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 a b s t r a c t

Wrinkling is a stress-induced bifurcation commonly observed in both natural and engineered sys-
tems, arising from physical or geometric mismatches in thin films, membranes, and various sys-
tems adhered to substrates with complex microstructures. In biology, such corrugations underly 
fundamental processes such as leaf morphogenesis, brain folding, vascular mechanics, swelling 
and drying, tissue growth or repair. While wrinkling in isotropic bilayers under imposed lat-
eral compression is well characterized through established scaling laws–particularly for large 
film-to-substrate elastic mismatches–corresponding relations for fiber-reinforced bilayers remain 
comparatively widely underexplored.
 In this work, we address this gap by analytically deriving asymptotic expansions for the onset 
of wrinkling when bifurcation occurs at both small and finite strains under prescribed compression, 
thereby capturing the full spectrum of elastic mismatches between the two sides of the bilayer. The 
film is modeled as an axially deformable elastic plate with bending stiffness, while the substrate 
is described using the Standard Reinforcing Model within finite elasticity.
 Two distinct sets of scaling laws for the critical strain and wavenumber at the wrinkling onset are 
obtained, revealing two regimes: a film-mediated regime and a substrate-governed one. The transition
between such behaviors is characterized by an analytically derived threshold, providing a clear 
criterion for selecting the appropriate scaling law for the case at hand.
 Our framework applies to biological systems, as well as to engineered bilayers. For the latter, 
symmetry-breaking transition in the dispersion relation arises as the film-substrate mismatch de-
creases. Overall, this work provides a unified theoretical framework for rigorously obtaining scaling 
laws for wrinkling in fiber-reinforced bilayers across the full range of elastic mismatches, offering new 
insights into potentially analogous bifurcations in anisotropic compounds.

1.  Introduction

Wrinkling is a well-known phenomenon that arises as a bifurcation mode for equilibrium in many biological and man-made 
systems. Various factors can cause corrugation, namely mechanical forces, such as compression, shear, pre-stress, thermal and osmotic 
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3\left (2\mathcal {N}_{31}\right )^{1/3}}\left ( \dfrac {\rho _{LM}}{\mathcal {N}_{02}}\right )^{2/3} + \mathcal {O} \left (\rho _{LM}\right ), \label {eqn:strain_dual_wavelength}\end {equation}
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effects, swelling, drying, shrinking, applied voltage, and growth (see, e.g., Cerda and Mahadevan, 2003; Chen and Yang, 2012; Liu 
et al., 2015; Pandurangi et al., 2022; Alawiye et al., 2019; Oguntade et al., 2024; Shen et al., 2024; Webber and Worster, 2024; Veldin 
et al., 2025; Wu et al., 2026).

Many systems exhibiting remarkable wrinkling involve bilayers (see, e.g., Genzer and Groenewold, 2006 among many others), 
typically formed by an extremely thin layer, a film, bonded to a very thick substrate. A key factor for such media is the stiffness 
mismatch between their perfectly adhering components, namely the film and the substrate, as they would deform in totally different 
ways if unconstrained. Of course, the perfect bonding between such mismatched components gives rise to compressive internal stresses 
that, once they reach a critical threshold, lead to wrinkling of the layer-substrate interface, hence of the film itself. Such corrugation 
manifests itself in periodic wavy patterns on the body’s surface at hand, both at the onset of its occurrence and, very often, for further 
loadings.

Bilayers are frequently seen in fabricated devices (see, e.g., De Tommasi et al., 2010; Greaney et al., 2019; Ma et al., 2021; 
Khurana et al., 2022; Landis et al., 2022) and in nature (see, e.g., Hohlfeld and Mahadevan, 2011; Ciarletta et al., 2014; Balbi et al., 
2015; Georges, 2017; Pocivavsek et al., 2019). Wrinkling of bilayers has influenced technological applications in recent years, such 
as electronics and sensor development (e.g., Koo et al., 2018; Wang et al., 2018; Qin et al., 2021; Li et al., 2022; Lee et al., 2022), 
as well as in surfaces designed to minimize frictional fluid drag (Lin et al., 2021), liquid crystal elastomers (Agrawal et al., 2012; 
Goriely and Mihai, 2021), structural colors (Tan et al., 2022; Zhou et al., 2020), origami (Mahadevan and Rica, 2005; Wong et al., 
2016; Bae et al., 2017; Liu and James, 2024), and metamaterials (Silverberg et al., 2014; Zheng et al., 2017), among many others. 
Bilayers that form rugae have been extensively studied over the past few decades, with a primary focus on isotropic systems (see, e.g., 
Huang et al., 2005; Budday et al., 2017; Cao and Hutchinson, 2012; Akerson and Elliott, 2022; Ben Amar, 2025; Nagashima et al., 
2025). For instance, in Liu et al. (2022), Cranston et al. (2011) it is shown how by knowing the critical strain and the corresponding 
wavenumber, it is possible to determine the elastic modulus of thin films undergoing wrinkling. Considerable attention has been given 
to the substrate and, over the years, authors have considered various constitutive models, along with "liquid" substrates (Pocivavsek 
et al., 2008; Brau et al., 2013) and, more recently, substrates with spatially-varying stiffness (O’Kiely et al., 2025). In the context of 
infinitesimal strains, Allen (1969) derived simple expressions for the critical strain and wavenumber for a fully isotropic bilayer, later 
expanded in Cao and Hutchinson (2012), Sun et al. (2011) to account for the initial prestretch of the substrate. On the other hand, 
when wrinkling occurs at moderate-to-finite strains, material nonlinearities of the substrate have been shown to play a key role in the 
response of the system even when bilayers are initially isotropic (e.g., see Hutchinson, 2013; Song et al., 2008; Cutolo et al., 2020).

Notable are the studies of the limiting cases. The first one is due to Biot (1963) who, in the context of isotropic finite elasticity and in 
the absence of any film, derived the critical stretch of a neo-Hookean half-space undergoing compression, proving that any wavelength 
is admissible for wrinkling in this case. In light of this result, a thin film bound to the substrate can certainly be interpreted as a “filter´´ 
for the resulting bilayer, allowing the system to wrinkle with a single wavenumber (Sharp et al., 2007). The other extreme scenario 
involves thin films subjected to compression resulting from applied extensional or tensile actions (see, e.g., Cerda and Mahadevan, 
2003; Davidovitch et al., 2011; Vella et al., 2011; Chopin et al., 2015; Kudrolli and Chopin, 2018; Xin and Davidovitch, 2021; Wang 
et al., 2022; Healey, 2023; Venkata et al., 2023; Pamulaparthi Venkata et al., 2024; Venkata et al., 2025; Zhang and Kiendl, 2025), 
all in the absence of fibers. It is well known that, in this case, there is no indeterminacy of the wavenumber when wrinkling occurs. 
Here, a critical imposed elongation gives rise to wrinkling with a specific wavenumber (for a thorough analysis on this problem see, 
e.g., Puntel et al., 2011).

Within the context of linearized geometrical changes and strains, some papers addressed the attention towards both to isotropic 
viscoelastic bilayers (Mane and Huang, 2022) and to orthotropic substrates (Vonach and Rammerstorfer, 2000; Mirandola et al., 2023; 
Montanari et al., 2024). The former pushes its analysis to low elastic mismatches, although material and geometric nonlinearities 
are not accounted for in such analysis. Other papers analyzed wrinkling, folding, and creasing of fiber-reinforced biological bilayers 
(without a priori constraining the magnitude of the contractile strains), like in Stewart et al. (2016), for a specific model in the context 
of growth and prestress, and in Nguyen et al. (2020) for preliminary experimental, analytical, and computational analysis induced 
by lateral compression.

From a design standpoint, it is certainly quite useful to have scaling laws at our disposal for the phenomenon at hand. Those should 
show how the critical strain and wavenumber scale with the main physical quantities characterizing the system. Unfortunately, it is 
only for a few cases that scaling laws for the wrinkling onset have been found over the decades. This work aims at overcoming such 
a drawback, especially given the importance and the potential of biological (see, e.g., Pitre, 2024; Youn et al., 2024 and referenced 
cited therein) and manufactured bilayers (see, e.g., Zheng et al., 2017; Ramachandran et al., 2021). On the one hand, the asymptotic 
expression provided by Cao and Hutchinson (2012) for pre-stretched fully neo-Hookean bilayers is most certainly a key milestone. 
Analog outcomes can be found in Cai and Fu (1999) and in Sun et al. (2011), although the latter delivers implicit laws for the very 
same case of fully isotropic bodies. All of the above relate to the result due to Allen (1969) obtained when wrinkling occurs for strains 
whose magnitude is ≤ 10−3, i.e. within the "infinitesimal" strains regime, occurring when the film-to-matrix mismatch is very high 
(namely ≥ 10−4). Specifically, there the analysis holds for linear anisotropic substrates bonded to thin linear elastic films. Material 
nonlinearity for some special cases of anisotropic layer (i.e., liquid crystal elastomers) bonded onto an isotropic hyperelastic substrate 
has also been recently examined in the literature, accounting for non-infinitesimal strains (e.g., see Goriely and Mihai, 2021).

Besides a few recent contributions (see, e.g., Nguyen et al., 2020, for preliminary analysis and Liu, 2024; Liu et al., 2025b), 
situations in which moderate wrinkling strains occur in bilayers formed by isotropic elastic films bonded to a nonlinear anisotropic 
substrate are much less studied. The latter work, focuses on a new, rigorous, and thorough analytic study of local post-wrinkling of 
fiber-reinforced bilayers, which goes beyond the focus of this present work (although it is partially covered here in Supplementary 
material G, through a computational analysis of the ruga’s amplitude, detecting further bifurcations leading to period doubling and 
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List of Symbols

Auxiliary symbols
Δ Difference between the lateral Biot’s stretch Δ = 𝜆1 − 𝜆𝐵
Λ𝑘 Modulation function of the asymptotic strain and wavenumber
(𝑚)

𝑖𝑗 The 𝑖𝑗-th component of the matrix 𝐌 is given by ∑𝑚=0 
(𝑚)
𝑖𝑗 𝑘𝑚ℎ

𝜂𝜔, 𝜂𝜔 Coefficients defining the critical strain and non-dimensional wavenumber
𝜔1, 𝜔2 Coefficients appearing in the multiplicative decomposition 02 = 𝜔1𝜔2
𝜔10, 𝜔11 Approximation of 𝜔1
𝐌 Coefficient matrix of the interface equilibrium
𝜉𝑖 Auxiliary coefficients defining the parameter 𝛼
𝜁𝑖 𝑖-th term of the modulation function Λ
𝑐𝑖 𝑖-th coefficient of the dual scaling law of the critical strain and wavenumber
𝐼4𝑚 Fourth invariant of 𝐂 referred to the 𝑚-th fiber family (𝐭𝑚 ⋅ 𝐂𝐭𝑚)

Constitutive parameters
𝛾 Volumetric concentration mediated stiffness of the fibers
𝜅 Orientational dispersion of the fibers (0 ≤ 𝜅 ≤ 1∕3)
𝜇𝑀 , 𝜇𝐿 Half of the shear modulus of the matrix (𝜇𝑀 ) and of the layer (𝜇𝐿), respectively
𝜈𝐿 Poisson’s ratio of the film (also called "layer" through the manuscript)
𝜌𝑀𝐿 = 𝜇𝐿∕𝜇𝑀 Mismatch ratio between the matrix and the film
𝜌𝐿𝑀 = 𝜇𝐿∕𝜇𝑀 Mismatch ratio between the film and the matrix
𝜌𝐹𝑀 = 𝛾∕𝜌𝑀𝐿 Mismatch ratio between the fibers and the matrix
𝐇𝑚 Structure tensor of the 𝑚-th fiber family
𝐭 Unit vector of the mean angle of a fiber family
𝜃 Angle of a fiber family with respect to the horizontal axis
𝐸𝐿 Young’s modulus of the film
ℎ Thickness of the film

Kinematics
 Amplitude of the wrinkles
𝜀𝑐𝑟, 𝑘ℎ,𝑐𝑟 Critical strain and non-dimensional wavenumber
𝜆ℎ = 𝑘−1ℎ Inverse of the non-dimensional wavenumber
𝜆𝑖 Stretch along the 𝑖-th direction
𝐂 Right Cauchy tensor
𝐂0,𝐅0 Right Cauchy and deformation tensors evaluated during the homogeneous deformation
𝐂01, 𝐅1 First-order perturbation of right Cauchy and deformation tensors due to wrinkling
𝐅 Deformation gradient
𝜀𝐿 Longitudinal strain
𝜀𝑐𝑟,𝑛ℎ, 𝑘ℎ,𝑐𝑟,𝑛ℎ Critical strain and non-dimensional wavenumber of a neo-Hookean bilayer
𝜆𝐵 , 𝜀𝐵 Critical stretch and strain of Biot’s bifurcation problem of a neo-Hookean half-space
𝑘, 𝜆 Wavenumber and wavelength of the wrinkle (𝜆 = 2𝜋∕𝑘)
𝑘ℎ = 𝑘ℎ Non-dimensional wavenumber
𝑢𝑖 Displacement along the 𝑖-th direction
𝑋𝑖 𝑖-th direction of the reference system (1:horizontal, 2: vertical)
𝑥𝑖 𝑖-th direction of the current system

Other symbols
(∙),𝑗 Partial derivative with respect the 𝑗-th direction 𝑋𝑗
𝛼 Coefficients defining the spatial damping of the wave along the depth of the substrate
𝛿 Perturbation parameter
𝐞𝑖 Unit vector of the 𝑖-th direction
𝐈 Identity tensor
∙̃ Linear combination of the eigenfunctions ∙
𝐶𝑖 Weights of the linear combination ̃∙

Stress and energy
𝐏 First Piola-Kirchhoff stress tensor
𝐸0 𝐸𝑚 evaluated during the homogeneous deformation
𝐸𝑚 𝛾𝐸2

𝑚∕2 defines the 𝑚-th fiber family contribution to the energy
𝐸𝑚1 First-order perturbation of 𝐸𝑚 due to wrinkling
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𝑝0 Internal pressure to ensure incompressibility during the homogeneous deformation
𝑝1 Internal pressure to ensure incompressibility due to wrinkling
𝑊 Strain energy density

quadrupling, then folding). There, a very non-trivial extension of Koiter’s approach (undertaken in Hutchinson, 2013; Akerson and 
Elliott, 2022 for neo-Hookean systems), has been worked out.

Nevertheless, scaling laws governing the bifurcation phenomena in question remain unaddressed, including those pertaining to 
the onset of wrinkling. With this as a primary focus, self-consistent parametric and explicit asymptotic expressions have been recently 
provided in Mirandola et al. (2023) for the case of infinitesimal strains. There, bilayers formed by soft fiber-reinforced substrates and 
orders of magnitude stiffer films undergoing an imposed lateral contraction have been considered. In particular, an explicit modulation 
function depending on the fiber’s orientation and dispersion has been found to amplify the scaling laws provided in Allen (1969), Cao 
and Hutchinson (2012) for the case of no prestretch and highly mismatched isotropic bilayers. The explicit scaling laws obtained in 
Mirandola et al. (2023) are shown to well approximate the key wrinkling features, i.e. the critical strain and wavenumber, obtained 
analytically for highly mismatched fiber-reinforced bilayers. It is worth noting that, as functions of the fiber angle, these quantities 
exhibit symmetric behavior about 45◦. In biological materials, this is unlikely to occur, as fibers are recruited to participate in their 
response as long as they are elongated (see, e.g., Holzapfel et al., 2000; Robertson and Watton, 2013; Holzapfel and Ogden, 2017; 
Lu et al., 2025). On the contrary, this can happen in man-made composites whenever fibers are sufficiently transversely confined by 
the loaded matrix, so that they can bear compressive stresses away from experiencing (micro)buckling or other collapse mechanisms 
(see, e.g., Kurashige, 1983; Budiansky and Fleck, 1993; Slaughter et al., 1996; Fleck, 1997; Niu and Talreja, 2000; Opelt et al., 2018; 
Thomson et al., 2019). In this way the fiber reinforcement is effective both under contraction and elongation of the fiber’s themselves, 
thereby inducing a bilateral response to compressive and tensile loads to the resulting composite. Consequently, the corresponding 
scaling laws display the symmetry highlighted above, although for very small wrinkling strains it is expected that only when fibers 
are sufficiently inclined with respect to the loading direction that they can experience elongation.

Even when the bilateral behavior discussed above is effective, there is an indication that the onset of symmetry loss is detectable 
for matrix-to-film elastic mismatches of the order of 10−3, for which a slight deviation from the symmetric behavior highlighted above 
is noticeable (see, e.g., Nguyen et al., 2020; Mirandola et al., 2023). Moving towards lower values than 10−3 highlighted above, the 
symmetry breaking for the wrinkling features as functions of the fiber angle is recorded. In this respect, there is a substantial lack of 
knowledge regarding the scaling laws for compressed fiber-reinforced bilayers with moderate-to-low layer vs matrix elastic mismatches. Of 
course, the lower such a mismatch gets, the higher the strain required for wrinkling to appear. The magnitude of such critical strain 
can become quite significant, as it can get asymptotically close to the Biot’s limit of the fiber-reinforced substrate at hand. This can 
occur when the mediating role of the thin layer versus the substrate on the wrinkling onset tends to weaken (for instance, as shown 
in Section 4, this can happen at values of the matrix-film elastic mismatch order of less than 1-to-5).

In summary, here, and for the first time in the literature, scaling laws for the critical strain and corresponding wavenumber are rigorously 
derived for the onset of wrinkling in fiber-reinforced bilayers with no restrictions on the substrate-film stiffness mismatch. This largely extends 
the work by Mirandola et al. (2023) in a very non-trivial way to corrugation instabilities at moderate to finite strains.

This present work is organized as follows.
In Section 2, we describe the analytical model of the bilayer. Due to its thinness relative to the assumed (infinite) depth of 

the substrate, the film is modeled as a deformable plate, undergoing bending and contraction, perfectly bonded to an infinitely 
deep hyperelastic substrate (see, e.g., Shield et al., 1994, Sun et al., 2011). With the aim of expanding this analysis to soft and low 
mismatched fiber-reinforced composites, while retaining the capability of covering stiffer and more highly mismatched system within 
the same procedure, it is for the sole sake of illustration that the constitutive equation chosen here for the substrate is based on the 
Standard Reinforcing Model, hereafter referred to as SRM (Qiu and Pence, 1997; Guo et al., 2007; Chagnon et al., 2015; Kurashige, 
1981; Triantafyllidis and Abeyaratne, 1983). It is worth noting that this accounts for fiber’s orientational dispersion in the most 
simplistic way (Shashwati, 2022; Melnik et al., 2015) and it can be obtained as a limiting case of the law proposed by Holzapfel 
et al. (2000), Gasser et al. (2005). The latter and its variants (see, e.g., Federico and Gasser, 2010; Federico et al., 2011; Pandolfi 
and Vasta, 2012; Gizzi et al., 2018, 2024 among many others) are well suited for fiber-reinforced biological tissues. Nevertheless, 
their details are known not to significantly influence the wrinkling onset (see Liu et al., 2025b), thereby indicating that the SRM law 
may suffice for this aim. The analytical solution of the interface balance is then provided in this section for the three-dimensional 
(3D) substrate (under plane-strain conditions) obeying the SRM law. Besides the symmetry breaking discussed above, a comparative 
analysis of the dispersion properties for two suitable models for fiber-reinforced bilayers is performed in Section 2. In the first one, 
the film is modeled as an extensible plate supporting bending. For the second model at hand, such a film is regarded as a fully 3D 
body undergoing plane strain. Regarding the onset of wrinkling, the analysis performed in this section shows that modeling the thin 
film like in Shield et al. (1994) rather than a fully 3D medium gives quite accurate estimates of the wrinkling features at its onset. 
The analytic results provided in Section 2 (details on the calculations are reported in Supplementary material A) set the stage for 
providing consistent expansions of the expressions for the critical strain and wavenumber at the onset of wrinkling, no matter what 
the matrix-to-layer mismatch and whatever orientation and concentration-mediated fiber-matrix stiffness ratio.
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As observed before, the occurrence of wrinkling in medium-to-low elastic mismatched bilayers arises at moderate-to-large strains 
before wrinkling. In Section 3, a rigorous asymptotic analysis is performed for fiber-reinforced bilayers with matrix-layer mismatches 
up to that range, for which the film mediates the onset of the corrugation. Finding scaling laws in such a non-linear setting required 
expanding in Section 2 the formulation proposed in Mirandola et al. (2023), which is effectively suitable for small strains. Of course, 
the necessary asymptotics yielding the results is way more challenging than in the previous case. To do so, the conceived proce-
dure relies upon Puiseux series (see, e.g., Poteaux and Rybowicz, 2012), namely a generalization of Taylor expansions allowing for 
fractional powers (see Supplementary material C for the methodology and Supplementary material B for auxiliary calculations). The 
main advantage of this approach is that both the exponents and the coefficients of the series must be systematically calculated; thus, unlike 
other approaches (e.g., the perturbation method, adopted in Mirandola et al., 2023), it requires no extra assumptions on the expo-
nents of each single term of the expansion. Furthermore, all such terms are parametric expressions of the key features characterizing 
the fiber-reinforced bilayers, such as the matrix-to-layer elastic mismatch, the concentration-mediated fiber-matrix mismatch (and 
concentration) relative to the matrix, the fiber’s orientation, and their orientational dispersion. Due to the involved form of the ob-
tained terms, the Puiseux series procedure’s bare-bones outcomes may not be so practical for the reader to utilize the obtained scaling 
laws. To this end, more compact, useful, and revealing asymptotic expressions are sought by simultaneously exploring (a) a dilute 
concentration mediated fiber-to-matrix elastic mismatch approximation and (b) small to moderate strains. For this reason, further 
Taylor expansions of both Puiseux expressions of the wavenumber and the critical strain accounting for (a) and (b) are performed. 
Unlike the infinitesimal-strains case, the new scaling laws, namely (19), (20) (supported by (21), (22a), (22b), (22c)), are implicit 
and cover the whole spectrum of film-mediated wrinkling, namely from highly-to-medium-low mismatched fiber-reinforced bilayers, 
hence from very small-to-moderate wrinkling strains. Noticeably, by letting the concentration-mediated fibers-to-matrix parameter 
to zero, i.e., for fiber-less (hence isotropic) compressed and moderate-to-fairly low mismatched bilayers, the obtained scaling law for 
the wrinkling strain at its onset is consistent with the one obtained in Hutchinson (2013). An explicit scaling law for the critical strain 
has also been derived, although it applies over a more limited range than (20).

Although the analysis discussed above applies to bilayers in which the film primarily governs the onset of wrinkling, the presence 
of reinforcing fibers in the substrate matrix is expected to induce a transition from this film-dominated regime to a substrate-mediated 
one. Depending on the degree of reinforcement, such a transition may occur for relatively moderate matrix-to-film elastic mismatches. 
In contrast, for fiberless (and therefore isotropic) bilayers, it is known to take place when the matrix and film moduli are comparable. 
This circumstance has been extensively investigated under the assumption that both the film and the substrate are fully three-
dimensional isotropic bodies subjected to plane-strain compression (see, e.g., Wang and Zhao, 2013; Fu and Ciarletta, 2015; Zhao 
et al., 2015; Auguste et al., 2017). In such cases, several competing bifurcation modes have been identified by looking at post-wrinkling 
analysis, which is out of the scope of this paper (as mentioned above, for fiber-reinforced bilayers this has been studied by Liu, 2024; 
Liu et al., 2025b). For fully isotropic bilayers, available studies near bifurcation document wrinkles that: (i) transition directly to 
creases, (ii) undergo period doubling before creasing, or (iii) undergo successive period doubling and quadrupling before folding. The 
presence of reinforcing fibers within the substrate does, of course, yield a stiffer effective behavior of the bilayer, thereby exhibiting 
different post-bifurcation modes relative to the isotropic case discussed above (in Supplementary material G a brief discussion about 
the corrugation amplitude and associated post-wrinkling modes in relevant cases is reported). Studies addressing wrinkling in bilayers 
with similar elastic mismatch conditions, in which the film is viewed as an extensible thin plate with bending rigidity, remain scarce in 
the literature, even in the case of fully isotropic systems (see, e.g.,Supplementary material E for a detailed analysis of such a model).

Of course, relative to the isotropic bilayers highlighted above, the presence of reinforcing fibers in the substrate is expected to 
make major differences in the bifurcation behavior even when the mismatch between the matrix and the film is reduced. In particular, 
the interplay between the substrate and the layer in terms of mediating the onset of wrinkling not only depends on the matrix-to-
layer mismatch, but also on the degree of fiber reinforcement (i.e., on their orientation, stiffness, concentration). It follows that 
the asymptotics provided in Section 3 are not capable to capture the wrinkling features of bilayers for which the substrate starts 
competing with the film as mediator of the wrinkling onset. Indeed, such systems are characterized by significant wrinkling strains at 
their onset, which can get close to their corresponding Biot’s value in the limit of vanishing films. The required analysis is performed 
here in Section 4. Depending on the effectiveness of the fiber reinforcement, the value of the layer-vs-matrix mismatch at which the 
substrate starts overtaking the role of the film upon mediating the wrinkling onset of the bilayer spans a very wide range, starting at 
fairly moderate values. In the complete absence of fibers, such a value is achieved by approaching 1 from below. For a fully three-
dimensional model, 1 is exactly when the Biot’s limit 𝜀𝐵 ≈ 0.4563 is attained. Reinforcing fibers tend to shift backward (relative to 
1) the mismatch value at which the transition from film-mediated to substrate-dominated wrinkling occurs. This effect can, in fact, 
be very significant, as it is discussed in Section 4. What has been just described represents essentially a "material phase transition", 
governed by a threshold of the matrix-vs-layer elastic mismatch at which the switching of regime occurs. This can be recognized by the 
fact that a specific "amount of reinforcement" exists for which a slightly lower value than this critical threshold allows the compressed 
bilayer to behave anisotropically and with a film-mediated wrinkling behavior. On the other hand, bilayers with a slightly higher 
value of critical reinforcement become substrate-dominated through an isotropization of their behavior. The encountered threshold 
for such a transition is analytically determined by (28) in this section. Furthermore, we also present a phase diagram using the 
same threshold for two distinct scenarios in Fig. 8: one in which fibers reinforce the composite only when elongated, and another in 
which they enhance the substrate´s response when shortened (it is only for this latter case for which the threshold above could also 
be pushed forward to values higher than 1, and this is briefly discussed in this same section). Furthermore, among other features, 
dispersion properties of the whole bilayer displayed in Fig. 9, provided for the exact solutions of the fully 3D problem (in plane-strain 
conditions, not explicitly reported in the paper), do confirm the transition discussed above.
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The regime’s transition, as expected, has a significant impact on the scaling of the onset of wrinkling. Indeed, the asymptotics 
obtained in Section 3 fail to work. This is primarily because, asymptotically, as the bifurcation regime becomes less and less mediated 
by the film, its Young modulus tends to vanish relative to that of the substrate’s matrix. At the same time, upon utilizing the plate 
model of Section 2, the wavenumber significantly drops to much lower values in this case, thereby increasing the wavelength of the 
bifurcation mode after the transition. It is by factoring the exact solutions for the wrinkling onset provided in Section 2 in a dual way 
than before that the Puiseux asymptotics delivers the first information about the appropriate scaling covering the regime transition. 
Exactly as it happened for the direct asymptotics worked out in the previous section, the obtained expressions are not yet useful for 
interpreting the phenomenon during this regime’s transition. In analogy with what has been done in Section 3, it is through a further 
Taylor expansion of both the Puiseux expressions for the wrinkling features that useful information about the scaling is revealed. 
Here, such further expansions are worked out by expanding for the case of (a) the small concentration mediated fiber-to-matrix 
mismatch, and (b) for the imposed contractile strain near the Biot’s limit (for the fiber-less, hence isotropic, case). It is in this context 
that binomial, and implicit (like in the direct regime) scaling laws, (38) and (40), for both the critical wavenumber and the strain 
are first found. The latter is actually shown to always represent an asymptotic upper bound for the critical strain at the very onset 
of wrinkling. Further investigations near the 3D fiber-less transition lead to two explicit forms for the critical strain’s scaling, i.e., 
relations (44) and (45) (primarily depending on the matrix-to-layer mismatch), which show a better average approximation of the 
exact wrinkling. Among other things, this section further addresses how the regime’s threshold interlaces with the two sets of scaling 
laws found here and in Section 3 by varying the degree of reinforcement. Furthermore, all the other asymptotic expressions found 
for both the critical strain and the corresponding wavelength are compared for paradigmatic cases. Conclusions are then drawn in 
Section 5.

Furthermore, within the Supplementary Material, containing nine sections, besides the ones cited above, the others cover a variety 
of explicit calculations and auxiliary considerations useful for the obtained scaling laws.In particular, Supplementary material D gives 
the details of the “diluted approximation´´ of such laws in the direct regime, utilized to make predictions on both features of the 
wrinkling onset for high-to medium-low layer-to-matrix mismatches. The new scaling laws particularized to the case of neo-Hookean 
bilayers at any mismatch are covered in Supplementary material E, while the case of one family of fibers is analyzed in Supplementary 
material F. As mentioned above, Supplementary material G briefly analyzes both the scaling of the wrinkling right after its onset and 
subsequent post-bifurcations, while Supplementary material H displays the relative errors of the obtained asymptotics and scaling 
laws against the exact solution of the plate model for each selected case. Finally, Supplementary material I reports the comparison 
between the non-analytically obtained, ad-hoc scaling law for the wrinkling strain and the corresponding asymptotic laws derived in 
the present paper, starting from the Puiseux expansions introduced above.

2.  Analytical model: small-to-finite strains

As stated in the introduction, while more complex and realistic constitutive laws could be applied to biological and man-made 
fiber-reinforced materials, for simplicity and illustration, the mechanical response of the substrate here is described by using the SRM 
law mentioned above. This characterizes the behavior of an anisotropic material by additively splitting the strain energy density into 
two quadratic contributions. The first one, 𝑊𝑠,matrix, represents the strain energy density of the neo-Hookean matrix, i.e.

𝑊𝑠,matrix = 𝜇𝑀 (𝐼1 − 3) with 𝐼1 ∶= tr(𝐂), (1)

where 𝐂 = 𝐅𝑇𝐅 is the right Cauchy tensor, 𝐅 is the deformation gradient and 𝜇𝑀  is half the shear modulus of the matrix. The second 
term in the additive decomposition, denoted here by 𝑊𝑠,fibers, is provided by the presence of fibers, and it is given by the following 
expression:

𝑊𝑠,fibers =
𝛾
2

𝑁
∑

𝑚=1
𝐸2
𝑚, (2)

with 𝑁 the number of family fibers embedded into the matrix and 𝛾 representing a fiber’s concentration-mediated elastic modulus. 
The quantity 𝐸𝑚 is a function of the fourth pseudo-invariant 𝐼4𝑚 defined as follows:

𝐸𝑚 = 𝜅(𝐼1 − 3) + (1 − 3𝜅)(𝐼4𝑚 − 1) and 𝐼4𝑚 = 𝐭𝑚 ∙ 𝐂𝐭𝑚, (3)

where 𝐭𝑚 = (cos 𝜃, sin 𝜃, 0) is the unit vector representing the mean angle of a family of fibers. In the sequel, we consider two families 
of fibers (𝑁 = 2) oriented at an angle ±𝜃 relative to the horizontal axis 𝑋1 (refer to Fig. 1). The fiber dispersion 𝜅 can assume values 
between 0 (perfect alignment of the fibers along a given direction 𝜃) and 1∕3 (random distribution of the fibers). Note the coupling 
between the isotropic and anisotropic parts in the definition of 𝐸𝑚 in (3), as 𝐸𝑚 depends on the first, angle-independent invariant. A 
complete decoupling only occurs when there is a perfect fiber polarization along an angle ±𝜃, i.e. when 𝜅 = 0. Moreover, it is worth 
noting that 𝐸𝑚 represents a Green-Lagrange strain-like measure, describing the strain in the direction of the fiber family oriented 
along 𝐭𝑚 (Gasser et al., 2005). Finally, the corresponding strain energy density of the fiber-reinforced substrate takes the following 
form:

𝑊𝑠,SRM = 𝑊𝑠,matrix +𝑊𝑠,fibers. (4)

Obviously, the presence of 𝑊𝑠,fibers in the energy density makes the substrate’s response anisotropic.
To analyze the onset of wrinkling, a perturbation of the motion and pressure fields has been superimposed on those caused by 

a homogeneous, in-plane (potentially large) contraction induced through a compression along the direction 𝑋1. Then, the bifurca-
tion condition has been obtained by using a small-on-large approach, widely employed in literature to analyze bilayer bifurcation 

Journal of the Mechanics and Physics of Solids 212 (2026) 106564 

6 



A. Mirandola et al.

Fig. 1. Schematic of the plane strain bilayer model. Two fiber families are embedded within a neo-Hookean matrix, oriented at angles ±𝜃 relative to 
the reference axis 𝑋1 (a). The substrate has a depth significantly greater than the layer thickness (ℎ∕𝐻 → 0) and a rest length 𝐿0. Under a contractile 
strain 𝜆1 (associated with the deformation 𝜀𝐿), the bilayer uniformly deforms until wrinkling occurs (b), at a critical stretch 𝜆1,𝑐𝑟 = 1 − 𝜀𝑐𝑟. During 
the homogeneous compression, the relative angle 𝜃⋆ changes, according to the relation 𝜃⋆ = 1∕2 arccos

((

𝐅𝐭1 ∙ 𝐅𝐭2
)

∕
(

|𝐅𝐭1||𝐅𝐭2|
))

.

phenomena (see, e.g., Cao and Hutchinson, 2012, Hutchinson, 2013, Wang et al., 2023 and references cited therein). Following the 
approaches of Nguyen et al. (2020) and Sun et al. (2011), a perturbed in-plane lateral contraction x ∶= (𝑥1, 𝑥2) for the substrate is 
considered as follows: 

𝑥1 = 𝜆1𝑋1 − 𝛿𝛼𝜆21𝜆 sin (𝑘𝑋1)e𝛼𝑘𝑋2 + 
(

𝛿2
)

, (5a)

𝑥2 = 𝜆2𝑋2 + 𝛿𝜆 cos (𝑘𝑋1)e𝛼𝑘𝑋2 + 
(

𝛿2
)

, (5b)

𝑝 = 𝑝0 + 𝛿𝑝1 cos (𝑘𝑋1)e𝛼𝑘𝑋2 + 
(

𝛿2
)

, (5c)

where 0 < 𝜆1 ≤ 1, and 𝑝 is the above-mentioned hydrostatic pressure that maintains the isochoricity constraint.
Upon imposing isochoricity and plane strain condition of the homogeneous deformation prior to the superimposed perturbation, 

the stretch along direction 𝑋2 is 𝜆2 = 𝜆−11 . The constants 𝑝0, 𝑝1, and 𝛼 will be determined by imposing the appropriate boundary 
conditions. Eqs. (5a) and (5b) indicate that, as wrinkling deforms the surface with a sinusoidal pattern, characterized by a wavelength 
𝜆. For further developments, it is convenient to relate this to a dimensionless wavenumber, 𝑘ℎ, defined as follows:

𝑘ℎ ∶= 𝑘ℎ = 2𝜋ℎ∕𝜆, (6)

as the standard wavenumber, 𝑘, is instead set by the relation 𝑘 = 2𝜋∕𝜆. Finally, the superimposed field due to wrinkling has been 
introduced by a perturbation whose amplitude is scaled through the constant 𝛿 ≪ 1. Details on the balance of linear momentum for 
the substrate are reported in Supplementary material A. For this, a key parameter is the fiber’s concentration-mediated fibers-matrix 
elastic mismatch, defined as follows:

𝜌𝐹𝑀 ∶= 𝛾∕𝜇𝑀 . (7)

As noted earlier in this section, the thickness of the layer is very small compared to the substrate’s height and the wrinkling wavelength. 
Hence, the upper layer can be reasonably modeled as an extensible linear elastic plate exhibiting bending rigidity (Shield et al., 1994). 
Therefore, the balance of linear momentum at the interface between the film and the substrate can be cast in the following form (Shield 
et al., 1994): 

𝐸𝐿ℎ
1 − 𝜈2𝐿

(

ℎ2

3
𝑢̃2,1111 −

ℎ
2
𝑢̃1,111 + 𝜀𝐿𝑢̃2,11

)

+ 𝑃𝑠22(𝑥1, 0) = 0, (8a)

𝐸𝐿ℎ
1 − 𝜈2𝐿

(

𝑢̃1,11 −
ℎ
2
𝑢̃2,111

)

− 𝑃𝑠12(𝑥1, 0) = 0, (8b)

where

𝜀𝐿 ∶= 1 − 𝜆1 (9)

is the defined by this relationship as the magnitude of the contractile nominal longitudinal strain that matches the absolute value 
of the longitudinal component of the gradient of the finite displacement 𝑈𝑖 ∶= (𝜆𝑖 − 1)𝑋𝑖, 𝑖 = 1, 2, (which can also be evaluated 
from (5a) and (5b) after setting 𝛿 = 0). Here, ̃𝑢𝑖 = 𝑥𝑖 − 𝜆𝑖𝑋𝑖, (𝑖, 𝑗 = 1, 2) represents the i-th component of the incremental displacement 
corresponding to (A.15) in supplementary. Furthermore, 𝑃𝑠𝑖2(𝑥1, 0), 𝑖 = 1, 2 are the traction components (see (A.15c) in supplementary 
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for their expressions) arising from the substrate at the considered interface. Here, the Young modulus and Poisson ratio of the layer 
are denoted by 𝐸𝐿 and 𝜈𝐿, respectively.

As shown by Nguyen et al. (2020), Mirandola et al. (2023), and by many others, a key parameter for the analysis of the mechanics 
of the bilayer is the stiffness mismatch between the matrix and the layer, 𝜌𝑀𝐿, defined as follows:

𝜌𝑀𝐿 ∶= 6𝜇𝑀∕𝐸𝐿. (10)

In this work, the order of the subscript letters indicates the position within the ratio: for instance, 𝜌𝐹𝑀  defined in (7) is equal to the 
stiffness of the fibers 𝛾 (F) over that of the matrix 𝜇𝑀  (M). As discussed in detail in Supplementary material A , the balance equations,
(8a) and (8b), and the ansatz for the deformation, (5a), (5b), specified by using (A.15a)–(A.15c) in supplementary, lead to the system 
(A.16) in supplementary. Its singular equation, Eq. (A.18) in supplementary, can then be solved for the corresponding strain. This 
yields the following expression for the critical value for the lateral strain introduced in (9):

𝜀𝐿 =
02𝜌2𝑀𝐿 +11𝑘ℎ𝜌𝑀𝐿 +21𝑘2ℎ𝜌𝑀𝐿 +31𝑘3ℎ𝜌𝑀𝐿 +40𝑘4ℎ

11𝑘ℎ𝜌𝑀𝐿 +20𝑘2ℎ
, (11)

where the coefficients 𝛼𝛽 and 𝛼𝛽 are defined by (A.19) in supplementary. Upon following the procedure by Pence and Song (1991), 
Yue et al. (1994), and applied later by Sun et al. (2011), the optimality condition is imposed to Eq. (A.18) in supplementary, i.e., 
𝜕 𝜀𝐿∕𝜕 𝑘ℎ = 0. Differentiation of the (11) with respect to 𝑘ℎ yields

2𝑘5ℎ2040 + 𝑘4ℎ𝜌𝑀𝐿
(

2031 + 31140
)

+ 2𝑘3ℎ𝜌
2
𝑀𝐿1131+

+ 𝑘2ℎ𝜌𝑀𝐿
(

𝜌𝑀𝐿1121 −2011
)

− 2𝑘ℎ𝜌2𝑀𝐿2002 − 𝜌3𝑀𝐿1102 = 0. (12)

Therefore, Eqs.  (11) and (12) lead to a highly nonlinear system whose solution in terms of the pair (𝜀𝐿, 𝑘ℎ) yields the critical 
nominal strain 𝜀𝑐𝑟 and the dimensionless critical wavenumber 𝑘ℎ,𝑐𝑟 at the onset of wrinkling. As pointed out by Holzapfel et al. 
(2000), biological fibers (i.e., collagen) do not store energy if shortened. This implies that 𝐼40 ≥ 1, where 𝐼40 is defined by (B.5) 
in supplementary, leading to the following admissibility conditions (represented in the phase diagram Fig. 8 together with other 
information discussed in Section 4):

1 − tan 𝜃 ≤ 𝜀𝐿 < 1, if 0 ≤ 𝜃 ≤ 𝜋∕4

0 ≤ 𝜀𝐿 < 1, if 𝜋∕4 ≤ 𝜃 < 𝜋∕2.
(13)

This has first been obtained by Liu et al. (2025b) by using the contractile stretch 𝜆1, while here it has been recast in terms of the 
magnitude of its corresponding nominal strain, 𝜀𝐿. Throughout this paper, the gray color is used to represent the zone ruled out by 
the inequality (13).

However, the solution obtained by considering active compressed fibers, i.e., contributing to stiffen the materials at hand, is always 
reported in the analysis of this paper as long as the compression borne by the contracted, and transversely-confined, fibers does not 
exceed their buckling stress (see, e.g., Sharma et al., 2023, Hamzat et al., 2025 among many others), and no other compression-
triggered failure modes get activated (see, e.g., Budiansky and Fleck, 1993; Makeev et al., 2019 and references cited therein).

Solutions of (11) and (12) are shown in Figs. 2 and 3. In Fig. 2, two different mismatches 𝜌𝑀𝐿 are considered: they represent two 
different regimes for the wrinkling onset of fiber-reinforced bilayers. Indeed, up until the elastic mismatch between the film and the 
matrix is quite high (approximately 𝜌𝑀𝐿 ≤ 10−4), in the case of effective contribution to the substrate’s overall stiffness of compressed 
fibers, the critical strain and the wavenumber exhibit a symmetric trend with respect to 𝜃 = 45◦ (see Fig. 2(a)). On the other hand, 
when this mismatch becomes much lower than before, as for 𝜌𝑀𝐿 ≥ 10−2, such symmetry is broken, leading to the curves in Fig. 2 
(b). These show two peaks with different heights, approximately at 20◦ and 70◦. It is worth noting that the elastic mismatch revealing 
the onset of symmetry-breaking is of the order of 10−3. On the other hand, by looking at Fig. 3(a) and (b), as the mismatch decreases, 
the minor peak gradually disappears, thereby leaving a single one. In both Fig. 2(a) and (b), the gray zone denotes what happens 
when contracted fibers do not contribute to the overall mechanical response of the substrate. The higher 𝜌𝑀𝐿 is, the wider the range 
of the fiber angle for which fibers undergo contraction (e.g., about ±45◦ for 𝜌𝑀𝐿 = 5 × 10−5). There, it is the matrix itself that governs 
the substrate’s behavior and, hence, the system behaves like a neo-Hookean bilayer.

To complete the comparison, results obtained by modeling the film as a neo-Hookean 3D body are considered in Fig. 2 (for the 
sake of brevity, calculations are not shown in the paper). Looking at the plots, one can see that both formulations coincide for high 
mismatches, hence for very small values of 𝜌𝑀𝐿, although differences emerge when the ratio 𝜌𝑀𝐿 increases. Indeed, with a high 
contribution from the fibers (𝜌𝐹𝑀 = 10), the critical strain provided by the plate model is slightly higher than the one resulting from 
the 3D formulation. This difference can be explained by noting that the plate model is stiffer than the fully 3D one, as it has a more 
constrained kinematics, leading to higher critical strains. However, employing a reduced formulation for the plate offers several 
advantages. First, both models coincide over a wide range of material parameters, reducing the computational effort. Moreover, the 
relative simplicity induced by the reduced model highly facilitates the derivation of scaling laws.

Fig. 3 presents an analysis showing how the constitutive parameters of the bilayer influence the critical strain and wavenumber. 
The analysis considers two values for the matrix/layer elastic mismatch 𝜌𝑀𝐿 (specifically 𝜌𝑀𝐿 = 10−2, 10−1). Fig. 3(a) and (b) show the 
trend of the critical quantities by keeping the fiber’s dispersion (𝜅) constant and varying the ratio 𝜌𝐹𝑀 . In (a), 𝜌𝑀𝐿 is set at 1 × 10−2, 
while in (b) 𝜌𝑀𝐿 is 1 × 10−1. As previously noted, high values of 𝜌𝑀𝐿 lead to a more asymmetric curve trend, with peaks around 
𝜃 = 67.5◦. These peaks are more evident for the critical strain for both mismatch values. In other words, the value of the critical strain 
at the onset of wrinkling gets significantly amplified by the presence of fibers in the substrate when the elastic mismatch between the 
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Fig. 2. Emerging symmetry breaking from very high-to-moderate elastic mismatches in bilayers formed by bilateral substrates (i.e., for which con-
tracted fibers contribute to stiffen the resulting composite). When this is not the case, the gray region rules out compressed fibers according to inequality
(13). In these, and in the following figures, to make the trends and the simmetries more evident, a polar representation of the critical quantities 
has been adopted, in which a given angle 𝜃 corresponds to a bilayer with fiber families oriented along ±𝜃. Comparison between the critical strain 
obtained from the plate model (solid line) and the 3D-solid model (dots), both for SRM substrates, with respect to the fiber angle 𝜃, and considering 
three values of 𝜌𝐹𝑀 . In particular, the values of 𝜌𝐹𝑀 are consistent with those used in Nguyen et al. (2020). Two representative values of the 
matrix-layer elastic mismatch 𝜌𝑀𝐿 are chosen to show the symmetry breaking in terms of critical strain and wavenumber as functions of the fiber’s 
orientation. For high layer-matrix mismatches, i.e., very low values of 𝜌𝑀𝐿, namely 𝜌𝑀𝐿 = 5 × 10−5 in (a), the trend is symmetric with respect to 
𝜃 = ±45◦. In contrast, even when compressed fibers contribute to the effective mechanical response of the substrate, such symmetry is broken when 
the stiffness of the matrix approaches that of the layer (b) (in this case 𝜌𝑀𝐿 = 10−2). Both analyses are performed for highly polarized fibers, i.e., for 
𝜅 = 0. It is worth noting that both the critical strain and the wavenumber exhibit a peak around 𝜃 = 67.5◦.

matrix and the film is in the interval 1 × 10−2÷ 1 × 10−1. Indeed, by looking at the curves for 𝜌𝐹𝑀 = 2 in Fig. 3, 𝜀𝑐𝑟,max ≈ 1.7 𝜀𝑐𝑟,𝑛ℎ for 
𝜌𝑀𝐿 = 1 × 10−2, while 𝜀𝑐𝑟,max ≈ 3.4 𝜀𝑐𝑟,𝑛ℎ if 𝜌𝑀𝐿 = 1 × 10−1, where 𝜀𝑐𝑟,𝑛ℎ indicates the critical strain that would occur in neo-Hookean 
bilayers with the given and same mismatch. In contrast, smaller variations are detected in the wavenumber (and the corresponding 
wavelength 2𝜋∕𝑘ℎ,𝑐𝑟). Indeed, the maximum deviation from the corresponding neo-Hookean value 𝑘ℎ,𝑐𝑟,𝑛ℎ is, approximately, 26% for 
𝜌𝑀𝐿 = 1 × 10−2 and 15% for 𝜌𝑀𝐿 = 1 × 10−1. Finally, as the stiffness mismatch between the layer and the matrix decreases (i.e., as 
𝜌𝑀𝐿 increases), the critical strain exhibits significantly higher values even for relatively small fiber ratios 𝜌𝐹𝑀 . In Fig. 3 (a) and (b), 
the maximum critical strains are 𝜀𝑐𝑟,max ≈ 4 × 10−2 and 𝜀𝑐𝑟,max ≈ 0.37 when 𝜌𝐹𝑀 = 2, respectively.

Different dispersion responses are expected for the system at hand from modeling the film as a plate versus a 3D continuum. 
Nevertheless, the comparison displayed in Fig. 4 clearly shows that the wrinkling onset obtained by the former (occurring at a 
relatively small wavenumber) well approximates the one derived by using the latter. Upon revisiting the singularity condition (11) 
obtained above for the plate model, this can be recast as a fourth-order polynomial in the wavenumber, i.e.:

𝑘4ℎ40 + 𝑘3ℎ𝜌𝑀𝐿31 − 𝑘2ℎ
(

𝜀𝐿20 − 𝜌𝑀𝐿21
)

− 𝑘ℎ𝜌𝑀𝐿
(

𝜀𝐿11 −11
)

+ 𝜌2𝑀𝐿02 = 0. (14)

A first remark arises from such an equation by considering the limiting case of 𝑘ℎ → ∞. Eq. (14) shows that the leading term is 40
(its expression can be found in (A.19a) in supplementary, where its determining coefficients are reported in Supplementary material 
B). Of course, to make Eq. (14) converge, one must have 40 → 0 as 𝑘ℎ → ∞. One can show that its corresponding limiting condition 
holds if and only if 𝛼2 = 𝛼1, which can never be fulfilled. This is clear in the case of the complete absence of fibers, where one has 
𝛼1 = 1 and 𝛼2 = 𝜆−21 , so that 40 = 0 if and only if 𝜆21 = 1. Such a circumstance is not physically admissible, as its unique real and 
positive solution is 𝜆1 = 1, which identifies the undeformed configuration. Moreover, 𝑘ℎ → ∞ obviously implies having an infinitely 
short wavelength, 𝜆 → 0, at the onset of wrinkling. Noticeably, 𝜆 is proportional to the film thickness ℎ (indeed 𝜆 = 2𝜋∕𝑘 = 2𝜋ℎ∕𝑘ℎ). 
Hence, the wavelength could achieve smaller values than the thickness ℎ, leading to extremely high curvatures. This circumstance 
is definitely not covered by the plate model adopted in this paper, so a richer ansatz for the kinematics would be required to obtain 
a dimensionally-reduced model in order to mimic the outcomes of the fully 3D continuum approach for the film. This result is fully 
consistent with the fact that (14), the dispersion relation for the plate-fiber-reinforced substrate bilayer, exhibits a limiting value for 
𝑘ℎ (depending on the material parameters 𝜌𝐹𝑀 , which there is taken to be equal to 2, 𝜌𝑀𝐿, and 𝜃) for the plate model is manifest in 
the display of Fig. 4. Such a figure shows a comparison between the dispersion relation resulting from the assumed plate model and 
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Fig. 3. Parametric analysis of the critical strain and wavenumber in moderate and medium-low mismatched bilayers. The values of the matrix-layer 
elastic mismatch are 𝜌𝑀𝐿 = 1 × 10−2 in (a), and 𝜌𝑀𝐿 = 1 × 10−1 in (b), respectively. No orientational dispersion is considered in this analysis (𝜅 = 0), 
and 0 ≤ 𝜌𝐹𝑀 ≤ 2. In (a) and (b), there is a peak around 𝜃 ≈ 67.5◦ whose height is proportional to 𝜌𝐹𝑀 . Another local maximum is detectable for 
𝜃 = 20◦ and 𝜌𝑀𝐿 = 1 × 10−2. When 𝜌𝑀𝐿 = 1 × 10−1, for 𝜃 = 20◦ such a peak becomes very minor, and this gets smoothed out as 𝜌𝑀𝐿 increases, i.e., 
when the film-matrix mismatch decreases. For 𝜌𝐹𝑀 = 0, Figures (a) and (b) show that the trend of the curves is isotropic and approaches the value 
of a neo-Hookean bilayer with the same mismatch 𝜌𝑀𝐿 (highlighted in red). Furthermore, Figure (b) shows that the fibers have a much greater 
effect on the critical strain than the wavenumber, with the latter being quite similar to the value reached by an analogous neo-Hookean bilayer. Of 
course, given the moderate to low layer-matrix mismatch, symmetry breaking of both the critical strain and wavenumber as functions of 𝜃 about 
𝜃 = 45◦ is present in both (a) and (b). The gray color is used to represent the zone for which fibers are under contraction, i.e. the region ruled out 
by inequality (13).

a fully 3D modelization of the bilayer: there, the film is not described as a plate but rather as a 3D continuum. The corresponding 
analysis is omitted for brevity (for more details, see Appendix 1 of Nguyen et al., 2020). Looking at Fig. 4, the dispersion relation
(14) is displayed for the selected set of parameters in terms of (i) the imposed strain, 𝜀𝐿, and (ii) the dimensionless wavenumber 𝑘ℎ. 
This comparison shows that modeling the film as a thin plate within the bilayer limits such a model to be meaningful over a bounded 
set of wavenumbers. On the contrary, the corresponding fully 3D model is well-defined throughout the non-negative real axis. In 
particular, the data utilized in Fig. 4 for the comparison between the two models mentioned above are 𝜌𝑀𝐿 = 5 × 10−2, 1 × 10−1, 
𝜅 = 0 and 𝜃 = 50◦, 70◦. For a given wavenumber, both models often return at least two possible critical stretches. Nevertheless, the 
minimum condition 𝜀𝐿,𝑘ℎ = 0 forces the system to select just one solution, 𝜀𝑐𝑟, highlighted by colored dots. Note that all the dispersion 
curves of the 3D model in the lower part of the plot tend to the same value

𝜀𝐵 ∶= 1 − 𝜆𝐵 ≈ 0.4563 (15)

when 𝑘ℎ → ∞, where

𝜆𝐵 ∶= 31∕3
3

(

21∕3
(

(

3 × 331∕2 + 13
)1∕3 −

(

3 × 331∕2 − 13
)1∕3) − 1

)1∕2
≈ 0.5437 (16)

is the well-known Biot´s stretch at the onset of contraction/compression-induced wrinkling for a homogeneous neo-Hookean half-
space (Biot, 1963).

Fig. 4 also shows the behavior of the plate and the 3D model for any wavenumber. There, for different values of the matrix-to-
layer elastic mismatch, the strain is proved to attain a local minimum corresponding to the very onset of wrinkling. From direct 
inspection of the figure just cited, the onset of wrinkling is almost the same for the two models. As discussed in the sequel, when it comes 
to characterizing such an onset, there is a striking advantage if a dimensionally reduced model is considered, from which one can, in 
fact, obtain an analytic and parametric set of scaling laws.

In addition to the intrinsic simplicity of the plate model relative to the 3D one, the main advantage of assuming that to analyze 
the corrugation of soft fiber-reinforced bilayers is to obtain asymptotic expansions of the wrinkling features at its onset without a 
priori information on the scaling of the critical quantities themselves. Indeed, here, the exponents of the power series are analytically 
obtained, and not inferred from already existing results. The coefficients of the resulting expansions are fully parametric in terms of 
the material properties and on the critical stretch itself, thus providing an operative tool applicable to any asymptotic bifurcation 
analyses at moderate-to-finite strains.
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Fig. 4. Dispersion plot displaying the singularity condition yielding the critical strain for a compressed hyperelastic fiber-reinforced bilayer formed 
by an SRM substrate adhering to (i) a thin extensible plate and (ii) a fully 3D film. The minimum condition 𝜀𝐿,𝑘ℎ = 0 selects only one strain 𝜀𝑐𝑟, highlighted 
with colored dots, thereby confirming that the onset of wrinkling is well characterized by the plate model for the set of parameters considered for the 
analyses above. Note that, unlike all the other displayed cases, for which the film mediates the onset of wrinkling (this is the most common case and 
it is analyzed in Section 3), for 𝜌𝑀𝐿 = 10−1 and 𝜃 = 70◦ the substrate starts governing the onset of bifurcation, almost doubling the value of the strain 
necessary for wrinkling to get triggered (this regime is thoroughly discussed in Section 4). For high values of wavenumber, the 3D model exhibits 
an asymptotic behavior, as for every curve, and one solution (on the lower part of the two-family branches displayed above) is Biot’s critical strain 
𝜀𝐵 .

3.  Film-mediated wrinkling of fiber-reinforced bilayers: direct scaling laws

While studying wrinkling for virtually any film-substrate continuum, the thin layer almost invariably dominates the selection of 
both the critical strain, and its associated wavenumber, at which wrinkles appear. The reason for this film-mediated regime is that there 
are very high-to-medium elastic mismatches of such thin layers versus the substrate. Although authors derived scaling laws for highly 
mismatched flat bilayers (i.e., for 10−5 ≤ 𝜌𝑀𝐿 ≤ 10−3) undergoing wrinkling induced by applied compression (see, for instance, Allen, 
1969; Cao and Hutchinson, 2012; Sun et al., 2011 and Vonach and Rammerstorfer, 2000), besides the results obtained in Mirandola 
et al. (2023) (holding for the mismatch regime just mentioned), no such relations exist for the systems studied in the present work, 
i.e., when the substrate is fiber-reinforced, and when there is a medium-low stiffness mismatch between the matrix and the upper layer, 
e.g. 𝜌𝑀𝐿 ≥ 10−1. This section describes the procedure utilized for deriving such laws even for the medium-low matrix-to-layer elastic 
mismatches, for which the onset of wrinkling occurs at moderate-to-large strains.

The method presented in this work offers the advantage of applicability to a broader class of bilayers with fiber-reinforced hyperelastic 
substrates. Indeed, the expansions are expressed in terms of the coefficients 𝛼𝛽 and 𝛼𝛽 introduced earlier and defined by (A.19) 
in supplementary, which can be calculated for any hyperelastic constitutive law, including any one of them suitable for fiber-reinforced 
substrates. The roadmap leading to the abovementioned expansions starts with the optimality condition given by Eq. (12). This amounts 
to a fifth-degree algebraic equation in the variable 𝑘ℎ. Although closed-form solutions are unavailable, asymptotic solutions of Eq. (12) 
can be provided for very small matrix-to-layer mismatch, i.e., when 𝜌𝑀𝐿 approaches 0. A standard way to seek asymptotic solutions 
is perturbation analysis, testing various candidate power series and selecting the ones leading to meaningful results. Nevertheless, the 
present work aims at providing a more general method to derive scaling laws. To this end, a more robust, not trial-and-error-based 
method is considered. This relies on Puiseux series, a generalization of Taylor expansions extending exponents to rational numbers. 
This method, applied in Supplementary material C to our problem, determines the exponents by an iterative procedure, whereas, in 
general, these are derived by inspection of the equation.

The fact that an extensible plate model allowing for bending has been adopted instead of the fully 3D one facilitates the step 
towards utilizing the abovementioned method. It is worth remarking that the key here is that (12) is algebraic (hence not transcendental 
like the one coming from the corresponding 3D formulation). Although the latter is representable in terms of exponentials, which, 
of course, can be written in terms of their absolutely convergent power series, the direct algebraic nature of Eq. (12) facilitates the 
derivation of rigorous asymptotic approximations by Puiseux series. Although one of the aims of the present work is to derive relations 
for moderate-to-low elastic mismatches, the asymptotic expansions reported in Supplementary material C have been performed by 
considering a vanishing matrix-to-layer elastic mismatch, namely a limiting condition where, overall, the substrate is much softer 
than the film. This choice allows for a hierarchy of scaling laws suitable to both moderate-to-low and high mismatches, obtained in 
Supplementary material C. For instance, the latter case recovers the scaling laws obtained by Mirandola et al. (2023), while the ones 
found in Allen (1969) are further retrieved for the limiting case of a neo-Hookean substrate.

Upon performing the calculations of the asymptotics as indicated in Supplementary material C , the leading term of such expansion 
for the critical wavenumber reads as follows:

𝑘ℎ =
(

11

240
𝜌𝑀𝐿

)1∕3

+ 
(

𝜌𝑀𝐿
)

, (17)
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where the notation for the remainder (𝜌𝑀𝐿
) means that this has the same order of 𝜌𝑀𝐿 (i.e., that goes to ∞ with the same "speed" 

of the linear power of 𝜌𝑀𝐿), 11 and 40 are defined in (A.19) in supplementary and, through the real positive eigenvalues (A.14) 
in supplementary, on the matrix and fiber stiffness, 𝜇𝑀  and 𝜌𝐹𝑀 , longitudinal stretch 𝜆1 and on the fiber angle and dispersion, 𝜃
and 𝜅, respectively. Hence, upon replacing Eq. (17) into Eq. (C.16) in supplementary, the following consistent binomial asymptotic 
expression for the critical strain is found:

𝜀𝑐𝑟 =
340
20

(

11

240
𝜌𝑀𝐿

)2∕3

+
21
20

𝜌𝑀𝐿 + 
(

𝜌4∕3𝑀𝐿

)

. (18)

Unlike the monomial asymptotic expansion (17) for the wavenumber, consistency for the approximation of the expansion for 𝜀𝑐𝑟
yields the binomial expression above for the critical strain. Both formulas depend on the mismatch between the matrix and the layer, 
the fiber/matrix mismatch, and the longitudinal stretch 𝜆1. Additionally, these relations are influenced by the spatial dispersion of 
the fibers 𝜅 and their mutual orientation through the angle 𝜃. It is worth noting that the scaling laws obtained above hold for any 
hyperelastic law for the substrate and, hence, they are suitable for direct applications to the case at hand.

Further simplified convergent Taylor’s expansions of (17) and (18) can be obtained for (i) the case of "weak reinforcements", 
namely when the concentration mediated fiber-to-matrix elastic mismatch, 𝜌𝐹𝑀 , is not too high, and (ii) for small to moderate 
stretches, i.e., for 𝜆1 close to 1. The outcomes of such expansions read as follows:

𝑘ℎ =
(

Λ𝑘𝜌𝑀𝐿
)1∕3 + 

(

𝜌𝑀𝐿, 𝜌
1∕2
𝐹𝑀 , 𝜆21(𝜆1 − 1)1∕2

)

(19)

𝜀𝑐𝑟 =
1
4𝜆21

(

Λ𝑘𝜌𝑀𝐿
)2∕3 +

1 − 𝜆21
4𝜆1

𝜌𝑀𝐿 + 
(

𝜌4∕3𝑀𝐿, 𝜌𝐹𝑀 , 𝜆31(𝜆1 − 1)
)

(20)

with

Λ𝑘 ∶=
3𝜆41
2

(

1 + 𝜆21
)

(

𝜁0 + 𝜁1
(

𝜆1 − 1
)

+ 𝜁2
(

𝜆1 − 1
)2
)1∕2

. (21)

The influence of the fibers, as well as that of the critical lateral stretch 𝜆1, is quantified by the auxiliary functions 𝜁𝑛, where 𝑛 = 0, 1, 2. 
Note that from (19) onward 𝜆1 is to be understood as the critical stretch, unless otherwise specified, so that Eq. (20) must be solved 
with respect to such a variable. The critical stretch obtained is then substituted into Eq. (19) to retrieve the critical wavenumber. 
Functions 𝜁𝑛 can be explicitly determined by particularizing the relations above by choosing the SRM model, to get the following 
expressions: 

𝜁0 = 1 + (1 − 3𝜅)2𝜌𝐹𝑀 +
sin2(4𝜃)

4
(1 − 3𝜅)4𝜌2𝐹𝑀 , (22a)

𝜁1 = 2𝜌𝐹𝑀 (1 − 3𝜅)(4(1 − 𝜅) cos(2𝜃) + (1 − 3𝜅) cos(4𝜃))+

+ (1 − 3𝜅)3𝜌2𝐹𝑀 cos (2𝜃)
(

(1 − 3𝜅)(cos (2𝜃) + cos (6𝜃)) − 2(1 − 𝜅)(cos (4𝜃) − 2)
)

,
(22b)

𝜁2 = 2𝜌𝐹𝑀

(

22𝜅2 − 20𝜅 + 6 − (1 − 𝜅)(1 − 3𝜅) cos(2𝜃)
)

+
(1 − 3𝜅)2

2
𝜌2𝐹𝑀

(

21 + 𝜅(29𝜅 − 46)+

+ 12(1 − 𝜅)(1 − 3𝜅) cos(2𝜃) − 2(𝜅 + 1)(5𝜅 − 3) cos(4𝜃) − (1 − 3𝜅)
(

14(𝜅 − 1) cos(6𝜃)+

+ 3(1 − 3𝜅) cos(8𝜃)
)

)

.

(22c)

The notation utilized in (19) and (20) for the remaining associated with the expansions above can be explained as follows. The one 
for the wavenumber, 𝑘ℎ, emphasizes the fact that while the asymptotics obtained through the Puiseux expansion in the matrix-to-
layer elastic mismatch, 𝜌𝑀𝐿, gives an expression of order 1 in such a parameter as a second-order term, while the function (21), 
modulating the scaling 𝜌1∕3𝑀𝐿, is of order 

(

𝜌1∕2𝐹𝑀

)

 in the concentration-mediated fibers-to-matrix mismatch. An analog procedure has 
been followed for the critical strain (20), determining the order of the remaining for such a quantity as stated in the equation just 
mentioned. More details on the scaling laws (19) and (20) are discussed in Supplementary material D, while a comparison between 
those, the direct Puiseux relations (17) and (18), and the exact solutions of the 3D model are displayed in Fig. D.2 in supplementary 
for a certain choice of parameters. If very small values for 𝜌𝑀𝐿 are approached, i.e., if the film is much stiffer than the substrate’s 
matrix, the expansions above can be further simplified. In such a case 𝜌𝑀𝐿 ≪ 1, hence the critical quantities become very small as 
well. This circumstance tantamounts to having 𝜆1 → 1. Hence, the scaling laws (19), (20) converge to the ones found in Mirandola 
et al. (2023) for small strains, namely:

𝑘ℎ ∼ 𝜁1∕60
(

3𝜌𝑀𝐿
)1∕3 and 𝜀𝑐𝑟 ∼ 𝜁1∕30

(

3𝜌𝑀𝐿
)2∕3

4
, (23)

where 𝜁0 is the modulating function introduced in (22a).
Furthermore, a preliminary analysis of the scaling laws derived above is applied to a “toy model” introduced in Alawiye et al. 

(2019), describing a bilayer with a substrate with one family of fibers, and is presented in Supplementary material F. There, among 
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Fig. 5. Regions of validity of scaling law (26), where the discriminant 𝜂21 − 𝜂2𝜂0 ≥ 0 for different values of 𝜌𝑀𝐿, assuming 𝜅 = 0 (a) and 𝜅 = 0.1 (b).

other things, for a certain choice of parameters, the onset of wrinkling is shown to be very well approximated by the first-order 
self-consistent scaling law.

Although Eq. (20) should include the term in 𝜌𝑀𝐿 for consistency with the asymptotic expansion (19) for 𝑘ℎ, a truncated version 
involving only the first term of the expansion can be employed. This is useful for providing a more practical and prompt use of the 
corresponding scaling law for the critical strain, i.e.:

𝜀𝑐𝑟 =
340
20

(

11

240
𝜌𝑀𝐿

)2∕3

+ 
(

𝜌𝑀𝐿
)

. (24)

A particular case of the truncated first-order expansion (24) for the critical strain can be directly obtained by (20):

𝜀𝑐𝑟 =
1
4𝜆21

(

Λ𝑘𝜌𝑀𝐿
)2∕3 + 

(

𝜌𝑀𝐿, 𝜌𝐹𝑀
)

. (25)

Expansions (20)-(25) provide implicit relations for the critical strain at the onset of wrinkling, yet giving novel scaling laws for such 
quantities. The latter turn out to be in terms of the material parameters (such as 𝜌𝐹𝑀 ) and on the stretch governing the occurrence of 
such an instability. Nevertheless, the following explicit scaling law for the wrinkling strain can be extracted from (20), by expanding 
this relation up to the second order in 𝜀𝑐𝑟 (reminding that 𝜀𝑐𝑟 = 1 − 𝜆1), and then solving for the strain and selecting the positive root:

𝜀𝑐𝑟 ∼

√

𝜂21 − 𝜂2𝜂0 − 𝜂1
𝜂2

, (26)

where

𝜂0 = −2𝜁1∕30
(

3𝜌𝑀𝐿
)2∕3,

𝜂1 =
𝜁−2∕30

31∕3
(

10𝜁0 + 𝜁1
)

𝜌2∕3𝑀𝐿 − 2𝜌𝑀𝐿 + 4,

𝜂2 = − 2
34∕3

𝜁−5∕30
(

𝜁0
(

38𝜁0 + 10𝜁1 + 3𝜁2
)

− 𝜁21
)

𝜌2∕3𝑀𝐿 + 6𝜌𝑀𝐿 − 16.

(27)

Of course, in order for the critical strain to be real, the discriminant 𝜂21 − 𝜂2𝜂0 must be non-negative. By utilizing (22a), (22b), and
(22c), 𝜂𝑖 (𝑖 = 0, 1, 2) turn out to only depend on 𝜌𝑀𝐿, 𝜌𝐹𝑀 , 𝜅 and 𝜃. The regions where the explicit scaling law (26) for the strain 
admits a positive real solution is displayed in Fig. 5. There (a) 𝜅 = 0, while in (b) the dispersion is set to 0.1. By looking at the plots, it 
emerges that as the matrix-to-layer mismatch 𝜌𝑀𝐿 increases, the admissibility of (26) reduces. Therefore, if a bilayer with a given set 
of parameters lies outside the admissibility region defined by Fig. 5, the explicit scaling law (26) cannot be used and, hence, either 
the implicit relation (20) or its truncated monomial variant (25) must be utilized instead (as in the figures of Section 4). However, 
the fiber dispersion 𝜅 has a beneficial effect on the validity of Eq. (26) as, for a fixed 𝜌𝑀𝐿, the region for which the explicit scaling 
law admits a real solution increases. Finally, it is worth noting that approximation (26) retrieves (23)b when 𝜌𝑀𝐿 ≪ 1.

Although the asymptotic expressions above are directly obtained from the plate-substrate model, it is of great interest to compare 
the obtained self-consistent and truncated scaling laws to the exact solution of the 3D problem. The level of precision for such an 
approximation has yet to be established.

To this end, Figs. 6 and 7 (with relative errors represented in Fig. H.1 and H.2 in Supplementary material H) show a comparison 
among the results obtained with a 3D formulation of the bilayer characterized by an SRM substrate, the first-order scaling laws
(19)-(20), and the explicit expansion (26). To this end, two different values for the matrix/layer mismatch have been considered: in 
Fig. 6 𝜌𝑀𝐿 = 1 × 10−2, while in Fig. 7 𝜌𝑀𝐿 = 1 × 10−1. Along with every comparison shown in Figs. 6 and 7 (a) and (b), the relative 
error is computed with respect to the 3D SRM model. The black lines and dots represent the values of a neo-Hookean bilayer, in order 
to show the deviation from the isotropic case. It is worth reminding that, if a fiber angle lies in the zone ruled out by (13), fibers are 
not active (unless they are meant to support compressive loads), thus retrieving the neo-Hookean case.
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Fig. 6. Comparison between the 3D SRM model and the scaling laws (19), (20) (self-consistent) and (19), (26) (explicit). The assumed data for the 
bilayer are: 𝜌𝑀𝐿 = 1 × 10−2, 𝜅 = 0, and values fiber mismatches, 𝜌𝐹𝑀 , ranging from 0 to 2 are considered. It is worth noting that, in all the models 
considered here, a maximum of the critical strain and wavenumber is detected around 𝜃 = 67.5◦. The relative error between the wavenumber 
predicted by the obtained scaling laws and the exact solution for the 3D model involving the SRM response for the substrate is displayed in Fig. H.1 
in supplementary. There, the good agreement of the scaling laws with the exact solution is displayed. This occurs even for moderately-reinforced 
bilayers, as the maximum error is about 3% when 𝜌𝐹𝑀 = 2.

In Fig. 6 the set 𝜌𝑀𝐿 = 1 × 10−2, 𝜅 = 0 and 𝜌𝐹𝑀 = 0, 1, 2 has been chosen. In this case, both scaling laws (20)-(26) well predict 
the trend of the critical quantities, as the maximum error is in the order of about 3% when 𝜃 ≥ 65◦, even for moderate values of 
fiber mismatch 𝜌𝐹𝑀 . Noticeably, the relative error of the wavenumber is much smaller than the one recorded for the corresponding 
strain with both expansions. The case analyzed in Fig. 6 is representative of an artificial fiber-reinforced material, as the substrate is 
characterized by a perfect polarization of fibers and their contribution to the bilayer is such that they increase the critical strain by 
about 1.7 times that of a neo-Hookean bilayer when 𝜃 ≈ 67.5◦.

In Fig. 7, results obtained for 𝜌𝑀𝐿 = 10−1 are shown, where a minimum amount of orientational dispersion of the fibers, e.g., 
𝜅 = 0.1, has been introduced. Following Holzapfel et al. (2000), for this analysis a maximum value 𝜌⋆𝐹𝑀 ∶= 1.573 for 𝜌𝐹𝑀  is considered. 
The results of a parametric analysis performed by considering various materials characterized by lower values of 𝜌𝐹𝑀  than 𝜌⋆𝐹𝑀  are 
shown in Fig. 7. The latter actually describes the fiber mismatch for the tunica media of the carotid artery of a rabbit. Indeed, the 
hyperelastic response of fiber-reinforced biological materials can be characterized through the strain energy function proposed by 
Holzapfel et al. (2000), Gasser et al. (2005), labeled as OGH in the sequel. That has a more complex form than the SRM law, as 
it involves an exponential term and an extra dimensionless parameter 𝑘2, thus making the derivation of scaling laws way more 
challenging. Nevertheless, the use of the SRM model is justified by the fact that it is a limiting case of the law in Gasser et al. (2005) 
when the parameter 𝑘2 → 0 (Melnik et al., 2015). Moreover, for a certain set of material parameters, the SRM model can adequately 
approximate the OGH one, as shown in Fig. 7, where 𝑘2 = 0.8393 has been assumed (Holzapfel et al., 2000). In this case, the maximum 
difference between the two formulations is about 12% for a restricted range of fiber angles. Concerning the comparison with the scaling 
law, even in this scenario, the maximum relative error is acceptable, considering the self-consistent scaling law (20) and the explicit 
one (26). Finally, it is worth noting the behavior of the explicit scaling laws (23). As expected, they adequately describe the critical 
quantities when 𝜌𝑀𝐿 ≪ 1, although for weakly-reinforced bilayers (see Fig. 10(a) introduced in the next section) there is almost no 
difference with the implicit laws of the strain (18)-(20) up to 𝜌𝑀𝐿 ≈ 0.3. Moreover, explicit direct laws are completely inadequate 
to describe (i) moderately-to-highly reinforced bilayers and (ii) the wavenumber for any 𝜌𝐹𝑀 . This justifies the need for new direct 
scaling laws. Moreover, by looking at expressions (23), it is clear they cannot describe the asymmetric trend of Fig. 2(b), as they 
only depend on sin2(4𝜃). Conversely, in Supplementary material E it is shown that direct scaling laws (23) for the neo-Hookean case 
extend their validity toward moderate 𝜌𝑀𝐿.

The analysis just developed shows that the obtained scaling laws for the film-dominated regime apply to a wide range of elastic mis-
matches, from high to medium-low, up to 𝜌𝑀𝐿 of the order 10−1. This holds in terms of both the wavenumber and the critical strain at 
the onset of wrinkling, whatever the angle of reinforcement (as extensively discussed before, for lower values of such a parameter, the 
compressed fibers within the resulting composite contribute to stiffening and strengthening only if they operate away from failure). 
This allows for stating that (19), together with either (20) or its approximated form (26), are the scaling laws for film-mediated bilayers 
with fiber-reinforced substrates. Furthermore, the fact that the obtained scaling laws also apply to medium-low elastic mismatches 
between the thin film and the substrate renders them suitable for analyzing wrinkling in biological tissues (see, e.g., Nguyen et al., 
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Fig. 7. Comparison between the 3D SRM model and the scaling laws (19), (20), and (26). Parameters suitable for a biological bilayer are set 
as follows: 𝜌𝑀𝐿 = 1 × 10−1, 𝜅 = 0.1, where the latter represents some orientational dispersion of the fibers relative to their fiber angle. The value 
𝜌⋆𝐹𝑀 ∶= 1.573 has been taken from Holzapfel et al. (2000). In order to compare the SRM model with the OGH law, blue circles report the results for 
𝜌𝐹𝑀 = 𝜌⋆𝐹𝑀 , and 𝑘2 = 0.8393 (Holzapfel et al., 2000). Relative errors with respect the 3D model are shown in Fig. H.2 in supplementary.

2020; Youn et al., 2024 for references and ad-hoc non-analytically derived scaling laws, discussed in Supplementary material I, for 
biological bilayers) whenever the film mediates the corrugation process.

In all existing analyses of wrinkling in layered materials—regardless of the mechanism inducing wrinkling (e.g., compression, 
prestretch, growth, etc.)—none of the scaling laws for fiber-reinforced bilayers reported in the literature are able to capture the 
behavior of bilayers with very low elastic mismatch, where the elastic modulus of the substrate matrix may be more than an order 
of magnitude lower than that of the film. Conversely, several studies have investigated bilayers with comparable elastic moduli in 
fiber-less, hence isotropic, systems using a variety of approaches, including finite element simulations and experiments (Auguste 
et al., 2017), as well as analyses based on 3D nonlinear elasticity and asymptotic methods (Shen et al., 2024; Jia et al., 2018; Liu 
et al., 2025a). In particular, the latter works further extend their analyses by incorporating the effects of growth. Of course, in such 
cases, the substrate’s lead on wrinkling becomes substantial. Hence, a change in the regime governing the onset of wrinkling is not 
surprising. This suggests that, unlike the scaling laws obtained in the present section, different ones must be determined to describe 
the wrinkling features at its onset of very low mismatched fiber-reinforced bilayers. This circumstance will be explored in the next 
section for the case of externally applied compression.

4.  Fiber-reinforced substrate-mediated wrinkling: isotropization and dual scaling laws

As highlighted at the end of the previous section, although the analysis performed there applies to high to medium-low mismatches, 
a regime change is expected to occur once the substrate’s stiffness comes close to that of the layer. Preliminary analyses performed 
in Supplementary material E on fully isotropic, hence fiber-less, bilayers suggest that this happens when the stiffness ratio between 
the matrix forming the (semi-infinitely) deep substrate and the finite-thickness film ranges from a little higher than 60% to almost 
100% (see Fig. E.1 in supplementary). The latter value is exact if the film is modeled as a three-dimensional body (under plane-strain 
conditions). On the other hand, given the limiting ratio between the depth of the substrate and the thickness of the film, for the latter 
is physically reasonable to assume a thin plate behavior. To this end, the extensible plate model adopted in this present work, and 
in many other papers, suits the inherent nonlocal behavior of such a part of the bilayer. This is due to the fact that the occurrence 
of curvatures (witnessing a non-local manifestation of geometrical changes of the film and of the adhering substrate’s interface) is 
directly penalized by the plate model through its bending rigidity.

The value of matrix-to-layer elastic mismatch, 𝜌∗𝑀𝐿, for which the regime change mentioned above occurs is expected to be 
significantly lower in fiber-reinforced bilayers, depending on 𝜌𝐹𝑀 , i.e., on the concentration and fiber´s concentration-mediated 
fibers-matrix elastic mismatch, and also on fiber angle, 𝜃, and on the orientational dispersion, 𝜅. In other words, for bilayers with 
slightly lower matrix-to-layer mismatches than 𝜌∗𝑀𝐿 do wrinkle through a film-substrate mediated behavior, while bilayers with 
slightly higher values of 𝜌∗𝑀𝐿 exhibit wrinkling primarily driven by their substrate. Such 𝜌∗𝑀𝐿 can be viewed by the value of the 
mismatch for which the bilayer behaves as if it experiences a phase transition from anisotropy to effective isotropy. We refer to such an 
instance by labeling it "isotropization" of the bilayer. This can be interpreted to be due to microstructural rearrangement of the fibers, 
leading to progressive overall isotropization of the mechanical response of the substrate. The limiting threshold 𝜌⋆𝑀𝐿 at which the 
above mentioned transition occurs can be obtained by imposing the equality of the longitudinal compressive (non-spatially varying 
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Fig. 8. Phase diagram for extended vs contracted fibers and contour plot of the transition mismatch (28) (assuming no orientational dispersion, i.e. 
𝜅 = 0). From (28) follows that the sign of 𝜌⋆𝑀𝐿 is related to the sign of 𝐸0(𝐻22 − 𝜆41𝐻11). When this product is positive, 𝜌⋆𝑀𝐿 < 1, hence fibers lower the 
value of the transition mismatch. Otherwise 𝜌⋆𝑀𝐿 ≥ 1. The yellow area indicates the admissibility condition (13) and 𝜌⋆𝑀𝐿 < 1, therefore biological 
materials fall within this zone: there, it is manifest that it is always the case that the regime transition between the two regimes is always set to 
lower values than the isotropic case, as 𝜌⋆𝑀𝐿 < 1. Note that there is only a narrow zone where fibers can defer the transition mismatch. Contracted 
fibers (𝐼40 < 1) are depicted by the grid pattern.

and independent of 𝑘ℎ) stress component, 𝑃11, arising in the substrate and in the film (modeled as a fully 3D body) right at the very 
onset of wrinkling. This relation yields the following expression for the sought transition threshold:

𝜌⋆𝑀𝐿 = 1

1 +
2 𝜌𝐹𝑀𝐸0

(

𝐻22 − 𝜆41 𝐻11
)

1 − 𝜆41

, (28)

where 𝐸0, 𝐻22 and 𝐻11 are reported in Supplementary material A and B. Note that Eq. (28) cannot be directly used, as the stretch at the 
onset of the transition is unknown. However, one can take advantage of the fact that, beyond 𝜌⋆𝑀𝐿, the onset is almost independent of 
such a parameter, as shown in Fig. 10 by the blue dots, whose discussion is postponed in the second part of this section. Therefore, the 
critical stretch can be reasonably assumed to be the one for 𝜌𝑀𝐿 → ∞ (vanishing film relative to the substrate), that is equivalent to 
solving 02 = 0 for 𝜆1 (where 02 is defined by Eq. (A.19c) in supplementary). This equation can be easily derived by evaluating the 
optimality condition (12) in the limit 𝜌𝑀𝐿 → ∞. However, further insights about the limiting case of vanishing film will be discussed 
in detail in a sequel paper.

Fig. 8 depicts the contour plot of the transition mismatch (28) as a function of the nominal strain 𝜀𝐿 and the fiber angle 𝜃, 
assuming 𝜅 = 0. As 𝜌𝐹𝑀 ≥ 0 and 1 − 𝜆41 > 0, from (28) follows that the value of 𝜌⋆𝑀𝐿 depends on the sign of 𝐸0

(

𝐻22 − 𝜆41𝐻11
)

. When 
this product is positive, 𝜌⋆𝑀𝐿 < 1, hence fibers decrease the value of the transition mismatch. Otherwise, it is increased, i.e., 𝜌⋆𝑀𝐿 > 1. 
Moreover, the figure also shows the admissibility condition (13), and the excluded zones are indicated by a grid pattern. The yellow 
area represents the pairs (𝜃, 𝜀𝐿) with 𝐼40 > 1 (elongated fibers) and 𝜌⋆𝑀𝐿 < 1, that is where 𝐸0

(

𝐻22 − 𝜆41𝐻11
)

> 0. Therefore, as the 
fibers are not compressed, biological materials fall within this zone, so the presence of fibers always lowers the transition mismatch. 
Otherwise, if fibers supporting compression are assumed, the blue zone is characterized by 𝜌⋆𝑀𝐿 > 1, as well. Finally, note that there 
is only a narrow area where fibers defer the transition mismatch, only accessible if 𝐼40 < 1.

Fig. 8 confirms that, if 𝐼40 > 1 holds, the higher 𝜌𝐹𝑀  is, the lower 𝜌∗𝑀𝐿 becomes, thereby quantifying the extent to which the 
effective reinforcement yielding isotropization becomes lower than 1. The latter is recovered for 𝜌𝐹𝑀 = 0, for which 𝜌⋆𝑀𝐿 = 1. The 
corresponding critical strain actually emerges from the condition 02 = 0, i.e., when the system is formed by the fiber-reinforced 
substrate alone, which is part of a separate future paper.

More insights into the behavior of mismatched bilayers can be gained by looking at their dispersion curves, characterizing the 
onset of wrinkling. In Fig. 9, such curves are displayed for two representative cases. Here, this is done again by modeling both 
the film and the substrate as fully three-dimensional continua under plane-strain conditions. Each curve corresponds to a different 
mismatch 𝜌𝑀𝐿, and the evenly spaced range 0.3 ≤ 𝜌𝑀𝐿 ≤ 50 has been considered. This range spans from moderate mismatches to an 
essentially vanishing film. Fig. 9(a) represents the dispersion of an entire family of neo-Hookean bilayers obtained by varying 𝜌𝑀𝐿
within the range just mentioned, while (b) shows the corresponding features of fiber-reinforced ones. The latter have been calculated 
by assuming 𝜌𝐹𝑀 = 0.3, 𝜃 = 45◦ and 𝜅 = 0. In both (a) and (b), for each 𝜌𝑀𝐿, its dispersion plot presents two families of branches. 
This is due to the fact that (by keeping constant 𝑘ℎ) the determinant of the bifurcation problem has at least two real roots, and the 
critical strain is then obtained by the minimum condition 𝜀𝐿,𝑘ℎ = 0. The neo-Hookean bilayer (see Fig. 9(a)) has minima, highlighted 
by red dots, at finite wavenumbers as long as 𝜌𝑀𝐿 < 1. Whenever 𝜌𝑀𝐿 = 1 is analyzed, the dispersion curve is a horizontal line at 
𝜀𝐿 = 𝜀𝐵 ≈ 0.4563, meaning that every wavenumber is critical, in full agreement with the standard analysis developed in Biot (1963).

By further increasing the mismatch (e.g., 1 < 𝜌𝑀𝐿 ≤ 50), the stationarity condition 𝜀𝐿,𝑘ℎ = 0 for the contractile strain as a function 
of the wavenumber turns out to be verified in two cases. The first one is at small 𝑘ℎ, although for such a case the strain attains a 
local maximum. The second stationary point for 𝜀𝐿 is an asymptotically reached minimum at 𝜀𝐵 when 𝑘ℎ ≫ 1, namely for a vanishing 
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Fig. 9. Dispersion curves for fully 3D bilayers: (a) neo-Hookean system, and (b) a fiber-reinforced bilayer. Curves are generated by varying the 
matrix-to-layer elastic mismatch 𝜌𝑀𝐿. In (a), the film has an effect on the system as long as 𝜌𝑀𝐿 < 1. For 𝜌𝑀𝐿 ≥ 1, (a) shows a drastic regime change, 
where the substrate takes over, and the bilayer behaves like a Biot isotropic half-space. When fibers are present, (b) shows the threshold, labelled 
as 𝜌⋆𝑀𝐿, at which the regime change occurs early. In particular, when 𝜌𝑀𝐿 > 𝜌⋆𝑀𝐿, the wavenumber has a sudden drop, which is a manifestation of 
the fact that a change of regime has occurred.

wavelength. In Fig. 9(b), it is shown how fibers change the behavior of the bilayer when the mismatch reaches the threshold 𝜌⋆𝑀𝐿
(for this case 𝜌⋆𝑀𝐿 ≈ 0.65). When 𝜌𝑀𝐿 < 𝜌⋆𝑀𝐿, the film still selects a finite wavenumber: for the range of 𝜌𝑀𝐿 considered here, such a 
finite value for the wavenumber is approximately constant. As the mismatch gets closer to 𝜌⋆𝑀𝐿, the wavenumber rapidly increases 
and, once 𝜌𝑀𝐿 = 𝜌⋆𝑀𝐿, 𝑘ℎ tends to infinity. Right after such a threshold, the wavenumber turns out to exhibit an abrupt drop and 
becomes very small, i.e., the bilayer manifests a drastic regime change characterized by a very large wavelength.

The natural question is to what extent an asymptotic expansion can well represent the wrinkling features across such a drastic 
regime change and, ultimately, deliver novel dual scaling laws for this case. To this end, very low mismatched bilayers are considered 
here to seek asymptotic expressions suited for the onset of corrugation across the regime change. The first remark one can make is 
that relation (11) characterizing the lateral strain, 𝜀𝐿, in terms of mismatch parameter, fiber angle, and wavenumber can also be 
recast as follows:

𝜀𝐿 =
02𝜆4ℎ + (11𝜆2ℎ +21𝜆ℎ +31)𝜆ℎ 𝜌𝐿𝑀 +40𝜌2𝐿𝑀

(11𝜆ℎ +20 𝜌𝐿𝑀 )𝜆2ℎ𝜌𝐿𝑀
, (29)

where

𝜌𝐿𝑀 ∶= 𝜌−1𝑀𝐿, 𝜆ℎ ∶= 𝑘−1ℎ , (30)

are the elastic mismatch of the layer versus the matrix and a non-dimensional measure of the wavelength. Stationarity of this expres-
sion with respect to 𝜆ℎ yields the following algebraic fifth-order equation in such a wavelength:

𝜆5ℎ1102 + 2𝜌𝐿𝑀𝜆4ℎ2002 + 𝜌𝐿𝑀𝜆3ℎ
(

𝜌𝐿𝑀2011 −1121
)

+

− 2𝜌𝐿𝑀𝜆2ℎ1131 − 𝜌2𝐿𝑀𝜆ℎ
(

2031 + 31140
)

− 2𝜌3𝐿𝑀2040 = 0. (31)

Following the same procedure set up in Supplementary material C, for 𝜌𝐿𝑀 < 𝜌∗−1𝑀𝐿 , the following scaling laws for the critical 
strain and non-dimensional wavelength are obtained:

𝜀𝑐𝑟 =
3 1∕3

31

41∕311

(

02
𝜌𝐿𝑀

)2∕3

+
21

(

231
)1∕311

(

02
𝜌𝐿𝑀

)1∕3

+ 
(

𝜌0𝐿𝑀
)

, (32)

𝜆ℎ,𝑐𝑟 =
(

231
)1∕3

(

𝜌𝐿𝑀
02

)1∕3
+

21

3
(

231
)1∕3

(

𝜌𝐿𝑀
02

)2∕3
+ 

(

𝜌𝐿𝑀
)

, (33)

where the terms appearing in such expressions can be found in (A.19a), (A.19b), (A.19c), and (A.19d) in supplementary.
It is crucial to note that, for the critical strain (32) to be finite as 𝜌𝐿𝑀 → 0, the ratio 𝜌𝐿𝑀∕02 must remain finite as well. Hence, 

the quantity 02 also has to approach zero at the same speed as 𝜌𝐿𝑀 . Furthermore, the same conclusion can be drawn by looking 
at (31) as 𝜆ℎ → ∞ (i.e., as 𝑘ℎ → 0). As mentioned above, 02 is defined by Eq. (A.19c) in supplementary, which turns out to be the 
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product of two functions 𝜔1 and 𝜔2, that read as follows: 
𝜔1 = −2𝜌𝐹𝑀

[

𝐻22

(

(

𝛼1𝛼2𝜆
4
1 − 1

)(

(1 − 3𝜅)
(

𝜆41 + 1
)

cos(2𝜃) − (𝜅 − 1)
(

𝜆41 − 1
))

− 𝜆21𝐸0
(

𝛼21𝛼
2
2𝜆

8
1+

+ 𝜆41
(

𝛼21 + 3𝛼1𝛼2 + 𝛼22
)

− 2
)

)

+ (3𝜅 − 1)𝜆41𝐻12
(

𝛼21𝜆
4
1 + 1

)(

𝛼22𝜆
4
1 + 1

)

sin(2𝜃)+

+ 𝜆41𝐻11
(

𝛼1𝛼2𝜆
4
1 − 1

)(

(3𝜅 − 1)
(

𝜆41 + 1
)

cos(2𝜃) + (𝜅 − 1)
(

𝜆41 − 1
)

− 𝜆21𝐸0
)

]

+

− 𝜆21
(

2 − 𝜆41
(

𝛼21 + 3𝛼1𝛼2 + 𝛼22 − 1
)

− 𝛼1𝛼2𝜆
8
1
(

1 + 𝛼1𝛼2
))

,

(34a)

𝜔2 =
16𝜋2𝜇2

𝑀

𝜆41

(

𝛼2 − 𝛼1
)

(

2𝜌𝐹𝑀𝐻22𝐸0 + 2(1 − 3𝜅)𝜆21𝜌𝐹𝑀𝐻12 sin(2𝜃) + 1
)

. (34b)

Further insights on expressions (32) and (33) can be gained by introducing the discrepancy, Δ, between the actual critical strain, 𝜀𝑐𝑟, 
versus the one that an isotropic (fiber-less) half-space would have (the latter is indeed the Biot’s strain 𝜀𝐵 defined through (15)), as 
follows:

Δ ∶= 𝜀𝐵 − 𝜀𝑐𝑟 = 𝜆1,𝑐𝑟 − 𝜆𝐵 . (35)

Of course, the critical strain is close to 𝜀𝐵 when 𝜌𝐹𝑀  is small. Preliminary asymptotic investigations on the function 𝜔1 appearing in
(34a), and characterizing 02 appearing on (32) and (33), turn out to be useful for later developments. That quantity can be expanded 
around (Δ, 𝜌𝐹𝑀

)

= (0, 0) up to first order. Then, when no orientational dispersion is accounted for (when 𝜅 = 0), one obtains:
𝜔1 = 𝜔10 + Δ𝜔11 + 

(

Δ2, 𝜆4𝐵 , 𝜌
3
𝐹𝑀

)

, (36)

where the quantities 𝜔10 and 𝜔11 are the constant and linear term in Δ, respectively: 

𝜔10 = 𝜌2𝐹𝑀 sin2 𝜃
(

𝜆2𝐵(cos(2𝜃) + 4 cos(4𝜃) + 4) − sin2 𝜃
2

(8 cos(2𝜃) + 10 cos(4𝜃) + 9)
)

+

+ 𝜌𝐹𝑀 sin2 𝜃
(

𝜆2𝐵(10 + cos (2𝜃)) − 2 sin2 𝜃
)

,
(37a)

𝜔11 = 𝜌2𝐹𝑀𝜆𝐵

(

2 sin2(𝜃)(cos(2𝜃) + 4 cos(4𝜃) + 4) −
𝜆2𝐵
4
(12 cos(2𝜃) − 13 cos(4𝜃) + cos(8𝜃) + 24)

)

+

+ 12𝜆3𝐵
(

1 − 𝜌𝐹𝑀
)

+ 2𝜆𝐵
(

𝜌𝐹𝑀 sin2 𝜃(10 + cos (2𝜃)) − 1
)

,

(37b)

Such preliminary expansions are particularly useful for the case of "diluted" fibers (i.e., values of 𝜌𝐹𝑀  near zero), for which the 
critical strain for the substrate alone is expected to be close to the Biot’s strain 𝜀𝐵 in (15). It is worth recalling that Δ measures 
the discrepancy of the critical stretch with respect to the Biot´s one for a compressed and isotropic half-space. In this way, useful 
asymptotic expansions for the critical strain can be obtained by utilizing the procedure highlighted in the sequel. In particular, by 
taking advantage of expressions (34a) and (34b), upon substituting 02 = 𝜔1𝜔2 and recalling Eq. (36), (37a), and (37b), the dual 
second-order implicit scaling law of the strain (32) takes the following expanded form:

𝜀𝑐𝑟 = 𝑐1
(

(𝜔10 + Δ𝜔11)𝜌𝑀𝐿
)2∕3 + 𝑐2

(

(𝜔10 + Δ𝜔11)𝜌𝑀𝐿
)1∕3 + 

(

𝜌0𝑀𝐿,Δ
4∕3, 𝜌2𝐹𝑀

)

, (38)

which holds whenever 𝜌𝑀𝐿 > 𝜌∗𝑀𝐿, where 𝜔10 and 𝜔11 are defined in Eqs.  (37a), (37b), and

𝑐1 ∶=
32∕3

4𝜆2𝐵
(

1 + 𝜆2𝐵
)2∕3

, 𝑐2 ∶=
31∕3

(

1 − 𝜆2𝐵
)

2𝜆𝐵
(

1 + 𝜆2𝐵
)4∕3

(39)

and 𝜆𝐵 is the Biot’s stretch determined by (16). There 𝜔2 (defined by (34b)) can be shown to act only as a modulation coefficient, 
whereas 𝜔1, defined by (34a), determines the critical stretch. Upon utilizing the procedure highlighted above on (33) (holding again 
for 𝜌𝑀𝐿 > 𝜌∗𝑀𝐿), the non-dimensional wavelength takes the following form

𝜆ℎ,𝑐𝑟 = 𝑐3
(

(𝜔10 + Δ𝜔11)𝜌𝑀𝐿
)−1∕3 + 𝑐4

(

(𝜔10 + Δ𝜔11)𝜌𝑀𝐿
)−2∕3 + 

(

𝜌𝑀𝐿,Δ1∕3, 𝜌𝐹𝑀
)

, (40)

with

𝑐3 ∶=
2
(

1 + 𝜆2𝐵
)1∕3

31∕3
and 𝑐4 ∶=

2𝜆𝐵
(

1 − 𝜆2𝐵
)

32∕3
(

1 + 𝜆2𝐵
)1∕3

. (41)

It is worth noting that, although the asymptotic expressions introduced right above have been obtained by expanding around 𝜌𝐹𝑀 = 0, 
it can be shown that they give reliable predictions for a wide range of values of 𝜌𝐹𝑀 , depending on 𝜌𝑀𝐿 (see, e.g., Figs. 10(b) and 
11(b)).

In order to get the critical wavenumber 𝑘ℎ,𝑐𝑟 = 𝜆−1ℎ,𝑐𝑟 and in analogy to what was found for the direct scaling laws in Section 3, the 
discrepancy Δ between the Biot’s stretch and the critical one must be computed by solving Eq. (38).

Further simplifications in the asymptotics can be gained for 𝜌𝐿𝑀 → 0 or, equivalently, 𝜌𝑀𝐿 → ∞. In this case, the scaling laws
(38) and (40) can be further simplified by neglecting the second-order term, thus leading to the following monomial forms:

𝜀𝑐𝑟 ∼
3 1∕3

31 𝜔2∕3
2

41∕311

(

𝜔1𝜌𝑀𝐿
)2∕3, 𝜆ℎ,𝑐𝑟 ∼

(

231
𝜔2

)1∕3
(

𝜔1𝜌𝑀𝐿
)−1∕3 (42)
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and to their expanded counterparts
𝜀𝑐𝑟 ∼ 𝑐1

(

(𝜔10 + Δ𝜔11)𝜌𝑀𝐿
)2∕3 and 𝜆ℎ,𝑐𝑟 ∼ 𝑐3

(

(𝜔10 + Δ𝜔11)𝜌𝑀𝐿
)−1∕3. (43)

Reminding Δ in Eq. (35), whenever the discrepancy between the critical strain and the Biot’s one is relatively small (i.e., Δ ≪ 1), 
Eq. (43)a admits the following asymptotic explicit form

𝜀𝑐𝑟 ∼ 𝜀𝐵 − 2
𝜀3∕2𝐵 − 𝑐3∕21 𝜔10𝜌𝑀𝐿

3𝜀1∕2𝐵 + 2𝑐3∕21 𝜔11𝜌𝑀𝐿

, (44)

holding for 𝜌𝑀𝐿 > 𝜌∗𝑀𝐿, where 𝜀𝐵 is defined through (15). In the sequel, the analysis is completed for cases in which almost no elastic 
mismatch is detected between the film and the substrate’s matrix, i.e., for 𝜌𝑀𝐿 → 1−. The latter condition is consistent with the fact 
that the range of dual regime arises only for 𝜌𝑀𝐿 > 𝜌∗𝑀𝐿, and it is always the case that for effective fiber reinforcement 𝜌∗𝑀𝐿 ≤ 1. 
Noticeably, when 𝜌𝑀𝐿 is approaching 1 from below, the leading term in (38) is the one proportional to 𝜌1∕3𝑀𝐿. Hence, the first entry on 
the right-hand side of such a formula scales as 𝜌2∕3𝑀𝐿, and can be dropped while seeking an asymptotic approximation of the wrinkling 
features at its very onset near the no-mismatch zone. An analog procedure to the one applied above for obtaining (44) yields the 
following asymptotic approximation whenever 𝜌𝑀𝐿 → 1−:

𝜀𝑐𝑟 ∼ 𝜀𝐵 −
𝜀3𝐵 − 𝑐32 𝜔10𝜌𝑀𝐿

3 𝜀2𝐵 + 𝑐32 𝜔11𝜌𝑀𝐿
. (45)

This also leads to its associated expression of the dimensionless wavelength, which reads as follows:
𝜆ℎ,𝑐𝑟 ∼ 𝑐4

((

𝜔10 + Δ𝜔11
)

𝜌𝑀𝐿
)−2∕3. (46)

Note that 𝑐4 is provided by (41)b, and (46) is the expanded version of (33) as 𝜌𝑀𝐿 → 1−, after dropping the first term on the right-hand 
side.

It is worth noting that both expressions (44) and (45) tend, when 𝜌𝑀𝐿 → ∞, to:

𝜀𝑐𝑟 ∼ 𝜀𝐵 +
𝜔10
𝜔11

. (47)

Therefore, when 𝜌𝑀𝐿 is sufficiently high, the strain rapidly converges to an asymptotic value approximated by (47). In Fig. 10, this 
already occurs for 𝜌𝑀𝐿 ≈ 2, so beyond such a value the onset no longer depends on the mismatch 𝜌𝑀𝐿, but only on the factors 𝜔10
and 𝜔11. Due to the approximations of these two terms, the fractional polynomial resulting from the ratio 𝜔10∕𝜔11 in (47) exhibits a 
singularity for a certain angle, when 𝜌𝐹𝑀  is greater than about 0.43: for example (when 𝜌𝐹𝑀 → ∞) such ratio diverges at 𝜃 ≈ 58.9◦. 
Therefore, the strain is overestimated if the angle of interest is close to the singular one. Conversely, for slightly-mismatched bilayers, 
the ratio in (44) and (45) is mitigated by the presence of finite 𝜌𝑀𝐿, as shown in Fig. 11, where a good approximation towards the 
exact solution is achieved, although 𝜌⋆𝐹𝑀 = 1.573 is the concentration-mediated fiber-to-matrix mismatch. To this end, better results 
are achieved by neglecting the second-order term of 𝜌𝐹𝑀  in 𝜔10 and 𝜔11 when high values of 𝜌𝐹𝑀  and 𝜌𝑀𝐿 are assumed. Indeed, the 
ratio 𝜔10∕𝜔11 diverges at 𝜃 ≈ 24.1◦ when 𝜌𝐹𝑀 → ∞, that is an angle ruled out by (13), namely if only the elongated fibers provide 
effective reinforcement for the substrate. Moreover, the range of angles influenced by the singularity is narrower than the one if 
second-order expansions in 𝜌𝐹𝑀  of 𝜔10 and 𝜔11 were adopted.

The roles of both the direct and the dual scaling laws are highlighted in the sequel for two paradigmatic cases, displayed in 
Fig. 10. For both such cases, the fiber angle is taken to be 𝜃 = 45◦, no orientational dispersion is considered, i.e., 𝜅 = 0, although two 
different values, 0.3 and 𝜌⋆𝐹𝑀 = 1.573, for the fiber reinforcement parameter 𝜌𝐹𝑀  are considered. Both figures confirm the occurrence 
of two regimes. This is the case in spite of how the film is modeled, namely either as a thin, extensible plate suitable for bending 
or as a 3D layer. While the latter exhibits a jump for a specific value of the elastic mismatch between matrix and layer, 𝜌⋆𝑀𝐿 ≈ 0.65
and 𝜌⋆𝑀𝐿 ≈ 0.18 respectively, the former smoothens such a jump (a comparison between the two figures shows that the stiffer the 
substrate is, the higher the steepening is). Unlike the 3D continuum, the smoothening is obviously due to the fact that the plate 
model is inherently nonlocal. Indeed, besides accounting for the extension of the layer, the occurrence of the curvature changes 
during wrinkling of the film perfectly bonded to the substrate is directly penalized in the assumed thin plate model. In terms of the 
numerical values for 𝜌⋆𝑀𝐿 for the two cases examined above, it is worth mentioning that they have been evaluated by replacing the 
stretch arising at the right limit of the transition mismatch into (28). However, by using the asymptotic stretch obtained for 𝜌𝑀𝐿 → ∞
by solving 02 = 0 for 𝜆1, one gets 𝜌⋆𝑀𝐿,approx ≈ 0.62 and 𝜌⋆𝑀𝐿,approx ≈ 0.14, thus justifying the use of the asymptotic stretch in place 
of the exact one at the isotropization condition.

One notes that, no matter which model is chosen, overall dual scaling laws capture the behavior of the bilayer after the jump 
arising in the results from the 3D model. As it was highlighted before, this typically occurs for low matrix-to-layer elastic mismatches. 
On the other hand, the original asymptotics deduced in Section 3, in its various forms, predicts the critical strain at the onset of 
wrinkling for high to medium-low mismatched fiber-reinforced bilayers. This is consistent with the existence of 𝜌∗𝑀𝐿 that can be 
viewed by the value of the mismatch for which the bilayer behaves as if it experiences a phase transition between two separate 
regimes. Indeed, the smaller this value gets, the wider the dual regime becomes. Therefore, the validity range of the direct and dual 
scaling laws strongly depends on the angle of the fibers and their overall contribution to the effective reinforcement of the bilayer, 
as emphasized by (28). The simple calculation of 𝜌⋆𝑀𝐿 directly permits one to understand which scaling, either direct or dual, one 
needs to apply for the case at hand.
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Fig. 10. Critical strain and wavenumber of a bilayer by varying the elastic mismatch 𝜌𝑀𝐿. Two different values of 𝜌𝐹𝑀 are considered, i.e., 𝜌𝐹𝑀 = 0.3
and 𝜌𝐹𝑀 = 𝜌⋆𝐹𝑀 , assuming 𝜃 = 45◦ and no fiber dispersion (fibers are not contracted here, as they operate in the yellow region of the phase diagram 
displayed in Fig. 8). In both cases, an isotropization of the bilayer occurs at a threshold 𝜌⋆𝑀𝐿 defined by Eq. (28), by using the stretch at the right 
limit of such a value. However, the asymptotic stretch can be used in place of the exact one for evaluating the transition mismatch, thus returning 
𝜌⋆𝑀𝐿,approx. Moreover, comparisons with direct and dual scaling laws have been made. Unless specified otherwise, the asymptotic wavenumbers are 
determined using the strain provided by the expansion indicated in the corresponding legend entry. Note that the zone ruled out by Eq. (13) is 
not represented because the fibers are not active for 𝜃 = 45◦ only when 𝜀𝑐𝑟 = 0. For the cases at hand, sharing the same fiber angle 𝜃 = 45◦, for 
the asymptotic expansion of 𝜀𝑐𝑟 the green line is closest to the one corresponding to the exact solutions of both the plate and the 3D model, while 
the orange one for 𝑘ℎ,𝑐𝑟 turns out to be the best approximation to the outcomes of the plate model. Note that (b) and (d) have been obtained by 
considering the first-order expansions in 𝜌𝐹𝑀 of 𝜔10 and 𝜔11, in order to compensate for the overestimation of the critical strain due to the high 
value of 𝜌𝐹𝑀 and 𝜌𝑀𝐿.

It is also worth noting that, for instance, for both cases in Fig. 10, and for sufficiently high values of 𝜌𝑀𝐿, the critical strain 
evaluated from the plate model and the one calculated from its corresponding (dual) scaling law asymptotically converge to the 
value predicted by the 3D model. Of course, the more compliant the bilayer (e.g., Fig. 10(a)), the larger the value of 𝜌𝑀𝐿 required to 
achieve the convergence just cited. For the reason previously discussed, the dual expansions in Fig. 10(b) and (d) have been obtained 
by considering the first-order expansions in 𝜌𝐹𝑀  of 𝜔10 and 𝜔11, in order to compensate the overestimation of the critical strain due 
to the high value of 𝜌𝐹𝑀  and 𝜌𝑀𝐿.

A final remark is due about the particular value 𝜌∗𝑀𝐿 of the layer-to-substrate elastic mismatch separating the behavioral regimes 
extensively discussed above, namely the "threshold mismatch". This obviously strongly depends on the constitutive properties of the 
substrate, hence on both the elastic moduli of the matrix and of the fibers, together with their concentration and orientation. To this 
end, Fig. 11 (with relative errors in Fig. H.4 in Supplementary material H) extends the analysis of Fig. 10(b) by varying the fiber 
angle 𝜃, and considering 𝜌⋆𝑀𝐿 = 0.18 as elastic mismatch. For the sake of illustration, the latter value is chosen in such a way that 
the regime transition occurs at an angle, labeled as 𝜃⋆, in the interval (45◦, 50◦). Fig. 11 clearly identifies two regimes, starting from 
𝜃⋆ ∼ 48◦. It is also confirmed that the plate model does not have such a sharp transition as in the 3D one. When the fiber angle, 𝜃, 
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Fig. 11. Critical strain and wavenumber of a bilayer by varying the fiber angle, assuming 𝜌𝑀𝐿 = 𝜌∗𝑀𝐿 = 0.18, 𝜌⋆𝐹𝑀 , and 𝜅 = 0. Fibers turn out to 
be elongated only for angles 𝜃 > 𝜃̄, where 𝜃̄ ≈ 37.56◦ marks the gray zone of compressed reinforcement (the latter is obviously efficient if far from 
failure). A transition occurs around 𝜃⋆ ∼ 48◦ (the angle is slightly higher than 45◦, which is the value characterizing the fibers in Fig. 10(b)-(d)). 
The angles 𝜃⋆ and 𝜃̄ split the domain into three regions. In particular, the two regions to be introduced are (i) 𝜃̄ ≤ 𝜃 < 𝜃⋆ for which the wrinkling 
onset is film-mediated, although with a clear increasing steepening while approaching 𝜃⋆ (the fully 3D model would exhibit a marked strain jump 
at such an angle, as displayed in Fig. 10 for a slightly different set of parameters), and (ii) 𝜃 > 𝜃⋆, for which such an the onset turns out to be 
substrate-governed. While in the former case the corrugation features scale according to the dual asymptotics, in the latter one they obey the direct 
scaling laws. Relative errors with respect to the plate model are shown in Fig. H.4 in supplementary.

is such that 𝜃 > 𝜃⋆, the substrate prevails in mediating the wrinkling onset of the bilayer. Therefore, right at the regime’s transition, 
such a continuum exhibits a sudden drop of the critical wavenumber (in other words, the wavelength increases) and, for increasing 
values of 𝜌𝑀𝐿, asymptotically tends to the critical strain given by solving 02 = 0. In this case, dual scaling laws have to be utilized.

The opposite scenario occurs when 𝜃 < 𝜃⋆: the film selects a finite wavenumber, together with a smaller critical strain, and the 
wrinkling features at its onset scale according to the laws found in Section 3.

In summary, for the substrate-mediated regime, besides the complete scaling law of the strain (32) which is obviously the most 
accurate one for the for the critical strain, its two explicit versions, i.e. (44) and (45), turn out to be appropriate to deliver upfront the 
order of magnitude of the strain and its angular dependence (see, e.g., Figs. 11, 12). Concerning the scaling law for the wavenumber, 
the lowest mean error is obtained by adopting the inverse of the expansion (40), fed with the critical stretch provided by (44).

In Fig. 12 (with relative errors displayed in Fig. H.5 in Supplementary material H), the trend of a low-mismatched bilayer with a 
diluted concentration of fibers is shown by assuming 𝜌𝑀𝐿 = 2 and 𝜌𝐹𝑀 = 0.3. As it turns out, unlike the cases displayed in Fig. 11, no 
matter what fiber angle is considered, the resulting bilayers are all in the dual regime. For the sake of illustration, a perfect alignment 
𝜅 = 0 is considered. By looking at the critical strain of the plate model for such a case, one can see that the complete dual II-order 
scaling law (32) almost overlaps the exact solution, whereas its first-order version (42) is a lower bound. It is also not surprising that 
if one considers a completely film-less case, i.e., where only the fiber-reinforced substrates are present, the wrinkling strain for such a 
case practically overlaps with the plate solution, obviously indicating that the film in the latter case has no structural contribution to 
the bilayer. Indeed, unlike the pure substrate case, the thin layer here has solely a functional role. In particular, this yields a specific 
value of the wavelength (and of the corresponding wavenumber).

Further remarks can be drawn by looking at their variants, namely relations (38), (42)a, (44), and (45) for the critical strain, 
and their related formulas for the wavelength. Note that (43)a is not represented as it is almost coincident with Eq. (44). The first 
worth noting result is that the scaling law for the wrinkling strain obtained by the expanded and explicit relation (44) minimizes 
the pointwise gap with respect to the exact (plate) solution if compared to the first-order complete expansion (42)a. This is due to 
the fact that the former expression is derived under the hypothesis that the discrepancy, Δ, between the critical strain at the onset 
of corrugation and the Biot’s one (i.e., 𝜀𝐵 ≈ 0.4563) is such that Δ ≪ 1. Naturally, this forces the wrinkling strain to have a limited 
deviation from such a value for most of the composites at hand. Indeed, some exceptions arise for the ones containing fibers whose 
angles 𝜃 < 20◦, for which the relative error is greater than 10%.

Fig. 12(a) shows that Eq. (44) (obtained by expanding the first entry on the right-hand side of (38) near 𝜌𝑀𝐿 → ∞) is the best 
compromise among all the other choices to represent the critical strain in low-mismatched and substrate-dominant bilayers. Furthermore, 
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Fig. 12. Comparison of the critical strain and wavenumber of a low-mismatched bilayer, with 𝜌𝑀𝐿 = 2, 𝜌𝐹𝑀 = 0.3 and 𝜅 = 0. The expanded second-
order scaling law (38) and the complete first-order one (42) form an upper and lower bound of the critical strain. The best compromise to describe 
𝜀𝑐𝑟 is the explicit law (44), as its mean error is below 5%. On the other hand, the wavenumber is not described with the same accuracy by the 
dual scaling laws, as the asymptotic wavenumber overestimates that provided by the plate model when 𝜌𝑀𝐿 is high. On the other hand, in terms 
of wavelength, the scaling law characterizing the deformation mode remains almost insensitive to the presence of the fibers (the bold black line 
indicates that 𝜆ℎ,𝑐𝑟 is closer to (E.5) in supplementary than (40)) up to the transition angle 𝜃̄𝐼𝐼 ≈ 74.67◦, at which the wavelength starts increasing. It 
is only at 𝜃̄𝐼𝐼𝐼 ≈ 79.05◦ that the wrinkling strain becomes lower than the value that a fully neo-Hookean substrate would exhibit, thereby enhancing 
the onset of corrugation to slightly lower strains than the ones of the corresponding isotropic case. On the contrary, substrates characterized by fiber 
angles in the interval 𝜃̄ ≤ 𝜃 < 𝜃̄𝐼𝐼𝐼 defer the occurrence of the onset of bifurcation which, within the subinterval 𝜃̄ ≤ 𝜃 < 𝜃̄𝐼𝐼 occurs essentially at 
constant wavelength. Relative errors with respect to the plate model are shown in Fig. H.5 in supplementary. Note that Eq. (46) is not represented 
in (a) because it deviates too much from the target values (see Supplementary material E for a qualitative motivation).

unlike those choices, this has the obvious advantage of being explicit and, hence, directly applicable to the problem at hand. This 
indeed shows an overall good agreement for all the angles, making it the best choice, as the mean relative error is below 5%. Fig. 12(a), 
though, clearly confirms that the scaling law (44) remains very reliable for almost all angles whenever the bilayer’s corrugation arises 
in the substrate-mediated regime.

A completely different scenario is detected for the scaling laws relative to the wavelength, 𝜆ℎ,𝑐𝑟. Unlike the ones for the critical 
strain just analyzed, Fig. 12(b) shows that the scaling laws obtained for 𝜆ℎ,𝑐𝑟 are essentially unable to get close to the exact solution 
for this quantity. The reason primarily lies in the nature of the scaling (33): in a substrate-dominated bilayer 𝜌𝐿𝑀 → 0, so that, 
according to (33), even the critical wavelength must tend to zero. In such a case, the corresponding wavenumber diverges to infinity 
and, therefore, the scaling laws (33) and (40) overestimate the critical wavenumbers. This is shown in Fig. 12(a), as 𝜌𝑀𝐿 = 2 (i.e., 
𝜌𝐿𝑀 = 1∕2). An analytic proof of why scaling laws of wavenumber fail is carried out in Supplementary material E, by considering a 
neo-Hookean bilayer as an example. Nevertheless, by employing the expanded binomial expansion (40) along with the strains provided 
by its paired expansion (38), one can get the order of magnitude of the wavelength. Note that feeding the wavelength expansion with 
the strain given by (45) or (44) yields inaccurate results. In summary, by considering both accuracy and simplicity, the critical strain 
in the dual regime scales like Eq. (44), while the wavelength 𝜆ℎ scales like the relation (40) (when the critical strains are provided by 
Eq. (38)), although with less accuracy.

5.  Conclusions

Scaling laws for the critical wrinkling strain and corresponding wavenumber have long been pursued for elastically mismatched 
bilayers. These laws aim to relate wrinkling features directly to governing parameters, enabling efficient and reasonably accurate 
analysis without resorting to finite element simulations or full analytical solutions of the underlying boundary value problem. Besides 
a few exceptions though (e.g., Stewart et al., 2016; Nguyen et al., 2020; Mirandola et al., 2023; Montanari et al., 2024; Liu et al., 
2025b), up to now the vast majority of studies have focused on bilayers with isotropic substrates, leaving a gap in the understanding 
of scaling laws for bilayers with fiber-reinforced substrates–regardless of the elastic mismatch between the substrate matrix and the 
film, or the effectiveness of the reinforcement. This work aims to make a significant contribution toward bridging that gap. Under 
plane strain conditions, we provide the scaling laws for the wrinkling features at its onset for fiber-reinforced bilayers subjected to 
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lateral contraction. Among the many conclusions that can be drawn from the analysis presented in this paper, the main ones can be 
summarized as follows:

(a) Despite assuming that the top layer, perfectly bonded onto an fiber-reinforced substrate, behaves like an extensible thin plate
undergoing contraction and bending, we demonstrate that predictions for the onset of wrinkling are very close to those obtained by 
a fully 3D analysis; Fig. 2 displays very satisfactory results even for moderate-to-low mismatched (up to the order of 𝜌𝑀𝐿 ∼ 10−2) 
fiber-reinforced bilayers, regardless of whether fibers undergoing contraction contribute to substrate stiffening or not;

(b) While very highly mismatched bilayers, i.e. 𝜌𝑀𝐿 < 1 × 10−4, in the presence of compressed fibers contributing to the effective response
(hence away from failure), exhibit symmetry of both the critical strain and wavenumber relative to 𝜃 = 45◦ as functions of the fiber’s 
angle, such symmetry is broken for medium-to-low mismatched ones (see, e.g., Figs. 2 and 3). Such bilayers are inherently more 
compliant than the previous ones, and the anisotropy of the substrate drives a very significant change in the response;

(c) An asymptotic analysis is performed through the use of Puiseux series, as extensively discussed in Sections 3 and 4 (see also 
Supplementary material C);

(d) Implicit scaling laws provided by (19) and (20) parametrically characterize the wrinkling onset for film-dominated fiber-reinforced 
bilayers. An explicit scaling law, (26), for the critical strain is also obtained, which fairly accurately reproduces the exact solution 
of the 3D bifurcation problem even for medium-low matrix-to-layer elastic mismatch. The Standard Reinforcing Model—SRM—is 
shown to well capture the onset of the wrinkling features of film-mediated fiber-reinforced bilayers undergoing contraction/compres-
sion induced-corrugation, without the necessity to utilize the OGH response (see Holzapfel et al., 2000; Gasser et al., 2005) in the 
range of parameters at hand (see Fig. 7). The same conclusion, extended to postwrinkling, although without determining scaling 
laws for the onset of bifurcation, can be found in Liu et al. (2025b);

(e) A clear regime transition in the wrinkling mechanism at its onset is identified when the substrate begins to govern the response of 
the fiber-reinforced bilayer under compression. In the absence of fibers, this transition coincides with vanishing elastic mismatch 
between film and substrate matrix, and occurs without strain discontinuity. Fiber reinforcement is shown to drastically modify this 
behavior, thereby reducing the transition threshold by an order of magnitude relative to the fiber-less case. Beyond this threshold, 
the wrinkling onset becomes substrate-dominated and the bilayer responds as an effective isotropic medium at the prescribed level 
of reinforcement (see Fig. 10). This transition places the substrate-dominated regime outside the range of validity of the scaling 
laws of Section 3, motivating the asymptotic expansions developed in Section 4 to describe the resulting dual-regime behavior;

(f) Starting from expressions (38), (40) resulting from the dilute approximation of the Puiseux relations (32) and (33), two explicit 
scaling laws for the critical strain, (44) and (45), have further been provided for the dual regime.

In summary, the obtained scaling laws characterizing the onset of wrinkling for fiber-reinforced bilayers can be applied whatever the range 
of values of matrix-layer elastic mismatch and the effectiveness of the fiber-reinforcement (both when this is provided by the extended 
fibers only or for cases in which even contracted fibers away from failure do so), as long as the regime, film-mediated (direct) or 
substrate-guided (dual), at which the onset of wrinkling occurs is identified.

Future developments are foreseen in various directions. Certainly, the experimental validation of the scaling laws obtained in 
this present paper is of great interest for both high-to-low mismatched multimaterial-engineered fiber-reinforced bilayers at different 
values of fiber reinforcement, as well as for biological collagen-reinforced layered tissues. Another direction of investigation is foreseen 
for cases in which, alternatively, the film is fiber-reinforced and not the substrate or both of them are. The methodology introduced in 
this present paper can be applied to both circumstances, provided the identification of the occurring regimes arising in those enriched 
bilayered systems. Generalizations of the scaling laws obtained in this present work are also under investigation for the cases of both 
growth and prestress.
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