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non-autonomous integral functionals of the form

F(u,Ω) :=

∫
Ω
[f(x,Du)− g · u] dx,

under (p, q)-growth conditions. Besides a suitable differentiability assumption on the
partial map x 7→ Dξf(x, ξ), we do not need to assume any differentiability
assumption on the function g.
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1. Introduction

The aim of this paper is to present some regularity results of vectorial minimizers
of variational integrals of the form

F(u,Ω) :=

∫
Ω

[f(x,Du)− g · u] dx. (1.1)

Here, Ω ⊂ Rn is a bounded open subset, n ≥ 2, u : Ω → RN , N ≥ 1, f :
Ω×RN×n → [0,+∞), ξ 7→ f(x, ξ) ∈ C1(RN×n) and satisfies the so-called Uhlenbeck
structure, i.e. f is represented in the form f(x, ξ) = f̃(x, |ξ|) for a given function
f̃ : Ω× [0,+∞) → [0,+∞). Besides, we assume that there exist positive constants
ν, L,M, l and exponents 2 ≤ p < q <∞ such that
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2 A. G. Grimaldi and S. Russo

ν|ξ|p ≤ f(x, ξ) ≤ L(1 + |ξ|q) (F1)

〈Dξf(x, ξ)−Dξf(x, η), ξ − η〉 ≥M(1 + |ξ|2 + |η|2)
p−2
2 |ξ − η|2 (F2)

|Dξf(x, ξ)−Dξf(x, η)| ≤ l(1 + |ξ|2 + |η|2)
q−2
2 |ξ − η| (F3)

for a.e. x ∈ Ω and all ξ, η ∈ RN×n. Concerning the dependence on the x -variable,
we assume that there exists a non-negative function k : Ω → [0,+∞) such that

|Dξf(x, ξ)−Dξf(y, ξ)| ≤ |x− y|γ(k(x) + k(y))(1 + |ξ|2)
q−1
2 (F4)

for a.e. x, y ∈ Ω and every ξ ∈ RN×n, where γ ∈ (0, 1).
It is worth noting that assumption (Equation F4) with k ∈ Lr

loc(Ω) states that
the partial map x 7→ Dξf(x, ξ) belongs to the Besov space Bγ

r,∞(Ω,RN×n) (for
precise definition and properties of Besov spaces see § 2.2).

On the other hand, we say that assumption (Equation F5) is satisfied if there
exists a sequence of measurable non-negative functions gk ∈ Lr

loc(Ω) such that for
every Ω′ b Ω

∞∑
k=1

‖gk‖sLr(Ω′) <∞,

for some exponent s ≥ 1, and at the same time

|Dξf(x, ξ)−Dξf(y, ξ)| ≤ |x− y|γ(gk(x) + gk(y))(1 + |ξ|2)
q−1
2 (F5)

for a.e. x, y ∈ Ω such that 2−kdiam(Ω) ≤ |x − y| < 2−k+1diam(Ω) and for every
ξ ∈ RN×n. As before, we remark that assumption (Equation F5) implies that the
partial map x 7→ Dξf(x, ξ) belongs to the Besov space Bγ

r,s(Ω,RN×n).
Let us recall the definition of local minimizer.

Definition 1.1. A function u ∈ W 1,1
loc (Ω,RN ) is a local minimizer of (Equation

1.1) if, for every open subset Ω̃ b Ω, we have F(u, Ω̃) <∞ and F(u; Ω̃) ≤ F(ϕ; Ω̃)
holds for all ϕ ∈ u+W 1,1

0 (Ω̃,RN ).

We will say that a function F has (p, q)-growth conditions if assump-
tion (Equation F1) is in force. The study of regularity properties of local minima to
functionals with general growth started with the pioneering papers by Marcellini
[29], see also [30, 31].

When referring to (p, q)-growth conditions (Equation F1), we call the quantity
q/p > 1 the gap ratio of the integrand F, or simply, the gap. A main point is that
in order to get regularity of minimizers to non-autonomous functionals with non-
standard growth conditions, even the local boundedness, a restriction between p
and q need to be imposed, usually expressed in the form

q ≤ c(n, r)p, with c(n, r) → 1 as r → n,
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Regularity results for minimizers of non-autonomous integral functionals 3

where here r is the exponent appearing in (Equation F4)-(Equation F5) and usually
denotes the degree of regularity of the map x 7→ Dξf(x, ξ). We refer to [17, 30] for
counterexamples.

In order to explain the difficulties of our problem, we now recall some class of
functionals included in our setting and some known regularity properties of the
related minimizers.

It is well known that no extra differentiability properties for minimizers to

G(u,Ω) :=
∫
Ω

f(x,Du) dx

can be expected, unless some assumption is given on the coefficients of the operator
Dξf(x, ξ). AW 1,r Sobolev regularity, with r ≥ n, on the partial map x 7→ Dξf(x, ξ)
is a sufficient condition for the higher differentiability of minima (see [10, 11, 14–16,
18, 19, 21, 33–35]). In the case of standard p-growth, the higher fractional differen-
tiability of minimizers has been proved assuming that the coefficients of Dξf(x, ξ)
belong to the Besov space Bα

n
α ,s (see [1, 2, 5, 7, 28]). Regarding the non-standard

growth, in [22, 23] this analysis has been carried out in the setting of obstacle prob-
lems, assuming that the map x 7→ Dξf(x, ξ) satisfies a B

α
r,s-regularity for r > n

α (see
[24] for the unconstrained case). It is worth noticing that solutions u to obstacle
problems solve elliptic equations of the form

divDξf(x,Du) = divDξf(x,Dψ) =: ḡ, (1.2)

where ψ is the obstacle function and u ≥ ψ. In [22, 23], the higher differentiability
has been obtained assuming that Dψ ∈ W 1,2q−p(Ω), that implies ḡ ∈ L2q−p(Ω).
Here, in Theorem 1.2 below, we will prove some higher differentiability properties
of minimizers under weaker assumptions on the right-hand side.

Actually, the research in this field is so intense that it is almost impossible to give
an exhaustive and comprehensive list of references; in addition to those mentioned
in this paper and the references therein, we confine ourselves to refer the interested
reader to the survey [32].

In particular in [6], the authors proved the extra fractional differentiability of
weak solutions of the following nonlinear elliptic equations in divergence form

divA(x,Du) = div G in Ω,

where the operator A satisfies (Equation F2)–(Equation F4) with p= q. It has been
proved that a higher differentiability on the partial map x 7→ A(x, ·) and on the
right-hand side G transfer to the function Vp(Du) (see § 2 for the definition).

The main novelty of our results is that we consider (p, q)-growth, which means
we are able to extend the results of [6] to the context of non-standard growth.
Moreover, we show that the gradient of minimizers to (Equation 1.1) posseses
some fractional differentiability properties, without assuming any differentiability
properties on the function g, but only a suitable order of integrability in the setting
of Lebesgue spaces.

https://doi.org/10.1017/prm.2025.10039 Published online by Cambridge University Press

https://doi.org/10.1017/prm.2025.10039


4 A. G. Grimaldi and S. Russo

Our first result is the following

Theorem 1.2 Let f satisfy (Equation F1)–(Equation F4) and let g ∈ Lm
loc(Ω,RN ),

with p′ ≤ m ≤ 2, for exponents 2 ≤ p < n
λ < r, p < q such that

q

p
< 1 +

λ

n
− 1

r
, (1.3)

where λ := min{γ, m2 }. Let u ∈ W 1,p
loc (Ω,RN ) be a local minimizer of (Equation

1.1). Then, Vp(Du) ∈ Bλ
2,∞,loc(Ω,RN×n) and the following estimate holds∫

BR/4

|τhVp(Du)|2dx ≤ c|h|2λ
(
1 +

∫
BR

(1 + f(x,Du))dx+ ‖u‖W 1,p(BR)

+‖k‖Lr(BR) + ‖g‖Lm(BR)

)σ

, (1.4)

for every concentric balls BR/4 ⊂ BR b Ω, where c = c(n, p, q,m, γ, r,M, l, R) and
σ = σ(n, p, q,m, γ, r) are positive constants.

One of the main motivations to the study of functionals with (p, q)-growth comes
from the applications, for instance to the theory of elasticity for strongly anisotropic
materials (see Zhikov [37, 38]). A very well-known model is given by the so-called
double phase functional defined by∫

Ω

[|Du|p + a(x)|Du|q] dx, (1.5)

where a(x ) is non-negative and Hölder continuous with exponent α. The regularity
properties of local minimizers to such functional have been widely investigated in
[3, 12, 13] with the aim of identifying sufficient and necessary conditions on the
relation between p, q and α to establish the Hölder continuity of the gradient of
the local minimizers.

Very recently, in [8, 9] it has been proved the local gradient Hölder conti-
nuity of minimizers of non-uniformly elliptic integrals, that are not necessarily
equipped with a Euler-Lagrange equation due to the mere local Hölder continuity
of coefficients, under the gap

q

p
< 1 +

α

n
. (1.6)

We observe that in the model case (Equation 1.5), the inequality (Equation 1.3)
gives back (Equation 1.6). Indeed, by Lemma 2.14 below, if a(x) ∈ Bλ

r,∞(Ω) then

a(x) ∈ C0,α(Ω) with exponent

α = λ− n

r
.

Moreover, in [8] the authors proved the Hölder continuity of Du assuming that
g ∈ Ln/α,1/2(Ω). However, in Theorem 1.2 we impose a weaker summability on
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the function g, that is g ∈ Lm
loc(Ω,RN ) for p′ ≤ m ≤ 2, and so our results are not

covered by those in [8].
Now assuming (Equation F5) instead of (Equation F4) and arguing in a similary

way, we obtain the following theorem.

Theorem 1.3 Let f satisfy (Equation F1)–(Equation F3), (Equation F5) and let
g ∈ Lm

loc(Ω,RN ), with p′ ≤ m ≤ 2, for exponents 2 ≤ p < n
λ < r, p < q such that

(Equation 1.3) holds. Let u ∈W 1,p
loc (Ω,RN ) be a local minimizer of (Equation 1.1).

Then, Vp(Du) ∈ Bλ
2,s,loc(Ω,RN×n) and the following estimate holds

∫
B1

(∫
BR/4

|τhVp(Du)|2

|h|2λ
dx

) s
2 dh

|h|n
≤ c

(
1 +

∫
BR

(1 + f(x,Du))dx+ ‖u‖W 1,p(BR)

+
∞∑
k=1

‖gk‖Lr(BR) + ‖g‖Lm(BR)

)σ

,

for every concentric balls BR ⊂ B2R b Ω, where c = c(n, p, q,m, γ, r,M, l, R, s) and
σ = σ(n, p, q,m, γ, r, s) and λ := min{γ, m2 } are positive constants.

We briefly describe the structure of the paper. After summarizing some known
results and fixing few notation, we recall an approximation lemma in § 3. Section
4 is devoted to the proof of some a priori estimates for solutions to a family of
approximating problems. Next, in § 5, we pass to the limit in the approximating
problems.

2. Preliminaries

In this section, we introduce some notations and collect several results that we shall
use to establish our main result.

We will denote by c or C a general constant that may vary on different occasions,
even within the same line of estimates. Relevant dependencies on parameters and
special constants will be suitably emphasized using parentheses or subscripts.

In what follows, B(x, r) = Br(x) = {y ∈ Rn : |y − x| < r} will denote the ball
centred at x of radius r. We shall omit the dependence on the centre and on the
radius when no confusion arises.

We define an auxiliary function by

Vp(ξ) := (1 + |ξ|2)
p−2
4 ξ

for all ξ ∈ Rm, m ∈ N. For the function Vp, we recall the following estimate (see
e.g. [20, Lemma 8.3]).

Lemma 2.1. Let 1 < p < +∞. There exists a constant c = c(n, p) > 0 such that

c−1(1 + |ξ|2 + |η|2)
p−2
2 ≤ |Vp(ξ)− Vp(η)|2

|ξ − η|2
≤ c(1 + |ξ|2 + |η|2)

p−2
2

for any ξ, η ∈ Rn, ξ 6= η.
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Now we state a well-known iteration lemma (see [20, Lemma 6.1] for the proof).

Lemma 2.2. Let Φ : [R2 , R] → R be a bounded nonnegative function, where R> 0.

Assume that for all R
2 ≤ r < s ≤ R it holds

Φ(r) ≤ θΦ(s) +A+
B

(s− r)2
+

C

(s− r)γ

where θ ∈ (0, 1), A, B, C ≥ 0 and γ > 0 are constants. Then there exists a constant
c = c(θ, γ) such that

Φ

(
R

2

)
≤ c

(
A+

B

R2
+

C

Rγ

)
.

2.1. Difference quotient

We recall some properties of the finite difference quotient operator that will be
needed in the sequel.

Definition 2.3. Let F be a function defined in an open set Ω ⊂ Rn and let h ∈ Rn.
We call the difference quotient of F with respect to h the function

τhF (x) := F (x+ h)− F (x).

The function τhF is defined in the set

τhΩ := {x ∈ Ω : x+ h ∈ Ω},

and hence in the set

Ω|h| := {x ∈ Ω : dist(x, ∂Ω) > |h|}.

We start with the description of some elementary properties that can be found,
for example, in [20].

Proposition 2.4. Let F ∈ W 1,p(Ω), with p ≥ 1, and let G : Ω → R be a
measurable function. Then

(i) τhF ∈W 1,p(Ω|h|) and

Di(τhF ) = τh(DiF ).

(ii) If at least one of the functions F or G has support contained in Ω|h|, then∫
Ω

FτhGdx =

∫
Ω

Gτ−hFdx.

(iii) We have
τh(FG)(x) = F (x+ h)τhG(x) +G(x)τhF (x).

The next result about the finite difference operator is a kind of integral version
of Lagrange Theorem.
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Lemma 2.5. If 0 < ρ < R, |h| < R−ρ
2 , 1 < p < +∞ and F ∈W 1,p(BR), then∫

Bρ

|τhF (x)|pdx ≤ c(n, p)|h|p
∫
BR

|DF (x)|pdx.

Moreover, ∫
Bρ

|F (x+ h)|pdx ≤
∫
BR

|F (x)|pdx.

We recall a fractional version of Sobolev embedding property (see [12, Lemma
3]).

Lemma 2.6. Let F ∈ L2(BR). Suppose that there exist ρ ∈ (0, R), 0 < α < 1 and
M> 0 such that ∫

Bρ

|τhF (x)|2dx ≤M2|h|2α,

for every h such that |h| < R−ρ
2 . Then F ∈ L

2n
n−2β (Bρ) for every β ∈ (0, α) and

‖F‖
L

2n
n−2β (Bρ)

≤ c

(R− ρ)2β+2α+2
(M + ‖F‖L2(BR)),

with c = c(n, α, β).

2.2. Besov spaces

We give the definition of Besov spaces as done in [26, Section 2.5.12].

Definition 2.7. Let 1 ≤ p < +∞ and 0 < α < 1. Given 1 ≤ s < +∞, we say
that a function v : Rn → Rm, m ∈ N, belongs to the Besov space Bα

p,s(Rn) if, and
only if, v ∈ Lp(Rn) and

[v]Bα
p,s(Rn) :=

(∫
Rn

(∫
Rn

|τhv(x)|p

|h|αp
dx

) s
p dh

|h|n

) 1
s

< +∞.

Equivalently, we could simply say that v ∈ Lp(Rn) and τhv
|h|α ∈ Ls

(
dh
|h|n ;L

p(Rn)
)
.

When s = +∞, the Besov space Bα
p,∞(Rn) consists of functions v ∈ Lp(Rn) such

that

[v]Bα
p,∞(Rn) := sup

h∈Rn

(∫
Rn

|τhv(x)|p

|h|αp
dx

) 1
p

< +∞.

Accordingly, for 1 ≤ s ≤ +∞, the Besov space Bα
p,s(Rn) is normed with

‖v‖Bα
p,s(Rn) := ‖v‖Lp(Rn) + [v]Bα

p,s(Rn).
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Observe that, if 1 ≤ s < +∞, integrating for h ∈ B(0, δ) for a fixed δ > 0 then
an equivalent norm is obtained, because

(∫
{|h|≥δ}

(∫
Rn

|τhv(x)|p

|h|αp
dx

) s
p dh

|h|n

) 1
s

≤ c(n, α, p, s, δ)‖v‖Lp(Rn).

In the case s = +∞, one can simply take supremum over |h| ≤ δ and obtain an
equivalent norm. By construction, one has Bα

p,s(Rn) ⊂ Lp(Rn). One also has the
following version of Sobolev embeddings (a proof can be found at [26, Proposition
7.12]).

Lemma 2.8. Suppose that 0 < α < 1.
(a) If 1 < p < n

α and 1 ≤ s ≤ p∗α = np
n−αp , then there is a continuous embedding

Bα
p,s(Rn) ⊂ Lp∗

α(Rn).
(b) If p = n

α and 1 ≤ s ≤ +∞, then there is a continuous embedding Bα
p,s(Rn) ⊂

BMO(Rn),
where BMO denotes the space of functions with bounded mean oscillations [20,

Chapter 2].

We recall the following inclusions between Besov spaces ([26, Proposition 7.10
and Formula (7.35)]).

Lemma 2.9. Suppose that 0 < β < α < 1.
(a) If 1 < p < +∞ and 1 ≤ s ≤ t ≤ +∞, then Bα

p,s(Rn) ⊂ Bα
p,t(Rn).

(b) If 1 < p < +∞ and 1 ≤ s, t ≤ +∞, then Bα
p,s(Rn) ⊂ Bβ

p,t(Rn).

(c) If 1 ≤ s ≤ +∞, then Bα
n
α ,s(Rn) ⊂ Bβ

n
β ,s(Rn).

Combining Lemmas 2.8 and 2.9, we get the following Sobolev type embedding
theorem for Besov spaces Bα

p,∞(Rn).

Lemma 2.10. Suppose that 0 < α < 1 and 1 < p < n
α . There is a continuous

embedding Bα
p,∞(Rn) ⊂ Lp∗

β (Rn), for every 0 < β < α. Moreover, for every function
F ∈ Bα

p,∞(Rn) the following local estimate

‖F‖
L

np
n−βp (B%)

≤ c

(R− %)δ
(‖F‖Lp(BR) + [F ]Bα

p,∞(BR))

holds for every ball B% ⊂ BR, with c = c(n, p, α, β) and δ = δ(n, p).

Given a domain Ω ⊂ Rn, we say that a function v : Rn → Rm belongs to the local
Besov space Bα

p,s,loc if ϕv ∈ Bα
p,s(Rn) whenever ϕ ∈ C∞

0 (Ω). It is worth noticing
that one can prove suitable version of Lemmas 2.8 and 2.9, by using local Besov
spaces.
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Regularity results for minimizers of non-autonomous integral functionals 9

We have the following lemma (we refer to [1, Lemma 7] for the proof).

Lemma 2.11. Let 1 ≤ p < +∞, 1 ≤ s ≤ +∞ and 0 < α < 1. A function
v ∈ Lp

loc(Ω) belongs to the local Besov space Bα
p,s,loc, if, and only if,∥∥∥∥ τhv|h|α

∥∥∥∥
Ls
(

dh
|h|n ;Lp(B)

) < +∞,

for any ball B ⊂ 2B ⊂ Ω with radius rB. Here the measure dh
|h|n is restricted to the

ball B(0, rB) on the h-space.

It is known that Besov spaces of fractional order α ∈ (0, 1) can be characterized
in pointwise terms. We give the following definition according to [27].

Definition 2.12. Given a measurable function v : Rn → Rm, a fractional α-
Hajlasz gradient for v is a sequence {gk}k of measurable, non-negative functions
gk : Rn → R, together with a null set A ⊂ Rn, such that the inequality

|v(x)− v(y)| ≤ (gk(x) + gk(y))|x− y|α

holds whenever k ∈ Z and x, y ∈ Rn \ A are such that 2−k ≤ |x− y| < 2−k+1. We
say that {gk}k ∈ ls(Z;Lp(Rn)) if

‖{gk}k‖ls(Lp) =

(∑
k∈Z

‖gk‖sLp(Rn)

) 1
s

< +∞.

The following result was proved in [27].

Theorem 2.13 Let 0 < α < 1, 1 ≤ p < +∞ and 1 ≤ s ≤ +∞. Let v ∈ Lp(Rn).
One has v ∈ Bα

p,s(Rn) if, and only if, there exists a fractional α-Hajlasz gradient
{gk}k ∈ ls(Z;Lp(Rn)) for v. Moreover,

‖v‖Bα
p,s(Rn) ' inf ‖{gk}k‖ls(Lp),

where the infimum runs over all possible fractional α-Hajlasz gradients for v.

We conclude this section with the following embedding result (see [36, Section
2.7.1, Remark 2.]).

Lemma 2.14. Let 0 < α < 1 and 1 ≤ s ≤ +∞. If p > n
α , then we have the

continuous embedding Bα
p,s(Rn) ⊂ C0,α−n

p (Rn).

3. An approximation lemma

The main tool to prove Theorem 1.2 is the following approximation lemma, which
allows us to approximate from below the function f with a sequence of functions
(fj) satisfying standard p-growth conditions and the same regularity properties of
f w.r.t. the x -variable (see [23]).
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10 A. G. Grimaldi and S. Russo

Lemma 3.1. Let f : Ω×RN×n → [0,+∞), f = f(x, ξ), be a Carathéodory function
satisfying the Uhlenbeck structure and assumptions (Equation F1), (Equation F2),
(Equation F3), (Equation F4). Then, there exists a sequence (fj) of Carathéodory
functions fj : Ω × RN×n → [0,+∞), convex with respect to the last variable,
monotonically convergent to f, such that for a.e. x, y ∈ Ω and every ξ, η ∈ RN×n

(i) fj(x, ξ) = f̃j(x, |ξ|);
(ii) fj(x, ξ) ≤ fj+1(x, ξ) ≤ f(x, ξ), ∀j ∈ N;
(iii) 〈Dξfj(x, ξ)−Dξfj(x, η), ξ− η〉 ≥M1(1+ |ξ|2+ |η|2)

p−2
2 |ξ− η|2, with M1 =

M1(M,p) > 0;

(iv) |Dξfj(x, ξ)−Dξfj(x, η)| ≤ l1(1+|ξ|2+|η|2)
q−2
2 |ξ−η|, with l1 = l1(l, p) > 0;

(v) there exist L1 > 0, independent of j, and L̄1, depending on j, such that

1/L1(|ξ|p − 1) ≤ fj(x, ξ) ≤ L1(1 + |ξ|2)
q
2 ,

fj(x, ξ) ≤ L̄1(j)(1 + |ξ|2)
p
2 ;

(vi) there exists a constant C(j) > 0 such that

|Dξfj(x, ξ)−Dξfj(y, ξ)| ≤ |x− y|γ(k(x) + k(y))(1 + |ξ|2)
q−1
2 ,

|Dξfj(x, ξ)−Dξfj(y, ξ)| ≤ C(j)|x− y|γ(k(x) + k(y))(1 + |ξ|2)
p−1
2 .

Moreover, supposing (Equation F5) instead of (Equation F4), statement (vi)
would change as follows:

(vi) there exists a constant C(j) > 0 such that

|Dξfj(x, ξ)−Dξfj(y, ξ)| ≤ |x− y|γ(gk(x) + gk(y))(1 + |ξ|2)
q−1
2 ,

|Dξfj(x, ξ)−Dξfj(y, ξ)| ≤ C(j)|x− y|γ(gk(x) + gk(y))(1 + |ξ|2)
p−1
2

for a.e. x, y ∈ Ω such that 2−kdiam(Ω) ≤ |x − y| < 2−k+1diam(Ω) and for
every ξ ∈ RN×n.

4. A priori estimate

We consider the following approximating functionals∫
Ω

(fj(x,Dw)− g · w) dx, (4.1)

where (fj) is the sequence of functions obtained applying Lemma 3.1 to the inte-
grand f of the functional at (Equation 1.1). We denote by uj a local minimizer of
functional (Equation 4.1). Since fj satisfies standard p-growth, then uj solves the
Euler-Lagrange system
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Regularity results for minimizers of non-autonomous integral functionals 11∫
Ω

〈Dξfj(x,Duj), Dϕ〉 dx =

∫
Ω

g · ϕdx, (4.2)

for every ϕ ∈W 1,p
0 (Ω,RN ).

The main aim of this section is to establish the following

Theorem 4.1 Let g ∈ Lm
loc(Ω,RN ), with p′ ≤ m ≤ 2. Let uj ∈ W 1,p(Ω,RN ) be

a local minimizer of (Equation 4.1) under assumptions (Equation F1)–(Equation
F4), for some exponents 2 ≤ p < n

λ < r, where λ := min{γ, m2 }, p < q such that
(Equation 1.3) is in force. If we a priori assume that

Vp(Duj) ∈ Bλ
2,∞,loc(Ω,RN×n),

then the following estimates

(∫
BR/4

|Duj |
np

n−2β dx

)n−2β
n

≤ c1

(
1 +

∫
BR

(1 + |Duj |p)dx+ ‖k‖Lr(BR) + ‖g‖Lm(BR)

)σ1

for every 0 < β < λ and

∫
BR/4

|τhVp(Duj)|2dx ≤ c2|h|2λ
(
1 +

∫
BR

(1 + |Duj |p)dx+ ‖k‖Lr(BR) + ‖g‖Lm(BR)

)σ2

hold for every concentric balls BR/4 ⊂ BR b Ω, where c1 =
c1(n, p, q,m, γ, r,M, l, R, β) and σ1 = σ1(n, p, q,m, γ, r, β) are positive constants
independent of j. The same happens to c2 and σ2, but they do not depend on β.

Proof. In the following, we write u instead of uj for simplicity of notation. For
further needs, we notice that from the hypothesis

Vp(Du) ∈ Bλ
2,∞,loc(Ω,RN×n)

and Lemma 2.10, we have

Du ∈ L
np

n−2β

loc (Ω,RN×n), (4.3)

for all 0 < β < λ. One can easily check that (Equation 1.3) yields

r(2q − p)

r − 2
<

np

n− 2β
, (4.4)

for every β ∈ ( λnr
nr+2(λr−n) , λ).
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12 A. G. Grimaldi and S. Russo

Fix a ball BR b Ω and consider radii R
4 < ρ < t′ < R. We divide the interval

(ρ, t′) into three equal parts by means of s and t, so that R
4 < ρ < s < t < t′ < R

2 ,
with

s− ρ = t− s = t′ − t =
t′ − ρ

3
.

Let us take t′′ = 2t′ − t so that t′ < t′′ < R and t′′ − t′ = t′ − t. Let us consider
a cut-off function η ∈ C∞

0 (Bt), with η=1 on Bs, 0 ≤ η ≤ 1, |Dη| ≤ c
t−s and

|h| ≤ t′−t
2 . We test (Equation 4.2) with the function

ϕ = τ−h

(
η2τhu

)
thus obtaining∫

Ω

〈Dξfj(x,Du), τ−hD
(
η2τhu

)
〉 dx =

∫
Ω

g · τ−h

(
η2τhu

)
dx,

hence by (ii) of Proposition 2.4∫
Ω

〈τhDξfj(x,Du), D
(
η2τhu

)
〉 dx =

∫
Ω

g · τ−h

(
η2τhu

)
dx =: B. (4.5)

Now we rewrite the integral in the left-hand side of the previous equality as follows∫
Ω

〈Dξfj(x+ h,Du(x+ h))−Dξfj(x,Du(x)), 2ηDητhu〉 dx

+

∫
Ω

〈Dξfj(x+ h,Du(x+ h))−Dξfj(x,Du(x)), η
2τhDu〉 dx

=

∫
Ω

〈Dξfj(x+ h,Du(x+ h))−Dξfj(x+ h,Du(x)), 2ηDητhu〉 dx

+

∫
Ω

〈Dξfj(x+ h,Du(x))−Dξfj(x,Du(x)), 2ηDητhu〉 dx

+

∫
Ω

〈Dξfj(x+ h,Du(x+ h))−Dξfj(x+ h,Du(x)), η2τhDu〉 dx

+

∫
Ω

〈Dξfj(x+ h,Du(x))−Dξfj(x,Du(x)), η
2τhDu〉 dx

=: A1 +A2 +A3 +A4. (4.6)

So we have from Equation 4.5

A3 ≤ |A1|+ |A2|+ |A4|+ |B|. (4.7)

We start by considering the term |A1|. By using property (iv) of Lemma 3.1,
Young’s and Hölder’s equalities, we get
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Regularity results for minimizers of non-autonomous integral functionals 13

|A1| =

∣∣∣∣∣∣
∫
Ω

∑
i,α

(
fξαi (x+ h,Du(x+ h))− fξαi (x+ h,Du(x))

)
2η ηxi

τhu
αdx

∣∣∣∣∣∣
≤ 2l1

∫
Ω

η |Dη|
(
1 + |Du(x+ h)|2 + |Du(x)2|

) q−2
2 |τhDu| |τhu|dx

≤ ε

∫
Ω

η2
(
1 + |Du(x+ h)|2 + |Du(x)2|

) p−2
2 |τhDu|2dx

+ cε

∫
Ω

|Dη|2
(
1 + |Du(x+ h)|2 + |Du(x)2|

) 2q−p−2
2 |τhu|2dx

≤ ε

∫
Ω

η2
(
1 + |Du(x+ h)|2 + |Du(x)2|

) p−2
2 |τhDu|2dx

+
cε

(t− s)2

(∫
Bt′

(1 + |Du|2)
2q−p

2 dx

) 2q−p−2
2q−p (∫

Bt

|τhu|2q−pdx

) 2
2q−p

,

(4.8)

where in the last inequality we used that |Dη| ≤ c
t−s . Next applying Lemma 2.5,

we have

|A1| ≤ ε

∫
Ω

η2
(
1 + |Du(x+ h)|2 + |Du(x)2|

) p−2
2 |τhDu|2dx

+
cε

(t− s)2
|h|2

(∫
Bt′

(1 + |Du|)2q−pdx

) 2q−p−2
2q−p

(∫
Bt′

|Du|2q−pdx

) 2
2q−p

≤ ε

∫
Ω

η2
(
1 + |Du(x+ h)|2 + |Du(x)2|

) p−2
2 |τhDu|2dx

+
cε

(t− s)2
|h|2

∫
Bt′

(1 + |Du|)2q−pdx,

where the last integral is finite by virtue of (Equation 4.3) and (Equation 4.4).
The ellipticity assumption (iii) of Lemma 3.1 implies

A3 ≥M1

∫
Ω

η2
(
1 + |Du(x+ h)|2 + |Du(x)2|

) p−2
2 |τhDu|2dx. (4.9)

From condition (vi) of Lemma 3.1, Lemma 2.5, the properties of η and Hölder’s
inequality, we derive

|A2| =

∣∣∣∣∣
∫
Ω

∑
i,α

(
fξαi (x+ h,Du(x))− fξαi (x,Du(x))

)
2η ηxiτhu

αdx

∣∣∣∣∣
≤ 2

∫
Ω

η|Dη||τhu||h|γ(k(x+ h) + k(x))(1 + |Du|2)
q−1
2 dx

≤ c

t− s
|h|γ

∫
Bt

|τhu|(k(x+ h) + k(x))(1 + |Du|2)
q−1
2 dx
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14 A. G. Grimaldi and S. Russo

≤ c

t− s
|h|γ

(∫
BR

krdx

) 1
r
(∫

Bt

|τhu|
r

r−1 (1 + |Du|)
r(q−1)
r−1 dx

) r−1
r

≤ c

t− s
|h|γ

(∫
BR

krdx

) 1
r
(∫

Bt

|τhu|
rq

r−1 dx

) r−1
rq
(∫

Bt

(1 + |Du|)
rq

r−1 dx

) (r−1)(q−1)
rq

≤ c

t− s
|h|1+γ

(∫
BR

krdx

) 1
r

(∫
Bt′

(1 + |Du|)
rq

r−1 dx

) r−1
r

, (4.10)

where we also used that Du ∈ L
rq

r−1

loc (Ω) by virtue of (Equation 4.3) and (Equation
4.4).

Similarly as for the estimate of A2, we obtain

|A4| =

∣∣∣∣∣∣
∫
Ω

∑
i,α

(
fξαi (x+ h,Du(x))− fξαi (x,Du(x))

)
η2 τhu

α
xi
dx

∣∣∣∣∣∣
≤ |h|γ

∫
Ω

η2|τhDu|(k(x+ h) + k(x))(1 + |Du|2)
q−1
2 dx

≤ ε

∫
Ω

η2
(
1 + |Du(x+ h)|2 + |Du(x)2|

) p−2
2 |τhDu|2dx

+ cε|h|2γ
∫
Ω

η2(k(x+ h) + k(x))2(1 + |Du|2)
2q−p

2 dx

≤ ε

∫
Ω

η2
(
1 + |Du(x+ h)|2 + |Du(x)2|

) p−2
2 |τhDu|2dx

+ cε|h|2γ
(∫

BR

krdx

) 2
r
(∫

Bt

(1 + |Du|)
r(2q−p)

r−2 dx

) r−2
r

, (4.11)

where the last integral is finite by virtue of (Equation 4.3) and (Equation 4.4).
Now, we take care of B. Recalling that p′ ≤ m ≤ 2, the Hölder’s inequality and

Lemma 2.5 give that

|B| ≤

(∫
Bt′

|g|mdx

) 1
m
(∫

Bt′

|τ−h(η
2τhu)|m

′

) 1
m′

≤ c|h|
(∫

BR

|g|mdx
) 1

m

(∫
Bt′′

|D(η2τhu)|m
′
dx

) 1
m′

≤ c|h|
(∫

BR

|g|mdx
) 1

m

(∫
Bt′′

ηm
′
|Dη|m

′
|τhu|m

′
dx

) 1
m′

+ c|h|
(∫

BR

|g|mdx
) 1

m

(∫
Bt′′

η2m
′
|τhDu|m

′
dx

) 1
m′

.

Using again Lemma 2.5, Young’s inequality and that |Dη| ≤ c
t−s , 0 ≤ η ≤ 1 and

2 ≤ m′ ≤ p, we have
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|B| ≤ c

t− s
|h|2

(∫
BR

|g|mdx
) 1

m
(∫

BR

|Du|m
′
dx

) 1
m′

+ cε |h|m
∫
BR

|g|mdx

+ ε

∫
Ω

η2
(
1 + |Du(x+ h)|2 + |Du(x)|2

) p−2
2 |τhDu|2dx. (4.12)

Inserting (Equation 4.8), (Equation 4.10), (Equation 4.9), (Equation 4.11) and
(Equation 4.12) in (Equation 4.7), we infer

M1

∫
Ω

η2
(
1 + |Du(x+ h)|2 + |Du(x)2|

) p−2
2 |τhDu|2dx

≤ 3ε

∫
Ω

η2
(
1 + |Du(x+ h)|2 + |Du(x)2|

) p−2
2 |τhDu|2dx

+
cε

(t− s)2
|h|2

∫
Bt′

(1 + |Du|)2q−pdx

+
c

t− s
|h|1+γ

(∫
BR

krdx

) 1
r

(∫
Bt′

(1 + |Du|)
rq

r−1 dx

) r−1
r

+ cε |h|2γ
(∫

BR

krdx

) 2
r

(∫
Bt′

(1 + |Du|)
r(2q−p)

r−2 dx

) r−2
r

+
c

t− s
|h|2

(∫
BR

|g|mdx
) 1

m
(∫

BR

|Du|pdx
) 1

p

+ cε |h|m
∫
BR

|g|mdx.

Choosing ε = M1

6 and reabsorbing the first integral in the right-hand side by the
left-hand side, we get∫

Ω

η2
(
1 + |Du(x+ h)|2 + |Du(x)2|

) p−2
2 |τhDu|2dx

≤ c

(t− s)2
|h|2

∫
Bt′

(1 + |Du|)2q−pdx

+
c

t− s
|h|1+γ

(∫
BR

krdx

) 1
r

(∫
Bt′

(1 + |Du|)
rq

r−1 dx

) r−1
r

+ c |h|2γ
(∫

BR

krdx

) 2
r

(∫
Bt′

(1 + |Du|)
r(2q−p)

r−2 dx

) r−2
r

+
c

t− s
|h|2

(∫
BR

|g|mdx
) 1

m
(∫

BR

|Du|pdx
) 1

p

+ c |h|m
∫
BR

|g|mdx.
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Since q > p and r > 2, it holds

2q − p ≤ r(2q − p)

r − 2
and

rq

r − 1
≤ r(2q − p)

r − 2
.

Therefore, we have

∫
Ω

η2
(
1 + |Du(x+ h)|2 + |Du(x)2|

) p−2
2 |τhDu|2dx

≤ c

(t− s)2
|h|2

(∫
Bt′

(1 + |Du|)
r(2q−p)

r−2 dx

) r−2
r

+
c

t− s
|h|1+γ

(∫
BR

krdx

) 1
r

(∫
Bt′

(1 + |Du|)
r(2q−p)

r−2 dx

) q(r−2)
(2q−p)r

+ c |h|2γ
(∫

BR

krdx

) 2
r

(∫
Bt′

(1 + |Du|)
r(2q−p)

r−2 dx

) r−2
r

+
c

t− s
|h|2

(∫
BR

|g|mdx
) 1

m
(∫

BR

|Du|pdx
) 1

p

+ c |h|m
∫
BR

|g|mdx. (4.13)

We now consider the interpolation inequality

(∫
Bρ

|h|
r(2q−p)

r−2 dx

) r−2
r(2q−p)

≤

(∫
Bρ

|h|pdx

)π
p
(∫

Bρ

|h|
np

n−βp dx

) (n−2β)(1−π)
np

, (4.14)

where 0 < π < 1 is defined by

r − 2

r(2q − p)
=
π

p
+

(1− π)(n− 2β)

np

which implies

π =
nr(p− q)− np+ βr(2q − p)

βr(2q − p)
, 1− π =

n[r(q − p) + p]

βr(2q − p)
. (4.15)

Applying Lemma 2.1 in the left-hand side of (Equation 4.13) and the interpolation
inequality (Equation 4.14) in the right-hand side, we get
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∫
Bs

|τhVp(Du)|2dx ≤
∫
Bt

η2|τhVp(Du)|2dx

≤ c

(t− s)2
|h|2

(∫
Bt′

(1 + |Du|)pdx

) (2q−p)π
p

·

(∫
Bt′

(1 + |Du|)
np

n−2β dx

)n−2β
np (2q−p)(1−π)

+
c

t− s
|h|1+γ

(∫
BR

krdx

) 1
r

(∫
Bt′

(1 + |Du|)pdx

)πq
p

·

·

(∫
Bt′

(1 + |Du|)
np

n−2β dx

)n−2β
np q(1−π)

+ c |h|2γ
(∫

BR

krdx

) 2
r

(∫
Bt′

(1 + |Du|)pdx

)π(2q−p)
p

·

·

(∫
Bt′

(1 + |Du|)
np

n−2β dx

)n−2β
np (2q−p)(1−π)

+
c

t− s
|h|2

(∫
BR

|g|mdx
) 1

m
(∫

BR

|Du|pdx
) 1

p

+ c |h|m
∫
BR

|g|mdx.

where in the first inequality we used that η=1 on Bs. Then, when |h| ≤ 1, since
λ := min{γ, m2 }, we obtain

∫
Bs

|τhVp(Du)|2dx ≤|h|2λ
{

c

(t− s)2

(∫
Bt′

(1 + |Du|)pdx

) (2q−p)π
p

·

(∫
Bt′

(1 + |Du|)
np

n−2β dx

)n−2β
np

(2q−p)(1−π)

+
c

t− s

(∫
BR

krdx

) 1
r

(∫
Bt′

(1 + |Du|)pdx

)πq
p

·

·

(∫
Bt′

(1 + |Du|)
np

n−2β dx

)n−2β
np

q(1−π)

+ c

(∫
BR

krdx

) 2
r

(∫
Bt′

(1 + |Du|)pdx

)π(2q−p)
p

·
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·

(∫
Bt′

(1 + |Du|)
np

n−2β dx

)n−2β
np

(2q−p)(1−π)

+
c

t− s

(∫
BR

|g|mdx

) 1
m
(∫

BR

|Du|pdx
) 1

p

+ c

∫
BR

|g|mdx

}
.

(4.16)

On the other hand, when 1 < |h| ≤ t′−t
2 , we have

∫
Bs

|τhVp(Du)|2dx ≤ c

∫
Bt′

|Vp(Du)|2dx ≤ c

∫
Bt′

(1 + |Du|)pdx

≤ c|h|2λ
∫
Bt′

(1 + |Du|)pdx.

Combining Lemma 2.6 with the previous estimate, we infer, since s− ρ = t′ − t,

(∫
Bρ

|Du|
np

n−2β dx

)n−2β
n

≤ c

(t− s)2(s− ρ)2(2λ+2β+2)

(∫
Bt′

(1 + |Du|)pdx

) (2q−p)π
p

·

(∫
Bt′

(1 + |Du|)
np

n−2β dx

)n−2β
np

(2q−p)(1−π)

+
c

(t− s)(s− ρ)2(2λ+2β+2)

(∫
BR

krdx

) 1
r

(∫
Bt′

(1 + |Du|)pdx

)πq
p

·

·

(∫
Bt′

(1 + |Du|)
np

n−2β dx

)n−2β
np

q(1−π)

+
c

(s− ρ)2(2λ+2β+2)

(∫
BR

krdx

) 2
r

(∫
Bt′

(1 + |Du|)pdx

)π(2q−p)
p

·

·

(∫
Bt′

(1 + |Du|)
np

n−2β dx

)n−2β
np

(2q−p)(1−π)

+
c

(t− s)(s− ρ)2(2λ+2β+2)

(∫
BR

|g|mdx

) 1
m
(∫

BR

|Du|pdx
) 1

p

+
c

(s− ρ)2(2λ+2β+2)

∫
BR

|g|mdx +
c

(s− ρ)2(2λ+2β+2)

∫
BR

(1 + |Du|)pdx. (4.17)

We note that, since p< q, it holds

p

q(1− π)
>

p

(2q − p)(1− π)
.
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Moreover, recalling the definition of π at (Equation 4.15), we have

p

(2q − p)(1− π)
> 1 ⇐⇒ pβr

n[r(q − p) + p]
> 1 ⇐⇒ q

p
< 1 +

β

n
− 1

r
,

which is true for every β ∈
(
n
(

q
p − 1 + 1

r

)
, λ
)
, since condition (Equation 1.3) is in

force. Hence, since both exponents p
q(1−π) and

p
(2q−p)(1−π) are bigger than 1, we can

apply Young’s inequality in the right-hand side of (Equation 4.17) and, assuming q̃
as the conjugate of p

q(1−π) , p̃ as the conjugate of p
(2q−p)(1−π) , we obtain for a fixed

ε ∈ (0, 1)

(∫
Bρ

|Du|
np

n−2β dx

)n−2β
n

≤ ε

3

(∫
Bt′

(1 + |Du|)
np

n−2β dx

)n−2β
n

+
cε

(t− s)2p̃(s− ρ)2(2λ+2β+2)p̃

(∫
B2R

(1 + |Du|)pdx
) (2q−p)π

p p̃

+
ε

3

(∫
Bt′

(1 + |Du|)
np

n−2β dx

)n−2β
n

+
cε

(t− s)q̃(s− ρ)2(2λ+2β+2)q̃

(∫
BR

krdx

) q̃
r

(∫
Bt′

(1 + |Du|)pdx

) qπq̃
p

+
ε

3

(∫
Bt′

(1 + |Du|)
np

n−2β dx

)n−2β
n

+
cε

(s− ρ)2(2λ+2β+2)p̃

(∫
BR

krdx

) 2p̃
r

(∫
Bt′

(1 + |Du|)pdx

) (2q−p)πp̃
p

+
c

(t− s)(s− ρ)2(2λ+2β+2)

(∫
BR

|g|mdx
) 1

m
(∫

BR

|Du|pdx
) 1

p

+
c

(s− ρ)2(2λ+2β+2)

∫
BR

|g|mdx +
c

(s− ρ)2(2λ+2β+2)

∫
BR

(1 + |Du|)pdx,

(4.18)

where the constants c and cɛ are independent of the radii ρ, s, t, t′, t′′.
Since

t− s = s− ρ =
t′ − ρ

3
,
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estimate (Equation 4.18) becomes

(∫
Bρ

|Du|
np

n−2β dx

)n−2β
n

≤ ε

(∫
Bt′

(1 + |Du|)
np

n−2β dx

)n−2β
n

+
cε

(t′ − ρ)2(2λ+2β+4)p̃

(∫
BR

(1 + |Du|)pdx
) (2q−p)π

p
p̃

+
cε

(t′ − ρ)(4λ+4β+5)q̃

(∫
BR

krdx

) q̃
r
(∫

BR

(1 + |Du|)pdx
) qπq̃

p

+
cε

(t′ − ρ)2(2λ+2β+2)p̃

(∫
BR

krdx

) 2p̃
r
(∫

BR

(1 + |Du|)pdx
) (2q−p)πp̃

p

+
c

(t′ − ρ)4λ+4β+5

(∫
BR

|g|mdx

) 1
m
(∫

BR

|Du|pdx
) 1

p

+
c

(t′ − ρ)2(2λ+2β+2)

∫
BR

|g|mdx +
c

(t′ − ρ)2(2λ+2β+2)

∫
BR

(1 + |Du|)pdx.

Applying Lemma 2.2

(∫
BR/4

|Du|
np

n−2β dx

)n−2β
n

≤ c1

(
1 +

∫
BR

(1 + |Du|p)dx+ ‖k‖Lr(BR) + ‖g‖Lm(BR)

)σ1

which is finite since u ∈W 1,p
loc (Ω,RN ), k ∈ Lr(Ω) and g ∈ Lm

loc(Ω,RN ) and so∫
BR/4

|τhVp(Du)|2dx ≤ c2|h|2λ
(
1 +

∫
BR

(1 + |Du|p)dx+ ‖k‖Lr(BR) + ‖g‖Lm(BR)

)σ2

,

(4.19)

for positive constants c1 = c1(n, p, q,m, γ, r,M, l, R, β) and σ1 =
σ1(n, p, q,m, γ, r, β) independent of j. The same happens to c2 and σ2, but
they do not depend on β. �

5. Proof of Theorem 1.2

In the case of p-growth conditions, i.e. when p= q, we have the following higher
differentiability result.

Theorem 5.1 Let g ∈ Lm
loc(Ω,RN ), with p′ ≤ m ≤ 2. Moreover, assume that

f satisfies (Equation F1)–(Equation F4) for exponents 2 ≤ p = q < n
λ , where

λ := min{γ, m2 }, and for a function k ∈ L∞
loc(Ω). If u ∈ W 1,p

loc (Ω,RN ) is a local
minimizer of (Equation 1.1), then Vp(Du) ∈ Bλ

2,∞,loc(Ω,RN×n).

Proof. The proof goes similarly as the one of Theorem 4.1. Indeed, one can easily
check that, under the stronger assumptions p= q and k ∈ L∞

loc(Ω), the expo-

nent r(2q−p)
r−2 at (Equation 4.4) reduces to p. Therefore, we are able to obtain that

Vp(Du) ∈ Bλ
2,∞,loc(Ω,RN×n) with the estimate (Equation 4.19). �
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For a given ball BR b Ω, we consider the variational problems

inf

{∫
BR

[fj(x,Dv)− g · v]dx : v ∈W 1,p
0 (BR,RN ) + u

}
, j ∈ N, (5.1)

where (fj)j is the sequence of functions defined in Lemma 3.1. The lower semi-
continuity and the p-growth conditions of the integrand fj give the existence of a

unique solution uj ∈W 1,p
0 (BR,RN ) + u of the problem (Equation 5.1).

Now, fix a non-negative smooth kernel φ ∈ C∞
0 (B1(0)) such that

∫
B1(0)

φ = 1

and consider the corresponding family of mollifiers (φε)ε>0. We set

kε = k ∗ φε

and

fεj (x, ξ) =

∫
B1(0)

φ(y)fj(x+ εy, ξ)dy (5.2)

on BR, for every ε < dist(BR,Ω). One can easily check that fεj satisfies assumptions
(Equation F1)–(Equation F3) and the set of conditions:

1/L1(|ξ|p − 1) ≤ fεj (x, ξ) ≤ L̄1(j)(1 + |ξ|p), (F1*)

〈Dξf
ε
j (x, ξ)−Dξf

ε
j (x, η), ξ − η〉 ≥M1(1 + |ξ|2 + |η|2)

p−2
2 |ξ − η|2, (F2*)

|Dξf
ε
j (x, ξ)−Dξf

ε
j (x, η)| ≤ l(j)(1 + |ξ|2 + |η|2)

p−2
2 |ξ − η|. (F3*)

By virtue of assumption (Equation F4), we have that for a.e. x, y ∈ BR and every
ξ ∈ RN×n,

|Dξf
ε
j (x, ξ)−Dξf

ε
j (y, ξ)| ≤ |x− y|γ(kε(x) + kε(y))(1 + |ξ|2)

q−1
2 , (F4*)

|Dξf
ε
j (x, ξ)−Dξf

ε
j (y, ξ)| ≤ c̃(j)|x− y|γ(kε(x) + kε(y))(1 + |ξ|2)

p−1
2 . (F4**)

Let us define the boundary value problem in BR b Ω

inf

{∫
BR

[fεj (x,Dv)− g · v]dx : v ∈W 1,p
0 (BR,RN ) + uj

}
. (5.3)

By the strict convexity of fεj , there exists a unique minimum uεj ∈W 1,p
0 (BR,RN )+

uj of the problem (Equation 5.3). The p-growth from above in (Equation F1*)
implies that uεj satisfies the Euler-Lagrange system∫

BR

〈Dξf
ε
j (x,Du

ε
j), Dϕ〉dx =

∫
BR

g · ϕdx, for every ϕ ∈W 1,p
0 (BR,RN ). (5.4)
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Exploiting the ellipticity assumption (Equation F2*), choosing ϕ = uεj − uj as test
function in (Equation 5.4) and (Equation 5.1), we have

M1

∫
BR

(1 + |Duj |2 + |Duεj |2)
p−2
2 |Duεj −Duj |2dx

≤
∫
BR

〈Dξf
ε
j (x,Du

ε
j)−Dξf

ε
j (x,Duj), D(uεj − uj)〉dx

=

∫
BR

〈Dξf
ε
j (x,Du

ε
j), D(uεj − uj)〉dx︸ ︷︷ ︸

=
∫
BR

g·(uε
j−uj)dx

−
∫
BR

〈Dξf
ε
j (x,Duj), D(uεj − uj)〉dx

+

∫
BR

〈Dξfj(x,Duj), D(uεj − uj)〉dx

−
∫
BR

〈Dξfj(x,Duj), D(uεj − uj)〉dx︸ ︷︷ ︸
=

∫
BR

g·(uε
j−uj)dx

and so ∫
BR

(1 + |Duj |2 + |Duεj |2)
p−2
2 |Duεj −Duj |2dx

≤ c

∫
BR

〈Dξfj(x,Duj)−Dξf
ε
j (x,Duj), D(uεj − uj)〉dx,

for a constant c := c(M,p). Applying Hölder’s inequality in the right hand side of
the previous estimate, we infer∫

BR

|Duεj −Duj |pdx

≤ c

∫
BR

(1 + |Duj |2 + |Duεj |2)
p−2
2 |Duεj −Duj |2dx

≤ c

(∫
BR

|Dξfj(x,Duj)−Dξf
ε
j (x,Duj)|

p
p−1 dx

) p−1
p
(∫

BR

|D(uεj − uj)|pdx
) 1

p

,

where the first inequality follows from the fact that p ≥ 2. Next, we divide both
sides by (∫

BR

|D(uεj − uj)|pdx
) 1

p

thus getting∫
BR

|Duεj −Duj |pdx ≤ c

∫
BR

|Dξfj(x,Duj)−Dξf
ε
j (x,Duj)|

p
p−1 dx. (5.5)
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Assumptions (Equation F1*) and (Equation F2*) yields

|Dξf
ε
j (x,Duj)| ≤ c(j)(1 + |Duj |p−1) a.e. in BR

with c(j ) independent of ɛ. Moreover, |Duj |p−1 ∈ L
p

p−1 (BR) and, by the very
definition of fεj , we have

Dξf
ε
j (x,Duj) → Dξfj(x,Duj) a.e. in BR as ε→ 0+

and so the Dominated convergence theorem gives that

lim
ε→0+

∫
BR

|Dξfj(x,Duj)−Dξf
ε
j (x,Duj)|

p
p−1 dx = 0.

Therefore, passing to the limit as ε→ 0+ in (Equation 5.5),

uεj → uj strongly in W 1,p(BR,RN ) (5.6)

and, up to subsequences,

Duεj → Duj a.e. in BR. (5.7)

By the regularity Theorem 5.1, we have that Vp(Du
ε
j) ∈ Bλ

2,∞,loc(BR,RN×n). Then,
by virtue of Theorem 4.1, uεj satisfies the following estimate

∫
Bρ

|τhVp(Duε
j)|2dx ≤ C|h|2λ

(
1+

∫
BR

(1 + |Duε
j |p)dx+ ‖k‖Lr(BR) + ‖g‖Lm(BR)

)σ

,

(5.8)

for all balls Bρ such that B4ρ b BR, with constants C = C(n, p, q,m, γ, r,M, l, R)
and σ = σ(n, p, q,m, γ, r), both independent of j and ɛ. Hence, by virtue of
(Equation 5.7), we can apply Fatou’s Lemma, together with the continuity of the
function ξ 7→ Vp(ξ) and of the operator τh, in estimate (Equation 5.8), and by using
(Equation 5.6) and the strong convergence of kɛ to k in Lr

loc(BR), we obtain

∫
Bρ

|τhVp(Duj)|2dx ≤ lim inf
ε

∫
Bρ

|τhVp(Duε
j)|2dx

≤ C|h|2λ
(
1+

∫
BR

(1 + |Duj |p)dx+ ‖k‖Lr(BR) + ‖g‖Lm(BR)

)σ

.

(5.9)

Now, by the growth assumption at (v) of Lemma 3.1, the minimality of uj and
using u as test function, we get
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BR

(|Duj |p − 1)dx ≤ L1

∫
BR

fj(x,Duj)dx

≤ L1

∫
BR

[fj(x,Duj)− g · uj + g · uj ]dx

≤ L1

∫
BR

[fj(x,Du)− g · u]dx+ L1

∫
BR

g · ujdx

≤ L1

∫
BR

[f(x,Du)− g · u]dx+ L1

∫
BR

g · ujdx, (5.10)

where in the last inequality we used the monotonicity of (fj). From Poincaré
inequality, we derive that

‖uj − u‖Lp(BR) ≤ c‖Duj −Du‖Lp(BR),

that implies

‖uj‖Lp(BR) ≤ c(n, p,R)
(
‖Duj‖Lp(BR) + ‖u‖W 1,p(BR)

)
(5.11)

and so the second integral in the right hand side of (Equation 5.10) can be estimated
as follows

∫
BR

g · ujdx ≤ ‖g‖Lp′ (BR)‖uj‖Lp(BR)

≤ c(n, p,R)‖g‖Lp′ (BR)

(
‖Duj‖Lp(BR) + ‖u‖W 1,p(BR)

)
≤ 1

2L1
‖Duj‖pLp(BR) + c(n, p, L1, R)

(
‖g‖p

′

Lp′ (BR)
+ ‖u‖pW 1,p(BR)

)
,

(5.12)

where we also used Hölder’s and Young’s inequalities. Putting the previous estimate
in (Equation 5.10) and reabsorbing the term

∫
BR

|Duj |pdx from the right hand side
by the left hand side, we get

∫
BR

|Duj |pdx ≤ c

∫
BR

[f(x,Du)− g · u]dx+ c
(
1 + ‖g‖p

′

Lp′ (BR)
+ ‖u‖pW 1,p(BR)

)
,

(5.13)

for a positive constant c independent of j. Therefore, up to subsequences, (uj)

converges weakly in W 1,p(BR,RN ) as j → ∞ to a function v ∈W 1,p
0 (BR,RN )+u.

The convergence of (fj) to f, the weak lower semicontinuity of v 7→∫
BR

[fj(x,Dv)− g · v]dx and the minimality of uj give that
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BR

[f(x,Dv)− g · v]dx ≤ lim inf
j0

∫
BR

[fj0(x,Dv)− g · v]dx

≤ lim inf
j0

lim inf
j

∫
BR

[fj0(x,Duj)− g · uj ]dx

≤ lim inf
j

∫
BR

[fj(x,Duj)− g · uj ]dx

≤ lim inf
j

∫
BR

[fj(x,Du)− g · u]dx

≤
∫
BR

[f(x,Du)− g · u]dx,

which implies v = u a.e. in BR for the strict convexity of f.
Now, since uj satisfies (Equation 5.9) and estimate (Equation 5.13) holds, we

have∫
Bρ

|τhVp(Duj)|2dx ≤ C|h|2λ
(
1+

∫
BR

(1 + f(x,Du))dx+ ‖k‖Lr(BR) + ‖g‖Lm(BR)

+‖u‖pW 1,p(BR)

)σ
, (5.14)

Using [25, Lemma 2.1] and p ≥ 2, we get

|H(ξ)−H(η)|2 ≤ c(|ξ|2 + |η|2)
p−2
2 |ξ − η|2 ≤ c̃|Vp(ξ)− Vp(η)|2

which implies, together with (Equation 5.14),∫
Bρ

|τhH(Duj)|2dx ≤ C|h|2λ
(
1 +

∫
BR

(1 + f(x,Du))dx+ ‖k‖Lr(BR) + ‖g‖Lm(BR)

+‖u‖pW 1,p(BR)

)σ
,

where we denoted by H(ξ) := |ξ|
p−2
2 ξ. The sequence (H(Duj))j is bounded in

Bλ
2,∞(Bρ,RN×n) for all balls Bρ such that B4ρ b BR and, therefore, is bounded in

Bλ
2,∞,loc(BR,RN×n) thanks to a standard covering argument. Besov spaces can be

seen as interpolation spaces between Lp and W 1,p (see [4, Chapter 6]), so applying
classical interpolation theory ([4, Theorem 3.8.1]), there exists a function w such
that

H(Duj)⇀ w weakly in Bλ
2,∞,loc(BR,RN×n)

and

H(Duj) → w strongly in L2
loc(BR,RN×n)and a.e. in BR.

Recalling that

|H(Duj)|2 = |Duj |p,
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we deduce that Duj converges strongly in Lp
loc(BR,RN×n). Hence, since

uj ⇀ u weakly in W 1,p
0 (BR,RN ) + u,

we get, by uniqueness of weak limit, that w = H(Du) and

Duj → Du strongly in Lp
loc(BR,RN×n)

and, up to subsequences,

Duj → Du a.e. in BR. (5.15)

Then, by virtue of (Equation 5.15), we can apply Fatou’s Lemma, together with the
continuity of the function ξ 7→ Vp(ξ) and of the operator τh, in estimate (Equation
5.14), thus getting

∫
Bρ

|τhVp(Du)|2dx ≤ lim inf
j

∫
BR/4

|τhVp(Duj)|2dx

≤ C|h|2λ
(
1+

∫
BR

(1 + f(x,Du))dx+ ‖k‖Lr(BR)

+ ‖g‖Lm(BR) + ‖u‖pW 1,p(BR)

)σ
,

for every ball Bρ such that B4ρ b BR b Ω. Finally, we can conclude by a standard
covering argument that Vp(Du) ∈ Bλ

2,∞,loc(Ω,RN×n).
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