A VARIATIONAL APPROACH TO THE VOLUME-PRESERVING
ANISOTROPIC MEAN CURVATURE FLOW IN 2D
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ABSTRACT. In this article, we introduce a variational algorithm, in the spirit of the mini-
mizing movements scheme, to model the volume-preserving anisotropic mean curvature flow
in 2D. We show that this algorithm can be used to prove the existence of classical solutions.
Moreover, we prove that this algorithm converges to the global solution of the equation.
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In recent years, the study of algorithms that model geometric flows has attracted the
interest of the mathematical community. For example, we mention the pioneering works
of Almgren, Taylor, and Wang in [2], and Luckhaus and Sturzenhecker in [39], where they
introduced a minimizing movement-type scheme that approximate the mean curvature flow.
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Another algorithm used to approximate the mean curvature flow is the thresholding scheme
introduced by Merriman, Bence, and Osher in [47]; see also [26, 28, 51, 52].

This program has also been carried out in the fractional framework: for the implementation
via a minimizing movements-type scheme, see [14] (for the asymptotic analysis of the discrete
algorithm under volume preserving, see [19]); for the thresholding scheme approach, see [10].
We also highlight recent developments on the approximation of the surface diffusion flow. A
minimizing movements-type algorithm was proposed in [12] to model it. For a rigorous proof
of the convergence of this algorithm, see [15]. In the case of anisotropic surface diffusion with
elasticity, see [38].

In this work, we introduce a new minimizing movements-type algorithm to model the
volume-preserving anisotropic mean curvature flow, which also allows us to provide a new
proof of the existence of classical solutions to the equation. We will present the algorithm in
detail after a brief introduction to the equation. We recall that a smooth family of subsets of
R2, denoted by {Et}te[O,T) for some T > 0, is said to be a solution to the volume-preserving
anisotropic mean curvature flow starting from FEj if it satisfies

(1) Vi = —Iﬁgt +]€Et Hgt on 0F;,

Ey initial datum,

where V; denotes the normal velocity, kigt(l‘) is the anisotropic mean curvature at the point
x € OF and ¢ is the given anisotropy that satisfies

@ e C*™ and V()¢ € > ClE)? VeS8t € e R? such that v1E.

We briefly outline the physical and mathematical motivations behind the study of (1.1). The
anisotropic mean curvature flow with volume constraint naturally arises in physical processes
involving the evolution of interfaces under anisotropic surface tension, subject to mass or
volume conservation. This flow describes the motion of an interface whose normal velocity
is proportional to its anisotropic mean curvature — a geometric quantity that measures how
the surface bends relative to a given (possibly crystalline) surface energy density. The vol-
ume constraint reflects incompressibility or mass conservation, as observed in the dynamics of
grains in polycrystalline materials, vesicle membranes, or bubbles in anisotropic fluids. Phys-
ically, such flows capture coarsening phenomena, equilibrium shapes of crystals, and interface
evolution in materials science. Foundational treatments of anisotropic surface energies and
motion by anisotropic curvature can be found in the works of Taylor [53], Gurtin [31], and
Cahn—Hoffman [11], among others. The volume-preserving nature of the flow models physical
constraints in closed systems and is closely related to theories of constrained capillarity and
incompressible multi-phase flows [6, 23]. If the initial set Ey is sufficiently regular — e.g., if
it satisfies the interior and exterior ball conditions — then the equation (1.1) admits a unique
smooth solution for a short time interval [25]. A classical result by Huisken [32] shows that,
for convex initial sets, the solution exists for all times and converges exponentially fast to a
sphere. Similarly, it follows from [25, 50] that if the initial set is sufficiently close to a local
minimizer of the isoperimetric problem, then the flow remains smooth and converges expo-
nentially fast (see also [17] for an analysis in the flat torus). However, for generic initial sets,
the equation (1.1) may develop singularities in finite time [45, 46]. In contrast to the standard
mean curvature flow, (1.1) can develop singularities even in the plane, and the boundary may
collapse in such a way that the curvature remains uniformly bounded up to the singular time,
see [24, 45, 46]. There is a significative difference between (1.1) and the mean curvature flow:
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the former is nonlocal and does not satisfy the comparison principle. As a result, we cannot
directly apply the notion of viscosity solutions to define level-set solutions using the meth-
ods introduced by Chen-Giga-Goto [13] and Evans-Spruck [27]. However, in [36], Kim and
Kwon were able to construct a viscosity solution to (1.1) in the case of star-shaped sets. An
important feature of (1.1) is that it can be formally interpreted as the L?-gradient flow of the
surface area functional. Since it also preserves volume, it may be regarded as the evolutionary
analogue of the isoperimetric problem. At the core of this idea lies the gradient flow structure
of mean curvature flow: trajectories in state space follow the path of steepest descent of the
area functional with respect to an L?-metric. This perspective, in fact, inspired De Giorgi [20]
to introduce the theory of minimizing movements for general gradient flows in metric spaces,
later developed in [5]. Given a metric d and an energy functional E, each time step of this
abstract scheme corresponds to solving the minimization problem

Ty € argmin {E(m) + %CF(%’, mk,l)} ,

where h > 0 is the “length” of the discrete time step. However, the difficulty lies in the fact that
the candidate metrics for computing the gradient flow of the area functional are completely
degenerate, in the sense that the induced distance vanishes identically [43]. A natural question,
therefore, is whether one can introduce a minimizing movements-type algorithm to model the
volume-preserving anisotropic mean curvature flow. The prototype algorithm can be described
as follows: given an initial set Fy with volume 1 and a time step h > 0, the sets Fj for k e N
are obtained iteratively by minimizing the functionals

1
(1.2) EHP«;(E)JFﬁd%z(E;EkJ)v

in the class of sets E with volume 1, and where we have denoted the anisotropic perimeter
by P, and the candidate approximation for the L2-metric by d2.

The aim of our work is to introduce a minimizing movements scheme to model the volume-
preserving anisotropic mean curvature flow. To this end, we search for a function d;2 with
the following property: given two sets E, F' c R? that are sufficiently close to each other, we
have

(1.3) dLQ(F;E):(faE|§F,E|2dH1)§: sup faEf(a:)gF,E(x)dH;,

Hf”LQ(aE)Sl

where £pp(x), for € OF, is an approximation of the normal signed distance between the
boundaries F and 0F. As a second objective, we aim to introduce a flexible algorithm
— that is, one capable of modeling various geometric flows, such as surface diffusion or the
Mullins—Sekerka flow. In fact, in the definition (1.3), if we replace the space of test functions

feL?(OF) with fe H'(OF) or f ¢ H%(ﬁE), then we expect that our algorithm models the

corresponding gradient flow of the area functional in the H~! or H 3 metric, respectively. In
this way, one might recover the surface diffusion flow and the Mullins—Sekerka flow. Before
presenting our algorithm, we recall the minimizing movements-type algorithm introduced by
[2, 39] for modeling motion by mean curvature. Instead of modeling the L? distance directly,
they model the one-half squared distance %dig, as follows: given F c R? and F c R?,

1
(1.4) SB(FiE) - fF ., dist(.0F) dz,
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where dist(x,0F) denotes the distance of z from the boundary JFE. The reason it mimics an
L2-metric is the following: if OF coincides with the normal graph of a function defined on
OF, that is,

(1.5) OF = {x +¢(z)vp(z): x € OE},

where vg denotes the outer unit normal vector, then

1 | 1
—d2F-E:[ d't,aEd:—/ le—f 3o dH]
Lupp) = [ disiGeoB)de= L [ gt oL [ ptepan,

where kp(x) denotes the curvature at x € OE. In any case, we observe that it is not clear
whether (1.4) can be written in the form of (1.3), and thus it can be used to model other
geometric flows as well. The algorithm introduced by Almgren, Taylor, and Wang, as well
as by Luckhaus and Sturzenhecker, has been extensively studied in the mathematical litera-
ture. In the isotropic case, that is, when ¢ coincides with the Euclidean norm, the volume
constraint in the minimizing movements scheme is replaced by a volume penalization. Thus,
the functional (1.2) becomes

1 1
E - P,(E)+ ﬁdiQ(E;E,H) + ﬁ||E| -1J.
For this functional, the existence of flat flows (weak solution) was studied in [49], and the
consistency of the algorithm was proved in [35]. For results on the asymptotic behavior in the
plane and in the flat torus, see instead [7, 18, 30, 33, 34]. In the anisotropic case, the existence
of a flat flow (weak solution) and its asymptotic behavior in the plane were studied in [37].
However, the problem regarding the consistency of flat flow solutions was not addressed in [37].
In the case of non-smooth anisotropy, we mention [8] where the authors study the volume
preserving crystalline mean curvature flow starting from a convex set. In [16] the authors
compute explicitly the anisotropic crystalline mean curvature flow with a volume constraint
for a rectangle in the plane and on the lattice eZ? as ¢ — 0*.
The function we introduce to model the L?-distance is the following (see also (2.12)):

(L6) WFiBy= | s [, F(rom(@) (xe(@) - xe(2)) da

where 7y denotes the projection onto OF. Moreover, as shown in Lemma 2.10, under
assumption (1.5), we have

d}Z

&2, (F: E) = f L2

L) = [ ot

Recall that if we restrict the analysis to f € H'(OF) in definition (1.6), we get flat flow

solutions to the surface diffusion equation (see [15] and also [38] for surface diffusion with

elasticity). Based on these observations, we believe that if we let f € H %(BE) in (1.6), the
algorithm would converge to solutions of the Mullins—Sekerka equation.

The algorithm we implemented is described in detail in Section 3, and in particular in
Subsection 3.1, where we introduce a specific notion of flat flow. The main theorems of the
paper are Theorem 6.1 and Theorem 7.4.

In Theorem 6.1, the minimizing movements scheme introduced in Subsection 3.1 is used to
prove the existence of classical solutions to equation (1.1), starting from sufficiently regular
initial data.

rpl? dH!.
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In the last result of the paper (see Theorem 7.4), we establish the consistency of the
minimizing movements algorithm — namely, the convergence of the algorithm to the classical
solution of the equation (1.1) — throughout the entire time interval where the solution exists.

2. NOTATION AND PRELIMINARY RESULTS

In this paper, we work in the two-dimensional Euclidean space R?. We denote by - the
standard inner product in R? and by |- | the corresponding Euclidean norm. For r > 0 we
define the open ball of radius r > 0 centered at x € R? by B,.(z) = {y e R? : |z —y| <r}. When
x =0, we simply write B, := B,(0). The unit circle is denoted by S! := dB;. Given any set
A c R?, we denote by cl(A) and int(A) its topological closure and interior, respectively, with
respect to the Euclidean topology. The Lebesgue measure of a Borel set A c R? is denoted by
|A|, and H! denotes the one-dimensional Hausdorff measure. The Hausdorff distance between
sets is denoted by disty. Let ¢ be a norm in R?. We define
(2.1) my = inf p(v) and M, = sup p(v).

[v]=1 lv|=1

Given a,b € R?, we define the linear map a ® b: R? - R? by a ® b(z) = (x-b)a. We denote
by R?*2 the space of 2 x 2 real matrices. Given P,C € R*2, we define P : C := Z?,jzl DijCij-
Throughout the paper, we use the notation C'(*,---, *) to indicate a generic positive constant,
which may vary from line to line, depending only on the parameters *,---, *.

2.1. Functional spaces. Let E c R? be a bounded set. We say that F is of class C* if, for
every point x € OF, there exists an open neighborhood U of x such that dF n U coincides
with the graph of a C* function. If F is an open bounded set of class C', then the outer
unit normal vector to OF is well defined at every point x € E, and we denote it by vg(x).
Moreover, at each x € OF, we define the tangent vector 7z(x) as the clockwise rotation by
90° of the outer unit normal vector vg(z). Let A c R?, and for a given § > 0, we define

I5(A) = {x e R?: dist(z, A) <6}
We denote by dg the signed distance function from OF, that is,

dp () = dist(z,0F) for x e R2\ E,
B\ = —dist(z,0F) for z € E.

The differential of a scalar function f (respectively, a vector field X) along OF is denoted
by Orf (respectively, 9; X ). When clarification is needed, we write Jyp f (respectively, dypX)
instead. The tangential gradient on OF, denoted by V. (or Vgg), is defined as

Vof=Vf-(Vf-ve)vg=(0:f)TE.

Any vector field X € C1(9E,R?) can be extended to a C! vector field in an open neighborhood
of OF; with a slight abuse of notation, we continue to denote this extension by X. The
tangential divergence of X on JF is defined by

div,; X :==divX - (VXvg) - vp.

Note that this definition is independent of the chosen extension of X. We denote the
Laplace-Beltrami operator on dF by 92. If E is of class C* with k > 2, we recall that
the curvature K : OF — R and the second fundamental form Bg : 0F — R**? are given by

kg =div,; vg, Bg=KkgpTE®TE.
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Finally, for an open bounded set E c R? of class C2, we define
3 1
" welimon)
Note that the above definition is well posed, since |kg|1=(sE) >0 by the boundedness of E.

2.2. Sets of finite perimeter and anisotropic perimeter. We briefly recall the definition of set
of finite perimeter and introduce some notions that will be used throughout the manuscript.
For a detailed discussion, we refer the reader to [4].

Let E c R? be a Borel set. The De Giorgi perimeter of E is defined as

P(E) = sup{[EdiV\I/d$: U e CHR?,R?), |¥]|e < 1},

We say that a Borel set E c R? is a set of finite perimeter if P(F) < +c0. If E c R? is a
set of finite perimeter, then its reduced boundary 9*F c R? is well defined, along with the
measure-theoretic outer unit normal vector field vg : 8* E — R?, which is a Borel measurable
map. Recall that P(E) = H!(0*E). Here and in the following, when E is a set of finite
perimeter we shall tacitly assume that E denotes a representative such that OF = cl(0*F).
Observe that if an open set E is of class C!, then the measure-theoretic outer unit normal
vector field coincides with the classical outer unit normal vector field.

Definition 2.1 (Regular strictly convex norm). Let ¢ € C*°(R?\ {0}) be a norm. We say that
@ is strictly convex if there exists a constant C' > 0 such that

Vip(v)E-€> ClEP YreS?!, € e R? such that v1E.

Remark 2.2. If ¢ is a regular strictly convex norm, then there exists a constant .J, > 0 such
that

(2.2) Vip(r)E-€ > JlE* Vre cl(Ii (81)), € € R? such that v1€.

Let E be a set of finite perimeter, and given any Borel set B c R?, we define the relative
p-perimeter of E in B as

P,(E;B) = fa*EmB o(ve) dH .

When B = R?, we simply write
(2.3) Py(E) = faE o(vr) dH.
If the set E is of class C2, the anisotropic curvature of E at a point z € E is well defined
and given by

rp(x) = dive (Vo(vp(z))).
Remark 2.3. The anisotropic curvature of E can also be expressed as

K% = div(Ve(vp)) = ke (V29)(ve) : (e ® 1) = g(vE)kE

for some function g € C*(R%\ {0}).

We recall an anisotropic version of the Gauss—Bonnet theorem for curves (see [37] for a
proof).
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Lemma 2.4. Let ¢ € O (R?~ {0}) be a regular strictly convex norm. There exists a constant
C(p) >0 such that for every bounded open set E c R? of class C? such that

[aE Kpe(VE) dH! = C(p).

2.3. Useful formulas for normal graphs. In this subsection, we examine in detail some prop-
erties of sets whose boundaries can be described as “small” graphs over the boundary of a
reference set. To this end, we recall the definition of a normal graph.

Definition 2.5. Let E c R? be an open bounded set of class C2. Let 0 < o < o, and let F c R?
be an open bounded set of class C'! such that

FAFE ccl(I,(0F)).

We say that F' is a normal graph over OF if there exists a function 1 € C*(0F,[~c,0]) such
that

(2.4) OF ={x +¢Y(z)vg(x):x € OF}.

If F' is a normal graph over OF, then most of the relevant quantities can be expressed in
terms of the height function, as shown in the following lemma.

Lemma 2.6. Let E be an open bounded set of class C?, and let F' be a normal graph over OE,
in the sense of Definition 2.5. Then,

25)  wely) - “ToED) W) + (1 + Yo W) ron)vi(ror (1)
V5 6(ror)remo))? + [(Vor) (mom(4))P

, yedF.

Moreover, we have
(2.6 Po(F) = [ o(-Vomt(@) + (1+ ¥ (@)rp(@))vp(a)) dHs.

Proof. The identity (2.5) can be found in [29].
To prove (2.6), we introduce the map ¥ : OF — JF, defined by ¥(x) := z + ¥ (z)vg(x).
Then a straightforward computation gives

VorVY =1daxe + Vopt ® vg + YVerve = (Idaxe + YBE) + Vopy ® vE.

Hence, we get

(2.7) Jo =/ (L+rp)? +[Vory P
Thus, by the area formula, together with (2.7) and (2.5), we obtain:

Po(F)= [ et at' = [ o(ve oW omalor) dit'
- [ ()T + dru)?+ [VopuP di'
= [ P (Topu(e) + (1+v(@)rp(2)vs(2)) dHl,

where in the last line we used the fact that ¢, being a norm, is 1-homogeneous. ([l

We recall the following technical lemma (for the proof, see [38, Lemma 2.2]).
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Lemma 2.7. Let E c R? be an open and bounded set of class C?. Let F c R? beA an open and
bounded set of class C* such that OF as in (2.4). Let G e C*(OF). We define G:0E — R as
G(z) =G(x +¢Y(z)vg(x)). Then

A2
- 905G M.
OF \/(1+kE)? +|0gpy|?

We next state the formula for the anisotropic curvature of a normal graph. For a proof see
[38, Remark 4.8], while in the isotropic setting we refer to [29] (see also [15, Lemma 2.5]).

(2.8) fa |00 G a3t

Lemma 2.8. Let E c R? be a set of class C3, and let F be a normal graph over OE in the
sense of Definition 2.5, with height function 1. Set V(z) =z +¢(x)vg(z) for x € OE. Then,
the anisotropic curvature of F' satisfies

n?olll:g(VFo\Il)nFo\IJ=—g(VE)831/J+n§+R0 on OF,
Ro =a(vg, kg, 0:0)0%) + b(vg, Vg, 0-0)0:(VkE) + c(vE, ¥, 0:0, kE),
where a,be C*™ and c € C*™ are smooth functions such that
b(-,0,0) = a(-,0,0) = ¢(-,0,0,-) =0,
while the function g e C*®(R?\ {0}) is as in Remark 2.3.

(2.9)

In the sequel, we shall assume that Ep ¢ R? is a bounded open set of class C™, m > 3. If
1<k<m, ac[0,1] and K,00 > 0, we set

(’l];f;() (Ep) := {E cR%*: E is bounded, 0F = {y + vp(y)ve,(y): y € dEo},
| 0Bl = (a50) < 00, |0Echaom) < K}-
The set 35];(’00 (Ep) is ieﬁned in the same way bykreplacing leElckre@ry) With |¢E Hka(an).
Given {Ey, }nen, E in (’:Iéi‘m (Ey) (respectively in ﬁlfi);o(EO))v we say that E, - F in (’:K’?;O (Eop)
(respectively in .6’;(70(‘70 (Ep)) provided g, — pp in L®(0Fy) and in C**(0Ey) (respectively

in H*(0Fy)). Interpolation inequalities are an essential tool to prove the main result of the
present paper. Thus, we explicitly recall the famous Gagliardo—Nirenberg theorem (see for
instance [42, Proposition 6.5] and [22, Proposition 4.3]).

Proposition 2.9 (Gagliardo—Nirenberg interpolation inequalities). Let j,m be integers such
that 0<j<m and 0 <r,q < +oo and let E € €}, (E) := Q}\}[OU(EO) for some M >0 and o > 0.

Then, for every covariant tensor T =T;, 4 the following “uniform” interpolation inequalities
hold

; . 0,1
(2.10) VLT | oomy < C(IVE T rom) + 1T - (08)) HTHiq(ZaE) ;

with the compatibility condition

1 1 1-
—=j+ 0(— - m) + o
p r q

for all 0 € [j/m,1) for which p€[1,+00) and where C is a constant depending only on j, m,

p, q, v and Ey, M. Moreover, if f: OF — R is a smooth function with faEfalH1 =0, the
inequality (2.10) becomes

)

18 £ .20y < C 107 £+ o) | N oy -
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Finally, if f:0F — R is any smooth function, there holds
“a]f“LP(aE) < C”amf“LT(aE) |0~ fHLq(BE)a

with the compatibility condition

1 1 1-6
—:j—1+0(——m+1)+ )
p r q
for all O € [j/m,1) for which p € [1,+00) and where the constant C is as above.
By density, these inequalities clearly extend to functions and tensors in the appropriate

Sobolev spaces.

If £ e @';’O;(Eo) for some k € N, a € [0,1] and K,o > 0, then the classical interpolation
inequality in Holder norms holds, i.e., for 0< f<a <1 and 0 <l <m <k it holds that

[+
(2.11) [£lcvsom) < Clflemaom flcdomy 0= 7=

where C depends on K, I, m, «, 3. This result follows from the Euclidean case; see for example
[40, Example 1.9].

2.4. The L?>~“distance”. To implement a minimizing movement scheme, we first need to in-
troduce a suitable notion of “distance” that will allow us to model the L?-gradient flow of the
(p-perimeter.

Let E be a bounded open set with C? boundary. For every x € I, (OF), the projection of
x onto JF is well defined:

mop(x) =x —dg(x)(vp omog)(x).

Given a set F' of finite perimeter, which is sufficiently close to E, we define the “L?- distance”
between F and F' by

(2.12) dr2(F;E):=  sup [R2 flmop(x))(xr(z) - xp(x)) d.

”fHLQ(aE)Sl

Lemma 2.10. Let E c R? be a bounded open set of class C?, and let o < op. Let F c R? be a
set of finite perimeter such that EAF c cl(Ig(8E)), and define

(2.13) ¢rp(x):= [:(XF($ +tvp(x)) —xe(x+tvp(x)))(1+tkg(x))dt, xedE.
Then,

(2.14) A(FiB) = [€rplizor  and  |FI-1B|= [ enpdn'.
Moreover, if F' is a normal graph over OF in the sense of Definition 2.5, then

.15 (B = [ i)+ )
Proof. By assumption, we have OF c CI(IU(E)E)). For any t € (-o,0), we define the map
O, : 0F - {dp =t} as

(2.16) O (y) =y +tre(y) Vy e OF.

We denote by J®; the tangential Jacobian of ®;. A straightforward computation shows that
(2.17) P (y) =1+trp(y) Vy e OF and |t|<o.

—kp(x)PdHl.
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Applying the coarea formula, equation (2.17) implies that for any function f € L?(0F), we
have:

S FEop@) (@) = xe)de = [t [ ropw) 0 ) - xe(w) 4T
(2.18) = [Tt [ F@) (e o) - xe(y + ) Jrey) dH)

= [ 1) [T Oy tve () - xely + @) T Bu(y) dt i),

Therefore, the function f € L?(9F) that realizes the sup in the definition of d 2 (F; E), when
& FE ¥ 0, is
~ §FE
I€rElr208)
Therefore, the first identity in (2.14) follows directly from (2.18), the definition of the function
£rp in (2.13), and the definition of dy2(F; E). By choosing f =1 in (2.18) we obtain the
second identity in (2.14), since in this case (2.18) becomes

|F| - E] = [: dt f{dEzt}(XF(ertVE(y))—XE(y+tVE(y)))JT‘1>t(y) dH,.

If F is a normal graph over OF, then from (2.13) we obtain:

¥ P?
(2.19) gF,E:/(; 1+I£Etdt=1/J+7HE.

Hence, combining (2.14) with (2.19), we get (2.15). O

2.5. Almost minimizers of the p-perimeter. We now recall the definition and some regularity
properties of almost minimizers of the ¢-perimeter.

Definition 2.11. Let E c R? be a set of finite perimeter. We say that E is an (wg, ro, 3)-almost
minimizer of the ¢-perimeter if there exist wy > 0, 79 > 0, 8 > 0 such that for every x € R?, the
following holds:

P,(E) < Py(G) +wor'™  for all G such that EAG € B,(x) with r < r.

It is known that if £ c R? is an (wp, 70, )-almost minimizer of the (-perimeter, then OE
is of class C1 for every 7 € [0, g), see [1], [9] and [21]. For the case where ¢ is the Euclidean
norm, see [54, Theorem 1.9]).

We will use the following lemma. The proof is similar to those in [15, Lemma 2.8] and [38,
Lemma 4.3], but we include it here for the reader’s convenience.

Lemma 2.12. Let K >0 and 0 >0, let E € C?&O‘U(Eo) with o> 0, and let F be an (wo,70,3)-

manimizer of the p-perimeter for some [ € (0, %] Given any v < min{a, g}, there exists a
constant 6y = 0o(K,wo,7y) >0 such that, if

FAEFE c cl(I5,(0F)),
then there exists a function 1 € C*V(OE) such that
OF ={x +¢Y(z)vg(z):x € OF}.

Moreover, for every e > 0, the quantity dy can be chosen also so that ‘WHCLW(E)E) <e.
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Proof. By assumption, EAF c cl(I5,(0F)), we see that for every x € OF and every n> 0, we
have Bsy.,(z) nOF #+ @. Fix € >0. We claim that for all dg € (0 , if F and F satisfy the
assumption above, then

(2.20) lve(x) —ve(y)| <e for all y e OF ncl(Bs,(z)).

We argue by contradiction. Suppose the claim is false. Then there exist € > 0 and sequences
{En}nen, {Fnfnen such that: E,, € C?&?‘U(Eo), F,, is an (wo, 70, )-minimizer of the @-perimeter,
E,AF, c cl(I5,(0F)), there exist z,, € OE,, and y, € B(xy, %) N OF,, such that

(2.21) lvE, (xn) — vE, (yn)| 2 € for all n e N.

> 100K )

Without loss of generality, up to extracting a subsequence, we may assume that z,, y, - «
as n — +oo, and that E,, - F in Qﬁi?‘;(Eo) for every o < «, while F,, - F in the Hausdorff
distance, where F'is an (wq, 79, #)-minimizer of the p-perimeter. As aresult, vg, (z,) - ve(z)
as n — +oo. Moreover, using the (wy, rg, f)-minimality of F,,, we also have vg, (y,) - ve(z),
see [9], which contradicts (2.21). The conclusion of the lemma then follows from (2.20) and a
standard regularity argument; see, for instance, [38, Lemma 4.3]. O

3. FIRST PROPERTIES OF THE SCHEME

3.1. Setting of the problem. In this section, we introduce a variational algorithm to model
the volume-preserving anisotropic mean curvature flow.

Fix h € (0,1) to be a time step discretization. Let E, F € R? be sets of finite perimeter, with
F sufficiently close to F in the Hausdorff sense. We consider the energy functional

(3.1) Fu(F,F) = Po(F) + 5 i, (F5 ),
where P, denotes the ¢—perimeter as defined in (2.3), and d2, (F; E) is defined in (2.12). Let
6 > 0, we define the admissible class
(3.2) Bs(E):={F cR*: P,(F) <o, FAE c cl(I;(OF))}.
It is straightforward to verify that the functional
Bs(E)> F+— Fn(F,E)

admits a minimizer. This basic observation allows us to define the approrimate constrained
flat flow, which forms the core of the present work.

Definition 3.1 (Approximate constrained flat flow). Let § > 0 and h > 0 be fixed positive
numbers. Let Ey € R? be a set of class C* such that |F| = 1.

Define the sequence of sets {EZ;?}MN iteratively by setting Eg 0 = Ey, and for k> 1,

RS . h,6 . h,d
E,; €argmin {fh(E, E(k;—l)h)' E e B5(E(k—1)h)? |E| = 1}7

where F}, is defined in (3.1). We define the piecewise constant interpolation in time by
(3.3) Ef’é = El}cllf for any t € [kh, (k+1)h).
We refer to the family {Eth ’6}1520 as an approximate constrained flat flow with initial datum

FEjy and time step h.

The starting point of our analysis is the following lemma, which provides an estimate of
the @-perimeter of a set F over OF in terms of the height function and the L?-distance.
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Lemma 3.2. Let K >0, 0>0 and E ¢ Qifo(Eo) for some ac€ (0,1], and assume that |E| = 1.
Then there exist constants A and d1, depending only on K, such that the following holds: if
F e Bs, (E) is such that

OF ={x+¢Y(x)vg(x):x e dFE}
with 1 € Cl(aE) and Hlﬁ”cl(aE) <91, then

(3.4 L IVort sy + PolE) € Po(F) + Adja(F: B),
where J,, is defined in (2.2).
Proof. We observe that

Vor(Vore(VE)) = Vit (VE)Vorve = kEVape(VE)TE ® TE
and consequently,

(3.5) divop(Vore(vr)) = TtVor(Vore(vE)) = kEVape(VE)TE - Th.

By using the convexity of ¢ and formula (2.2), for ¢; sufficiently small, we obtain:
J,
e((L+yYrp)ve —Vory) 2 p(vE + YrpvE) - Ve((1 +YKE)VE) - VoY + §|V8E¢|2

J,
= (Ve +YKEVE) = Vorp(VE) - Vory + 7@|V8E¢|2
(3.6)

J,
> p(vg) +YepVe(vE) - vE = Vore(VE) - Vopy + flVaEMZ

J,
=o(vE) +YrEe(VE) — Vopw(VE) - Vory + 7¢|V8Ew|2

where in the last equality we used the identity Vi(z) -z = ¢(x). Combining formulas (2.6),
(3.6), and choosing ¢; small enough, we get:

Po(F) = [ o(=Vopw+(L+vrg)vs) di'

J
(3.7) 2 /6E p(ve) + Yrpp(vE) - Vorp(vE) - Vopt dH' + f”VaETﬁH%Q(aE)
J,
> Pp(E) - C(K, ) [¢] 22 0m) + TSDHVE)EW\%(@E) - [BE Vore(ve) - Vort dH'.

Applying the divergence theorem, formula (3.5), and the Cauchy—Schwarz inequality, we
estimate the last term of the above equation:

|, Vorews)- Vot = [ divor(Vose(ve))v d!

<l divoe(Vore(ve))l 2op Yl zor) < CUE) Y] 208)-
Substituting this bound into (3.7), we obtain:

J.

(3.8) Po(F) 2 Po(E) - C(K, @)l 120m) + "2 1Vorb 1320

Moreover, for §; small enough, we have the inequality:
P> >

(3.9) EE (¢+7RE)2 <22
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Recalling that
2
(U
&2, (F;E) = f +
LFiB) = [ et

and using (3.9) together with (3.8), we finally deduce:

/‘6E|2 dH*,
J
Po(F) 2 Pyp(E) = C(K)dpa(F; B) + 2|Vl o).

Let £ cR? and o > 0. For every t € (-0, 0), we define
(3.10) Ey:={zeR% dg(x) <t}.

In the next lemma, we establish a minimality property of the set E. Roughly speaking, we
show that if d;2 in the definition of F} is not squared, the penalization becomes too strong,
rendering the minimization problem trivial.

Lemma 3.3. Let K >0, 0>0 and E ¢ Q%QJ(EO) for some a € (0, %] and such that |E|=1. Let
Bs(E) be the class defined in (3.2), and define the functional J : Bs(E) - R by

J(A) = Py(A)+ N'dp2 (4 E) +[|A] - 1].
Then there exist constants dy = 02(A, K) and A" = N'(K) such that

{E} = argmin J(A).
A6852 (E)

Proof. For every 62 > 0, by applying the direct method in the calculus of variations, one can
immediately show the existence of a set A,, € Bs(E) that minimizes the functional J. Our
goal is to prove that A,, = E. We proceed in three steps.

Step 1: There exist constants A’ = A’(K) and §’ = §'(K) such that

{E} = argmin {J (E;): t e [-0",6']},

where E} is defined in (3.10).
Using formulas (2.6) and (2.14), we obtain

1
2 3
j(Et):faEgp(uE)(lthnE)d’Hl+A’|t|(/(;E 1+%/€E d’Hl) +|t|’f8E1+%mEdHl .

Therefore, for ¢’ sufficiently small and A’ sufficiently large, we have:

J(E;) > P,(E) +t| (— ‘[M kpp(ve) dH'| + %) > Py(E)=J(E) Vte[-d',0].

Step 2: Ay, is an (w, 1o, %)—almost minimizer of the y-perimeter, with rq := 2.
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Let G c R? be such that A,,AG € B,(z) for some r < ry. We define G:=Gn E,,. Then
we have A,,AG c cl(I,,(8E)). By the minimality of A,,, we obtain:

Py(Am) = Po(G) < A(dp2(G; E) = dp2(Am; EB)) + |[GAA|
sAf ) dy + [GAA,,
Ia(aE)fGOﬂ-aE(XG XA,,)dy +|G |

lg+egr
(3.11) =N LC(K)T(WBE(‘))ﬂﬁE fé() [K—CKT (XG( " tyE(‘)) N XAM(. i tl/E()))Jq)t()

+|GAA,,|
< N'f4 ] 20m) C )P + 72 < (WO(K) + 1)rt*E =@,

where fe is the function realizing the supremum in d2 (G; F), and in the third line we used
the fact that OF is of class C?, so there exist constants ¢, lx such that:

B, (x) c{y: mor(y) € Beyr(mop(z)) nOE, dp(y) € (Ik — cxr,lx +ckr)},

and in the third inequality, we applied the Cauchy—Schwarz inequality. Moreover, using a
standard calibration argument, we obtain:

(3.12) P,(GQ) < Py(G) + C(K)r*.
Combining this with (3.11), we get:
(3.13) Py(Ap) < Po(G) +wr'* for all G: GAA,, € By(z), z € R%, r < 1.

Step 3: A, = E.

Let 01 be the constant depending on K given by Lemma 3.2. Applying Proposition 2.12,
we obtain a constant oy = do(K,w,d1) such that if F' is an (w, o, %)—almost minimizer of the
¢-perimeter and FAE c I5, (OF), then OF coincides with the graph of a C17 function with
Cl-norm less than §;. We now define

(52 = min{éo, (51, 6,}
Therefore, by Proposition 2.12 again, we conclude that 9A,, is a normal graph over dF, i.e.,
0Ap, ={z+¢Y(z)vg(x): v € OE},

with [[¢]c1(sE) < 61. Hence, we are in a position to apply inequality (3.4), which gives

J,
7¢HV8E¢H%2(8E) +P,(E) < Py(Ap) + Adr2(Am; E)
< Py(Am) + Adp2(Am; E) + ||Ap| = 1| < Py (E)

where in the last inequality we used the minimality of A,,. From this inequality, we deduce
that Vagy =0, so ¥ must be constant. Finally, by Step 1, it follows that A,, = E. ]

Corollary 3.4. Let K >0,0>0 and E ¢ @i%ag(Eo) for some ac€ (0, 1], such that |E| = 1. Then,
for every F € Bs,(E) such that |F| =1, the following inequality holds:

(3.14) P,(E) < P,(F) + Ndy2(F; E),

where 6y and A’ are the constants given in Lemma 3.5.
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3.2. Minimizers of F}, are almost minimizers of the perimeter.

Corollary 3.5. Let K >0, 0 >0 and E € Qf (Ep) for some a € (0, ], and such that |E| = 1.
Let 6 be the constant given in Lemma 3. “)’ Let F be a minimizer of the problem

(3.15) min {7, (A, E) : A€ Bs,(E), |A] = 1}.
Then
(3.16) dp2(F; E) < 20'h,

where A’ is the constant from Lemma 3.5.
Proof. Using the minimality of F' in (3.15) and then applying the inequality in (3.14), we

obtain

(3.17) P,(F) + th 2(F;E) < Py(E) < Po(F) + N'd2(F; E).

The conclusion then follows immediately from (3.17). O

Lemma 3.6. Let K >0, 0 >0 and F ¢ Qf?éaU(Eo) for some a € (0, %], and such that |E| = 1.
Let 09 > 0 be the constant provided by Lemma 3.3. There exists a constant C1(K) > 0 such
that, for every F € Bs,(E) and every t € (—02,02), the following inequalities hold:

(3.18) Pp(Ft) < Po(F) + CL(K)|FAF],
(3.19) P,(F") < P,(F)+C1(K)|F'AF],
where Fy := FU E; and F':= Fn E,.

Proof. We prove only (3.18), as the proof of (3.19) follows by a similar argument. We begin
by observing that

(3.20) Py(Fy) = (vp,) + Po(F; Eg \ Et)
8EtﬂFc

and that

(3.21) P,(F) = fa*FmEt o(vp) + Po(F; By~ Ey).

Let ¢ > 0 be such that dg € C%(I5,,.(OF)). Let n € C=(Is,,-(0F),[0,1]) be such that
n(z) =1 for all z € I5,(OF). Define

Ti(x) = Vo(vp, o mop, (2)n(x)).
Applying the divergence theorem yields

22 [ @)= [ vee)-ve - [ Ve e mos @n@) ve().

By the 1-homogeneity of ¢, we have

VSO(VEt) "VE, = SO(Z/Et)'
Moreover, the convexity of ¢, together with the triangle inequality, implies that for all &,7 €
R?,
Ve(n) £ <p(n+8) - e(n) < e(8),
so that, by applying the same inequality to —£, we obtain

1 Vo) €

o6 "
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In particular, for all x € 9* F', it follows that
() £ Vv, o Mo, (2)) - v (2) < (v (2)).
Combining (3.20), (3.21), and (3.22), we conclude that
P,(F}) < P,(F) + C(K)|RAF|,

where
C(K):= sup [div(T})]co-

tE(f52 ,62)

n
Lemma 3.7. Let K >0, 0 >0 and E ¢ (’Z%XU(EO) for some o € (0,3] and such that |E| = 1.
Then there exist constants ¥ = 3(K) and 03 = d3(K) such that the following minimization
problems are equivalent:
(3.23) min {7, (A, E): AeBs,(E), |Al =1},
(3.24) min {F,(A4,E) +X||A|-1]: AeBs,(E)}.
Moreover, for every set F that solves (3.23) (and hence also (3.24)), there exist constants

wo, 7o > 0 depending only on K such that: F is an (wo,To, %)—almost minimizer of the -
perimeter; OF c I5,(OF); OF coincides with the graph of a function v : OE — R.

Proof. Let ¥ := C1(K) + 1, where C1(K) is the constant from Lemma 3.6. Applying Propo-
sition 2.12 with wy = ¥ + 3w, where w is the constant appearing in (3.13), we obtain a
corresponding constant oy = 0o (K, wp, ). Let dy be the constant from Lemma 3.3, and define

93 := min{do, o2 }.

To establish the equivalence between problems (3.23) and (3.24), it suffices to show that
any minimizer of (3.24) has unit measure. Let F be a solution to the problem (3.24). Arguing
by contradiction, suppose that |F|# 1. Let us first assume that |F| > 1.

Claim: F is an (wo, T, %)—almost minimizer of the yp-perimeter, where rg = %3.
Let G c R? be such that FAG € B,(z) for some 7 < rg. Define G:=Gn Es,. Let A be the
constant ofA Lemma 3.3.
Case dr2(G; E) <4A'h.
By the minimality of F' in (3.24), we have
~ 1 ~ ~ ~
(3.25) P,(F)-P,(G) < ﬁ[sz(G; E) -dp2(F; E)][dp2(G; E) +d2(F; E) ] + S|FAG|
<3N'[dp2(G; E) - d2(F; E)] + S|FAG|.
Case d;2(G; E) > 4A'h.
Note that

(3.26) 2d;2(F;E) <4Nh <d;2(G;E) — <dp2(G;E) —dp2(F; E).

d2 (G5 E)
2

Using the minimality of F, along with (3.26) and (3.14), we deduce:

(3.27)  Po(F) - Py(G) < Py(E) - Pp(G) < N'dp2(G; E) <2N'[dr2(G; E) - dp2 (F3 B) ]

Arguing as in (3.11), and combining inequalities (3.25) and (3.27), we conclude that

P,(F) < P(G) + (30 + X)r'*e,
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where @ is the constant from (3.11). Using this estimate together with (3.12), the claim
follows.
Using Lemma 2.12, we obtain the existence of a function ¢ € C17(9FE) such that

OF ={z +¢(z)vg(z):x e OF} c Is,(OF).

For each t € (-d3,03), let F; be defined as in Lemma 3.6, and choose ty € (=03, d3) such that
|Fy,| = 1. Then there exists a function v, € C°(OF) such that

8Ft0 = {.T} + ’Lﬂto(ﬁf)VE(.%'):.%' € 6E}

By construction, we have

Ui (x ).
[V () + to (@) <[ (x) +
Recalling formula (2.15), it follows that
d2,(Fyy; E) <d2,(F; E).

Using the minimality of I, the above inequality, and Lemma 3.6, we deduce

1 1
P,(F) + ﬁdiQ(F; E)+X||F| -1 < P,(Fy) + ﬁd;(Ft; E)

2
2 ( ) g(z)? for all z € OF.

<P(F)+Cl(K)||F|—1|+ d%z(Ft,E)
U
S|F| -1 < C1(K)||F| - 1|+ diz(Ft,E) diz(F E) <Ci(K)||F|-1].

(3.28)

Since ¥ > C1(K), this yields a contradlctlon unless |F|<1. To conclude that |F| = 1, it suffices
to repeat the same argument, with the only modification being that we test the minimality
of F against the set I (instead of F}) in (3.28). O

3.3. First variation of the functional. We have established 01’1/2—regu1arity properties for
minimizers of Fj, which enable us to compute the first variation of F;, at a minimizer. In
this subsection, we derive the formula for the first variation of the distance dr2(F’; E'), when
F is of class C*.

Proposition 3.8. Let E c R? be a bounded open set of class C?, and let 0 < op. Let F € B,(E)
be a set of class C* such that F' is a normal graph over OF, i.e. OF = {x+y(x)vp(z):x € OF}.
Let v e CYH(OE), and define the vector field

X (z) =v(mop(x))ve(ror(x))n(z) where ne CF(1,(0F)), n(x) =1 for all x € Iga(aE).
Let T: (~¢,¢) x R? - R? be the solution of the Cauchy problem
{%T(t,m)=X(T(t,m)) Ve R2,
T(0,z)=x VaxeR2
Let f € L*(OF) be the function realizing the supremum in the definition of di2(F; E), namely,

a2(F5E) = [, F(ron()) (xr(@) - X)) da.
Then,

d

(3.29) -

@2 (Tt F); B)ieo = 212 (FiB) [ f(mam(y)o(y) di,
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Proof. Let F, :="Y(t,F'). We first observe that, for ¢ sufficiently small, there exists a function
Yy € C1(OE) such that

OF; = {z + Y (z)vp(z):x e OE},

and moreover |1y —1[c — 0 as t - 0. By using the definition of {f g, applied with F; in place
of F and using (2.15), we find

do(FaB) = [ [€r,p()PdH.

Since |y —||ec = 0 as t = 0, it follows that £m, g = £p g in L™ as t — 0. Moreover, by [41,
Proposition 17.8], we have

1 _ 1 0 /12
(3.30) %E%t(/ﬂgod:r ngodx)—[aFgovd’H , for all p € C”(R?).

Recalling the definition of ®; from (2.16), and using (2.13), we have
§r.e(x) = [U (xr (2 + tvp(2)) - xe(2 + tve(2))) Jr s () ds,

where J;®,(z) =1+ skg(x). Therefore,

Jop|r. el dH' - [op|ér el dH!

t
_ Jorér.e(r.p+ErE) dH - [opérEe(&r B+ EpE) dH!
t
— 5 [ rpemn)@) ([ (ot svp(@)) - Xl s svp() T2 (0)ds ) i
1

- Z ﬂa(aE)(gFtrE +§F:E) CToE (XFt _XF)d.T

Combining this identity with (3.30), we obtain (3.29). O

We state the formula for the first variation of the p-perimeter. We omit the proof, since it
is classical and can be found in many standard textbooks.

Proposition 3.9. Let E c R? be a bounded open set of class C?, and let ¢ < op. Let n €
CZ(I,(OE)) be such that n(x) =1 for all x € Is [(OE). Given v e C'(JE), define the vector
4

field
X(2) = v(mop(x))ve(roe(x))n(z).
Let Y : (=¢,¢) x R? = R? be the solution of the Cauchy problem

%T(t,x) =X(Y(t,z)), e R?
T(0,z) =z, |

Then,

i _ : 1 _ (] 1
dtP@(T(t,E))\t:g = faEv div,(Ve(vg))dH = /{;}E vk dH".
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4. THE FIRST TIME STEP: REGULARITY ESTIMATE

We begin this section with the following technical lemma, which will be useful several times
later on.
Lemma 4.1. Let K >0, 09 >0 and E € QiaUO(EO) be such that |E| = 1. Then there exist

constants o,C depending only on K such that the following holds: if F ¢ R? with OF =
{z +¢(z)vp(x):z e OE} for some function |¢|c1(opy < o with |[F| =1, then

1
(4.1) E”%EW\LQ(BE) <|0oérElL2(08) < CllOorY|2oE)

where {p i is defined as in Lemma 2.10.

Proof. By Lemma 2.10, we have (g =1 + %fo g. For o sufficiently small, we obtain

¥’ UAPERY:
(4.2) 5 <0+ hE) =€ p
Computing the tangential gradient of {r g, we find that

2
(4.3) DoEér E = Oapy + VEEOapY + %aaEﬁE-

Since |E| = |F|, we have [, &rpdH" =0 (see formula (2.14)). Therefore, using (4.2), (4.3),
and the Holder inequality, we obtain

g
100ESFrElL20E) < (1 +0K) 0o | 1208 + NG I€r,Ell L2 (0m)
(4.4)

oCh
<(1+0K)|0opY| 208 + —= |00EEF,E 12(0E),
V2
where in the last inequality we used the Poincaré inequality:

I€rEl 2208y < C1100EEFEl 12 (0E)-
Taking o small enough in (4.4), we obtain
(4.5) 100 ESF,E
From (4.3) and using the Sobolev embedding together with the Holder inequality, we get

l208) < ClOaEY | L2(oE)-

1
\20E) * 1906Y | 12(08) K 9]l + §||58EF6E I 220m) 17 | L2 (0m)
2208y + 0K 9aY | 2(0m) + 0C (K)€rE] L2 (0E)
\22(08) + 0K 0o 12(aE) + oC(K)C1|0sEEF,E

where the second inequality uses (4.2), and the third uses the Poincaré inequality. Taking o
small enough in (4.6), we get

100EY | L2(oE) < |00EEF R
(4.6)

< |OaEér,E

< |0orér,E |L2(0E)

1
(4.7) ol 1008 1208) < |00EEF E L2 (0E)-

Combining (4.5) and (4.7) yields the desired formula, i.e., (4.1). O

The following theorem provides one of the key ingredients for proving the convergence of the
discrete scheme. Its proof involves several delicate estimates and relies on the Euler—Lagrange
equation.
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Theorem 4.2. Let K > 0, g9 > 0 be fixed, and let 5§ beA the constant given by Lemma 3.7.
Then there exist constants 04 = d4(K), 01 = 01(K), h = h(K) and K = C(K), such that the
following holds. Fiz 0 < h < h and let E c R? be of class C* abd such that E € YJ%UO (Ep), with
|E| =1, and assume that
(4.8) |kelL=(om) + |100ekE] L2 (08) + VRIO3EEE] 12(08) < K.
Let F' be a minimizer of

min {F, (A, E): Ae B, (E), |A|=1}.
Then, OF € I5,(0FE) and OF coincides with the graph of a smooth function v : OE — R
satisfying
(4.9) disty(OF,0F) = ¢ = (apy < Kb, 0052 r2(om) < K.

Moreover,

||8(29E1/}||L2(6E) + Hag qu ) < IA{
(4.10) — s losvlizen < K
l&rl L ory + |0rKEF | L2(aF) + \/EH(?%FKFHL?((?F) <K.

Finally, F € '6%,01(&))'

Proof. We divide the proof into several steps.
Step 1: The Euler—Lagrange equation and first consequences.

Fix 1 > 0, to be chosen later. By Lemmas 2.12 and 3.7, there exist §4 < d3 and a function
Y e CH(OF) with 1Yl c1om) € n and such that

OF ={x +¢Y(z)vg(z):x € OF}.
Using the minimality of F', we have P,(F') < P,(E). Therefore, by (3.4), it follows that

J,
(4.11) T@H@@DH%?@E) <Adp2(F; E),

where A is the constant from Lemma 3.2. From formulas (2.15), (3.9) and (3.16), we obtain

1
ﬁWHm(aE) <d2(F;E) <2A'h,

where A’ is the constant appearing in (3.16). Combining (3.16), (4.11), and the Sobolev
embedding, we find that

I¥lleo < C(K)(W||L2(6E) + Haerm(aE))
(4.12) < C(K)(dp2(F; E) + dp2 (F; E)?) < C(K) (h +Vh)

< C(K)Vh.

By (4.12), for h sufficiently small we have 8F € I5, (OE), so that F satisfies the Euler-Lagrange
equation:
dr2(F; E)

(4.13) n?(y) + ;

fomer(y) =Ap for all y € OF,



VOLUME-PRESERVING ANISOTROPIC MEAN CURVATURE FLOW IN 2D 21

where f € L2(OF) realizes the supremum in the definition of d;»(F; E), and Ap is a Lagrange
multiplier. Since F is a normal graph over OF, using (2.19), we can rewrite (4.13) using (2.19)
as

2
W(z) + Y(z) kp(x)
W p(p() ¢

Since the anisotropy is smooth and uniformly convex, classical elliptic regularity theory implies
that ¢ € C*, and hence F is as regular as E. Integrating (4.13), we obtain

=Arp forallzedFE.

dy2(F; E)
© 1 L ) 1
1) ArP,(F) < faF Rpo(ve) dmt + L0, faE |F|1J 0] dH
<cp+ C(K, )| fl2op) 1T | 208y < C(K, ¢),
where

V:9F - OF, U(x):=z+Y(x)ve(z),
and we used | f|lr29m) < 1, [J¥]12(95) < C(K) and the anisotropic Gauss-Bonnet theorem
(Lemma 2.4). Using (2.1) and the isoperimetric inequality,

P(F) _ P,(F)

[SIE

1=|F|2 < < ,
2T T mp2y/T
where m,, is defined as in (2.1). Combining this with (4.14), we deduce that
C(K,¢)
(4.15) Ap < ———=<CO(K,p).
By (F)

Using formulas (2.19), (2.15), and (2.9), the Euler-Lagrange equation on OE becomes
Y() +

(4.16) h = k%0 U(x) + A\p = g(vp(2)02¢(z) - k5 () - Ro(x) + Ap,
where
(417) RO = CL(VE, ¢HE, 877/))83¢ + b(yE7¢KE)8T¢)aT(1/N{E) + C(VE7¢5 87'1;0) K’E)'

We recall that Cy = sup,cs1 g(1) 2 inf, 51 (1) = ¢g > 0. By (4.15) and (4.16), we obtain

2
I+ Y52 | 120
(4.18) cg| 2] 2 0m) < Collkpl r2(0m) + | Rol2(om) + D =
<C(K)+|Rolr208),

where we used the estimate

< O(K)h.

w?
dp2(FiE) = Hw + - KE
2 L2(0F)

We now estimate Ry. For n = n(K) small enough, we have |a(vg,vrp,8;¢)]e < F. By

formula (4.12), we have [9] e < C(K)\/h. Using that |[¢|c1 <7 and a, b, ¢ € C*°, we obtain

c
la(ve, vrE, 0:0)020 | 12(om) < §g||331!1||L2(aE),

Ib(ve, Vg, 0-9)0- (VEE) + c(VE, ¥, 0:, kE) | 12(08) < C(K).
Plugging this into (4.18), we conclude that

||az¢”L2(aE) <C(K).

(4.19)
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By the Sobolev embedding theorem,
||¢HH2(6E) <C(K) = ||¢HW1»°°(6E) <C(K).

We now estimate the second derivative of ¥ in L.
By (4.16), (4.15) and (4.12), we obtain

[ + Y22 | oo
eg|020 1oy < T 4 Gyl oy + | Bol1=(om) + Ar
L )
S Vh

(4.20)

C
+C(K)+ gg”aziﬁ”m(ama

where we used (4.19) and

| Roll = (am)

C
< §QH831/1||L°°(8E) + b 2o (0 10- (VEE) [ L= (0E) + el L= (o)

C
< gg 1024 o= oy + CE) [0 | = (om) | 67 | L= (05 + €] Lo (0 |0- KB | L= (0 | + C ()

< %guazwuoo +C(K)[C(K) + C(K)\/ﬁc\(/%{)] +C(K) < %H@?w\lm +C(K).

We conclude from (4.20) that

C(K)

Vi

To summarize, in Step 1 we established the following estimate: there exists a constant C' =
C(K) such that

(4.21) |04 ]o0 <

1 1
(4.22) E”wHLQ((‘)E) + ﬁ”aﬂ/fum(a];) + 020 12 oy + VRIOZY| 1= o) < C(K).

Step 2: Improving the bounds. We claim that
(4.23) 1024 1208y < C(K)Vh, 1024 12(om) < C(K).

To establish this, we multiply equation (4.16) by 0% and integrate over OF, obtaining

4 2 4
won) [ YO gmitote= [ TEEEL [ gy [ (<R an)o!

For the left-hand side, integration by parts and the Cauchy—Schwarz inequality yield

84 82 2
s 8E9(VE)azwa3¢: s Ja f o) @07+ [ 0rglum)otuots

|8 1/’| (K, ») 6E|ar¢|
Thus, for A small enough, inequality (4.24) becomes

Lorolozel | 2. [ VRpdfY 4 "
4.25 — - — T _ O — f RpO=).
(4.25) 2 JoE h ‘ Oyl < oE  2h op " E i o ° i
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Let € > 0 be some constant that will be chosen later. To estimate the first term on the
right-hand side of (4.25), we integrate by parts and apply Young’s inequality:

(4.26)
GRS OMy ,0r nEa% Twa%
BETRnhhd Ml

OF 2h
C(K) K) 1/12(87111)2
3 12 © 2 3 2
_gfaEmTw el +5/8E16T¢\ faE

<oc [ by« S,
oOF £

where we have used the estimates |¢[129g) < C(K)h and |07 295 < C(K)\/h. For the

second term, we estimate:

1
©ad _ © a3 3,02 . = ©|12
fBE Kpory = faE OripOrt) < €[BE o7l + € fBE 19+

C(K)
312
35[8E|8Tw| e

The last term to estimate is [, Rod%y). Tt holds that

(4.27)

(4.28) ‘ ];) . RodX

<O() + (2 wse) [ o2 + % [ iz

The proof of this inequality is somewhat lengthy and would interrupt the logical flow of the
argument, so we defer it to the appendix (see Lemma A.1).
Combining (4.25), (4.26), (4.27), and (4.28), we obtain, for ¢ and h sufficiently small,

2,12, S 3.2 C(K) 2,12, (S 3,012
POl [ 1o2gP < = [0kl (62 [ 0%0P + O(K).

Hence, by this and (4.22), we have our claim, i.e., (4.23). We observe that this claim gives

the first inequality of (4.10).

Step 3: The bound on the third derivative yields an improved estimate on the first derivative.
The goal of this step is to establish inequality (4.9). Using the Sobolev embedding, we

obtain:

disty(OF, OF) = || L= ap) < C(K)(1¥] 2208 + 10-¥ ] 12 (o) )-

Combining this with (4.22), we get:

disty (OF,0F) = [¢]| p=(ory < C(K) (h + 0,9 ] 12(0m) )-

Therefore, it remains to estimate [0;9[2(gg). Differentiating the equation (4.16) once, we
obtain:

57711 " ¢281'/{E ’iEwa‘rw

4.2
(429) h 2h h

0 (9(ve))o2Y + g(vp) 02 - 0,k% — 0-Ry  on JE.
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Multiplying this equation by 0,1, integrating over OF, using (4.23), the fact that g is smooth
and the Sobolev embedding, we obtain

10:017 2o
% <1020 120my 10: 0 | 120 + |0- K5 L2 (0m) | O | L2 (o)
+0-(9(vE)) L= om) | 079 | 12 (08) 10- ¥ | 120

|41~ o
(4.30) +10rk] 2 o) [0-0 2oy —5

[¥lz20m
+ B0, 1= oy I8 1= oy |9 |20

+[0-Roll 2 0m) 9-4 | 22 (o)
<0: ) 12(om) (C(K) + |10 Rol r2(o8) ) -

Since |07 Rol 12(9p) is bounded (see (A.2)), inequality (4.30) implies
10 r20m) < C(K)h,

which is precisely the second inequality in (4.9).
Step 4: Conclusions: The curvature estimate and F € .6%0 (Eop).
1

In this final step, we complete the proof of Theorem 4.2 by establishing the inequalities in
the second line of (4.10). We begin by noting some immediate consequences of the inequalities
in (4.9) and the first two inequalities in (4.10). From the Euler-Lagrange equation (4.13), we
immediately deduce that

||¢||L;:(8E) < (I,

1 2
|55 Lo oy < AP + T |20 + vk o 7r8EHL°o(aF) <C(K)+C(K)
To estimate the first derivative of the curvature, we differentiate the Euler—-Lagrange equation
(4.13). Recall that
_ 29+ V2R
© 2d;2(F;E)
and = = mgp(x + Y(x)vp(x)) for all z € OE. Applying (2.8) with G = f o 1y, we obtain
(4.31)
di»(F; E) di»(F; E) Oon fI?
[ Opprpl? = Lo [ 0ar(f o mop)? = - [ 99571
oF h oF h OE \/(1+kp)? +|0gpy)?
di»(F; E) 2 100591225y + 1917 (o)
< SEROK) [ joont < C(K

where in the final step we again used (4.9) and the assumption (4.8). To complete the estimate
for the derivative of the curvature, we differentiate the identity in Remark 2.3, obtaining

f

< CO(K),

Oorks = g(vr)Oorkr + Vg(vr)Vvptpkr = g(Vr)Oorkr + (Oorg) (Vi) K.

It follows that

1
o oeneP < [ lgweoekiP < [ jopsi + C(o.K) [ < O,
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where the second inequality uses the smoothness of g, and the final bound follows from
(4.31) and (4.8). To estimate the second derivative of the curvature, we differentiate the
Euler—Lagrange equation (4.13) twice, obtaining
dr2(E; F
Djpr + %&%F(]ﬁ omor) = 0.
We define & := ¢ + %QHE, so that f = m Applying the chain rule and using Lemma
2.10, we find

(4.32)

1 2
|03k 2 0 < 72 fap (1(0358) ° moulldarmarl’ +|(Dars) o Toulldsrmorl05Fmax|)

1 _ N 12
:ﬁfaE(Kac%Eg)H(aaFWaE)0781}5|2+|(86E§)H(86F778E)0778}1E||85F7FBE°7T8}3|) JrE

1
= ﬁ([l + IQ),

where I; and I, are defined in the obvious way, and where Jp f := \/(1 +Yrp)? +|0spy|?. If
we prove that |I1],|I2]| < C(k)h, then (4.10) follows. To proceed, we differentiate the identity
from Remark 2.3 twice, yielding

1

(3(%FI£F = M(@?)Fﬁﬁ - 8gFg(uF)/£F - 26p09grg(VE)OopkF).

Since g is bounded from below, the previous estimates on the curvature suffice to show that
(4.33) 105p5r 7200 < CU)(|03pKE 1 F205) + 1)-

We now estimate I1; the estimate for I5 follows by a similar argument.
Using the explicit expression for £ and (4.1), we obtain

_ 2
|| <C(K) faE (0328 P1(0ormor) o mop|* < C(K) [BE 0550 + 03 (kopt)]
(4.34) <C(K)(h+ fa 10osrel\00s vl + 103 prisl?)
<C(K)(h+C(K)h+ |0oprE]72h),
where we have used the following pointwise estimate (see [35]):
VorTog = Vg — VTgpVr ® Vi and

Vrop =1~ (vpomor) ® (vpomar) - dp(Br omor)(I +dpBr oTor) ™
= [(Ogrmor) o mhp| < C(K).

In the last inequality of (4.34), we used the Sobolev embedding and the assumption (4.8) and
(4.9), which imply:

/BE 0okl 10opY ] < |00EkEDoEY | L= (o) | O05v | 12 (08 100E K E| 12(5 )

C(K
< %\/EH(%EMW(@E) |10orkE|L208)

<C(K)h.
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Therefore, combining (4.8) and (4.34), we conclude that
|I1| < C(K)h.
Applying the same reasoning to Iy, we get
|I2| < C(K)h.

The bounds on I; and I, together with (4.32) and(4.33), conclude the proof of (4.10). Finally,
we observe that, using the Sobolev embedding, (2.11), and (4.9), (4.10), we obtain

]l < C(K)h” for some 7 > 0.

Therefore, there exists o such that F' e f)?{ al(EO)’ which concludes the proof of Theorem
4.2, ’ O

cL 4 (oE)

5. THE ITERATION PROCEDURE

In this section, we prove a crucial iteration formula. Let A e ¢}, op. (E0), for some M > 0.
’ 0
If f is a smooth function on 0A, there exists a constant C'(M) such that

1
(5.1) ||f‘|%°°(aA) < C(M)(ng“%%aA) + 5||88Af||%2(aA))

for every € € (0,1). Before explaining the iteration algorithm, we present a technical lemma
that supports the iterative procedure.

Lemma 5.1. Let F, E and ¢ : OE - R be as in Theorem J.2. There exists Cy = Co(K) such
that

2
5.2 1-hC, f .¢[? —hf o2 2§—h/ 0-K20.€,
(5:2) (1-hCo) [ 106+ 2n [ g2l < h [ onnine
where & == 1) + “ETW
Proof. We multiply (4.29) by 9;£ to obtain

0.2
faE % - faE DK 50,€ + faE 0, (g(vi)) 0200, + faE 9(vi) 003 — faE 8.0, Ry,

Integrating the above equation by parts once, we get
(5.3)

0,&[?
/éEl h£| = _£E87ﬂ§875+AEar(g(VE))azwaTg_[;Ear(g(VE)aTg)azw"'/;EC{)?—&RO'

We aim to estimate the following integrals:

(5.4) |, o-(atwe))ozvo,e,
(55) |, 0r(av)o.€)02,
(5.6) fa %R,

Let & > 0 be fixed (to be chosen later). We now compute 92¢, which will be used several times
in the sequel:

i 0
7€ = 02 (1 +vmp) + 872-"€E7 +0rpO-kpY + TTKJE_
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Estimate of (5.4). Since g € C?, (4.8), as well as the Cauchy-Schwarz and Young’s inequali-
ties, we obtain

(5.7) [0 (9vm))0200:6 < C(K,)10:€l32 o) + 21020 320

Estimate of (5.5).
By the Leibniz rule, we obtain

(5.8) [ 0r(o).€)020 = [ -g(ve)o202 - or(g(vi))0,£0%0.

Using the regularity of g, formula (4.8), the Cauchy—Schwarz inequality, and Young’s inequal-
ity, we deduce

| ~0r(a(vi))0r£020 < C(K,)|0:& 20, + 102002 o

Using the definition of £, the regularity of g, formulas (4.8), (4.9), (4.10), the Cauchy—Schwarz
and Young’s inequalities, as well as the Sobolev embedding, we deduce

(5.9)
f —g(l/E)82§82w f —g(uE)(a2 Y(1+Ykg) + 82/<;E— + 0O kEY + ———
8
<75 aEQ(VE)\@Z-W? + CUK)N02kE L2 (08) 1017 (0 | 070 | 120
C(K)|0-65] L= o8) [¥] L= (05) 10-¥ ]| 12(85) 1020 | L2 (o) + CE 02| L2012y 070 | 12 (01)

_§ 2 112
< 9 8E9(’/E)|8r"¢|

| 21/}|2 )82¢

h h
+ C(K)(ﬁwnm(am 1024 12 (o) + (ﬁ +1)10-€ ) 2 0m) |33¢||L2(8E))

8
< _§ aEg(yE)|872_w|2 + 25||8Z¢”%2(8E) + C(K75)”8T5”%2(8E)’

where in the first inequality, we have used the estimate |1k =) < hRC(K) < §, which
holds for h sufficiently small, and the second and third inequalities follow from Lemma 4.1.
Estimate of (5.6).

We recall the definition of Ry, as given in formula (2.9):

RO = a(VEv ¢RE7 8T¢)872-¢ + b(VE7 TZJREH aTw)a’T(w’%E) + C(VE7 7/17 87’1#7 HE)a
where a,b e C*, ¢ e C are smooth functions satisfying
b(-,0,0) =a(-,0,0) =¢(-,0,0,-) =0.

We aim to estimate c¢(vg,,0-9,kp). We recall that || p2sr) < C(K). Hence, by the
Sobolev embedding theorem, we have ||¢H01’%(8E) <C(K). Using (2.11), we get

[Wlenomy < CIEI%, 4 blidtom < CUO I om < CURR.

L3 (oE)

Recalling that ¢ is smooth and satisfies ¢(+,0,0,-) = 0, we apply the Taylor expansion of ¢. For
sufficiently small h, this yields

(5.10)  c(vp, v, 07, kp) < C(K) ¢ crom)y < eCE) |02 12 o5y + C(K, ) |0:€ | 12 (08).
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where the final inequality follows from (5.1) and Lemma 4.1. Applying the same reasoning
used in formula (5.9), and making use of (5.10), we obtain

(5.11) /8E d%ee < EC(K)Hazw”%%aE) + C(Kﬁ)HanH%?(aE)‘

Using the same argument as in formula (5.9), together with Lemma 4.1, the Cauchy—Schwarz
and Young’s inequalities, and the Sobolev embedding, we obtain

(5.12)
/6‘E 33537(7/”@)5(’/& VYEg, 0-) < C(K)Haféllmwm Har(w/‘éE)”LZ(aE)
<C(K)(102¢] 12(0my + 10:€] 120y ) (10 5B 2 (0m) 1V | Lo (0) + 1070 12(0m) )
<e| 020 T2om) + C(K, &) [0:E] T2 om)

Arguing as in formula (5.9), together with the formulas in (4.19), we obtain

[, 92¢atvs pre,0,0)0%

(5.13) < (102 r2(om) + 10:€] 120y )| a(vE, YEE, 0r) | 1o (01 |02 | 12(0m)
c
< (gg + 5)“83¢||%2(3E) + C(Ka*f)”anHi?(aE)v
where ¢, = min, 51 g(v). Combining (5.11), (5.12), and (5.13), we obtain
c
(5.14) [ o2eRy < (D« OO0y + O 0rE oy

Therefore, combining (5.3), (5.4), (5.5), (5.6), (5.7), (5.8), and (5.14), we obtain
A [o-¢P - [ 0ergoe+ O(K o)l 0612,
oB h ~ Jog F ’ L*(oE)

¢ 2,112 8 2,112
+ (L4 CUO)O2 aomy — 5 [, 9O
which, for ¢ sufficiently small, implies (5.2). ([l

5.1. Set up of the algorithm. Since we need to employ the procedure outlined at the beginning
of Section 3, we now describe how the algorithm operates in two successive steps.
For every set A c R? of class C*, we define the function

Qn(A) = |kl L=y + 109kl £2(04) + VEIO5ar Al 12(5)-

Let K >0, and let hy, K,01 be the constants given by Theorem 4.2 (i.e., the constants B,
K and 04 in Theorem 4.2). Let F € 33%(70% (Ep) be such that Qp,(F) < K and |E| = 1. Let

h < hy, and let F c R? be a minimizer of
min {fh(A,E) tAeBs, (E), |Al = 1}.
By Theorem 4.2, the set F is also of class C* and satisfies the following properties:
F e oo(E), dy(0E,0F) < Kih, Qu(F) <Ky for all he (0,h],
(5.15) OF ={x +¢Ypp(x)vp(z): x c OF},
|¢relmor < Kih, [Wrelmop) < KiVh.
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Let ho, Ko,89 be given by Theorem 4.2 (with K = K1). Let h < hy, and let G c R? be a
minimizer of

min {Fy (A, F): AeBs,(F), |Al=1}.
By Theorem 4.2, the set G is of class C* and satisfies the following properties:
G e Dk, o (F), dy(0F,0G) < Kah, Qu(G)< K, for all he (0,hs]
(5.16) G ={z +¢g,p(x)vr(z): x € OF},
IYa,Flory < Kah, [Ye,rlu2ary < KaVh.

Lemma 5.2. Let K >0, and define 03 = ~111111{61,52} where §1 and do are as above. For every
0 < 03, there exists h such that if h € (0,h] and E,F,G are as in (5.15),(5.16), then

h
(5.17) | ortarl? + S9(v)pve < 1+ Cih) [ (oostrsl

P2 Y2
for some constant Cy = C1(K), where g p =Y r + np%, ErE=YFE+KE FQ’E.

Proof. In what follows, we denote by C a generic constant depending on K. We define
KO:OE >R, ko(x)=rp(x+vpp(z)ve(z)),
and similarly
@TF:@E - R, gf;}(:c) =¢q.r(z+Yrp(z)vp(x)).
By applying Lemma 5.1 to the sets F' and G, we obtain
2

1 1-h f 2 —hf 2 2g—hf ° ,

(5.18) (1=hCo) | 10orc.rl™+3h | g(vr)ldhric,rl o JortpOortc.

where Cp = Cy(K). Finally, we define

2:

JrE = \/(1 +YpEkE)? + |00V E

Using the parallelogram identity, Lemma 2.7, Young’s inequality, and the Taylor expansion

of the function t — ﬁ, we obtain

Dok rOapéa,F
_hfa 2.9 __p [ GoEREOOESGF 4o
o COF R oréa,F . Trs H
_ 1 — _
:—hf ) —h/ — 1|9smr2 -8
(5.19) o QOB ESC,F aE(JF,E ) ek - Oopéa,F

. — 2
<-h LE 8@EH§03E5G7F +ehC LF |68F5G,F|
C —_—
voh faE 0ok 7> (Vi g + Vg + 100str.El").

To estimate the last integral, we apply (4.2), (5.1), (5.15),(5.16), Lemma 4.1, as well as the
Sobolev embedding and Poincaré inequality, and assuming h is sufficiently small compared to
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g, we have that

(5.20)
Ch X
|58EHF| (Vhp+ Vi g+ |0opvrel') dH
Ch
< _( @05 * [VE B L=(om) + HaaE'iEHLoo(aE)H%El/}FEHLm(aE) |005vr E|208))
Ch
s [ L2(aE) +€?| ]
Ch

]

< Slér el
< hCHﬁEEF,EHp(aE)-

Substituting (5.20) into (5.19), we obtain

o 2
~h faF OorkpOaréa,r < —h faE OopkpOarta,r +ehC [aF |0aréa,Fl

(5.21) 2
+hC|OorérElT208)-

Now, by differentiating the Euler-Lagrange equation (4.16), we get

o) —
(5.22) @ = —Opprt i OE.
We aim to estimate
—-h AE aaEK?aaE@.

Using (5.22), along with the Cauchy—Schwarz and Young’s inequalities, we obtain
(5.23)

_ _ — 1
~h _[ Oopkedopla,r = f 0oréF,EO0E G, F <
OF OF 2

_HaaEfFE”2 ! ] W*[ (1_L)|88E$E‘\F|2
2 L(8E) oFE oF JF,E ’

JEE

1
H@aEﬁFEHm(aE) ||88F§G’,F||%2(6F)

+[a 2+%/ (Ikevrel

< - 0optrEli20m) + 5 ||38F€GF||L2(3F)+hC(K)[ Doa.rl”

L A

< ~0ortr el ?2om) + (2 +hC(K))0aréa,rlizor),

[\)

where in the fourth inequality we used the Sobolev embedding. By combining (5.21), (5.23),
and (5.18), we obtain (5.17). O

6. PROOF OF THE MAIN THEOREM

In this section, we use the iterative estimates established previously to prove that the
approximate constrained flat flow (see Definition 3.1) converges to the classical solution of
(1.1) as h > 0.
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Theorem 6.1. There exist constants T,é,3,6 with the following property: for every § < 3,
there exists h such that Ef’é € 53% .. (Eo), i.e.,
501

OB = {a+ f1(t,2)vp, (2) 2 € DB}, | f° w3050 < Cs 17" =00 < 01,

for all t € [0,Ty] and 0 < h < h, where {Eth’é}tzo is an approximate constrained flat flow
starting from Ey.

Moreover, the functions ™ converge in L*®([0,Ty], H*(0Ey)) to a function f°, and the
associated family { E? }te[o,1p], which is characterized by

OF] = {a+ f°(t,x)vp, () : x € DBy}, EoAE] c cl(1y,(Ep))
is a classical solution of the problem (1.1) on the interval [0,Tp].

Proof. In the proof of the theorem, we will omit to explicitly mention “up to subsequences”
for the sake of brevity, except where it is strictly necessary for clarity. Let § < 3 where d3 is
the constant from Lemma 5.2, and fix 0 < 4. Let {E;:]’f}keN be an approximate constrained

flat flow starting from Fjy; see Definition 3.1. To simplify the notation, we write Ej, = EZ,’f for
k>0.
We are now in a position to apply Theorem 4.2, which yields

OFy = {z +{1(x)vg,(z):x € OEp},

11l 51 omy) < Kohs W1l a3 0E,) < Ko,

K
K 2 ¥ 0
H/{El HHl(aEl) < Ko, HaaElliEl Hl/Q(aEl) < ﬁ

(6.1)

Moreover, using the interpolation inequality (see Proposition 2.9), we obtain
(6.2) |0, %1 22 (o5 < KoVh.
Let kg € N be the largest index such that

0E) c Ig(an) VEk < k.

We set Tj := koh.
Claim 1: For every k < kg, the following holds:

Ky
(6.3) 100,55, 112008, < Ko, 103m,55, | 1208, < N

We prove (6.3) by induction. Equation (6.1) establishes the base case k = 1. Now suppose
that the claim holds for all integers up to & — 1. Applying Theorem 4.2, we deduce that

8Ek = {.%' + wk(m)VEk_l ([E) HARS 8Ek71}7
Wkl o, .y < Libh, Ykl ms@op, ) < L1

For each j > 0, define {; :={p; g, , as in (2.13). Applying Lemma 5.2, we obtain

h
2 5 ) )
fan1 00,1 51" + §Q(VEj,1)\5an_1¢j| <(1+Cyh) fanQ 1008, »E5-1]
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for every 1< j < k. Iterating this inequality and using (6.1) and (6.2), we find that

h & -
fBEk_l (|8Ek71§k|2 + Z;Q(VEj_1)|8§Ej,l¢jl2) <(1+Ch)* ! /8}30 0,611

< 62()1 thg h2
< e2C1hko 22 < 9 K2h2,

where we used the fact that hkg = Ty and that Ty is sufficiently small. Possibly increasing the
constant Lg, we conclude that

h k
(6.4) 1005, &k l7208,) + 1 > /8‘E ) 9(vE )5p,_, il < L§h*.
i=1JOE:-

Therefore, by repeating the argument from Step 4 of Theorem 4.2, we obtain the desired
estimate (6.3), completing the proof of the claim.
Claim 2: Ty > 0. By definition of kg, there exists a point zg € E}, such that

diSt(l‘[), an) > g

The set Ej, satisfies the assumptions of Lemma 3.7, and is therefore an almost minimizer
of the ¢-perimeter with a constant wg that is independent of h. Consequently, for Ej, the
density estimates are satisfied, both for the perimeter and for the volume; see [9]. Using these
density estimates together with the assumption dist(xg, Fy) > g, we deduce that

|Ep, AEp| > ¢6?,

for some constant ¢ depending on wy. Now, combining this inequality with (6.4) and the
triangle inequality, we obtain

ko k() 1 kO
c6” <|EpAEo| < 3 |EAE 1| = Y [l iom, 1) < P(Ej-1)2 . 1€ 12008, 1)
i i1 i1

1 ko 1 ko
< CyPp(Ej-1)? Zl 1€l 205;-1) € CoPp(E0)2C(Lo) Z‘i 100k, 1 &5l L2(0E,-1)
J= J=

< CQOP@(E(])%C(L())L()/CO}L = CWP@(E())%C(L(])L()TU,

where we have used the Poincaré inequality, along with the fact that P,(E;) < P,(Ey), which
follows from the minimizing movements scheme.
Claim 8: There exist constants C', o1 > 0 such that

(6.5) Eje 5‘501 (Ep) for all 0 < j < k.
Using (6.4) and the Sobolev embedding theorem, we obtain
(6.6) diStH(an,aEk) < C(LQ)hl] - k‘ < C(Lo)To for all 7, k < kg.

Recall that each E; is an almost minimizer of the p-perimeter for a constant w independent
of h. We apply Lemma 2.12 and get, for T sufficiently small, the existence of functions
fj 1 OEp — R such that

OF; ={z + fj(z)vg,(z):x € OEp}.
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Moreover, Lemma 2.12 also guarantees that | f;|c1(am,) < € for € > 0. Using the estimate
(6.3), specifically the bound H/{‘gj |1 (omsy < Ko, we deduce that | f;] msam,) < C.
Claim 4: There exists a constant L;;, > 0 such that for all 0 <1,k < ko,
(6.7) Ifi = frllLe(omy) < Liiphli — Kl
This claim follows from (6.6) and the observation that
I fi = fim1l Lo oE0) < Cl¥ill L= ok, ) = Cdisty (OE;, OFE;-1).

Combining (6.5) and (6.7), and applying the Arzela—Ascoli theorem, we conclude that there
exists a subsequence {h,, }mey such that

fn (8) = fO(t) in L®(0Ey), for a.e. t€[0,Ty] as m — +oo,
where
(6.8) f° e Lip([0,To], L (9Ey)), f* e L™([0,To], H*(9Ey)).

In what follows, we omit the dependence on the subsequence m. By Sobolev embedding, we
further obtain that )

£° € L=([0, ], C>2 (9Ey)).
We then define the family {Ef };c(0.7) by

EPAEy c I, (DEy) and OE? = {x + f*(t,x)vg, (x): = € DEy}.

Claim 5: EY is a distributional solution of equation (1.1).
We define the discrete normal velocity on 0F;, by

Vm,j : 8Ej - R, VmJ = %
Let ¥, : 0Ey — OF; be defined by

Ui(x)=x+ fj(z)vg,(x).
We recall that

T ;(x) = /(L + fi(2)k, (2))? + 0oE, fi ()2, @ € OE,.
We also define N; : 0Ey — R? as

—0oE, fi()
]-+"£Eo(x)f](x)

Nj(z) = TE, (z) + v, ().

Then, we observe that
Jr¥;

Njj= —20
| ]| 1+I€Eofj

Subclaim: The following holds:

. Jim@+1 = Lt
(6.9) Hm [V ) © W0y — 2t _2im@ ) =0 for ace. te[0,Ty],

m—+oo |ij(t)|hm

where j,(t) := [#J . Using the estimate in (6.4), we obtain

1
|10 Wil cr(amy) < Chin and |51 0 V| g1(aEy) < Clim.
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Combining these with the bound | f;| o1+ (0Ep) < €, we deduce that

1
|fj+1(x) = £ (@) < Clpjs1 0 Wi(z)| Yo € OFy and | fj1 = filloromy) < Chin.
Let G': 90Fy — R be a function such that |G| c1(gg,) < Ch? for some v. We define

v, :0Fy — R27 ‘Ilt(x) = +tI/EO(:L'),

and we recall that J.¥; = 1 +txp,. Applying the coarea formula gives:

fRQ G ooy (2) (X () - X5, (2)) do

) fan @) [: (X0 (We(2)) = x5, (We(2))) (1 + trg, () dt dH,,
(6.10) = fa . G(x) fji:)l(m)@ +trp,(z)) dt dH]

_ fan G(@)(fia1(x) = £;(2)) (1 + f5(2)kE, (x)) dHE + o(h2)

= [, G (@)

dHL +o(R2).
[N ()]

We define
(I)j,t :0F7 — RQ, (I)j,t(l‘) =T+ tl/Ej (ZL‘),
and we recall that J,®;;=1+1tx B;- We compute the same integral differently:

(6.11)
/1%2 G oo, ($)(XE]-+1 () - XE; (l‘)) dx

- fg,Ej f; G o mamy (Dj.4(2)) (X5, (256(2)) = XB,; (P14(2))) (1 + trp, (x)) dt dH,

) fan fowjﬂ(x) G omap, (Vja(2))(1+trp, (2)) dt dH,,

- fan /Owjﬂ(x) (G omop,(Vji(2)) - Gomap, (2) + G omag, () (1 + trg, () dt dH,
= [, 951 (2)G oo (o) bl o)

- [M i1 0 U5 (2)G(2) I, U5 () dHL + o(h2,).

Comparing (6.10) and (6.11) we find that for all G : 9Ey — R with |G| c1(ag.) < Chi, it holds

©12) [ 6@ 0w - PO o o),
We define

e T (e _fjm+1($)—fjm(ﬂf)]
(6:19) R e K e e

A straightforward computation shows that |G| c1(sg,) < Chy, for some € (0,1). Plugging
(6.13) into (6.12) yields (6.9).
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We now return to the claim 5. Up to now, we have established that

fix1i—Jj -
(6.14) [ fil m3oro) < Co, [ filLe(oE0) < 01, ]sz—hj < C for all j: jhpy, < Tp.

| ]| m |l L (0Ey)
Thus, combining (6.14), (6.9), and (6.8), we conclude that

. A f(t,-)

6.15 IL*(OEp)- lim V,, ; U, () = =52, forae. te[0,T
( ) ( 0) mlH-loo m,jm (t) © ]m(t)() |N(t,)| , lor a.e E[ ) 0]7
where |N(t,z)| = S 1C) | y(x) =z + fO(t,x)vg, (x) for 2 € OEy. Let | € CY(R?).

1+f6(t7x)K’E0 (1’)
Multiplying the Euler-Lagrange equation (4.16) by [, we obtain

(6.16)
Vjus1(2) 1 P2 o (x) )
‘/8Ejm Tl(iﬂ) dH, + fanm WHEjm ()l(x) dH;,
- fa 5 (9(ve;, ()35, Vjnsi(z) = kG, (2) = Ro(w) + Ag, )I(z) dH,y,
where

Mo, = kf i

. Im
Im
‘We observe that
2
lim —d)j n1(7)

1
m—+00o 8Ejm 2hm K:Ejnl (:L‘)l(:ﬁ) de

(6.17)

Vjs1 208,
< lim ”lHL‘”(RQ)” i e G

)
lim . |¥jns1l L= (om;,, ) I5E;, | L208;,,) = 0;

where we have used (6.4). From the previous claim, we also have
V)1l 208, ) < Chy,

Recalling the very definition of Ry from (2.9), we find that

(6.18) | Rollz2(o8;,,) < Chi,-

Therefore, passing to the limit as m — +oo in the equation (6.16), and using (6.17) and (6.18),
we conclude that EY is a distributional solution of (1.1) in [0,7p].
Claim 6: {E?}te[O,To] is a classical solution of (1.1).

By a classical solution of (1.1) starting from Ej, we mean a function

f € L=([0,Tp), H*(9En)) n Lip([0, To], L (9E0))

that satisfies

atf = g(VEo)a%'Of + (A(‘Ta fa vanf)7 v(%Eof) + J(.I', f7 vanf) + REO on 8E07
(6.19)

f(oa ) = 07
where A is a smooth tensor satisfying A(-,0,0) = 0, and J is a smooth function (see [44]).
By applying Gronwall’s lemma, one can show that the strong solution to (6.19) with zero
initial data is unique. Therefore, we conclude that the family {Ef }te[o,To] parametrized by
the diffeomorphisms

Oy (x)=x+ f‘s(t,x)uEO (x), xe€dEy,

constitutes a strong solution of the volume preserving anisotropic mean curvature flow. [
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7. CONVERGENCE TO THE GLOBAL SOLUTION

We begin by recalling the definition of the uniform ball condition.

Definition 7.1. A set E c R? is said to satisfy the uniform ball condition (UBC) with radius
r > 0 if, for every point x € JF, there exist points x; and z_ such that

By(z,) cR*\NE, B,(z_)cE and z € dB,(x,)ndB,(z_).
Remark 7.2. We can formulate a quantitative version of Theorem 6.1 as follows. Let Fy € R?

be a connected open set of class C* that satisfies the UBC with radius 2rg. Let 11, denote
2
the height function from Theorem 6.1, and set & =11 + %KEO. Assume that

(7.1) 100,611 £2(080) < Lo and |03, %1 ] 12(5,) < LoV

Then, there exist constants Ky = Ko(ro, Lo) and 5= 3(7“0, Kj) such that if

K
5 0
|00m0 k5, I L2 (0B < Ko and  [05p, kg, [ L2(58,) < N

then the approximate constrained flat flow {Ef ’6},520, with 6 <8 , also satisfies the UBC with
radius rg, and moreover,

K
® 2 © 0
”aaEthﬁ’{Ef,a HLQ(BE:“‘S) <Ko and ”aaEf";KEth"s “LQ(aEth"s) < ﬁ

for all t e [O,T()], where T() = T()(To,Ko).

Remark 7.3. The arguments in the proof of Theorem 6.1 imply that if an approximate con-
strained flat flow {Ef ’5}1520 starting from Ej satisfies

1o

[}
hs K ney < Ko and
OBy N g HLQ(aEt ) 0

K
HazEth";’izf*é HLQ(BEZI,J) < \/—% for all ¢ € [0,T],

then the limiting flat flow coincides with the classical solution on the time interval [0,T].

We recall that the classical solution to (1.1) with initial datum Ej exists on the interval
[0,T¢), where T, denotes the maximal existence time. In the next theorem, we show that for
every T < T, there exists §(7") such that the approximate constrained flat flow with initial
datum Ej converges to the classical solution of (1.1) on [0,7"] as h — 07.

Theorem 7.4. Let {Ey}e[0,7,) be a classical solution of (1.1) with initial datum Ey. Then, for
every T < T, there exists 5(T) such that, for all 6 € (0,6(T)], the approximate constrained
flat flow E%B, starting from Ey coincide with Ey on the interval [0,T].

Proof. Let {Et}o,r,) be the classical solution of (1.1) and fix 7' < T,. Since the classical
solution is regular on [0,7], there exist constants Ko, 09 such that

Ey € 9%, 4,(Eo) for all t € [0,T1].

This condition implies the existence of r¢ > 0 such that FE; satisfies the uniform ball condition
(UBC) with radius 7o for all ¢ € [0,T]. Let 0,Ty be the constants given in Theorem 6.1 and
Remark 7.2, and fix § <. Let kg € N be such that Ty € [hko, h(ko + 1)), and let {E,’;l’f}keN be
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an approximate constrained flat flow starting from FEjy. As established in Theorem 6.1 and
Remark 7.2, we have:

OEM = {x + ¢ (x)vp, (x): 2 € DEy},
L
100E, Y1 L2 (o E0) < 7()}% 100E0&1 ] L2 om0y < Lob, 058, %1l r2080) < LoV,

K
< K07 H82 < _O Vi e [07T0]7

© ©
10 gpok s | 2o o g | L2aEp) < NG

where Lg is as in formula (7.1) and such that
Lo
10055, [ L2(a8,) < 5 vt e[0,T7],

and Ky is defined as in (6.1). We adopt the notation EJ := E{L"S, Ej = Esl’j, and recall (3.3)

for the definition of Ef * The conclusion of the theorem follows from the next claim, together
with Remarks 7.2 and 7.3.
Claim: For every t € [0,T],

K
2 0
(7.2) H%ngiﬁf HL?(aEf) < Ko, ||aaEth"5§th ||L2(<9Eth) < ﬁ
By Theorem 6.1 and Remark 7.2, estimate (7.2) holds for all ¢ € [0,Ty]. We define
(7.3) t:=sup{s e [Ty, T]: formula (7.2) is true for all ¢ € [0, s]}.
We will show that (7.2) remains valid for all ¢ < £ + %, which implies the claim. To this end,
let k& € N be such that  — % ¢ [hk, (k +1)h). We have that E; satisfies (7.2). Hence we
apply Theorems 6.1 with Ey = E; to obtain that there exist k1 € N and ¢ > 0 (we recall that
c¢=c¢(Ky)) such that 0 <c< hky =Ty <Tp, and for all ke {k,... k+k}

OE, = {x +Yp(z)vg,_, (z):x € OE,_1}.

Using formula (6.4), we obtain

];:+k:1
2 2 2 2
||88Ek_1£kHL2(aEk71) + h Z ||88Ek_1 /llz)kHLQ(aEk71) S Ch‘ b
j=k
for some constant C. Since 0 < ¢ < hky = T}, there exists k € {k,....k+ [%J} such that

(7.4) 1008, _, &

From this and using the very definition of £, see (7.3), we have

1208, )+ ||3529E,;71¢;;HL2(3E1;_1) <Ch.
N
hk < (1) <

Note that in the minimizing movements scheme, each set F; is of class C*4, since it solves the

Euler-Lagrange equation (4.16). Moreover, E; is uniformly 02’%—regular. Let tj, = kh and
define

¥y, ()
O (ty, x) = kh .
By (7.4) and the Sobolev embedding theorem, we obtain
(7.5) [v" (t, )] <C.

ch2(9E; )
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Since ty, = kh e [t- %, t], by passing to a subsequence if necessary, we may assume

7.6 3 lim t;, = t.
(7.6) A,

From (7.5) and (7.6), it follows that

" (th,) = v(,-) in CVF as h > 0%, Ju(E, )| C.

cvd (oms) =
Therefore,
. h t
hhfgﬂ ||U (th7')||L2(3E;;_1) = ”U(t?')”LQ(BE;—S)'

Since we assumed that (7.2) holds for all ¢ < #, and since t < #, Remark 7.3 implies that the flat
flow agrees with the classical solution up to time ¢. Using (6.15) and (6.9) (with E( - %) in

place of Ey), we find that v(,-) coincides with the normal velocity V; of the classical solution
{Et} >0, and
_ Lo
1005:0(t, ) 120m2) = 100, Vel L2 (08,) = 10085, | L2081 < 5
Thus,
Ly

108, V] r2(08,_,) < 7h7

which implies
108, &kl 2 08,_.) < Loh.
Using (7.4), we also obtain
1055, Yl 2 (om,_,) < Ch < KoVh
for h small enough. Now, using the Euler equation, the above estimates, and Remark 7.2, we
conclude that

14 2 14
HaaE{LﬁEZL ”LQ((’)E{L) < K07 ”aaEfREth ”LQ(aEth) < ﬁ te [t— ?,t-i- ?]

Repeating this argument a finite number of times yields the claim. O

APPENDIX A.

In this appendix, we prove the estimates for the quantities

[8ER03§4—¢, 107 Rol 2oy
that were used in the proof of Theorem 4.2.

Lemma A.1. Let the notation and assumptions of Theorem 4.2 be in force. If we assume
(4.22), then formula (4.28) holds, that is,
c C(K)
Al [ Rtk <CU) + (Lase) [ oo e =22 [ (o2
(A1) [ oot < )+ (2 e3e) [ ot + S22 [ okl

Furthermore, if we assume (4.23), then the following estimate holds:

(A.2) 107 Ro 2oy < C(K).
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Proof. We divide the proof into two steps.
Step 1: In this step, we prove (A.1).

Recall that Ry is defined in (4.17) and consists of several terms. We begin by analyzing
the term

[, atve e, 0002002,
We integrate by parts and apply Young’s inequality to obtain
(A.3)

|, ol vrp, 0:0)0260k = - faEa<uE,wE,arw)|8i’w|2 - [ Ora(vs brp, 0,6)0k00%
[0 e [ 10%0P w2 [ 1orati, v, 0n)PI0RuP

<(Zro) [ orors S [k,

where in the first inequality we used Young’s inequality and the estimate

(A.4) la(ve, YEE, 0-) | Lo < 3
For the second inequality in (A.3), we used the identity
(A.5)

87—CL(VE,’(/1K/E,37—¢) = Z(HE7¢HE78T¢) + A(VEuwﬁEaaTw)aT(d}nE) + B(”EuwﬁE7a‘I’/¢))a72'w7

where Z, A, B € C* and we used the estimates (4.8) and (4.21).
To proceed, we analyze the integral

b, 0, 0:)0- () 020
Integrating by parts, we obtain

[aE b(vE, Vg, 0-)0- (Vi p) i = - [aE b(ve, VrE, 0:)02 (VrE)O2Y

- /a L Oeb(v, brip, 0-0)0r (V1) B2

To estimate the first term on the right-hand side, we apply the Leibniz rule and Young’s
inequality:

(A7)
faE b(ve, g, 0:0) 0% (YrE )02 = /aE b(ve, YrE, 0-)[ 02k E + 20-kpOri + 02K E |02

C(K)
3.2, A\ 9 12
<c [ ol « =2 [ 102l
C(K) s C(K), o -
+ c LE|875E| +_€ ||¢||Loo(8E) LE|aTKE|
C(K) C(K)
3.2, A\ 9 12
<e [ jopup+ SB[ oy, CU

C(K)
3./.12
SefaElaT@bl e

where we used (A.4) and (4.12). To handle the second term in (A.6), we first observe that
(A.8)

O b(ve, kg, 00) = Y (kg vkp, 0,0) + C(ve, YrE, 0-0)0-(VkE) + 20D (vp, Ykp, 0-1)),

(A.6)
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where Y, C', D e C*®. Moreover, we have the estimate
C(K

(A9)  10:0me)li=(am) = [edrt+ v0wel=(om) < O(K) VAL < C().
Using (A.8), (A.9), and (4.22), we estimate:

| [ 0rb (e i, 0r0)0 ()01 < O(K) [ 10,6, s, 0,) 0201

C(K) 212
Al < f BYP + ——= f 0 1
(A.10) e J 0l v =— [ (17ul*+1)
< sf 024))? + @
OF €

Combining (A.6), (A.7), and (A.10), we conclude that

[a b(vE, Vi, 0r)0, (Vkp) 020 < ¢ fa 10+

The final term we need to analyze is

»/QE C(VEJ/J, 87’1/}7 RE)aﬁlb

C(K)

To this end, we compute:
(A.11)

faE c(vp, b, 0.0, kg )Ofp = - faE O2P[ X (1, 0-0, k) + E(vp, 1), 0-), k) 0r1) ]

o [ ORE (0,000 k)02 + G ¥, 0 ) O
C(K)
3,12 2 2 2
35f8E|aT¢| P faE“'M" 10,0 + 10, ]

C(K)
3 112
SEfaElaTwl =

where

(A.12)
Orc(vp, ¥, 0-0,kp) = X (¢, 07, k)
+ BE(vp, 1, 0.0, k5) 00 + F (v, b, 0:4p, k0) 02 + Gy, 1, 0-h, ki) O iy

with X, E, F',G € C®. In the last inequality of (A.11) we used (4.22). By the very definition
of Ry (see (2.9)), and using (A.3), (A.4), (A.6), (A.7), (A.10) and (A.11), we obtain (A.1).
Step 2: In this step, we prove (A.2).

Using (A.5), (A.8), and (A.12), we obtain:

0-Ro = 02vpa(-, kg, 1))
+ 29[ Z(,pkE, 0,0) + A(, 0k, 0:)0- (Yrg) + B(, kg, 0:0) 02
+ 02 (k)b Yk, 0-1))
+ [V vkp,000) + C( kg, 0:0)0; (Vkp) + 029D (-, ¥kp, 0:1) |0- (k)
+ X (¢, 0.0, kp) + E(vg, ), 0:0, kg) 01
+ F(vpt, 07, kp) 02 + G(vp, ¥, 0r, kp)Or K.
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Therefore, combining this with (4.22), (4.23), and using the Sobolev embedding, we deduce
that

C(K)
Vh

10r Roll 2oy < C(K) + 0258l 1205 || L= (0) < C(K) + Vh<C(K).
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