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Abstract. In this article, we introduce a variational algorithm, in the spirit of the mini-
mizing movements scheme, to model the volume-preserving anisotropic mean curvature flow
in 2D. We show that this algorithm can be used to prove the existence of classical solutions.
Moreover, we prove that this algorithm converges to the global solution of the equation.
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1. Introduction

In recent years, the study of algorithms that model geometric flows has attracted the
interest of the mathematical community. For example, we mention the pioneering works
of Almgren, Taylor, and Wang in [2], and Luckhaus and Sturzenhecker in [39], where they
introduced a minimizing movement-type scheme that approximate the mean curvature flow.

2020 Mathematics Subject Classification. 53E10; 53E40; 49Q20; 37E35.
Key words and phrases. Geometric evolutions; variational methods; minimizing movements scheme; mean

curvature flow; anisotropic perimeter.

1



2 A. KUBIN, D. A. LA MANNA, AND E. PASQUALETTO

Another algorithm used to approximate the mean curvature flow is the thresholding scheme
introduced by Merriman, Bence, and Osher in [47]; see also [26, 28, 51, 52].

This program has also been carried out in the fractional framework: for the implementation
via a minimizing movements-type scheme, see [14] (for the asymptotic analysis of the discrete
algorithm under volume preserving, see [19]); for the thresholding scheme approach, see [10].
We also highlight recent developments on the approximation of the surface diffusion flow. A
minimizing movements-type algorithm was proposed in [12] to model it. For a rigorous proof
of the convergence of this algorithm, see [15]. In the case of anisotropic surface diffusion with
elasticity, see [38].

In this work, we introduce a new minimizing movements-type algorithm to model the
volume-preserving anisotropic mean curvature flow, which also allows us to provide a new
proof of the existence of classical solutions to the equation. We will present the algorithm in
detail after a brief introduction to the equation. We recall that a smooth family of subsets of
R2, denoted by {Et}t∈[0,T ) for some T > 0, is said to be a solution to the volume-preserving
anisotropic mean curvature flow starting from E0 if it satisfies

(1.1)

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

Vt = −κ
φ
Et
+ −∫

∂Et

κφEt
on ∂Et,

E0 initial datum,

where Vt denotes the normal velocity, kφEt
(x) is the anisotropic mean curvature at the point

x ∈ ∂Et and φ is the given anisotropy that satisfies

φ ∈ C∞ and ∇2φ(ν)ξ ⋅ ξ ≥ C ∣ξ∣2 ∀ν ∈ S1, ξ ∈ R2 such that ν�ξ.

We briefly outline the physical and mathematical motivations behind the study of (1.1). The
anisotropic mean curvature flow with volume constraint naturally arises in physical processes
involving the evolution of interfaces under anisotropic surface tension, subject to mass or
volume conservation. This flow describes the motion of an interface whose normal velocity
is proportional to its anisotropic mean curvature – a geometric quantity that measures how
the surface bends relative to a given (possibly crystalline) surface energy density. The vol-
ume constraint reflects incompressibility or mass conservation, as observed in the dynamics of
grains in polycrystalline materials, vesicle membranes, or bubbles in anisotropic fluids. Phys-
ically, such flows capture coarsening phenomena, equilibrium shapes of crystals, and interface
evolution in materials science. Foundational treatments of anisotropic surface energies and
motion by anisotropic curvature can be found in the works of Taylor [53], Gurtin [31], and
Cahn–Hoffman [11], among others. The volume-preserving nature of the flow models physical
constraints in closed systems and is closely related to theories of constrained capillarity and
incompressible multi-phase flows [6, 23]. If the initial set E0 is sufficiently regular – e.g., if
it satisfies the interior and exterior ball conditions – then the equation (1.1) admits a unique
smooth solution for a short time interval [25]. A classical result by Huisken [32] shows that,
for convex initial sets, the solution exists for all times and converges exponentially fast to a
sphere. Similarly, it follows from [25, 50] that if the initial set is sufficiently close to a local
minimizer of the isoperimetric problem, then the flow remains smooth and converges expo-
nentially fast (see also [17] for an analysis in the flat torus). However, for generic initial sets,
the equation (1.1) may develop singularities in finite time [45, 46]. In contrast to the standard
mean curvature flow, (1.1) can develop singularities even in the plane, and the boundary may
collapse in such a way that the curvature remains uniformly bounded up to the singular time,
see [24, 45, 46]. There is a significative difference between (1.1) and the mean curvature flow:
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the former is nonlocal and does not satisfy the comparison principle. As a result, we cannot
directly apply the notion of viscosity solutions to define level-set solutions using the meth-
ods introduced by Chen–Giga–Goto [13] and Evans–Spruck [27]. However, in [36], Kim and
Kwon were able to construct a viscosity solution to (1.1) in the case of star-shaped sets. An
important feature of (1.1) is that it can be formally interpreted as the L2-gradient flow of the
surface area functional. Since it also preserves volume, it may be regarded as the evolutionary
analogue of the isoperimetric problem. At the core of this idea lies the gradient flow structure
of mean curvature flow: trajectories in state space follow the path of steepest descent of the
area functional with respect to an L2-metric. This perspective, in fact, inspired De Giorgi [20]
to introduce the theory of minimizing movements for general gradient flows in metric spaces,
later developed in [5]. Given a metric d and an energy functional E, each time step of this
abstract scheme corresponds to solving the minimization problem

xk ∈ arg min{E(x) + 1
2h
d2
(x,xk−1)} ,

where h > 0 is the“length”of the discrete time step. However, the difficulty lies in the fact that
the candidate metrics for computing the gradient flow of the area functional are completely
degenerate, in the sense that the induced distance vanishes identically [43]. A natural question,
therefore, is whether one can introduce a minimizing movements-type algorithm to model the
volume-preserving anisotropic mean curvature flow. The prototype algorithm can be described
as follows: given an initial set E0 with volume 1 and a time step h > 0, the sets Ek for k ∈ N
are obtained iteratively by minimizing the functionals

(1.2) E ↦ Pφ(E) +
1

2h
d2
L2(E;Ek−1),

in the class of sets E with volume 1, and where we have denoted the anisotropic perimeter
by Pφ and the candidate approximation for the L2-metric by dL2 .

The aim of our work is to introduce a minimizing movements scheme to model the volume-
preserving anisotropic mean curvature flow. To this end, we search for a function dL2 with
the following property: given two sets E,F ⊂ R2 that are sufficiently close to each other, we
have

(1.3) dL2(F ;E) = (∫
∂E
∣ξF,E ∣

2 dH1
)

1
2
= sup
∥f∥L2(∂E)≤1

∫
∂E
f(x)ξF,E(x)dH

1
x,

where ξF,E(x), for x ∈ ∂E, is an approximation of the normal signed distance between the
boundaries ∂E and ∂F . As a second objective, we aim to introduce a flexible algorithm
– that is, one capable of modeling various geometric flows, such as surface diffusion or the
Mullins–Sekerka flow. In fact, in the definition (1.3), if we replace the space of test functions

f ∈ L2(∂E) with f ∈ H1(∂E) or f ∈ H
1
2 (∂E), then we expect that our algorithm models the

corresponding gradient flow of the area functional in the H−1 or H−
1
2 metric, respectively. In

this way, one might recover the surface diffusion flow and the Mullins–Sekerka flow. Before
presenting our algorithm, we recall the minimizing movements-type algorithm introduced by
[2, 39] for modeling motion by mean curvature. Instead of modeling the L2 distance directly,
they model the one-half squared distance 1

2d
2
L2 , as follows: given E ⊂ R2 and F ⊂ R2,

(1.4)
1
2
d2
L2(F ;E) = ∫

F∆E
dist(x, ∂E)dx,
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where dist(x, ∂E) denotes the distance of x from the boundary ∂E. The reason it mimics an
L2-metric is the following: if ∂F coincides with the normal graph of a function defined on
∂E, that is,

(1.5) ∂F = {x + ψ(x)νE(x)∶ x ∈ ∂E},

where νE denotes the outer unit normal vector, then

1
2
d2
L2(F ;E) = ∫

F∆E
dist(x, ∂E)dx = 1

2 ∫∂E
ψ2 dH1

+
1
3 ∫∂E

∣ψ∣3κE dH
1,

where κE(x) denotes the curvature at x ∈ ∂E. In any case, we observe that it is not clear
whether (1.4) can be written in the form of (1.3), and thus it can be used to model other
geometric flows as well. The algorithm introduced by Almgren, Taylor, and Wang, as well
as by Luckhaus and Sturzenhecker, has been extensively studied in the mathematical litera-
ture. In the isotropic case, that is, when φ coincides with the Euclidean norm, the volume
constraint in the minimizing movements scheme is replaced by a volume penalization. Thus,
the functional (1.2) becomes

E → Pφ(E) +
1

2h
d2
L2(E;Ek−1) +

1
√
h
∣∣E∣ − 1∣.

For this functional, the existence of flat flows (weak solution) was studied in [49], and the
consistency of the algorithm was proved in [35]. For results on the asymptotic behavior in the
plane and in the flat torus, see instead [7, 18, 30, 33, 34]. In the anisotropic case, the existence
of a flat flow (weak solution) and its asymptotic behavior in the plane were studied in [37].
However, the problem regarding the consistency of flat flow solutions was not addressed in [37].
In the case of non-smooth anisotropy, we mention [8] where the authors study the volume
preserving crystalline mean curvature flow starting from a convex set. In [16] the authors
compute explicitly the anisotropic crystalline mean curvature flow with a volume constraint
for a rectangle in the plane and on the lattice εZ2 as ε→ 0+.

The function we introduce to model the L2-distance is the following (see also (2.12)):

(1.6) dL2(F ;E) ∶= sup
∥f∥L2(∂E)≤1

∫
R2
f(π∂E(x))(χF (x) − χE(x))dx,

where π∂E denotes the projection onto ∂E. Moreover, as shown in Lemma 2.10, under
assumption (1.5), we have

d2
L2(F ;E) = ∫

∂E
∣ψ +

ψ2

2
κE ∣

2 dH1.

Recall that if we restrict the analysis to f ∈ H1(∂E) in definition (1.6), we get flat flow
solutions to the surface diffusion equation (see [15] and also [38] for surface diffusion with

elasticity). Based on these observations, we believe that if we let f ∈ H
1
2 (∂E) in (1.6), the

algorithm would converge to solutions of the Mullins–Sekerka equation.
The algorithm we implemented is described in detail in Section 3, and in particular in

Subsection 3.1, where we introduce a specific notion of flat flow. The main theorems of the
paper are Theorem 6.1 and Theorem 7.4.

In Theorem 6.1, the minimizing movements scheme introduced in Subsection 3.1 is used to
prove the existence of classical solutions to equation (1.1), starting from sufficiently regular
initial data.
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In the last result of the paper (see Theorem 7.4), we establish the consistency of the
minimizing movements algorithm – namely, the convergence of the algorithm to the classical
solution of the equation (1.1) – throughout the entire time interval where the solution exists.

2. Notation and preliminary results

In this paper, we work in the two-dimensional Euclidean space R2. We denote by ⋅ the
standard inner product in R2 and by ∣ ⋅ ∣ the corresponding Euclidean norm. For r > 0 we
define the open ball of radius r > 0 centered at x ∈ R2 by Br(x) = {y ∈ R2 ∶ ∣x − y∣ < r}. When
x = 0, we simply write Br ∶= Br(0). The unit circle is denoted by S1 ∶= ∂B1. Given any set
A ⊂ R2, we denote by cl(A) and int(A) its topological closure and interior, respectively, with
respect to the Euclidean topology. The Lebesgue measure of a Borel set A ⊂ R2 is denoted by
∣A∣, and H1 denotes the one-dimensional Hausdorff measure. The Hausdorff distance between
sets is denoted by distH. Let φ be a norm in R2. We define

(2.1) mφ ∶= inf
∣ν∣=1

φ(ν) and Mφ ∶= sup
∣ν∣=1

φ(ν).

Given a, b ∈ R2, we define the linear map a⊗ b ∶ R2 → R2 by a⊗ b(x) ∶= (x ⋅ b)a. We denote
by R2×2 the space of 2 × 2 real matrices. Given P,C ∈ R2×2, we define P ∶ C ∶= ∑2

i,j=1 pijcij .
Throughout the paper, we use the notation C(∗,⋯,∗) to indicate a generic positive constant,
which may vary from line to line, depending only on the parameters ∗,⋯,∗.

2.1. Functional spaces. Let E ⊂ R2 be a bounded set. We say that E is of class Ck if, for
every point x ∈ ∂E, there exists an open neighborhood U of x such that ∂E ∩ U coincides
with the graph of a Ck function. If E is an open bounded set of class C1, then the outer
unit normal vector to ∂E is well defined at every point x ∈ ∂E, and we denote it by νE(x).
Moreover, at each x ∈ ∂E, we define the tangent vector τE(x) as the clockwise rotation by
90○ of the outer unit normal vector νE(x). Let A ⊂ R2, and for a given δ > 0, we define

Iδ(A) ∶= {x ∈ R2
∶ dist(x,A) < δ}.

We denote by dE the signed distance function from ∂E, that is,

dE(x) ∶= {
dist(x, ∂E)
−dist(x, ∂E)

for x ∈ R2 ∖E,
for x ∈ E.

The differential of a scalar function f (respectively, a vector field X) along ∂E is denoted
by ∂τf (respectively, ∂τX). When clarification is needed, we write ∂∂Ef (respectively, ∂∂EX)
instead. The tangential gradient on ∂E, denoted by ∇τ (or ∇∂E), is defined as

∇τf ∶= ∇f − (∇f ⋅ νE)νE = (∂τf)τE .

Any vector field X ∈ C1(∂E,R2) can be extended to a C1 vector field in an open neighborhood
of ∂E; with a slight abuse of notation, we continue to denote this extension by X. The
tangential divergence of X on ∂E is defined by

divτ X ∶= divX − (∇XνE) ⋅ νE .
Note that this definition is independent of the chosen extension of X. We denote the
Laplace–Beltrami operator on ∂E by ∂2

τ . If E is of class Ck with k ≥ 2, we recall that
the curvature κE ∶ ∂E → R and the second fundamental form BE ∶ ∂E → R2×2 are given by

κE ∶= divτ νE , BE ∶= κE τE ⊗ τE .
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Finally, for an open bounded set E ⊂ R2 of class C2, we define

σE ∶=
1

2∥κE∥L∞(∂E)
.

Note that the above definition is well posed, since ∥κE∥L∞(∂E) > 0 by the boundedness of E.

2.2. Sets of finite perimeter and anisotropic perimeter. We briefly recall the definition of set
of finite perimeter and introduce some notions that will be used throughout the manuscript.
For a detailed discussion, we refer the reader to [4].

Let E ⊂ R2 be a Borel set. The De Giorgi perimeter of E is defined as

P (E) = sup{∫
E

div Ψdx∶ Ψ ∈ C1
c (R

2,R2
), ∥Ψ∥∞ ≤ 1} .

We say that a Borel set E ⊂ R2 is a set of finite perimeter if P (E) < +∞. If E ⊂ R2 is a
set of finite perimeter, then its reduced boundary ∂∗E ⊂ R2 is well defined, along with the
measure-theoretic outer unit normal vector field νE ∶ ∂

∗E → R2, which is a Borel measurable
map. Recall that P (E) = H1(∂∗E). Here and in the following, when E is a set of finite
perimeter we shall tacitly assume that E denotes a representative such that ∂E = cl(∂∗E).
Observe that if an open set E is of class C1, then the measure-theoretic outer unit normal
vector field coincides with the classical outer unit normal vector field.

Definition 2.1 (Regular strictly convex norm). Let φ ∈ C∞(R2 ∖{0}) be a norm. We say that
φ is strictly convex if there exists a constant C > 0 such that

∇
2φ(ν)ξ ⋅ ξ ≥ C ∣ξ∣2 ∀ν ∈ S1, ξ ∈ R2 such that ν�ξ.

Remark 2.2. If φ is a regular strictly convex norm, then there exists a constant Jφ > 0 such
that

(2.2) ∇
2φ(ν)ξ ⋅ ξ ≥ Jφ∣ξ∣

2
∀ν ∈ cl(I 1

4
(S

1
)), ξ ∈ R2 such that ν�ξ.

Let E be a set of finite perimeter, and given any Borel set B ⊂ R2, we define the relative
φ-perimeter of E in B as

Pφ(E;B) ∶= ∫
∂∗E∩B

φ(νE)dH
1.

When B = R2, we simply write

(2.3) Pφ(E) ∶= ∫
∂∗E

φ(νE)dH
1.

If the set E is of class C2, the anisotropic curvature of E at a point x ∈ ∂E is well defined
and given by

κφE(x) ∶= divτ(∇φ(νE(x))).

Remark 2.3. The anisotropic curvature of E can also be expressed as

κφE = div(∇φ(νE)) = κE (∇2φ)(νE) ∶ (τE ⊗ τE) = g(νE)κE

for some function g ∈ C∞(R2 ∖ {0}).

We recall an anisotropic version of the Gauss–Bonnet theorem for curves (see [37] for a
proof).
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Lemma 2.4. Let φ ∈ C∞(R2 ∖ {0}) be a regular strictly convex norm. There exists a constant
C(φ) > 0 such that for every bounded open set E ⊂ R2 of class C2 such that

∫
∂E
κφEφ(νE)dH

1
= C(φ).

2.3. Useful formulas for normal graphs. In this subsection, we examine in detail some prop-
erties of sets whose boundaries can be described as “small” graphs over the boundary of a
reference set. To this end, we recall the definition of a normal graph.

Definition 2.5. Let E ⊂ R2 be an open bounded set of class C2. Let 0 < σ ≤ σE , and let F ⊂ R2

be an open bounded set of class C1 such that

F∆E ⊂ cl(Iσ(∂E)).

We say that F is a normal graph over ∂E if there exists a function ψ ∈ C1(∂E, [−σ,σ]) such
that

(2.4) ∂F = {x + ψ(x)νE(x)∶x ∈ ∂E}.

If F is a normal graph over ∂E, then most of the relevant quantities can be expressed in
terms of the height function, as shown in the following lemma.

Lemma 2.6. Let E be an open bounded set of class C2, and let F be a normal graph over ∂E,
in the sense of Definition 2.5. Then,

(2.5) νF (y) =
−(∇∂Eψ)(π∂E(y)) + (1 + ψ(π∂E(y))κE(π∂E(y)))νE(π∂E(y))
√
(1 + ψ(π∂E(y))κE(π∂E(y)))2 + ∣(∇∂Eψ)(π∂E(y))∣2

, y ∈ ∂F.

Moreover, we have

(2.6) Pφ(F ) = ∫
∂E
φ(−∇∂Eψ(x) + (1 + ψ(x)κE(x))νE(x))dH1

x.

Proof. The identity (2.5) can be found in [29].
To prove (2.6), we introduce the map Ψ ∶ ∂E → ∂F , defined by Ψ(x) ∶= x + ψ(x)νE(x).

Then a straightforward computation gives

∇∂EΨ = Id2×2 +∇∂Eψ ⊗ νE + ψ∇∂EνE = (Id2×2 + ψBE) + ∇∂Eψ ⊗ νE .

Hence, we get

(2.7) JτΨ =
√
(1 + ψκE)2 + ∣∇∂Eψ∣2.

Thus, by the area formula, together with (2.7) and (2.5), we obtain:

Pφ(F ) = ∫
∂F
φ(νF )dH

1
= ∫Ψ(∂E)

φ(νF ○Ψ ○ π∂E ∣∂F )dH1

= ∫
∂E
φ(νF (Ψ))

√
(1 + ψκE)2 + ∣∇∂Eψ∣2 dH1

= ∫
∂E
φ(−∇∂Eψ(x) + (1 + ψ(x)κE(x))νE(x))dH1

x,

where in the last line we used the fact that φ, being a norm, is 1-homogeneous. □

We recall the following technical lemma (for the proof, see [38, Lemma 2.2]).
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Lemma 2.7. Let E ⊂ R2 be an open and bounded set of class C2. Let F ⊂ R2 be an open and
bounded set of class C1 such that ∂F as in (2.4). Let G ∈ C1(∂F ). We define Ĝ ∶ ∂E → R as

Ĝ(x) = G(x + ψ(x)νE(x)). Then

(2.8) ∫
∂F
∣∂∂FG∣

2 dH1
= ∫

∂E

∣∂∂EĜ∣
2

√
(1 + ψκE)2 + ∣∂∂Eψ∣2

dH1.

We next state the formula for the anisotropic curvature of a normal graph. For a proof see
[38, Remark 4.8], while in the isotropic setting we refer to [29] (see also [15, Lemma 2.5]).

Lemma 2.8. Let E ⊂ R2 be a set of class C3, and let F be a normal graph over ∂E in the
sense of Definition 2.5, with height function ψ. Set Ψ(x) ∶= x+ψ(x)νE(x) for x ∈ ∂E. Then,
the anisotropic curvature of F satisfies

κφF ○Ψ = g(νF ○Ψ)κF ○Ψ = −g(νE)∂2
τψ + κ

φ
E +R0 on ∂E,

R0 ∶=a(νE , ψκE , ∂τψ)∂
2
τψ + b(νE , ψκE , ∂τψ)∂τ(ψκE) + c(νE , ψ, ∂τψ,κE),

(2.9)

where a, b ∈ C∞ and c ∈ C∞ are smooth functions such that

b(⋅,0,0) = a(⋅,0,0) = c(⋅,0,0, ⋅) = 0,
while the function g ∈ C∞(R2 ∖ {0}) is as in Remark 2.3.

In the sequel, we shall assume that E0 ⊂ R2 is a bounded open set of class Cm, m ≥ 3. If
1 ≤ k ≤m, α ∈ [0,1] and K,σ0 > 0, we set

Ck,αK,σ0
(E0) ∶= {E ⊂ R2

∶ E is bounded, ∂E = {y + φE(y)νE0(y)∶ y ∈ ∂E0},

∥φE∥L∞(∂E0) ≤ σ0, ∥φE∥Ck,α(∂E0) ≤K}.

The set HkK,σ0
(E0) is defined in the same way by replacing ∥φE∥Ck,α(∂E0) with ∥φE∥Hk(∂E0).

Given {En}n∈N, E in Ck,αK,σ0
(E0) (respectively in Hk,αK,σ0

(E0)), we say that En → E in Ck,αK,σ0
(E0)

(respectively in Hk,αK,σ0
(E0)) provided φEn → φE in L∞(∂E0) and in Ck,α(∂E0) (respectively

in Hk(∂E0)). Interpolation inequalities are an essential tool to prove the main result of the
present paper. Thus, we explicitly recall the famous Gagliardo–Nirenberg theorem (see for
instance [42, Proposition 6.5] and [22, Proposition 4.3]).

Proposition 2.9 (Gagliardo–Nirenberg interpolation inequalities). Let j,m be integers such

that 0 ≤ j <m and 0 < r, q ≤ +∞ and let E ∈ C1
M,σ(E0) ∶= C

1,0
M,σ(E0) for some M > 0 and σ > 0.

Then, for every covariant tensor T = Ti1...il the following “uniform” interpolation inequalities
hold

(2.10) ∥∇
j
τT ∥Lp(∂E) ≤ C (∥∇

m
τ T ∥Lr(∂E) + ∥T ∥Lr(∂E))

θ
∥T ∥1−θLq(∂E) ,

with the compatibility condition

1
p
= j + θ(

1
r
−m) +

1 − θ
q

,

for all θ ∈ [j/m,1) for which p ∈ [1,+∞) and where C is a constant depending only on j, m,
p, q, r and E0, M . Moreover, if f ∶ ∂F → R is a smooth function with ∫∂E f dH

1 = 0, the
inequality (2.10) becomes

∥∂jτf∥Lp(∂E) ≤ C ∥∂
m
τ f∥

θ
Lr(∂E)∥f∥

1−θ
Lq(∂E) .
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Finally, if f ∶ ∂F → R is any smooth function, there holds

∥∂jτf∥Lp(∂E) ≤ C∥∂
m
τ f∥

θ
Lr(∂E)∥∂τf∥

1−θ
Lq(∂E),

with the compatibility condition

1
p
= j − 1 + θ(1

r
−m + 1) + 1 − θ

q
,

for all θ ∈ [j/m,1) for which p ∈ [1,+∞) and where the constant C is as above.
By density, these inequalities clearly extend to functions and tensors in the appropriate

Sobolev spaces.

If E ∈ Ck,αK,σ(E0) for some k ∈ N, α ∈ [0,1] and K,σ > 0, then the classical interpolation

inequality in Hölder norms holds, i.e., for 0 < β < α ≤ 1 and 0 ≤ l ≤m ≤ k it holds that

(2.11) ∥f∥Cl,β(∂E) ≤ C∥f∥
θ
Cm,α(∂E)∥f∥

1−θ
C0(∂E), θ =

l + β

m + α
,

where C depends on K, l,m,α, β. This result follows from the Euclidean case; see for example
[40, Example 1.9].

2.4. The L2-“distance”. To implement a minimizing movement scheme, we first need to in-
troduce a suitable notion of “distance” that will allow us to model the L2-gradient flow of the
φ-perimeter.

Let E be a bounded open set with C2 boundary. For every x ∈ IσE
(∂E), the projection of

x onto ∂E is well defined:

π∂E(x) = x − dE(x)(νE ○ π∂E)(x).

Given a set F of finite perimeter, which is sufficiently close to E, we define the “L2− distance”
between E and F by

(2.12) dL2(F ;E) ∶= sup
∥f∥L2(∂E)≤1

∫
R2
f(π∂E(x))(χF (x) − χE(x))dx.

Lemma 2.10. Let E ⊂ R2 be a bounded open set of class C2, and let σ ≤ σE. Let F ⊂ R2 be a
set of finite perimeter such that E∆F ⊂ cl(Iσ(∂E)), and define

(2.13) ξF,E(x) ∶= ∫
σ

−σ
(χF (x + tνE(x)) − χE(x + tνE(x)))(1 + tκE(x))dt, x ∈ ∂E.

Then,

(2.14) dL2(F ;E) = ∥ξF,E∥L2(∂E) and ∣F ∣ − ∣E∣ = ∫
∂E
ξF,E dH

1.

Moreover, if F is a normal graph over ∂E in the sense of Definition 2.5, then

(2.15) d2
L2(F ;E) = ∫

∂E
∣ψ(x) +

ψ2(x)

2
κE(x)∣

2dH1
x.

Proof. By assumption, we have ∂F ⊂ cl(Iσ(∂E)). For any t ∈ (−σ,σ), we define the map
Φt ∶ ∂E → {dE = t} as

(2.16) Φt(y) ∶= y + tνE(y) ∀y ∈ ∂E.

We denote by JτΦt the tangential Jacobian of Φt. A straightforward computation shows that

(2.17) JτΦt(y) = 1 + tκE(y) ∀y ∈ ∂E and ∣t∣ < σ.
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Applying the coarea formula, equation (2.17) implies that for any function f ∈ L2(∂E), we
have:

∫
R2
f(π∂E(x))(χF (x) − χE(x))dx = ∫

σ

−σ
dt∫

{dE=t}
f(π∂E(y))(χF (y) − χE(y))dH

1
y

= ∫

σ

−σ
dt∫

∂E
f(y)(χF (y + tνE(y)) − χE(y + tνE(y)))JτΦt(y)dH

1
y(2.18)

= ∫
∂E
f(y)∫

σ

−σ
(χF (y + tνE(y)) − χE(y + tνE(y)))JτΦt(y)dt dH

1
y.

Therefore, the function f ∈ L2(∂E) that realizes the sup in the definition of dL2(F ;E), when
ξF,E ≠ 0, is

f =
ξF,E

∥ξF,E∥L2(∂E)
.

Therefore, the first identity in (2.14) follows directly from (2.18), the definition of the function
ξF,E in (2.13), and the definition of dL2(F ;E). By choosing f = 1 in (2.18) we obtain the
second identity in (2.14), since in this case (2.18) becomes

∣F ∣ − ∣E∣ = ∫
σ

−σ
dt∫

{dE=t}
(χF (y + tνE(y)) − χE(y + tνE(y)))JτΦt(y)dH

1
y.

If F is a normal graph over ∂E, then from (2.13) we obtain:

(2.19) ξF,E = ∫
ψ

0
1 + κEt dt = ψ +

ψ2

2
κE .

Hence, combining (2.14) with (2.19), we get (2.15). □

2.5. Almost minimizers of the φ-perimeter. We now recall the definition and some regularity
properties of almost minimizers of the φ-perimeter.

Definition 2.11. Let E ⊂ R2 be a set of finite perimeter. We say that E is an (ω0, r0, β)-almost
minimizer of the φ-perimeter if there exist ω0 > 0, r0 > 0, β > 0 such that for every x ∈ R2, the
following holds:

Pφ(E) ≤ Pφ(G) + ω0r
1+β for all G such that E∆G ⋐ Br(x) with r ≤ r0.

It is known that if E ⊂ R2 is an (ω0, r0, β)-almost minimizer of the φ-perimeter, then ∂E

is of class C1,η for every η ∈ [0, β2 ); see [1], [9] and [21]. For the case where φ is the Euclidean
norm, see [54, Theorem 1.9]).

We will use the following lemma. The proof is similar to those in [15, Lemma 2.8] and [38,
Lemma 4.3], but we include it here for the reader’s convenience.

Lemma 2.12. Let K > 0 and σ > 0, let E ∈ C2,α
K,σ(E0) with α > 0, and let F be an (ω0, r0, β)-

minimizer of the φ-perimeter for some β ∈ (0, 1
2]. Given any γ < min{α, β2 }, there exists a

constant δ0 = δ0(K,ω0, γ) > 0 such that, if

F∆E ⊂ cl(Iδ0(∂E)),

then there exists a function ψ ∈ C1,γ(∂E) such that

∂F = {x + ψ(x)νE(x) ∶ x ∈ ∂E}.

Moreover, for every ε > 0, the quantity δ0 can be chosen also so that ∥ψ∥C1,γ(∂E) ≤ ε.
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Proof. By assumption, E∆F ⊂ cl(Iδ0(∂E)), we see that for every x ∈ ∂E and every η > 0, we
have Bδ0+η(x)∩∂F ≠ ∅. Fix ε > 0. We claim that for all δ0 ∈ (0, ε

100K ), if E and F satisfy the
assumption above, then

(2.20) ∣νE(x) − νF (y)∣ ≤ ε for all y ∈ ∂F ∩ cl(Bδ0(x)).

We argue by contradiction. Suppose the claim is false. Then there exist ε > 0 and sequences
{En}n∈N, {Fn}n∈N such that: En ∈ C

2,α
K,σ(E0), Fn is an (ω0, r0, β)-minimizer of the φ-perimeter,

En∆Fn ⊂ cl(Iδ0(∂E)), there exist xn ∈ ∂En and yn ∈ B(xn,
1
n) ∩ ∂Fn such that

(2.21) ∣νEn(xn) − νFn(yn)∣ ≥ ε for all n ∈ N.
Without loss of generality, up to extracting a subsequence, we may assume that xn, yn → x

as n → +∞, and that En → E in C2,α′
K,σ(E0) for every α′ < α, while Fn → F in the Hausdorff

distance, where F is an (ω0, r0, β)-minimizer of the φ-perimeter. As a result, νEn(xn) → νE(x)
as n→ +∞. Moreover, using the (ω0, r0, β)-minimality of Fn, we also have νFn(yn) → νE(x),
see [9], which contradicts (2.21). The conclusion of the lemma then follows from (2.20) and a
standard regularity argument; see, for instance, [38, Lemma 4.3]. □

3. First properties of the scheme

3.1. Setting of the problem. In this section, we introduce a variational algorithm to model
the volume-preserving anisotropic mean curvature flow.
Fix h ∈ (0,1) to be a time step discretization. Let E,F ⋐ R2 be sets of finite perimeter, with
F sufficiently close to E in the Hausdorff sense. We consider the energy functional

(3.1) Fh(F,E) ∶= Pφ(F ) +
1

2h
d2
L2(F ;E),

where Pφ denotes the φ−perimeter as defined in (2.3), and d2
L2(F ;E) is defined in (2.12). Let

δ > 0, we define the admissible class

(3.2) Bδ(E) ∶= {F ⊂ R2
∶ Pφ(F ) < ∞, F∆E ⊂ cl(Iδ(∂E))} .

It is straightforward to verify that the functional

Bδ(E) ∋ F z→ Fh(F,E)

admits a minimizer. This basic observation allows us to define the approximate constrained
flat flow, which forms the core of the present work.

Definition 3.1 (Approximate constrained flat flow). Let δ > 0 and h > 0 be fixed positive
numbers. Let E0 ⋐ R2 be a set of class C4 such that ∣E0∣ = 1.

Define the sequence of sets {Eh,δkh }k∈N iteratively by setting Eh,δ0 = E0, and for k ≥ 1,

Eh,δkh ∈ arg min{Fh(E, Eh,δ(k−1)h)∶ E ∈ Bδ(E
h,δ
(k−1)h), ∣E∣ = 1} ,

where Fh is defined in (3.1). We define the piecewise constant interpolation in time by

(3.3) Eh,δt ∶= Eh,δkh for any t ∈ [kh, (k + 1)h).

We refer to the family {Eh,δt }t≥0 as an approximate constrained flat flow with initial datum
E0 and time step h.

The starting point of our analysis is the following lemma, which provides an estimate of
the φ-perimeter of a set F over ∂E in terms of the height function and the L2−distance.
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Lemma 3.2. Let K > 0, σ > 0 and E ∈ C2,α
K,σ(E0) for some α ∈ (0, 1

2], and assume that ∣E∣ = 1.
Then there exist constants Λ and δ1, depending only on K, such that the following holds: if
F ∈ Bδ1(E) is such that

∂F = {x + ψ(x)νE(x) ∶ x ∈ ∂E}

with ψ ∈ C1(∂E) and ∥ψ∥C1(∂E) ≤ δ1, then

(3.4)
Jφ

2
∥∇∂Eψ∥

2
L2(∂E) + Pφ(E) ≤ Pφ(F ) +ΛdL2(F ;E),

where Jφ is defined in (2.2).

Proof. We observe that

∇∂E(∇∂Eφ(νE)) = ∇
2
∂Eψ(νE)∇∂EνE = κE∇

2
∂Eφ(νE)τE ⊗ τE

and consequently,

div∂E(∇∂Eφ(νE)) = Tr∇∂E(∇∂Eφ(νE)) = κE∇2
∂Eφ(νE)τE ⋅ τE .(3.5)

By using the convexity of φ and formula (2.2), for δ1 sufficiently small, we obtain:

φ((1 + ψκE)νE −∇∂Eψ) ≥ φ(νE + ψκEνE) − ∇φ((1 + ψκE)νE) ⋅ ∇∂Eψ +
Jφ

2
∣∇∂Eψ∣

2

= φ(νE + ψκEνE) − ∇∂Eφ(νE) ⋅ ∇∂Eψ +
Jφ

2
∣∇∂Eψ∣

2

≥ φ(νE) + ψκE∇φ(νE) ⋅ νE −∇∂Eφ(νE) ⋅ ∇∂Eψ +
Jφ

2
∣∇∂Eψ∣

2

= φ(νE) + ψκEφ(νE) − ∇∂Eφ(νE) ⋅ ∇∂Eψ +
Jφ

2
∣∇∂Eψ∣

2

(3.6)

where in the last equality we used the identity ∇φ(x) ⋅ x = φ(x). Combining formulas (2.6),
(3.6), and choosing δ1 small enough, we get:

Pφ(F ) = ∫
∂E
φ(−∇∂Eψ + (1 + ψκE)νE)dH1

≥ ∫
∂E
φ(νE) + ψκEφ(νE) − ∇∂Eφ(νE) ⋅ ∇∂Eψ dH

1
+
Jφ

2
∥∇∂Eψ∥

2
L2(∂E)

≥ Pφ(E) −C(K,φ)∥ψ∥L2(∂E) +
Jφ

2
∥∇∂Eψ∥

2
L2(∂E) − ∫

∂E
∇∂Eφ(νE) ⋅ ∇∂Eψ dH

1.

(3.7)

Applying the divergence theorem, formula (3.5), and the Cauchy–Schwarz inequality, we
estimate the last term of the above equation:

∫
∂E
∇∂Eφ(νE) ⋅ ∇∂Eψ dH

1
= ∫

∂E
div∂E(∇∂Eφ(νE))ψ dH1

≤ ∥div∂E(∇∂Eφ(νE))∥L2(∂E)∥ψ∥L2(∂E) ≤ C(K)∥ψ∥L2(∂E).

Substituting this bound into (3.7), we obtain:

(3.8) Pφ(F ) ≥ Pφ(E) −C(K,φ)∥ψ∥L2(∂E) +
Jφ

2
∥∇∂Eψ∥

2
L2(∂E).

Moreover, for δ1 small enough, we have the inequality:

(3.9)
ψ2

2
≤ (ψ +

ψ2

2
κE)

2
≤ 2ψ2.
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Recalling that

d2
L2(F ;E) = ∫

∂E
∣ψ +

ψ2

2
κE ∣

2 dH1,

and using (3.9) together with (3.8), we finally deduce:

Pφ(F ) ≥ Pφ(E) −C(K)dL2(F ;E) +
Jφ

2
∥∇τψ∥

2
L2(∂E).

□

Let E ⊂ R2 and σ > 0. For every t ∈ (−σ,σ), we define

(3.10) Et ∶= {x ∈ R2
∶ dE(x) ≤ t}.

In the next lemma, we establish a minimality property of the set E. Roughly speaking, we
show that if dL2 in the definition of Fh is not squared, the penalization becomes too strong,
rendering the minimization problem trivial.

Lemma 3.3. Let K > 0, σ > 0 and E ∈ C2,α
K,σ(E0) for some α ∈ (0, 1

2] and such that ∣E∣ = 1. Let

Bδ(E) be the class defined in (3.2), and define the functional J ∶ Bδ(E) → R by

J (A) ∶= Pφ(A) +Λ′dL2(A;E) + ∣∣A∣ − 1∣.

Then there exist constants δ2 = δ2(Λ,K) and Λ′ = Λ′(K) such that

{E} = argmin
A∈Bδ2(E)

J (A).

Proof. For every δ2 > 0, by applying the direct method in the calculus of variations, one can
immediately show the existence of a set Am ∈ Bδ(E) that minimizes the functional J . Our
goal is to prove that Am = E. We proceed in three steps.
Step 1: There exist constants Λ′ = Λ′(K) and δ′ = δ′(K) such that

{E} = argmin {J (Et)∶ t ∈ [−δ′, δ′]} ,

where Et is defined in (3.10).
Using formulas (2.6) and (2.14), we obtain

J (Et) = ∫
∂E
φ(νE)(1 + tκE)dH1

+Λ′∣t∣ (∫
∂E
∣1 + t

2
κE ∣

2
dH1
)

1
2

+ ∣t∣ ∣∫
∂E

1 + t
2
κE dH

1
∣ .

Therefore, for δ′ sufficiently small and Λ′ sufficiently large, we have:

J (Et) ≥ Pφ(E) + ∣t∣ (− ∣∫
∂E
κEφ(νE)dH

1
∣ +

Λ′

2
) ≥ Pφ(E) = J (E) ∀t ∈ [−δ

′, δ′].

Step 2: Am is an (ω, r0,
1
2)-almost minimizer of the φ-perimeter, with r0 ∶=

σE

2 .
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Let G ⊂ R2 be such that Am∆G ⋐ Br(x) for some r ≤ r0. We define Ĝ ∶= G ∩EσE
. Then

we have Am∆Ĝ ⊂ cl(IσE
(∂E)). By the minimality of Am, we obtain:

Pφ(Am) − Pφ(Ĝ) ≤ Λ(dL2(Ĝ;E) − dL2(Am;E)) + ∣Ĝ∆Am∣

≤ Λ∫
Iσ(∂E)

fG ○ π∂E(χĜ − χAm)dy + ∣Ĝ∆Am∣

= Λ′∫
BC(K)r(π∂E(⋅))∩∂E

fĜ(⋅)∫
lK+cKr

lK−cKr
(χĜ(⋅ + tνE(⋅)) − χAm(⋅ + tνE(⋅)))JΦt(⋅)

+ ∣Ĝ∆Am∣

≤ Λ′∥fĜ∥L2(∂E)C(K)r
1+ 1

2 + πr2
≤ (Λ′C(K) + 1)r1+ 1

2 = ω̃r1+ 1
2 ,

(3.11)

where fĜ is the function realizing the supremum in dL2(Ĝ;E), and in the third line we used

the fact that ∂E is of class C2, so there exist constants cK , lK such that:

Br(x) ⊂ {y∶ π∂E(y) ∈ BcKr(π∂E(x)) ∩ ∂E, dE(y) ∈ (lK − cKr, lK + cKr)},

and in the third inequality, we applied the Cauchy–Schwarz inequality. Moreover, using a
standard calibration argument, we obtain:

(3.12) Pφ(Ĝ) ≤ Pφ(G) + C̃(K)r
2.

Combining this with (3.11), we get:

(3.13) Pφ(Am) ≤ Pφ(G) + ωr
1+ 1

2 for all G ∶ G∆Am ⋐ Br(x), x ∈ R2, r ≤ r0.

Step 3: Am = E.
Let δ1 be the constant depending on K given by Lemma 3.2. Applying Proposition 2.12,

we obtain a constant δ0 = δ0(K,ω, δ1) such that if F is an (ω, r0,
1
2)-almost minimizer of the

φ-perimeter and F∆E ⊂ Iδ0(∂E), then ∂F coincides with the graph of a C1,γ function with
C1-norm less than δ1. We now define

δ2 ∶=min{δ0, δ1, δ
′
}.

Therefore, by Proposition 2.12 again, we conclude that ∂Am is a normal graph over ∂E, i.e.,

∂Am = {x + ψ(x)νE(x)∶ x ∈ ∂E},

with ∥ψ∥C1(∂E) ≤ δ1. Hence, we are in a position to apply inequality (3.4), which gives

Jφ

2
∥∇∂Eψ∥

2
L2(∂E) + Pφ(E) ≤ Pφ(Am) +ΛdL2(Am;E)

≤ Pφ(Am) +ΛdL2(Am;E) + ∣∣Am∣ − 1∣ ≤ Pφ(E)

where in the last inequality we used the minimality of Am. From this inequality, we deduce
that ∇∂Eψ = 0, so ψ must be constant. Finally, by Step 1, it follows that Am = E. □

Corollary 3.4. Let K > 0, σ > 0 and E ∈ C2,α
K,σ(E0) for some α ∈ (0, 1

2], such that ∣E∣ = 1. Then,
for every F ∈ Bδ2(E) such that ∣F ∣ = 1, the following inequality holds:

(3.14) Pφ(E) ≤ Pφ(F ) +Λ′dL2(F ;E),

where δ2 and Λ′ are the constants given in Lemma 3.3.
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3.2. Minimizers of Fh are almost minimizers of the perimeter.

Corollary 3.5. Let K > 0, σ > 0 and E ∈ C2,α
K,σ(E0) for some α ∈ (0, 1

2], and such that ∣E∣ = 1.
Let δ2 be the constant given in Lemma 3.3. Let F be a minimizer of the problem

(3.15) min {Fh(A,E) ∶ A ∈ Bδ2(E), ∣A∣ = 1}.
Then

(3.16) dL2(F ;E) ≤ 2Λ′h,
where Λ′ is the constant from Lemma 3.3.

Proof. Using the minimality of F in (3.15) and then applying the inequality in (3.14), we
obtain

(3.17) Pφ(F ) +
1

2h
d2
L2(F ;E) ≤ Pφ(E) ≤ Pφ(F ) +Λ′dL2(F ;E).

The conclusion then follows immediately from (3.17). □

Lemma 3.6. Let K > 0, σ > 0 and E ∈ C2,α
K,σ(E0) for some α ∈ (0, 1

2], and such that ∣E∣ = 1.
Let δ2 > 0 be the constant provided by Lemma 3.3. There exists a constant C1(K) > 0 such
that, for every F ∈ Bδ2(E) and every t ∈ (−δ2, δ2), the following inequalities hold:

Pφ(Ft) ≤ Pφ(F ) +C1(K)∣Ft∆F ∣,(3.18)

Pφ(F
t
) ≤ Pφ(F ) +C1(K)∣F

t∆F ∣,(3.19)

where Ft ∶= F ∪Et and F
t ∶= F ∩Et.

Proof. We prove only (3.18), as the proof of (3.19) follows by a similar argument. We begin
by observing that

(3.20) Pφ(Ft) = ∫
∂Et∩F c

φ(νEt) + Pφ(F ;Eσ ∖Et)

and that

(3.21) Pφ(F ) = ∫
∂∗F∩Et

φ(νF ) + Pφ(F ;Eσ ∖Et).

Let ε > 0 be such that dE ∈ C
2(Iδ2+ε(∂E)). Let η ∈ C∞c (Iδ2+ε(∂E), [0,1]) be such that

η(x) = 1 for all x ∈ Iδ2(∂E). Define

Tt(x) ∶= ∇φ(νEt ○ π∂Et(x)η(x)).

Applying the divergence theorem yields

(3.22) ∫
Et∖F

div(Tt) = ∫
∂Et∩F c

∇φ(νEt) ⋅ νEt − ∫
∂F∩Et

∇φ(νEt ○ π∂Et(x)η(x)) ⋅ νF (x).

By the 1-homogeneity of φ, we have

∇φ(νEt) ⋅ νEt = φ(νEt).

Moreover, the convexity of φ, together with the triangle inequality, implies that for all ξ, η ∈
R2,

∇φ(η) ⋅ ξ ≤ φ(η + ξ) − φ(η) ≤ φ(ξ),

so that, by applying the same inequality to −ξ, we obtain

−1 ≤ ∇φ(η) ⋅ ξ
φ(ξ)

≤ 1.
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In particular, for all x ∈ ∂∗F , it follows that

−φ(νF (x)) ≤ ∇φ(νEt ○ π∂Et(x)) ⋅ νF (x) ≤ φ(νF (x)).

Combining (3.20), (3.21), and (3.22), we conclude that

Pφ(Ft) ≤ Pφ(F ) +C(K)∣Ft∆F ∣,
where

C(K) ∶= sup
t∈(−δ2,δ2)

∥div(Tt)∥∞.

□

Lemma 3.7. Let K > 0, σ > 0 and E ∈ C2,α
K,σ(E0) for some α ∈ (0, 1

2] and such that ∣E∣ = 1.
Then there exist constants Σ = Σ(K) and δ3 = δ3(K) such that the following minimization
problems are equivalent:

min {Fh(A,E) ∶ A ∈ Bδ3(E), ∣A∣ = 1},(3.23)

min {Fh(A,E) +Σ∣∣A∣ − 1∣∶ A ∈ Bδ3(E)} .(3.24)

Moreover, for every set F that solves (3.23) (and hence also (3.24)), there exist constants
ω0, r0 > 0 depending only on K such that: F is an (ω0, r0,

1
2)-almost minimizer of the φ-

perimeter; ∂F ⊂ Iδ3(∂E); ∂F coincides with the graph of a function ψ ∶ ∂E → R.

Proof. Let Σ ∶= C1(K) + 1, where C1(K) is the constant from Lemma 3.6. Applying Propo-
sition 2.12 with ω0 = Σ + 3ω, where ω is the constant appearing in (3.13), we obtain a
corresponding constant δ0 = δ0(K,ω0, α). Let δ2 be the constant from Lemma 3.3, and define

δ3 ∶=min{δ0, δ2}.

To establish the equivalence between problems (3.23) and (3.24), it suffices to show that
any minimizer of (3.24) has unit measure. Let F be a solution to the problem (3.24). Arguing
by contradiction, suppose that ∣F ∣ /= 1. Let us first assume that ∣F ∣ > 1.
Claim: F is an (ω0, r0,

1
2)-almost minimizer of the φ-perimeter, where r0 =

δ3
2 .

Let G ⊂ R2 be such that F∆G ⋐ Br(x) for some r ≤ r0. Define Ĝ ∶= G ∩Eδ3 . Let Λ′ be the
constant of Lemma 3.3.
Case dL2(Ĝ;E) ≤ 4Λ′h.
By the minimality of F in (3.24), we have

Pφ(F ) − Pφ(Ĝ) ≤
1

2h
[dL2(Ĝ;E) − dL2(F ;E)][dL2(Ĝ;E) + dL2(F ;E)] +Σ∣F∆Ĝ∣

≤ 3Λ′[dL2(Ĝ;E) − dL2(F ;E)] +Σ∣F∆Ĝ∣.
(3.25)

Case dL2(Ĝ;E) > 4Λ′h.
Note that

(3.26) 2dL2(F ;E) ≤ 4Λ′h < dL2(Ĝ;E) Ô⇒ dL2(Ĝ;E)
2

< dL2(Ĝ;E) − dL2(F ;E).

Using the minimality of F , along with (3.26) and (3.14), we deduce:

(3.27) Pφ(F ) − Pφ(Ĝ) ≤ Pφ(E) − Pφ(Ĝ) ≤ Λ′dL2(Ĝ;E) ≤ 2Λ′[dL2(Ĝ;E) − dL2(F ;E)].
Arguing as in (3.11), and combining inequalities (3.25) and (3.27), we conclude that

Pφ(F ) ≤ Pφ(Ĝ) + (3ω̃ +Σ)r1+ 1
2 ,
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where ω̃ is the constant from (3.11). Using this estimate together with (3.12), the claim
follows.

Using Lemma 2.12, we obtain the existence of a function ψ ∈ C1,γ(∂E) such that

∂F = {x + ψ(x)νE(x)∶x ∈ ∂E} ⊂ Iδ3(∂E).

For each t ∈ (−δ3, δ3), let Ft be defined as in Lemma 3.6, and choose t0 ∈ (−δ3, δ3) such that
∣Ft0 ∣ = 1. Then there exists a function ψt0 ∈ C

0(∂E) such that

∂Ft0 = {x + ψt0(x)νE(x)∶x ∈ ∂E}.

By construction, we have

∣ψt0(x) +
ψ2
t0(x)

2
κE(x)∣

2
≤ ∣ψ(x) +

ψ2(x)

2
κE(x)∣

2 for all x ∈ ∂E.

Recalling formula (2.15), it follows that

d2
L2(Ft0 ;E) ≤ d2

L2(F ;E).
Using the minimality of F , the above inequality, and Lemma 3.6, we deduce

Pφ(F ) +
1

2h
d2
L2(F ;E) +Σ∣∣F ∣ − 1∣ ≤ Pφ(Ft) +

1
2h
d2
L2(Ft;E)

≤ Pφ(F ) +C1(K)∣∣F ∣ − 1∣ + 1
2h
d2
L2(Ft;E)

⇓

Σ∣∣F ∣ − 1∣ ≤ C1(K)∣∣F ∣ − 1∣+ 1
2h
d2
L2(Ft;E) −

1
2h
d2
L2(F ;E) ≤ C1(K)∣∣F ∣ − 1∣.

(3.28)

Since Σ > C1(K), this yields a contradiction unless ∣F ∣ ≤ 1. To conclude that ∣F ∣ = 1, it suffices
to repeat the same argument, with the only modification being that we test the minimality
of F against the set F t (instead of Ft) in (3.28). □

3.3. First variation of the functional. We have established C1,1/2-regularity properties for
minimizers of Fh, which enable us to compute the first variation of Fh at a minimizer. In
this subsection, we derive the formula for the first variation of the distance dL2(F ;E), when
F is of class C1.

Proposition 3.8. Let E ⊂ R2 be a bounded open set of class C2, and let σ ≤ σE. Let F ∈ Bσ(E)
be a set of class C1 such that F is a normal graph over ∂E, i.e. ∂F = {x+ψ(x)νE(x)∶x ∈ ∂E}.
Let υ ∈ C1(∂E), and define the vector field

X(x) ∶= υ(π∂F (x))νF (π∂F (x))η(x) where η ∈ C
∞
c (Iσ(∂E)), η(x) = 1 for all x ∈ I 3

4σ
(∂E).

Let Υ ∶ (−ε, ε) ×R2 → R2 be the solution of the Cauchy problem

⎧⎪⎪
⎨
⎪⎪⎩

∂
∂tΥ(t, x) =X(Υ(t, x)) ∀x ∈ R

2,

Υ(0, x) = x ∀x ∈ R2.

Let f ∈ L2(∂E) be the function realizing the supremum in the definition of dL2(F ;E), namely,

dL2(F ;E) = ∫
R2
f(π∂E(x))(χF (x) − χE(x))dx.

Then,

(3.29)
d

dt
d2
L2(Υ(t, F );E)∣t=0 = 2dL2(F ;E)∫

∂F
f(π∂E(y))υ(y)dH

1
y.
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Proof. Let Ft ∶= Υ(t, F ). We first observe that, for t sufficiently small, there exists a function
ψt ∈ C

1(∂E) such that

∂Ft = {x + ψt(x)νE(x)∶x ∈ ∂E},

and moreover ∥ψt−ψ∥∞ → 0 as t→ 0. By using the definition of ξF,E , applied with Ft in place
of F and using (2.15), we find

d2
L2(Ft;E) = ∫

∂E
∣ξFt,E(x)∣

2dH1
x.

Since ∥ψt − ψ∥∞ → 0 as t → 0, it follows that ξFt,E → ξF,E in L∞ as t → 0. Moreover, by [41,
Proposition 17.8], we have

(3.30) lim
t→0

1
t
(∫

Ft

φdx − ∫
F
φdx) = ∫

∂F
φυ dH1, for all φ ∈ C0

(R2
).

Recalling the definition of Φt from (2.16), and using (2.13), we have

ξFt,E(x) = ∫
σ

−σ
(χFt(x + tνE(x)) − χE(x + tνE(x)))JτΦs(x)ds,

where JτΦs(x) = 1 + sκE(x). Therefore,

∫∂E ∣ξFt,E ∣
2 dH1 − ∫∂E ∣ξF,E ∣

2 dH1

t

=
∫∂E ξFt,E(ξFt,E + ξF,E)dH

1 − ∫∂E ξF,E(ξFt,E + ξF,E)dH
1

t

=
1
t
∫
∂E
(ξFt,E + ξF,E)(x) (∫

σ

−σ
(χFt(x + sνE(x)) − χF (x + sνE(x)))JτΦs(x)ds) dH

1
x

=
1
t
∫
Iσ(∂E)

(ξFt,E + ξF,E) ○ π∂E (χFt − χF )dx.

Combining this identity with (3.30), we obtain (3.29). □

We state the formula for the first variation of the φ-perimeter. We omit the proof, since it
is classical and can be found in many standard textbooks.

Proposition 3.9. Let E ⊂ R2 be a bounded open set of class C2, and let σ ≤ σE. Let η ∈
C∞c (Iσ(∂E)) be such that η(x) = 1 for all x ∈ I 3

4σ
(∂E). Given υ ∈ C1(∂E), define the vector

field

X(x) ∶= υ(π∂E(x))νE(π∂E(x))η(x).

Let Υ ∶ (−ε, ε) ×R2 → R2 be the solution of the Cauchy problem

⎧⎪⎪
⎨
⎪⎪⎩

∂
∂tΥ(t, x) =X(Υ(t, x)),
Υ(0, x) = x,

x ∈ R2.

Then,

d

dt
Pφ(Υ(t,E))∣t=0 = ∫

∂E
υ divτ(∇φ(νE))dH1

= ∫
∂E
υκφE dH

1.
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4. The first time step: regularity estimate

We begin this section with the following technical lemma, which will be useful several times
later on.

Lemma 4.1. Let K > 0, σ0 > 0 and E ∈ C2,α
K,σ0
(E0) be such that ∣E∣ = 1. Then there exist

constants σ,C depending only on K such that the following holds: if F ⊂ R2 with ∂F =
{x + ψ(x)νE(x)∶x ∈ ∂E} for some function ∥ψ∥C1(∂E) ≤ σ with ∣F ∣ = 1, then

(4.1)
1
C
∥∂∂Eψ∥L2(∂E) ≤ ∥∂∂EξF,E∥L2(∂E) ≤ C∥∂∂Eψ∥L2(∂E)

where ξF,E is defined as in Lemma 2.10.

Proof. By Lemma 2.10, we have ξF,E = ψ +
ψ2

2 κE . For σ sufficiently small, we obtain

(4.2)
ψ2

2
≤ (ψ +

ψ2

2
κE)

2
= ξ2

E,F .

Computing the tangential gradient of ξF,E , we find that

(4.3) ∂∂EξF,E = ∂∂Eψ + ψκE∂∂Eψ +
ψ2

2
∂∂EκE .

Since ∣E∣ = ∣F ∣, we have ∫∂E ξF,E dH
1 = 0 (see formula (2.14)). Therefore, using (4.2), (4.3),

and the Hölder inequality, we obtain

∥∂∂EξF,E∥L2(∂E) ≤ (1 + σK)∥∂∂Eψ∥L2(∂E) +
σ
√

2
∥ξF,E∥L2(∂E)

≤ (1 + σK)∥∂∂Eψ∥L2(∂E) +
σC1
√

2
∥∂∂EξF,E∥L2(∂E),

(4.4)

where in the last inequality we used the Poincaré inequality:

∥ξF,E∥L2(∂E) ≤ C1∥∂∂EξF,E∥L2(∂E).

Taking σ small enough in (4.4), we obtain

(4.5) ∥∂∂EξF,E∥L2(∂E) ≤ C∥∂∂Eψ∥L2(∂E).

From (4.3) and using the Sobolev embedding together with the Hölder inequality, we get

∥∂∂Eψ∥L2(∂E) ≤ ∥∂∂EξF,E∥L2(∂E) + ∥∂∂Eψ∥L2(∂E)K∥ψ∥∞ +
1
2
∥∂∂EκE∥L2(∂E)∥ψ

2
∥L2(∂E)

≤ ∥∂∂EξF,E∥L2(∂E) + σK∥∂∂Eψ∥L2(∂E) + σC(K)∥ξF,E∥L2(∂E)

≤ ∥∂∂EξF,E∥L2(∂E) + σK∥∂∂Eψ∥L2(∂E) + σC(K)C1∥∂∂EξF,E∥L2(∂E),

(4.6)

where the second inequality uses (4.2), and the third uses the Poincaré inequality. Taking σ
small enough in (4.6), we get

(4.7)
1
C
∥∂∂Eψ∥L2(∂E) ≤ ∥∂∂EξF,E∥L2(∂E).

Combining (4.5) and (4.7) yields the desired formula, i.e., (4.1). □

The following theorem provides one of the key ingredients for proving the convergence of the
discrete scheme. Its proof involves several delicate estimates and relies on the Euler–Lagrange
equation.
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Theorem 4.2. Let K > 0, σ0 > 0 be fixed, and let δ3 be the constant given by Lemma 3.7.
Then there exist constants δ4 = δ4(K), σ1 = σ1(K), ĥ = ĥ(K) and K̂ = C(K), such that the

following holds. Fix 0 < h < ĥ and let E ⊂ R2 be of class C4 abd such that E ∈ H3
K,σ0
(E0), with

∣E∣ = 1, and assume that

(4.8) ∥κE∥L∞(∂E) + ∥∂∂EκE∥L2(∂E) +
√
h∥∂2

∂EκE∥L2(∂E) ≤K.

Let F be a minimizer of

min {Fh(A,E) ∶ A ∈ Bδ4(E), ∣A∣ = 1}.

Then, ∂F ⋐ Iδ4(∂E) and ∂F coincides with the graph of a smooth function ψ ∶ ∂E → R
satisfying

(4.9) distH(∂F, ∂E) = ∥ψ∥L∞(∂E) ≤ K̂h, ∥∂∂Eψ∥L2(∂E) ≤ K̂h.

Moreover,

∥∂2
∂Eψ∥L2(∂E)
√
h

+ ∥∂3
∂Eψ∥L2(∂E) ≤ K̂,

∥κF ∥L∞(∂F ) + ∥∂FκF ∥L2(∂F ) +
√
h∥∂2

∂FκF ∥L2(∂F ) ≤ K̂.

(4.10)

Finally, F ∈ H3
K̂,σ1
(E0).

Proof. We divide the proof into several steps.
Step 1: The Euler–Lagrange equation and first consequences.

Fix η > 0, to be chosen later. By Lemmas 2.12 and 3.7, there exist δ4 ≤ δ3 and a function
ψ ∈ C1(∂E) with ∥ψ∥C1(∂E) ≤ η and such that

∂F = {x + ψ(x)νE(x)∶x ∈ ∂E}.

Using the minimality of F , we have Pφ(F ) ≤ Pφ(E). Therefore, by (3.4), it follows that

(4.11)
Jφ

2
∥∂τψ∥

2
L2(∂E) ≤ ΛdL2(F ;E),

where Λ is the constant from Lemma 3.2. From formulas (2.15), (3.9) and (3.16), we obtain

1
√

2
∥ψ∥L2(∂E) ≤ dL2(F ;E) ≤ 2Λ′h,

where Λ′ is the constant appearing in (3.16). Combining (3.16), (4.11), and the Sobolev
embedding, we find that

∥ψ∥∞ ≤ C(K)(∥ψ∥L2(∂E) + ∥∂τψ∥L2(∂E))

≤ C(K)(dL2(F ;E) + dL2(F ;E)
1
2 ) ≤ C(K)(h +

√
h)

≤ C(K)
√
h.

(4.12)

By (4.12), for ĥ sufficiently small we have ∂F ⋐ Iδ4(∂E), so that F satisfies the Euler–Lagrange
equation:

(4.13) κφF (y) +
dL2(F ;E)

h
f ○ π∂E(y) = λF for all y ∈ ∂F,
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where f ∈ L2(∂E) realizes the supremum in the definition of dL2(F ;E), and λF is a Lagrange
multiplier. Since F is a normal graph over ∂E, using (2.19), we can rewrite (4.13) using (2.19)
as

κφF (x + ψ(x)νE(x)) +
ψ(x) +

ψ(x)2κE(x)
2

h
= λF for all x ∈ ∂E.

Since the anisotropy is smooth and uniformly convex, classical elliptic regularity theory implies
that ψ ∈ C4, and hence F is as regular as E. Integrating (4.13), we obtain

λFPφ(F ) ≤ ∫
∂F
κφFφ(νF )dH

1
+
dL2(F ;E)

h
Mφ∫

∂E
∣f ∣∣JΨ∣dH1

≤ cφ +C(K,φ)∥f∥L2(∂E)∥JΨ∥L2(∂E) ≤ C(K,φ),
(4.14)

where
Ψ ∶ ∂E → ∂F, Ψ(x) ∶= x + ψ(x)νE(x),

and we used ∥f∥L2(∂E) ≤ 1, ∥JΨ∥L2(∂E) ≤ C(K) and the anisotropic Gauss–Bonnet theorem
(Lemma 2.4). Using (2.1) and the isoperimetric inequality,

1 = ∣F ∣
1
2 ≤

P (F )

2
√
π
≤
Pφ(F )

mφ2
√
π
,

where mφ is defined as in (2.1). Combining this with (4.14), we deduce that

(4.15) λF ≤
C(K,φ)

Pφ(F )
≤ C(K,φ).

Using formulas (2.19), (2.15), and (2.9), the Euler–Lagrange equation on ∂E becomes

(4.16)
ψ(x) +

ψ2(x)κE(x)
2

h
= −κφF ○Ψ(x) + λF = g(νE(x))∂2

τψ(x) − κ
φ
E(x) −R0(x) + λF ,

where

(4.17) R0 = a(νE , ψκE , ∂τψ)∂
2
τψ + b(νE , ψκE , ∂τψ)∂τ(ψκE) + c(νE , ψ, ∂τψ,κE).

We recall that Cg = supη∈S1 g(η) ≥ infη∈S1 g(η) = cg > 0. By (4.15) and (4.16), we obtain

cg∥∂
2
τψ∥L2(∂E) ≤ Cg∥κE∥L2(∂E) + ∥R0∥L2(∂E) +

∥ψ + ψ2κE

2 ∥L2(∂E)

h
+ ∣λ∣

≤ C(K) + ∥R0∥L2(∂E),

(4.18)

where we used the estimate

dL2(F ;E) = ∥ψ + ψ
2

2
κE∥

L2(∂E)

≤ C(K)h.

We now estimate R0. For η = η(K) small enough, we have ∥a(νE , ψκE , ∂τψ)∥∞ ≤
cg

9 . By

formula (4.12), we have ∥ψ∥∞ ≤ C(K)
√
h. Using that ∥ψ∥C1 ≤ η and a, b, c ∈ C∞, we obtain

∥a(νE , ψκE , ∂τψ)∂
2
τψ∥L2(∂E) ≤

cg

9
∥∂2
τψ∥L2(∂E),

∥b(νE , ψκE , ∂τψ)∂τ(ψκE) + c(νE , ψ, ∂τψ,κE)∥L2(∂E) ≤ C(K).
(4.19)

Plugging this into (4.18), we conclude that

∥∂2
τψ∥L2(∂E) ≤ C(K).
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By the Sobolev embedding theorem,

∥ψ∥H2(∂E) ≤ C(K) Ô⇒ ∥ψ∥W 1,∞(∂E) ≤ C(K).

We now estimate the second derivative of ψ in L∞.
By (4.16), (4.15) and (4.12), we obtain

cg∥∂
2
τψ∥L∞(∂E) ≤

∥ψ + ψ2κE

2 ∥L∞(∂E)

h
+Cg∥κE∥L∞(∂E) + ∥R0∥L∞(∂E) + ∣λF ∣

≤
C(K)
√
h
+C(K) +

cg

9
∥∂2
τψ∥L∞(∂E),

(4.20)

where we used (4.19) and

∥R0∥L∞(∂E)

≤
cg

9
∥∂2
τψ∥L∞(∂E) + ∥b∥L∞(∂E)∥∂τ(ψκE)∥L∞(∂E) + ∥c∥L∞(∂E)

≤
cg

9
∥∂2
τψ∥L∞(∂E) +C(K)[∥∂τψ∥L∞(∂E)∥κF ∥L∞(∂E) + ∥ψ∥L∞(∂E)∥∂τκE∥L∞(∂E)] +C(K)

≤
cg

9
∥∂2
τψ∥∞ +C(K)[C(K) +C(K)

√
h
C(K)
√
h
] +C(K) ≤

cg

9
∥∂2
τψ∥∞ +C(K).

We conclude from (4.20) that

(4.21) ∥∂2
τψ∥∞ ≤

C(K)
√
h
.

To summarize, in Step 1 we established the following estimate: there exists a constant C =
C(K) such that

(4.22)
1
h
∥ψ∥L2(∂E) +

1
√
h
∥∂τψ∥L2(∂E) + ∥∂

2
τψ∥L2(∂E) +

√
h∥∂2

τψ∥L∞(∂E) ≤ C(K).

Step 2: Improving the bounds. We claim that

∥∂2
τψ∥L2(∂E) ≤ C(K)

√
h, ∥∂3

τψ∥L2(∂E) ≤ C(K).(4.23)

To establish this, we multiply equation (4.16) by ∂4
τψ and integrate over ∂E, obtaining

(4.24) ∫
∂E

ψ∂4
τψ

h
− ∫

∂E
g(νE)∂

2
τψ∂

4
τψ = ∫

∂E

ψ2κE∂
4
τψ

2h
− ∫

∂E
κφE∂

4
τψ + ∫

∂E
(−R0 + λF )∂

4
τψ.

For the left-hand side, integration by parts and the Cauchy–Schwarz inequality yield

∫
∂E

ψ∂4
τψ

h
− ∫

∂E
g(νE)∂

2
τψ∂

4
τψ = ∫

∂E

(∂2
τψ)

2

h
+ ∫

∂E
g(νE)(∂

3
τψ)

2
+ ∫

∂E
∂τg(νE)∂

2
τψ∂

3
τψ

≥
cg

2 ∫∂E
∣∂3
τψ∣

2
+ (

1
h
−C(K,φ))∫

∂E
∣∂2
τψ∣

2.

Thus, for h small enough, inequality (4.24) becomes

(4.25)
1
2 ∫∂E

∣∂2
τψ∣

2

h
+
cg

2 ∫∂E
∣∂3
τψ∣

2
≤ ∫

∂E

ψ2κE∂
4
τψ

2h
− ∫

∂E
κφE∂

4
τψ − ∫

∂E
R0∂

4
τψ.
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Let ε > 0 be some constant that will be chosen later. To estimate the first term on the
right-hand side of (4.25), we integrate by parts and apply Young’s inequality:

∫
∂E

ψ2κφE∂
4
τψ

2h
= −∫

∂E
ψ2∂τκ

φ
E∂

3
τψ

2h
− ∫

∂E
ψκφE

∂τψ∂
3
τψ

h

≤ ε∫
∂E
∣∂3
τψ∣

2
+
C(K)

ε
∫
∂E
∣∂τκ

φ
E ∣

2
+ ε∫

∂E
∣∂3
τψ∣

2
+
C(K)

ε
∫
∂E

ψ2(∂τψ)
2

h2

≤ 2ε∫
∂E
∣∂3
τψ∣

2
+
C(K)

ε
,

(4.26)

where we have used the estimates ∥ψ∥L2(∂E) ≤ C(K)h and ∥∂τψ∥L2(∂E) ≤ C(K)
√
h. For the

second term, we estimate:

∫
∂E
κφE∂

4
τψ = ∫

∂E
−∂τκ

φ
E∂

3
τψ ≤ ε∫

∂E
∣∂3
τψ∣

2
+

1
ε
∫
∂E
∣∂τκ

φ
E ∣

2

≤ ε∫
∂E
∣∂3
τψ∣

2
+
C(K)

ε
.

(4.27)

The last term to estimate is ∫∂E R0∂
4
τψ. It holds that

(4.28) ∣∫
∂E
R0∂

4
τψ∣ ≤ C(K) + (

cg

9
+ 3ε)∫

∂E
∣∂3
τψ∣

2
+
C(K)
√
h
∫
∂E
∣∂2
τψ∣

2.

The proof of this inequality is somewhat lengthy and would interrupt the logical flow of the
argument, so we defer it to the appendix (see Lemma A.1).

Combining (4.25), (4.26), (4.27), and (4.28), we obtain, for ε and ĥ sufficiently small,

1
4h ∫∂E

∣∂2
τψ∣

2
+
cg

2 ∫∂E
∣∂3
τψ∣

2
≤
C(K)
√
h
∫
∂E
∣∂2
τψ∣

2
+ (

cg

9
+ 6ε)∫

∂E
∣∂3
τψ∣

2
+C(K).

Hence, by this and (4.22), we have our claim, i.e., (4.23). We observe that this claim gives
the first inequality of (4.10).
Step 3: The bound on the third derivative yields an improved estimate on the first derivative.

The goal of this step is to establish inequality (4.9). Using the Sobolev embedding, we
obtain:

distH(∂F, ∂E) = ∥ψ∥L∞(∂E) ≤ C(K)(∥ψ∥L2(∂E) + ∥∂τψ∥L2(∂E)).

Combining this with (4.22), we get:

distH(∂F, ∂E) = ∥ψ∥L∞(∂E) ≤ C(K)(h + ∥∂τψ∥L2(∂E)).

Therefore, it remains to estimate ∥∂τψ∥L2(∂E). Differentiating the equation (4.16) once, we
obtain:

(4.29)
∂τψ

h
+
ψ2∂τκE

2h
+
κEψ∂τψ

h
= ∂τ(g(νE))∂

2
τψ + g(νE)∂

3
τψ − ∂τκ

φ
E − ∂τR0 on ∂E.
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Multiplying this equation by ∂τψ, integrating over ∂E, using (4.23), the fact that g is smooth
and the Sobolev embedding, we obtain

∥∂τψ∥
2
L2(∂E)

h
≤∥∂3

τψ∥L2(∂E)∥∂τψ∥L2(∂E) + ∥∂τκ
φ
E∥L2(∂E)∥∂τψ∥L2(∂E)

+ ∥∂τ(g(νE))∥L∞(∂E)∥∂
2
τψ∥L2(∂E)∥∂τψ∥L2(∂E)

+ ∥∂τκE∥L2(∂E)∥∂τψ∥L2(∂E)

∥ψ∥2L∞(∂E)

h

+
∥ψ∥L2(∂E)

h
∥∂τψ∥L∞(∂E)∥κE∥L∞(∂E)∥∂τψ∥L2(∂E)

+ ∥∂τR0∥L2(∂E)∥∂τψ∥L2(∂E)

≤∥∂τψ∥L2(∂E)(C(K) + ∥∂τR0∥L2(∂E)).

(4.30)

Since ∥∂τR0∥L2(∂E) is bounded (see (A.2)), inequality (4.30) implies

∥∂τψ∥L2(∂E) ≤ C(K)h,

which is precisely the second inequality in (4.9).
Step 4: Conclusions: The curvature estimate and F ∈ H3

K̂,σ1
(E0).

In this final step, we complete the proof of Theorem 4.2 by establishing the inequalities in
the second line of (4.10). We begin by noting some immediate consequences of the inequalities
in (4.9) and the first two inequalities in (4.10). From the Euler–Lagrange equation (4.13), we
immediately deduce that

∥κφF ∥L∞(∂F ) ≤ λF +
1

2h
∥2ψ + ψ2κE ○ π∂E∥L∞(∂F ) ≤ C(K) +C(K)

∥ψ∥L∞(∂E)

h
≤ C(K).

To estimate the first derivative of the curvature, we differentiate the Euler–Lagrange equation
(4.13). Recall that

f =
2ψ + ψ2κE
2dL2(F ;E)

and x = π∂E(x + ψ(x)νE(x)) for all x ∈ ∂E. Applying (2.8) with G = f ○ π∂E , we obtain

∫
∂F
∣∂∂Fκ

φ
F ∣

2
=
d2
L2(F ;E)
h2 ∫

∂F
∣∂∂F (f ○ π∂E)∣

2
=
d2
L2(F ;E)
h2 ∫

∂E

∣∂∂Ef ∣
2

√
(1 + ψκE)2 + ∣∂∂Eψ∣2

≤
d2
L2(F ;E)
h2 C(K)∫

∂E
∣∂∂Ef ∣

2
≤ C(K)

∥∂∂Eψ∥
2
L2(∂E) + ∥ψ∥

2
L∞(∂E)

h2 ≤ C(K),

(4.31)

where in the final step we again used (4.9) and the assumption (4.8). To complete the estimate
for the derivative of the curvature, we differentiate the identity in Remark 2.3, obtaining

∂∂Fκ
φ
F = g(νF )∂∂FκF +∇g(νF )∇νF τFκF = g(νF )∂∂FκF + (∂∂F g)(νF )κ

2
F .

It follows that

1
c
∫
∂F
∣∂FκF ∣

2
≤ ∫

∂F
∣g(νF )∂FκF ∣

2
≤ ∫

∂F
∣∂Fκ

φ
F ∣

2
+C(φ,K)∫

∂F
κ4
F ≤ C(K),



VOLUME-PRESERVING ANISOTROPIC MEAN CURVATURE FLOW IN 2D 25

where the second inequality uses the smoothness of g, and the final bound follows from
(4.31) and (4.8). To estimate the second derivative of the curvature, we differentiate the
Euler–Lagrange equation (4.13) twice, obtaining

∂2
∂Fκ

φ
F +

dL2(E;F )
h

∂2
∂F (f ○ π∂E) = 0.

We define ξ ∶= ψ + ψ2

2 κE , so that f = ξ
dL2(F ;E) . Applying the chain rule and using Lemma

2.10, we find

∥∂2
∂Fκ

φ
F ∥

2
L2(∂F ) ≤

1
h2 ∫∂F

(∣(∂2
∂Eξ) ○ π∂E ∣∣∂∂Fπ∂E ∣

2
+ ∣(∂∂Eξ) ○ π∂E ∣∣∂∂Fπ∂E ∣∣∂

2
∂Fπ∂E ∣)

2

=
1
h2 ∫∂E

(∣(∂2
∂Eξ)∣∣(∂∂Fπ∂E) ○ π

−1
∂E ∣

2
+ ∣(∂∂Eξ)∣∣(∂∂Fπ∂E) ○ π

−1
∂E ∣∣∂

2
∂Fπ∂E ○ π

−1
∂E ∣)

2
JF,E

=
1
h2 (I1 + I2),

(4.32)

where I1 and I2 are defined in the obvious way, and where JF,E ∶=
√
(1 + ψκE)2 + ∣∂∂Eψ∣2. If

we prove that ∣I1∣, ∣I2∣ ≤ C(k)h, then (4.10) follows. To proceed, we differentiate the identity
from Remark 2.3 twice, yielding

∂2
∂FκF =

1
g(νF )

(∂2
∂Fκ

φ
F − ∂

2
∂F g(νF )κF − 2κF∂∂F g(νF )∂∂FκF ).

Since g is bounded from below, the previous estimates on the curvature suffice to show that

(4.33) ∥∂2
∂FκF ∥

2
L2(∂F ) ≤ C(K)(∥∂

2
∂Fκ

φ
F ∥

2
L2(∂F ) + 1).

We now estimate I1; the estimate for I2 follows by a similar argument.
Using the explicit expression for ξ and (4.1), we obtain

∣I1∣ ≤C(K)∫
∂E
∣(∂2

∂Eξ)∣
2
∣(∂∂Fπ∂E) ○ π

−1
∂E ∣

4
≤ C(K)∫

∂E
∣∂2
∂Eψ + ∂

2
∂E(κ∂Eψ)∣

2

≤C(K)(h + ∫
∂E
∣∂∂EκE ∣

2
∣∂∂Eψ∣

2
+ h2
∣∂2
∂EκE ∣

2
)

≤C(K)(h +C(K)h + ∥∂∂EκE∥
2
L2h),

(4.34)

where we have used the following pointwise estimate (see [35]):

∇∂Fπ∂E = ∇π∂E −∇π∂EνF ⊗ νF and

∇π∂E = I − (νE ○ π∂E) ⊗ (νE ○ π∂E) − dE(BE ○ π∂E)(I + dEBE ○ π∂E)
−1

Ô⇒ ∣(∂∂Fπ∂E) ○ π
−1
∂E ∣ ≤ C(K).

In the last inequality of (4.34), we used the Sobolev embedding and the assumption (4.8) and
(4.9), which imply:

∫
∂E
∣∂∂EκE ∣

2
∣∂∂Eψ∣

2
≤ ∥∂∂EκE∂∂Eψ∥L∞(∂E)∥∂∂Eψ∥L2(∂E)∥∂∂EκE∥L2(∂E)

≤
C(K)
√
h

√
h∥∂∂Eψ∥L2(∂E)∥∂∂EκE∥L2(∂E)

≤ C(K)h.
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Therefore, combining (4.8) and (4.34), we conclude that

∣I1∣ ≤ C(K)h.

Applying the same reasoning to I2, we get

∣I2∣ ≤ C(K)h.

The bounds on I1 and I2, together with (4.32) and(4.33), conclude the proof of (4.10). Finally,
we observe that, using the Sobolev embedding, (2.11), and (4.9), (4.10), we obtain

∥ψ∥
C1, 1

4 (∂E)
≤ C(K)hγ for some γ > 0.

Therefore, there exists σ1 such that F ∈ H3
K̂,σ1
(E0), which concludes the proof of Theorem

4.2. □

5. The Iteration procedure

In this section, we prove a crucial iteration formula. Let A ∈ C1
M,σE0

(E0), for some M > 0.
If f is a smooth function on ∂A, there exists a constant C(M) such that

(5.1) ∥f∥2L∞(∂A) ≤ C(M)(
1
ε
∥f∥2L2(∂A) + ε∥∂∂Af∥

2
L2(∂A))

for every ε ∈ (0,1). Before explaining the iteration algorithm, we present a technical lemma
that supports the iterative procedure.

Lemma 5.1. Let F, E and ψ ∶ ∂E → R be as in Theorem 4.2. There exists C0 = C0(K) such
that

(5.2) (1 − hC0)∫
∂E
∣∂τξ∣

2
+

2
3
h∫

∂E
g(νE)∣∂

2
τψ∣

2
≤ −h∫

∂E
∂τκ

φ
E∂τξ,

where ξ ∶= ψ + κEψ
2

2 .

Proof. We multiply (4.29) by ∂τξ to obtain

∫
∂E

∣∂τξ∣
2

h
= −∫

∂E
∂τκ

φ
E∂τξ + ∫

∂E
∂τ(g(νE))∂

2
τψ∂τξ + ∫

∂E
g(νE)∂τξ∂

3
τψ − ∫

∂E
∂τξ∂τR0.

Integrating the above equation by parts once, we get
(5.3)

∫
∂E

∣∂τξ∣
2

h
= −∫

∂E
∂τκ

φ
E∂τξ + ∫

∂E
∂τ(g(νE))∂

2
τψ∂τξ − ∫

∂E
∂τ(g(νE)∂τξ)∂

2
τψ + ∫

∂E
∂2
τ ξR0.

We aim to estimate the following integrals:

∫
∂E
∂τ(g(νE))∂

2
τψ∂τξ,(5.4)

∫
∂E
−∂τ(g(νE)∂τξ)∂

2
τψ,(5.5)

∫
∂E
∂2
τ ξR0.(5.6)

Let ε > 0 be fixed (to be chosen later). We now compute ∂2
τ ξ, which will be used several times

in the sequel:

∂2
τ ξ = ∂

2
τψ(1 + ψκE) + ∂2

τκE
ψ2

2
+ ∂τψ∂τκEψ +

∣∂τψ∣
2

2
κE .
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Estimate of (5.4). Since g ∈ C2, (4.8), as well as the Cauchy–Schwarz and Young’s inequali-
ties, we obtain

(5.7) ∫
∂E
∂τ(g(νE))∂

2
τψ∂τξ ≤ C(K,ε)∥∂τξ∥

2
L2(∂E) + ε∥∂

2
τψ∥

2
L2(∂E).

Estimate of (5.5).
By the Leibniz rule, we obtain

(5.8) ∫
∂E
−∂τ(g(νE)∂τξ)∂

2
τψ = ∫

∂E
−g(νE)∂

2
τ ξ∂

2
τψ − ∂τ(g(νE))∂τξ∂

2
τψ.

Using the regularity of g, formula (4.8), the Cauchy–Schwarz inequality, and Young’s inequal-
ity, we deduce

∫
∂E
−∂τ(g(νE))∂τξ∂

2
τψ ≤ C(K,ε)∥∂τξ∥

2
L2(∂E) + ε∥∂

2
τψ∥

2
L2(∂E).

Using the definition of ξ, the regularity of g, formulas (4.8), (4.9), (4.10), the Cauchy–Schwarz
and Young’s inequalities, as well as the Sobolev embedding, we deduce

∫
∂E
−g(νE)∂

2
τ ξ∂

2
τψ = ∫

∂E
−g(νE)(∂

2
τψ(1 + ψκE) + ∂2

τκE
ψ2

2
+ ∂τψ∂τκEψ +

∣∂2
τψ∣

2

2
κE)∂

2
τψ

≤ −
8
9 ∫∂E

g(νE)∣∂
2
τψ∣

2
+C(K)∥∂2

τκE∥L2(∂E)∥ψ∥
2
L∞(∂E)∥∂

2
τψ∥L2(∂E)

C(K)∥∂τκE∥L∞(∂E)∥ψ∥L∞(∂E)∥∂τψ∥L2(∂E)∥∂
2
τψ∥L2(∂E) +C(K)∥∂τψ∥L2(∂E)∥∂

2
τψ∥L2(∂E)

≤ −
8
9 ∫∂E

g(νE)∣∂
2
τψ∣

2

+C(K)(
h
√
h
∥ψ∥H1(∂E)∥∂

2
τψ∥L2(∂E) + (

h
√
h
+ 1)∥∂τξ∥L2(∂E)∥∂

2
τψ∥L2(∂E))

≤ −
8
9 ∫∂E

g(νE)∣∂
2
τψ∣

2
+ 2ε∥∂2

τψ∥
2
L2(∂E) +C(K,ε)∥∂τξ∥

2
L2(∂E),

(5.9)

where in the first inequality, we have used the estimate ∥ψκE∥L∞(∂E) ≤ hC(K) ≤
1
9 , which

holds for h sufficiently small, and the second and third inequalities follow from Lemma 4.1.
Estimate of (5.6).

We recall the definition of R0, as given in formula (2.9):

R0 ∶= a(νE , ψκE , ∂τψ)∂
2
τψ + b(νE , ψκE , ∂τψ)∂τ(ψκE) + c(νE , ψ, ∂τψ,κE),

where a, b ∈ C∞, c ∈ C∞ are smooth functions satisfying

b(⋅,0,0) = a(⋅,0,0) = c(⋅,0,0, ⋅) = 0.

We aim to estimate c(νE , ψ, ∂τψ,κE). We recall that ∥ψ∥H2(∂E) ≤ C(K). Hence, by the
Sobolev embedding theorem, we have ∥ψ∥

C1, 1
2 (∂E)

≤ C(K). Using (2.11), we get

∥ψ∥C1(∂E) ≤ C∥ψ∥
θ

C1, 1
2 (∂E)

∥ψ∥1−θC0(∂E) ≤ C(K)∥ψ∥
1−θ
H1(∂E) ≤ C(K)h

1−θ.

Recalling that c is smooth and satisfies c(⋅,0,0, ⋅) = 0, we apply the Taylor expansion of c. For
sufficiently small h, this yields

(5.10) c(νE , ψ, ∂τψ,κE) ≤ C(K)∥ψ∥C1(∂E) ≤ εC(K)∥∂
2
τψ∥L2(∂E) +C(K,ε)∥∂τξ∥L2(∂E),
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where the final inequality follows from (5.1) and Lemma 4.1. Applying the same reasoning
used in formula (5.9), and making use of (5.10), we obtain

(5.11) ∫
∂E
∂2
τ ξc ≤ εC(K)∥∂

2
τψ∥

2
L2(∂E) +C(K,ε)∥∂τξ∥

2
L2(∂E).

Using the same argument as in formula (5.9), together with Lemma 4.1, the Cauchy–Schwarz
and Young’s inequalities, and the Sobolev embedding, we obtain

∫
∂E
∂2
τ ξ∂τ(ψκE)b(νE , ψκE , ∂τψ) ≤ C(K)∥∂

2
τ ξ∥L2(∂E)∥∂τ(ψκE)∥L2(∂E)

≤ C(K)(∥∂2
τψ∥L2(∂E) + ∥∂τξ∥L2(∂E))(∥∂τκE∥L2(∂E)∥ψ∥L∞(∂E) + ∥∂τψ∥L2(∂E))

≤ ε∥∂2
τψ∥

2
L2(∂E) +C(K,ε)∥∂τξ∥

2
L2(∂E).

(5.12)

Arguing as in formula (5.9), together with the formulas in (4.19), we obtain

∫
∂E
∂2
τ ξa(νE , ψκE , ∂τψ)∂

2
τψ

≤ (∥∂2
τψ∥L2(∂E) + ∥∂τξ∥L2(∂E))∥a(νE , ψκE , ∂τψ)∥L∞(∂E)∥∂

2
τψ∥L2(∂E)

≤ (
cg

9
+ ε)∥∂2

τψ∥
2
L2(∂E) +C(K,ε)∥∂τξ∥

2
L2(∂E),

(5.13)

where cg =minν∈S1 g(ν). Combining (5.11), (5.12), and (5.13), we obtain

(5.14) ∫
∂E
∂2
τ ξR0 ≤ (

cg

9
+ εC(K))∥∂2

τψ∥
2
L2(∂E) +C(K,ε)∥∂τξ∥

2
L2(∂E).

Therefore, combining (5.3), (5.4), (5.5), (5.6), (5.7), (5.8), and (5.14), we obtain

∫
∂E

∣∂τξ∣
2

h
≤ −∫

∂E
∂τκ

φ
E∂τξ +C(K,ε)∥∂τξ∥

2
L2(∂E)

+ (
cg

9
+C(K)ε)∥∂2

τψ∥
2
L2(∂E) −

8
9 ∫∂E

g(νE)∣∂
2
τψ∣

2,

which, for ε sufficiently small, implies (5.2). □

5.1. Set up of the algorithm. Since we need to employ the procedure outlined at the beginning
of Section 3, we now describe how the algorithm operates in two successive steps.

For every set A ⊂ R2 of class C4, we define the function

Qh(A) ∶= ∥κA∥L∞(∂A) + ∥∂∂AκA∥L2(∂A) +
√
h∥∂2

∂AκA∥L2(∂A).

Let K > 0, and let h1, K1, δ1 be the constants given by Theorem 4.2 (i.e., the constants ĥ,

K̂ and δ4 in Theorem 4.2). Let E ∈ H3
K,σE0

(E0) be such that Qh1(E) ≤ K and ∣E∣ = 1. Let

h ≤ h1, and let F ⊂ R2 be a minimizer of

min {Fh(A,E) ∶ A ∈ Bδ1(E), ∣A∣ = 1}.

By Theorem 4.2, the set F is also of class C4 and satisfies the following properties:

F ∈ H3
K1,σE

(E), dH(∂E,∂F ) ≤K1h, Qh(F ) ≤K1 for all h ∈ (0, h1],

∂F = {x + ψF,E(x)νE(x)∶ x ∈ ∂E},

∥ψF,E∥H1(∂E) ≤K1h, ∥ψF,E∥H2(∂E) ≤K1
√
h.

(5.15)
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Let h2, K2, δ2 be given by Theorem 4.2 (with K = K1). Let h ≤ h2, and let G ⊂ R2 be a
minimizer of

min {Fh(A,F ) ∶ A ∈ Bδ2(F ), ∣A∣ = 1}.

By Theorem 4.2, the set G is of class C4 and satisfies the following properties:

G ∈ H3
K2,σF

(F ), dH(∂F, ∂G) ≤K2h, Qh(G) ≤K2 for all h ∈ (0, h2]

∂G = {x + ψG,F (x)νF (x)∶ x ∈ ∂F},

∥ψG,F ∥H1(∂F ) ≤K2h, ∥ψG,F ∥H2(∂F ) ≤K2
√
h.

(5.16)

Lemma 5.2. Let K > 0, and define δ3 ∶= min{δ1, δ2} where δ1 and δ2 are as above. For every
δ ≤ δ3, there exists h̃ such that if h ∈ (0, h̃] and E,F,G are as in (5.15),(5.16), then

(5.17) ∫
∂F
∣∂∂F ξG,F ∣

2
+
h

2
g(νF )∣∂

2
∂FψG,F ∣

2
≤ (1 +C1h)∫

∂E
∣∂∂EξF,E ∣

2

for some constant C1 = C1(K), where ξG,F = ψG,F + κF
ψ2

G,F

2 , ξF,E = ψF,E + κE
ψ2

F,E

2 .

Proof. In what follows, we denote by C a generic constant depending on K. We define

κ̂φF ∶∂E → R, κ̂φF (x) ∶= κF (x + ψF,E(x)νE(x)),

and similarly

ξ̂G,F ∶∂E → R, ξ̂G,F (x) ∶= ξG,F (x + ψF,E(x)νE(x)).

By applying Lemma 5.1 to the sets F and G, we obtain

(5.18) (1 − hC0)∫
∂F
∣∂∂F ξG,F ∣

2
+

2
3
h∫

∂F
g(νF )∣∂

2
∂FψG,F ∣

2
≤ −h∫

∂F
∂∂Fκ

φ
F∂∂F ξG,F ,

where C0 = C0(K). Finally, we define

JF,E ∶=
√

(1 + ψF,EκE)2 + ∣∂∂EψF,E ∣2.

Using the parallelogram identity, Lemma 2.7, Young’s inequality, and the Taylor expansion
of the function t→ 1√

1+t , we obtain

−h∫
∂F
∂∂Fκ

φ
F ⋅ ∂∂F ξG,F = −h∫

∂E

∂∂E κ̂
φ
F∂∂E ξ̂G,F

JF,E
dH1

= −h∫
∂E
∂∂E κ̂

φ
F∂∂E ξ̂G,F − h∫

∂E
(

1
JF,E

− 1)∂∂E κ̂φF ⋅ ∂∂E ξ̂G,F

≤ −h∫
∂E
∂∂E κ̂

φ
F∂∂E ξ̂G,F + εhC ∫

∂F
∣∂∂F ξG,F ∣

2

+
C

ε
h∫

∂E
∣∂∂E κ̂

φ
F ∣

2(ψ2
F,E + ψ

4
F,E + ∣∂∂EψF,E ∣

4).

(5.19)

To estimate the last integral, we apply (4.2), (5.1), (5.15),(5.16), Lemma 4.1, as well as the
Sobolev embedding and Poincaré inequality, and assuming h is sufficiently small compared to
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ε, we have that

Ch

ε
∫
∂E
∣∂∂E κ̂

φ
F ∣

2
(ψ2

F,E + ψ
4
F,E + ∣∂∂EψF,E ∣

4
)dH1

≤
Ch

ε
(∥ψF,E∥

2
L∞(∂E) + ∥ψF,E∥

4
L∞(∂E) + ∥∂∂E κ̂

φ
E∥

2
L∞(∂E)∥∂∂EψF,E∥

2
L∞(∂E)∥∂∂EψF,E∥

2
L2(∂E))

≤
Ch

ε
[

1
ε2 ∥ψF,E∥

2
L2(∂E) + ε

2
∥∂∂EψF,E∥

2
L2(∂E) +

C

h
h∥∂∂EψF,E∥

2
L2(∂E)]

≤
Ch

ε
[

1
ε2 ∥ξF,E∥

2
L2(∂E) +C∥∂∂EξF,E∥

2
L2(∂E)]

≤ hC∥∂EξF,E∥
2
L2(∂E).

(5.20)

Substituting (5.20) into (5.19), we obtain

−h∫
∂F
∂∂Fκ

φ
F∂∂F ξG,F ≤ −h∫

∂E
∂∂E κ̂

φ
F∂∂E ξ̂G,F + εhC ∫

∂F
∣∂∂F ξG,F ∣

2

+ hC∥∂∂EξF,E∥
2
L2(∂E).

(5.21)

Now, by differentiating the Euler–Lagrange equation (4.16), we get

(5.22)
∂∂EξF,E

h
= −∂∂E κ̂

φ
F in ∂E.

We aim to estimate

−h∫
∂E
∂∂E κ̂

φ
F∂∂E ξ̂G,F .

Using (5.22), along with the Cauchy–Schwarz and Young’s inequalities, we obtain

−h∫
∂E
∂∂E κ̂

φ
F∂∂E ξ̂G,F = ∫

∂E
∂∂EξF,E∂∂E ξ̂G,F ≤

1
2
∥∂∂EξF,E∥

2
L2(∂E) +

1
2
∥∂∂E ξ̂G,F ∥

2
L2(∂E)

≤
1
2
∥∂∂EξF,E∥

2
L2(∂E) +

1
2

⎡
⎢
⎢
⎢
⎢
⎣

∫
∂E

∣∂∂E ξ̂G,F ∣
2

JF,E
+ ∫

∂E
(1 − 1

JF,E
)∣∂∂E ξ̂G,F ∣

2
⎤
⎥
⎥
⎥
⎥
⎦

≤
1
2
∥∂∂EξF,E∥

2
L2(∂E) +

1
2
∥∂∂F ξG,F ∥

2
L2(∂F )

+ ∫
∂E
κEψF,E ∣∂∂E ξ̂G,F ∣

2
+

1
2 ∫∂E

(∣κEψF,E ∣
2
+ ∣∂∂EψF,E ∣

2
)∣∂∂E ξ̂G,F ∣

2

≤
1
2
∥∂∂EξF,E∥

2
L2(∂E) +

1
2
∥∂∂F ξG,F ∥

2
L2(∂F ) + hC(K)∫

∂E
∣∂∂E ξ̂G,F ∣

2

≤
1
2
∥∂∂EξF,E∥

2
L2(∂E) + (

1
2
+ hC(K))∥∂∂F ξG,F ∥

2
L2(∂F ),

(5.23)

where in the fourth inequality we used the Sobolev embedding. By combining (5.21), (5.23),
and (5.18), we obtain (5.17). □

6. Proof of the main theorem

In this section, we use the iterative estimates established previously to prove that the
approximate constrained flat flow (see Definition 3.1) converges to the classical solution of
(1.1) as h→ 0.
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Theorem 6.1. There exist constants T̂ , Ĉ, δ̂, σ̂ with the following property: for every δ < δ̂,

there exists h̃ such that Eh,δt ∈ H3
Ĉ,σ1
(E0), i.e.,

∂Eh,δt = {x + fh,δ(t, x)νE0(x) ∶x ∈ ∂E0}, ∥f
h,δ
∥H3(∂E0) ≤ Ĉ, ∥f

h,δ
∥L∞(∂E0) ≤ σ1,

for all t ∈ [0, T0] and 0 < h ≤ h̃, where {Eh,δt }t≥0 is an approximate constrained flat flow
starting from E0.

Moreover, the functions fh,δ converge in L∞([0, T0],H
3(∂E0)) to a function f δ, and the

associated family {Eδt }t∈[0,T0], which is characterized by

∂Eδt = {x + f
δ
(t, x)νE0(x) ∶ x ∈ ∂E0}, E0∆Eδt ⊂ cl(Iσ1(E0))

is a classical solution of the problem (1.1) on the interval [0, T0].

Proof. In the proof of the theorem, we will omit to explicitly mention “up to subsequences”
for the sake of brevity, except where it is strictly necessary for clarity. Let δ̂ < δ3 where δ3 is

the constant from Lemma 5.2, and fix δ ≤ δ̂. Let {Eh,δhk }k∈N be an approximate constrained

flat flow starting from E0; see Definition 3.1. To simplify the notation, we write Ek = E
h,δ
hk for

k ≥ 0.
We are now in a position to apply Theorem 4.2, which yields

∂E1 = {x + ψ1(x)νE0(x)∶x ∈ ∂E0},

∥ψ1∥H1(∂E0) ≤K0h, ∥ψ1∥H3(∂E0) ≤K0,

∥κφE1
∥H1(∂E1) ≤K0, ∥∂2

∂E1κ
φ
E1
∥L2(∂E1) ≤

K0
√
h
.

(6.1)

Moreover, using the interpolation inequality (see Proposition 2.9), we obtain

(6.2) ∥∂2
E0ψ1∥L2(∂E0) ≤K0

√
h.

Let k0 ∈ N be the largest index such that

∂Ek ⊂ Iδ(∂E0) ∀k ≤ k0.

We set T0 ∶= k0h.
Claim 1: For every k ≤ k0, the following holds:

(6.3) ∥∂∂Ek
κφEk
∥L2(∂Ek)

≤K0, ∥∂2
∂Ek

κφEk
∥L2(∂Ek)

≤
K0
√
h
.

We prove (6.3) by induction. Equation (6.1) establishes the base case k = 1. Now suppose
that the claim holds for all integers up to k − 1. Applying Theorem 4.2, we deduce that

∂Ek = {x + ψk(x)νEk−1(x)∶ x ∈ ∂Ek−1},

∥ψk∥H1(∂Ek−1) ≤ L1h, ∥ψk∥H3(∂Ek−1) ≤ L1.

For each j ≥ 0, define ξj ∶= ξEj ,Ej−1 as in (2.13). Applying Lemma 5.2, we obtain

∫
∂Ej−1

∣∂∂Ej−1ξj ∣
2
+
h

2
g(νEj−1)∣∂

2
∂Ej−1ψj ∣

2
≤ (1 +C1h)∫

∂Ej−2
∣∂∂Ej−2ξj−1∣

2
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for every 1 ≤ j ≤ k. Iterating this inequality and using (6.1) and (6.2), we find that

∫
∂Ek−1

(∣∂Ek−1ξk∣
2
+
h

4

k

∑
j=1

g(νEj−1)∣∂
2
∂Ej−1ψj ∣

2) ≤ (1 +C1h)
k−1
∫
∂E0
∣∂∂E0ξ1∣

2

≤ e2C1hkK2
0h

2

≤ e2C1hk0K2
0h

2
≤ 2K2

0h
2,

where we used the fact that hk0 = T0 and that T0 is sufficiently small. Possibly increasing the
constant L0, we conclude that

(6.4) ∥∂∂Ek−1ξk∥
2
L2(∂Ek)

+
h

4

k

∑
i=1
∫
∂Ei−1

g(νEi−1)∣∂
2
∂Ei−1ψi∣

2
≤ L2

0h
2.

Therefore, by repeating the argument from Step 4 of Theorem 4.2, we obtain the desired
estimate (6.3), completing the proof of the claim.
Claim 2: T0 > 0. By definition of k0, there exists a point x0 ∈ ∂Ek0 such that

dist(x0, ∂E0) ≥
δ

2
.

The set Ek0 satisfies the assumptions of Lemma 3.7, and is therefore an almost minimizer
of the φ-perimeter with a constant ω0 that is independent of h. Consequently, for Ek0 the
density estimates are satisfied, both for the perimeter and for the volume; see [9]. Using these

density estimates together with the assumption dist(x0,E0) ≥
δ
2 , we deduce that

∣Ek0∆E0∣ ≥ cδ
2,

for some constant c depending on ω0. Now, combining this inequality with (6.4) and the
triangle inequality, we obtain

cδ2
≤ ∣Ek0∆E0∣ ≤

k0

∑
j=1
∣Ej∆Ej−1∣ =

k0

∑
j=1
∥ξj∥L1(∂Ej−1) ≤ P (Ej−1)

1
2
k0

∑
j=1
∥ξj∥L2(∂Ej−1)

≤ CφPφ(Ej−1)
1
2
k0

∑
j=1
∥ξj∥L2(∂Ej−1) ≤ CφPφ(E0)

1
2C(L0)

k0

∑
j=1
∥∂∂Ej−1ξj∥L2(∂Ej−1)

≤ CφPφ(E0)
1
2C(L0)L0k0h = CφPφ(E0)

1
2C(L0)L0T0,

where we have used the Poincaré inequality, along with the fact that Pφ(Ej) ≤ Pφ(E0), which
follows from the minimizing movements scheme.
Claim 3: There exist constants Ĉ, σ1 > 0 such that

(6.5) Ej ∈ H
4
Ĉ,σ1
(E0) for all 0 ≤ j ≤ k0.

Using (6.4) and the Sobolev embedding theorem, we obtain

(6.6) distH(∂Ej , ∂Ek) ≤ C(L0)h∣j − k∣ ≤ C(L0)T0 for all j, k ≤ k0.

Recall that each Ej is an almost minimizer of the φ-perimeter for a constant ω independent
of h. We apply Lemma 2.12 and get, for T0 sufficiently small, the existence of functions
fj ∶ ∂E0 → R such that

∂Ej = {x + fj(x)νE0(x)∶x ∈ ∂E0}.
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Moreover, Lemma 2.12 also guarantees that ∥fj∥C1,γ(∂E0) ≤ ε for ε > 0. Using the estimate

(6.3), specifically the bound ∥κφEj
∥H1(∂Ej) ≤K0, we deduce that ∥fj∥H3(∂E0) ≤ Ĉ.

Claim 4: There exists a constant Llip > 0 such that for all 0 ≤ i, k ≤ k0,

(6.7) ∥fi − fk∥L∞(∂E0) ≤ Lliph∣i − k∣.

This claim follows from (6.6) and the observation that

∥fi − fi−1∥L∞(∂E0) ≤ C∥ψi∥L∞(∂Ei−1) = CdistH(∂Ei, ∂Ei−1).

Combining (6.5) and (6.7), and applying the Arzelà–Ascoli theorem, we conclude that there
exists a subsequence {hm}m∈N such that

fhm(t) → f δ(t) in L∞(∂E0), for a.e. t ∈ [0, T0] as m→ +∞,

where

(6.8) f δ ∈ Lip([0, T0], L
∞
(∂E0)), f δ ∈ L∞([0, T0],H

3
(∂E0)).

In what follows, we omit the dependence on the subsequence m. By Sobolev embedding, we
further obtain that

f δ ∈ L∞([0, T0],C
2, 1

2 (∂E0)).

We then define the family {Eδt }t∈[0,T0] by

Eδt∆E0 ⊂ Iσ1(∂E0) and ∂E
δ
t ∶= {x + f

δ
(t, x)νE0(x)∶ x ∈ ∂E0}.

Claim 5: Eδt is a distributional solution of equation (1.1).
We define the discrete normal velocity on ∂Ejm by

Vm,j ∶ ∂Ej → R, Vm,j ∶=
ψj+1

hm
.

Let Ψj ∶ ∂E0 → ∂Ej be defined by

Ψj(x) ∶= x + fj(x)νE0(x).

We recall that

JτΨj(x) =
√

(1 + fj(x)κE0(x))
2 + ∣∂∂E0fj(x)∣

2, x ∈ ∂E0.

We also define Nj ∶ ∂E0 → R2 as

Nj(x) ∶=
−∂∂E0fj(x)

1 + κE0(x)fj(x)
τE0(x) + νE0(x).

Then, we observe that

∣Nj ∣ =
JτΨj

1 + κE0fj
.

Subclaim: The following holds:

(6.9) lim
m→+∞

∥Vm,jm(t) ○Ψjm(t) −
fjm(t)+1 − fjm(t)

∣Njm(t)∣hm
∥L2(∂E0) = 0 for a.e. t ∈ [0, T0],

where jm(t) ∶= ⌊
t
hm
⌋ . Using the estimate in (6.4), we obtain

∥ψj+1 ○Ψj∥C1(∂E0) ≤ Ch
1
2
m and ∥ψj+1 ○Ψj∥H1(∂E0) ≤ Chm.
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Combining these with the bound ∥fj∥C1,γ(∂E0) ≤ ε, we deduce that

∣fj+1(x) − fj(x)∣ ≤ C ∣ψj+1 ○Ψj(x)∣ ∀x ∈ ∂E0 and ∥fj+1 − fj∥C1(∂E0) ≤ Ch
1
2
m.

Let G ∶ ∂E0 → R be a function such that ∥G∥C1(∂E0) ≤ Ch
γ for some γ. We define

Ψt ∶ ∂E0 → R2, Ψt(x) ∶= x + tνE0(x),

and we recall that JτΨt = 1 + tκE0 . Applying the coarea formula gives:

∫
R2
G ○ π∂E0(x)(χEj+1(x) − χEj(x))dx

= ∫
∂E0

G(x)∫
σ1

−σ1
(χEj+1(Ψt(x)) − χEj(Ψt(x)))(1 + tκE0(x)dt dH

1
x

= ∫
∂E0

G(x)∫
fj+1(x)

fj(x)
(1 + tκE0(x))dt dH

1
x

= ∫
∂E0

G(x)(fj+1(x) − fj(x))(1 + fj(x)κE0(x))dH
1
x + o(h

2
m)

= ∫
∂E0

G(x)JτΨj(x)
fj+1(x) − fj(x)

∣Nj(x)∣
dH1

x + o(h
2
m).

(6.10)

We define

Φj,t ∶ ∂E
j
→ R2, Φj,t(x) ∶= x + tνEj(x),

and we recall that JτΦj,t = 1 + tκEj . We compute the same integral differently:

∫
R2
G ○ π∂E0(x)(χEj+1(x) − χEj(x))dx

= ∫
∂Ej
∫

δ

−δ
G ○ π∂E0(Φj,t(x))(χEj+1(Φj,t(x)) − χEjj(Φj,t(x)))(1 + tκEj(x))dt dH

1
x

= ∫
∂Ej
∫

ψj+1(x)

0
G ○ π∂E0(Ψj,t(x))(1 + tκEj(x))dt dH

1
x

= ∫
∂Ej
∫

ψj+1(x)

0
(G ○ π∂E0(Ψj,t(x)) −G ○ π∂E0(x) +G ○ π∂E0(x))(1 + tκEj(x))dt dH

1
x

= ∫
∂Ej

ψj+1(x)G ○ π∂E0(x)dH
1
x + o(h

2
m)

= ∫
∂E0

ψj+1 ○Ψj(x)G(x)JτΨj(x)dH
1
x + o(h

2
m).

(6.11)

Comparing (6.10) and (6.11) we find that for all G ∶ ∂E0 → R with ∥G∥C1(∂E0) ≤ Ch
γ
m, it holds

(6.12) ∫
∂E0

G(x)JτΨj(x)[ψj+1 ○Ψj(x) −
fj+1(x) − fj(x)

∣Nj(x)∣
]dH1

x = o(h
2
m).

We define

(6.13) G(x) ∶=
1

JτΨjm(x)
[ψjm+1 ○Ψjm(x) −

fjm+1(x) − fjm(x)

∣Njm(x)∣
].

A straightforward computation shows that ∥G∥C1(∂E0) ≤ Ch
γ
m for some γ ∈ (0,1). Plugging

(6.13) into (6.12) yields (6.9).
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We now return to the claim 5. Up to now, we have established that

(6.14) ∥fj∥H3(∂E0) ≤ C0, ∥fj∥L∞(∂E0) ≤ σ1, ∥
fj+1 − fj

∣Nj ∣hm
∥
L∞(∂E0)

≤ C for all j∶ jhm ≤ T0.

Thus, combining (6.14), (6.9), and (6.8), we conclude that

(6.15) ∃L2
(∂E0)- lim

m→+∞
Vm,jm(t) ○Ψjm(t)(⋅) =

∂tf
δ(t, ⋅)

∣N(t, ⋅)∣
, for a.e. t ∈ [0, T0],

where ∣N(t, x)∣ =
Jτ Ψt(x)

1+fδ(t,x)κE0(x)
and Ψt(x) ∶= x + f

δ(t, x)νE0(x) for x ∈ ∂E0. Let l ∈ C0
c (R2).

Multiplying the Euler–Lagrange equation (4.16) by l, we obtain

∫
∂Ejm

ψjm+1(x)

hm
l(x)dH1

x + ∫
∂Ejm

ψ2
jm+1(x)

2hm
κEjm

(x)l(x)dH1
x

= ∫
∂Ejm

(g(νEjm
(x))∂2

∂Ejm
ψjm+1(x) − κ

φ
Ejm
(x) −R0(x) + λEj

)l(x)dH1
x,

(6.16)

where

λEjm
= −∫

∂Ejm

κφEjm
dH1.

We observe that

lim
m→+∞

∫
∂Ejm

ψ2
jm+1(x)

2hm
κEjm

(x)l(x)dH1
x

≤ lim
m→+∞

∥l∥L∞(R2)

∥ψjm+1∥L2(∂Ejm)

2hm
∥ψjm+1∥L∞(∂Ejm)

∥κEjm
∥L2(∂Ejm)

= 0,
(6.17)

where we have used (6.4). From the previous claim, we also have

∥ψjm+1∥H2(∂Ejm)
≤ Chγm.

Recalling the very definition of R0 from (2.9), we find that

(6.18) ∥R0∥L2(∂Ejm)
≤ Chγm.

Therefore, passing to the limit as m→ +∞ in the equation (6.16), and using (6.17) and (6.18),
we conclude that Eδt is a distributional solution of (1.1) in [0, T0].
Claim 6: {Eδt }t∈[0,T0] is a classical solution of (1.1).

By a classical solution of (1.1) starting from E0, we mean a function

f ∈ L∞([0, T0],H
3
(∂E0)) ∩ Lip([0, T0], L

∞
(∂E0))

that satisfies

(6.19)

⎧⎪⎪
⎨
⎪⎪⎩

∂tf = g(νE0)∂
2
E0f + ⟨A(x, f,∇∂E0f),∇

2
∂E0f⟩ + J(x, f,∇∂E0f) + κ

φ
E0

on ∂E0,

f(0, ⋅) = 0,

where A is a smooth tensor satisfying A(⋅,0,0) = 0, and J is a smooth function (see [44]).
By applying Grönwall’s lemma, one can show that the strong solution to (6.19) with zero
initial data is unique. Therefore, we conclude that the family {Eδt }t∈[0,T0] parametrized by
the diffeomorphisms

Φt(x) = x + f
δ
(t, x)νE0(x), x ∈ ∂E0,

constitutes a strong solution of the volume preserving anisotropic mean curvature flow. □
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7. Convergence to the global solution

We begin by recalling the definition of the uniform ball condition.

Definition 7.1. A set E ⊂ R2 is said to satisfy the uniform ball condition (UBC) with radius
r > 0 if, for every point x ∈ ∂E, there exist points x+ and x− such that

Br(x+) ⊂ R2
∖E, Br(x−) ⊂ E and x ∈ ∂Br(x+) ∩ ∂Br(x−).

Remark 7.2. We can formulate a quantitative version of Theorem 6.1 as follows. Let E0 ⋐ R2

be a connected open set of class C4 that satisfies the UBC with radius 2r0. Let ψ1, denote

the height function from Theorem 6.1, and set ξ1 = ψ1 +
ψ2

1
2 κE0 . Assume that

(7.1) ∥∂∂E0ξ1∥L2(∂E0) ≤ L0h and ∥∂2
∂E0ψ1∥L2(E0) ≤ L0

√
h.

Then, there exist constants K0 =K0(r0, L0) and δ̂ = δ̂(r0,K0) such that if

∥∂∂E0κ
φ
E0
∥L2(∂E0) ≤K0 and ∥∂2

∂E0κ
φ
∂E0
∥L2(∂E0) ≤

K0
√
h
,

then the approximate constrained flat flow {Eh,δt }t≥0, with δ ≤ δ̂, also satisfies the UBC with
radius r0, and moreover,

∥∂
∂Eh,δ

t
κφ
Eh,δ

t

∥
L2(∂Eh,δ

t )
≤K0 and ∥∂2

∂Eh,δ
t

κφ
Eh,δ

t

∥
L2(∂Eh,δ

t )
≤
K0
√
h

for all t ∈ [0, T0], where T0 = T0(r0,K0).

Remark 7.3. The arguments in the proof of Theorem 6.1 imply that if an approximate con-

strained flat flow {Eh,δt }t≥0 starting from E0 satisfies

∥∂
∂Eh,δ

t
κφ
Eh,δ

t

∥
L2(∂Eh,δ

t )
≤K0 and ∥∂2

∂Eh,δ
t

κφ
Eh,δ

t

∥
L2(∂Eh,δ

t )
≤
K0
√
h

for all t ∈ [0, T ],

then the limiting flat flow coincides with the classical solution on the time interval [0, T ].

We recall that the classical solution to (1.1) with initial datum E0 exists on the interval
[0, Te), where Te denotes the maximal existence time. In the next theorem, we show that for
every T < Te, there exists δ(T ) such that the approximate constrained flat flow with initial
datum E0 converges to the classical solution of (1.1) on [0, T ] as h→ 0+.

Theorem 7.4. Let {Et}t∈[0,Te) be a classical solution of (1.1) with initial datum E0. Then, for
every T < Te, there exists δ(T ) such that, for all δ ∈ (0, δ(T )], the approximate constrained

flat flow Eβt , starting from E0 coincide with Et on the interval [0, T ].

Proof. Let {Et}t∈[0,Te) be the classical solution of (1.1) and fix T < Te. Since the classical
solution is regular on [0, T ], there exist constants K2, σ2 such that

Et ∈ H
3
K2,σ2(E0) for all t ∈ [0, T ].

This condition implies the existence of r0 > 0 such that Et satisfies the uniform ball condition
(UBC) with radius r0 for all t ∈ [0, T ]. Let δ̂, T0 be the constants given in Theorem 6.1 and

Remark 7.2, and fix δ ≤ δ̂. Let k0 ∈ N be such that T0 ∈ [hk0, h(k0 + 1)), and let {Eh,δhk }k∈N be
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an approximate constrained flat flow starting from E0. As established in Theorem 6.1 and
Remark 7.2, we have:

∂Eh,δh = {x + ψ1(x)νE0(x)∶x ∈ ∂E0},

∥∂∂E0ψ1∥L2(∂E0) ≤
L0
2
h, ∥∂∂E0ξ1∥L2(∂E0) ≤ L0h, ∥∂2

∂E0ψ1∥L2(∂E0) ≤ L0
√
h,

∥∂
∂Eh,δ

t
κφ
Eh,δ

t

∥
L2(∂Eh,δ

t )
≤K0, ∥∂2

∂Eh,δ
t

κφ
Eh,δ

t

∥
L2(∂Eh,δ

t )
≤
K0
√
h
∀t ∈ [0, T0],

where L0 is as in formula (7.1) and such that

∥∂∂Etκ
φ
Et
∥L2(∂Et) ≤

L0
2
∀t ∈ [0, T ],

and K0 is defined as in (6.1). We adopt the notation Eht ∶= E
h,δ
t , Ek ∶= E

h,δ
hk , and recall (3.3)

for the definition of Eh,δt . The conclusion of the theorem follows from the next claim, together
with Remarks 7.2 and 7.3.
Claim: For every t ∈ [0, T ],

(7.2) ∥∂∂Eh
t
κφ
Eh

t

∥L2(∂Eh
t )
≤K0, ∥∂2

∂Eh
t
κφ
Eh

t

∥L2(∂Eh
t )
≤
K0
√
h
.

By Theorem 6.1 and Remark 7.2, estimate (7.2) holds for all t ∈ [0, T0]. We define

(7.3) t̃ ∶= sup{s ∈ [T0, T ] ∶ formula (7.2) is true for all t ∈ [0, s]}.
We will show that (7.2) remains valid for all t ≤ t̃ + T0

2 , which implies the claim. To this end,

let k̃ ∈ N be such that t̃ − T0
2 ∈ [hk̃, (k̃ + 1)h). We have that Ek̃ satisfies (7.2). Hence we

apply Theorems 6.1 with E0 = Ek̃ to obtain that there exist k1 ∈ N and c > 0 (we recall that

c = c(K0)) such that 0 < c ≤ hk1 = T1 ≤ T0, and for all k ∈ {k̃, . . . , k̃ + k1}

∂Ek = {x + ψk(x)νEk−1(x)∶x ∈ ∂Ek−1}.

Using formula (6.4), we obtain

∥∂∂Ek−1ξk∥
2
L2(∂Ek−1)

+ h
k̃+k1

∑

j=k̃

∥∂2
∂Ek−1

ψk∥
2
L2(∂Ek−1)

≤ Ch2,

for some constant C. Since 0 < c ≤ hk1 = T1, there exists k̂ ∈ {k̃, . . . , k̃ + ⌊k1
4 ⌋} such that

(7.4) ∥∂∂Ek̂−1
ξk̂∥L2(∂Ek̂−1)

+ ∥∂2
∂Ek̂−1

ψk̂∥L2(∂Ek̂−1)
≤ Ch.

From this and using the very definition of t̃, see (7.3), we have

hk̂ ≤ h(k̃ + ⌊
k1
4
⌋) ≤ t̃.

Note that in the minimizing movements scheme, each set Ej is of class C
4, since it solves the

Euler–Lagrange equation (4.16). Moreover, Ek̂ is uniformly C2, 1
2 -regular. Let th = k̂h and

define

vh(th, x) ∶=
ψk̂(x)

h
.

By (7.4) and the Sobolev embedding theorem, we obtain

(7.5) ∥vh(th, ⋅)∥
C1, 1

2 (∂Ek̂−1)
≤ C.
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Since th = k̂h ∈ [t̃ −
T0
2 , t̃], by passing to a subsequence if necessary, we may assume

(7.6) ∃ lim
h→0+

th = t̄.

From (7.5) and (7.6), it follows that

vh(th, ⋅) → v(t̄, ⋅) in C1, 1
2 as h→ 0+, ∥v(t̄, ⋅)∥

C1, 1
2 (∂Eδ

t̄
)
≤ C.

Therefore,

lim
h→0+

∥vh(th, ⋅)∥L2(∂Ek̂−1)
= ∥v(t̄, ⋅)∥L2(∂Eδ

t̄
).

Since we assumed that (7.2) holds for all t ≤ t̃, and since t̄ ≤ t̃, Remark 7.3 implies that the flat

flow agrees with the classical solution up to time t̃. Using (6.15) and (6.9) (with E(t̃− T0
2 ) in

place of E0), we find that v(t̄, ⋅) coincides with the normal velocity Vt̄ of the classical solution
{Et}t≥0, and

∥∂∂Et̄
v(t̄, ⋅)∥L2(∂Eδ

t̄
) = ∥∂∂Et̄

Vt̄∥L2(∂Et̄)
= ∥∂∂Etκ

φ
Et
∥L2(∂Et) ≤

L0
2
.

Thus,

∥∂Ek
ψk∥L2(∂Ek−1) ≤

L0
2
h,

which implies

∥∂Ek−1ξk∥L2(∂Ek−1) ≤ L0h.

Using (7.4), we also obtain

∥∂2
∂Ek−1

ψk∥L2(∂Ek−1) ≤ Ch ≤K0
√
h

for h small enough. Now, using the Euler equation, the above estimates, and Remark 7.2, we
conclude that

∥∂∂Eh
t
κφ
Eh

t

∥L2(∂Eh
t )
≤K0, ∥∂2

∂Eh
t
κφ
Eh

t

∥L2(∂Eh
t )
≤
K0
√
h
t ∈ [t̃ −

T0
2
, t̃ +

T0
2
].

Repeating this argument a finite number of times yields the claim. □

Appendix A.

In this appendix, we prove the estimates for the quantities

∫
∂E
R0∂

4
τψ, ∥∂τR0∥L2(∂E)

that were used in the proof of Theorem 4.2.

Lemma A.1. Let the notation and assumptions of Theorem 4.2 be in force. If we assume
(4.22), then formula (4.28) holds, that is,

(A.1) ∫
∂E
R0∂

4
τψ ≤ C(K) + (

cg

9
+ 3ε)∫

∂E
∣∂3
τψ∣

2
+
C(K)
√
h
∫
∂E
∣∂2
τψ∣

2.

Furthermore, if we assume (4.23), then the following estimate holds:

(A.2) ∥∂τR0∥L2(∂E) ≤ C(K).
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Proof. We divide the proof into two steps.
Step 1: In this step, we prove (A.1).

Recall that R0 is defined in (4.17) and consists of several terms. We begin by analyzing
the term

∫
∂E
a(νE , ψκE , ∂τψ)∂

2
τψ∂

4
τψ.

We integrate by parts and apply Young’s inequality to obtain

∫
∂E
a(νE , ψκE , ∂τψ)∂

2
τψ∂

4
τψ = −∫

∂E
a(νE , ψκE , ∂τψ)∣∂

3
τψ∣

2
− ∫

∂E
∂τa(νE , ψκE , ∂τψ)∂

3
τψ∂

2
τψ

≤
cg

9 ∫∂E
∣∂3
τψ∣

2
+ ε∫

∂E
∣∂3
τψ∣

2
+

1
ε
∫
∂E
∣∂τa(νE , ψκE , ∂τψ)∣

2
∣∂2
τψ∣

2

≤ (
cg

9
+ ε)∫

∂E
∣∂3
τψ∣

2
+
C(K)

ε
√
h
∫
∂E
∣∂2
τψ∣

2,

(A.3)

where in the first inequality we used Young’s inequality and the estimate

(A.4) ∥a(νE , ψκE , ∂τψ)∥L∞(∂E) ≤
cg

9
.

For the second inequality in (A.3), we used the identity
(A.5)

∂τa(νE , ψκE , ∂τψ) = Ẑ(κE , ψκE , ∂τψ) + Â(νE , ψκE , ∂τψ)∂τ(ψκE) + B̂(νE , ψκE , ∂τψ)∂
2
τψ,

where Ẑ, Â, B̂ ∈ C∞ and we used the estimates (4.8) and (4.21).
To proceed, we analyze the integral

∫
∂E
b(νE , ψκE , ∂τψ)∂τ(ψκE)∂

3
τψ.

Integrating by parts, we obtain

∫
∂E
b(νE , ψκE , ∂τψ)∂τ(ψκE)∂

4
τψ = − ∫

∂E
b(νE , ψκE , ∂τψ)∂

2
τ (ψκE)∂

3
τψ

− ∫
∂E
∂τ b(νE , ψκE , ∂τψ)∂τ(ψκE)∂

3
τψ.

(A.6)

To estimate the first term on the right-hand side, we apply the Leibniz rule and Young’s
inequality:

∫
∂E
b(νE , ψκE , ∂τψ)∂

2
τ (ψκE)∂

3
τψ = ∫

∂E
b(νE , ψκE , ∂τψ)[∂

2
τψκE + 2∂τκE∂τψ + ψ∂2

τκE]∂
3
τψ

≤ ε∫
∂E
∣∂3
τψ∣

2
+
C(K)

ε
∫
∂E
∣∂2
τψ∣

2

+
C(K)

ε
∫
∂E
∣∂τκE ∣

2
+
C(K)

ε
∥ψ∥2L∞(∂E)∫

∂E
∣∂2
τκE ∣

2

≤ ε∫
∂E
∣∂3
τψ∣

2
+
C(K)

ε
∫
∂E
∣∂2
τψ∣

2
+
C(K)

ε

≤ ε∫
∂E
∣∂3
τψ∣

2
+
C(K)

ε
,

(A.7)

where we used (A.4) and (4.12). To handle the second term in (A.6), we first observe that
(A.8)

∂τ b(νE , ψκE , ∂τψ) = Ŷ (κE , ψκE , ∂τψ) + Ĉ(νE , ψκE , ∂τψ)∂τ(ψκE) + ∂
2
τψD̂(νE , ψκE , ∂τψ),
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where Ŷ , Ĉ, D̂ ∈ C∞. Moreover, we have the estimate

(A.9) ∥∂τ(ψκE)∥L∞(∂E) = ∥κE∂τψ + ψ∂τκE∥L∞(∂E) ≤ C(K) +
√
h
C(K)
√
h
≤ C(K).

Using (A.8), (A.9), and (4.22), we estimate:

∣ ∫
∂E
∂τ b(νe, ψκE , ∂τψ)∂τ(ψκE)∂

3
τψ∣ ≤ C(K)∫

∂E
∣∂τ b(νE , ψκE , ∂τψ)∣ ∣∂

3
τψ∣

≤ ε∫
∂E
∣∂3
τψ∣

2
+
C(K)

ε
∫
∂E
(∣∂2

τψ∣
2
+ 1)

≤ ε∫
∂E
∣∂3
τψ∣

2
+
C(K)

ε
.

(A.10)

Combining (A.6), (A.7), and (A.10), we conclude that

∫
∂E
b(νE , ψκE , ∂τψ)∂τ(ψκE)∂

2
τψ ≤ ε∫

∂E
∣∂3
τψ∣

2
+
C(K)

ε
.

The final term we need to analyze is

∫
∂E
c(νE , ψ, ∂τψ,κE)∂

4
τψ.

To this end, we compute:

∫
∂E
c(νE , ψ, ∂τψ,κE)∂

4
τψ = −∫

∂E
∂3
τψ[X̂(ψ,∂τψ,κE) + Ê(νE , ψ, ∂τψ,κE)∂τψ]

+ ∫
∂E
∂3
τψ[F̂ (νE , ψ, ∂τψ,κE)∂

2
τψ + Ĝ(νE , ψ, ∂τψ,κE)∂τκE]

≤ ε∫
∂E
∣∂3
τψ∣

2
+
C(K)

ε
∫
∂E

1 + ∣∂τψ∣2 + ∣∂τψ∣2 + ∣∂τκE ∣2

≤ ε∫
∂E
∣∂3
τψ∣

2
+
C(K)

ε
,

(A.11)

where

∂τ c(νE , ψ, ∂τψ,κE) = X̂(ψ,∂τψ,κE)

+ Ê(νE , ψ, ∂τψ,κE)∂τψ + F̂ (νE , ψ, ∂τψ,κE)∂
2
τψ + Ĝ(νE , ψ, ∂τψ,κE)∂τκE

(A.12)

with X̂, Ê, F̂ , Ĝ ∈ C∞. In the last inequality of (A.11) we used (4.22). By the very definition
of R0 (see (2.9)), and using (A.3), (A.4), (A.6), (A.7), (A.10) and (A.11), we obtain (A.1).
Step 2: In this step, we prove (A.2).

Using (A.5), (A.8), and (A.12), we obtain:

∂τR0 = ∂
3
τψa(⋅, ψκE , ∂τψ)

+ ∂2
τψ[Ẑ(⋅, ψκE , ∂τψ) + Â(⋅, ψκE , ∂τψ)∂τ(ψκE) + B̂(⋅, ψκE , ∂τψ)∂

2
τψ]

+ ∂2
τ (ψκE)b(⋅, ψκE , ∂τψ)

+ [Ŷ (⋅, ψκE , ∂τψ) + Ĉ(⋅, ψκE , ∂τψ)∂τ(ψκE) + ∂
2
τψD̂(⋅, ψκE , ∂τψ)]∂τ(ψκE)

+ X̂(ψ,∂τψ,κE) + Ê(νE , ψ, ∂τψ,κE)∂τψ

+ F̂ (νEψ,∂τψ,κE)∂
2
τψ + Ĝ(νE , ψ, ∂τψ,κE)∂τκE .
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Therefore, combining this with (4.22), (4.23), and using the Sobolev embedding, we deduce
that

∥∂τR0∥L2(∂E) ≤ C(K) + ∥∂
2
τκE∥L2(∂E)∥ψ∥L∞(∂E) ≤ C(K) +

C(K)
√
h

√
h ≤ C(K).

□
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Henri Poincaré analyse non linéaire. - ISSN 0294-1449. - (2023).

[23] C.M. Elliott, H. Garcke: Existence results for diffusive surface motion laws. Sonderforschungsbereich,
256, (1994).

[24] J. Escher, K. Ito: Some dynamic properties of volume preserving curvature driven flows. Mathematische
Annalen. 333(1) (2005), 213-230.

[25] J. Escher, G. Simonett: The volume preserving mean curvature flow near spheres. Proceedings of the
American Mathematical Society. 126(9) (1998), 2789-2796.

[26] S. Esedoglu, F. Otto: Threshold dynamics for networks with arbitrary surface tensions. Communica-
tions on pure and applied mathematics, 68(5) (2015), 808-864.

[27] L. C. Evans, J. Spruck: Motion of level sets by mean curvature. I. In Fundamental Contributions to the
Continuum Theory of Evolving Phase Interfaces in Solids: A Collection of Reprints of 14 Seminal Papers
(pp. 328-374). Berlin, Heidelberg: Springer Berlin Heidelberg (1991).

[28] L. C. Evans: Convergence of an algorithm for mean curvature motion. Indiana University mathematics
journal, (1993), 533-557.

[29] N. Fusco ,V. Julin, M. Morini: The surface diffusion flow with elasticity in the plane. Comm. Math.
Phys. 362 (2018), 571-607

[30] N. Fusco ,V. Julin, M. Morini: Stationary sets and asymptotic behavior of the mean curvature flow
with forcing in the plane. The Journal of Geometric Analysis, 32(2) (2022), 53.

[31] M.E. Gurtin: An introduction to continuum mechanics. Academic press, 1982.
[32] G. Huisken: The volume preserving mean-curvature flow. Journal für die Reine und Angewandte Math-

ematik. 382 (1987), 35-48.
[33] V. Julin, M. Morini, M. Ponsiglione, E. Spadaro: The asymptotics of the area-preserving mean

curvature and the Mullins–Sekerka flow in two dimensions. Mathematische Annalen, 387(3) (2023), 1969-
1999.

[34] V. Julin, J. Niinikoski: Quantitative Alexandrov theorem and asymptotic behavior of the volume pre-
serving mean curvature flow. Analysis & PDE, 16(3) (2023), 679-710.

[35] V. Julin, J. Niinikoski: Consistency of the flat flow solution to the volume preserving mean curvature
flow. Arch. Ration. Mech. Anal. 248 (2024), 58 pp.

[36] I. Kim, D. Kwon: Volume preserving mean curvature flow for star-shaped sets. Calculus of Variations
and Partial Differential Equations, 59(2) (2020), 81.

[37] E. Kim, D. Kwon: Area-preserving anisotropic mean curvature flow in two dimensions. Calculus of
Variations and Partial Differential Equations, (2025) 64(1), 1-39.

[38] A. Kubin: On a variational scheme modeling the anisotropic surface diffusion with elasticity in the plane.
Calculus of Variations and Partial Differential Equations, 65(2),(2025), 49.

[39] S. Luckhaus, T. Sturzenhecker: Implicit time discretization for the mean curvature flow equation.
Calculus of variations and partial differential equations, 3(2) (1995), 253-271.

[40] A. Lunardi: Interpolation theory. Lecture Notes, Ed. Norm., Pisa, 2018.
[41] F. Maggi: Sets of finite perimeter and geometric variational problems: an introduction to Geometric

Measure Theory, 135. Cambridge University Press (2012).
[42] C. Mantegazza: Smooth geometric evolutions of hypersurfaces. Geometric & Functional Analysis GAFA,

(2002), 12(1), 138-182.
[43] P. W. Michor, D. B. Mumford: Riemannian geometries on spaces of plane curves. Journal of the

European Mathematical Society, 8(1) (2006), 1-48.
[44] C. Mantegazza: Lecture notes on mean curvature flow. Springer Science & Business Media, (2011), (Vol.

290).



VOLUME-PRESERVING ANISOTROPIC MEAN CURVATURE FLOW IN 2D 43

[45] U. F. Mayer: A singular example for the averaged mean curvature flow. Experimental Mathematics,
10(1), (2001), 103-107.

[46] U. F. Mayer, G. Simonett: Self-intersections for the surface diffusion and the volume-preserving mean
curvature flow. Differential and Integral Equations, 13(7-9) (2000), 1189-1199.

[47] B. Merriman, J. K. Bence, S. Osher: Diffusion generated motion by mean curvature. Department of
Mathematics, University of California, Los Angeles. (1992), 72-83.

[48] M. Morini, M. Ponsiglione, E. Spadaro: Long time behavior of discrete volume preserving mean
curvature flows. Journal für die reine und angewandte Mathematik (Crelles Journal), 2022(784) (2022),
27-51.

[49] L. Mugnai, C. Seis, E. Spadaro: Global solutions to the volume-preserving mean-curvature flow. Cal-
culus of Variations and Partial Differential Equations, 55(1) (2016), 18.

[50] J. Niinikoski: Volume preserving mean curvature flows near strictly stable sets in flat torus. Journal of
Differential Equations, 276 (2021), 149-186.

[51] T. Laux, F. Otto: Convergence of the thresholding scheme for multi-phase mean-curvature flow. Calculus
of Variations and Partial Differential Equations, 55(5) (2016), 129.

[52] T. Salvador, S. Esedoglu: A simplified threshold dynamics algorithm for isotropic surface energies.
Journal of Scientific Computing, 79(1) (2019), 648-669.

[53] J. Taylor: Constructions and conjectures in crystalline non-differential geometry. Proceedings of the
Conference on Differential Geometry, Pitman, London, (1991), 1991. p. 321-336.

[54] I. Tamanini: Regularity results for almost minimal oriented hypersurfaces in RN . Quaderni del Diparti-
mento di Matematica dell’Università di Lecce (1984).
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