(S2) = 0.

Hence
F(ω(v), u(v)) = µ v1,0 (12.2)

for some µ ∈ R. Recalling the definition (8.1) of v1,0 and the fact that φ1,0(x) = cx3 for some
nonzero normalizing coefficient c, the second orthogonality relation in (5.10) can be written as

⟨F(ω(v), u(v)), v1,0 − p(v)⟩L2(S2) = 0, (12.3)

where ∥p(v)∥L2(S2) = O(|v|). Plugging (12.2) into (12.3) gives

0 = µ⟨v1,0, v1,0 − p(v)⟩L2(S2) = µ
(
|v1,0|2 − ⟨v1,0, p(v)⟩L2(S2)

)
= µ(1 +O(|v|)).

The coefficient of µ is nonzero, and therefore µ = 0. Then (12.2) gives (12.1).

Applying Lemmas 11.6, 11.7, 12.1, and defining (η
(i)
a , β

(i)
a ) := u(i) := u(v(i)) and ω

(i)
a := ω(v(i)),

i = 1, . . . , n, the proof of Theorem 1.1 is complete.

13 The symmetric case

Given u = (η, β) ∈ L2(S2,R)× L2(S2,R), we define

(Y2u)(x) :=

(
η(x1,−x2, x3)
−β(x1,−x2, x3)

)
, (Y3u)(x) :=

(
η(x1, x2,−x3)
β(x1, x2,−x3)

)
, Y23 := Y2 ◦ Y3 (13.1)

for all x ∈ S2, and we note that Y2 ◦ Y3 = Y3 ◦ Y2 and Y−1
i = Yi = YTi , i = 2, 3, where Y−1

i is
the inverse operator, and YTi is the transpose operator with respect to the L2(S2,R) × L2(S2,R)
scalar product. We define

Y2 := {u ∈ L2(S2,R)× L2(S2,R) : Y2u = u},
Y3 := {u ∈ L2(S2,R)× L2(S2,R) : Y3u = u}, Y23 := Y2 ∩ Y3, (13.2)

so that Y3 is the subspace of the functions u that are even in x3, and Y2 is the subspace of the
pairs u = (η, β) where η is even in x2 and β is odd in x2. We denote

V2 := V ∩ Y2, V3 := V ∩ Y3, V23 := V ∩ Y23 = V2 ∩ V3, (13.3)

and we use analogous notation for the spaces VD, VN ,W,R,Z.

Lemma 13.1. One has

H ◦ Yi = H, V ◦ Yi = V, I ◦ Yi = I, B3 ◦ Yi = −B3, i = 2, 3 (13.4)
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and

(∇H) ◦ Yi = Yi ◦ (∇H), (∇V) ◦ Yi = Yi ◦ (∇V), (13.5)

(∇I) ◦ Yi = Yi ◦ (∇I), (∇B3) ◦ Yi = −Yi ◦ (∇B3), i = 2, 3. (13.6)

As a consequence,
F(ω,Yiu) = YiF(ω, u). (13.7)

Proof. As is observed in Lemma 6.2 of [9], given any 3×3 matrix M such that MMT = I, one has

G(η̃)β̃(x) = (G(η)β)(Mx), ∇S2 η̃(x) =MT (∇S2η)(Mx), |∇S2 η̃(x)| = |(∇S2η)(Mx)|

for all x ∈ S2, all functions η, β, where η̃(x) := η(Mx) and β̃(x) := β(Mx). Hence the first
two identities in (13.4) follows from the change of integration variable Mx = y, where M =
diag(1,−1, 1) for i = 2 and M = diag(1, 1,−1) for i = 3. To prove the third identity in (13.4), we
note that the operator M in (1.15) satisfies

M◦Y2 = −Y2 ◦M, M◦Y3 = Y3 ◦M,

and that I(η, β) is linear in β. Finally, one has B(Y2u) = −MB(u) where M = diag(1,−1, 1), and
B(Y3u) =MB(u) whereM = diag(1, 1,−1). Taking the third component of these vector identities,
we obtain the fourth identity in (13.4). The identities in (13.5), (13.6) follow from (13.4) by taking
the gradient and using the fact that the transpose operator YTi is the inverse of Yi. Identity (13.7)
holds because F(ω, u) = ∇H(u)− 2σ0∇V(u)− ω∇I(u).

From formula (13.7) it follows that if u ∈ Yi, then F(ω, u) ∈ Yi, i = 2, 3, namely Yi is an
invariant subspace for the nonlinear operator F(ω, ·).

Lemma 13.2. The spherical harmonics φℓ,m in (2.7) satisfy

φℓ,m(x1, x2,−x3) = (−1)ℓ−mφℓ,m(x) ∀(ℓ,m) ∈ T

and

φℓ,m(x1,−x2, x3) = φℓ,m(x), m = 0, . . . , ℓ,

φℓ,m(x1,−x2, x3) = −φℓ,m(x), m = −ℓ, . . . ,−1,

for all x = (x1, x2, x3) ∈ S2, all ℓ ∈ N0. As a consequence, the vectors vℓ,m defined in (8.1) satisfy

Y2vℓ,m = σ(m)vℓ,m, Y3vℓ,m = (−1)ℓ−mvℓ,m ∀(ℓ,m) ∈ S, (13.8)

where σ(m) := 1 if m ≥ 0 and σ(m) := −1 if m < 0.

From (13.8) it follows that Yi(Vi) = Vi, Yi(Wi) =Wi, i = 2, 3. We observe that, if a function η
is even in x3, then only the spherical harmonics φℓ,m that are even in x3 appear in its expansion,
i.e., η̂ℓ,m = 0 for all (ℓ,m) ∈ T such that ℓ−m is odd, and only coefficients η̂ℓ,m with ℓ−m even
can be nonzero. Also, if η is even in x2 and β is odd in x2, then their coefficients satisfy η̂ℓ,m = 0

for m < 0 and β̂ℓ,m = 0 for m ≥ 0, and only coefficients η̂ℓ,m with m ≥ 0 and β̂ℓ,m with m < 0 can
be nonzero.

On the subspace Y3 one has the torus action Tϑ, ϑ ∈ T, because the matrices R(ϑ) and
diag(1, 1,−1) commute, and therefore

Y3 ◦ Tϑ = Tϑ ◦ Y3.

Proof of Theorem 1.2. (i) The arguments of the proof of Theorem 1.1 can be repeated in the
subspace Y3. (ii) The arguments of the proof of Theorem 1.1 can be repeated in the subspace Y2,
except for the fact that we do not have the torus action Tϑ, and therefore we do not obtain n orbits
of critical points of the restricted functional, but only two critical points, namely one minimum
point and one maximum point for the functional. (iii) is similar to (ii).
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We conclude the section with some observations about the transformations Y2,Y3 defined in
(13.1). First, as is observed in Lemma 11.7, for n = 1, the constraint SVN

(a) consists of one orbit
of critical points of EVN

. On the other hand, by item (iii) in Theorem 1.2, there exists a symmetric
solution ua = Y2ua = Y3ua whose VN component belongs to the constraint SVN

(a). Hence the
orbit of solutions given by Theorem 1.1 coincides with the orbit {ua ◦R(ϑ) : ϑ ∈ T}.

Second, as is proved in (13.7), the nonlinear operator F is equivariant with respect to Y2,Y3.
Hence F is equivariant for the action of the group (G, ◦) generated by Tϑ,Y2,Y3. Thus, if one
proved a version of Lemma 11.5 adapted to the action of G, then Lemma 11.6, and therefore
Theorem 1.1, would hold for G-orbits.
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