()

Check for
updates

Proceedings of the Royal Society of Edinburgh: Section A Mathematics, 1-28, 2025
DOI:10.1017/prm.2025.10039

Regularity results for minimizers of
non-autonomous integral functionals

Antonio Giuseppe Grimaldi

Dipartimento di Ingegneria, Universita degli Studi di Napoli
“Parthenope”, Centro Direzionale Isola C4, Napoli, 80143, Italy
(antoniogiuseppe.grimaldi@collaboratore.uniparthenope.it)
(corresponding author)

Stefania Russo

Dipartimento di Matematica e Applicazioni “R. Caccioppoli”, Universita
degli Studi di Napoli “Federico II”, Via Cintia, Napoli, 80126, Italy
(stefania.russo3@unina.it)

(Received 18 September 2024; revised 19 May 2025; accepted 19 May 2025)

We establish the higher fractional differentiability for the minimizers of
non-autonomous integral functionals of the form

F(u,Q) := /Q [f(z, Du) — g - u] dz,

under (p, g)-growth conditions. Besides a suitable differentiability assumption on the
partial map « — D¢ f(z,£), we do not need to assume any differentiability
assumption on the function g.
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1. Introduction

The aim of this paper is to present some regularity results of vectorial minimizers
of variational integrals of the form

F(u,Q) = /Q [f(z,Du) — g - u] dx. (1.1)

Here, 2 C R” is a bounded open subset, n > 2, v : @ — RN, N > 1, f :
QxRVN*™ — [0, +00), £ = f(x,&) € CLRN*") and satisfies the so-called Uhlenbeck
structure, i.e. f is represented in the form f(z,§) = f(x, |€]) for a given function
f:Qx[0,+00) = [0,400). Besides, we assume that there exist positive constants
v, L, M,l and exponents 2 < p < g < oo such that
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2 A. G. Grimaldi and S. Russo
vglP < f(z,€) < L1+ [€]7) (F1)
(Def(2,€) = Def(w,m), € —n) > ML+ + )= g —nl>  (F2)

|De f(w,€) — Def(a,n)| < U1+ [E2 + [n2) T 1€ — 7] (F3)

for a.e. x € Q and all £, € RV*", Concerning the dependence on the z-variable,
we assume that there exists a non-negative function k : Q — [0, +00) such that

|De f(2,€) — Def (y,6)| < & — y[? (k(w) + k()1 + [¢[) = (F4)

for a.e. 7,y € Q and every £ € RV*" where v € (0,1).

It is worth noting that assumption (Equation F4) with k& € L] () states that
the partial map = — D¢ f(z,§) belongs to the Besov space B;KOO(Q,RNX") (for
precise definition and properties of Besov spaces see §2.2).

On the other hand, we say that assumption (Equation F5) is satisfied if there
exists a sequence of measurable non-negative functions gx € Lj, () such that for
every ' € Q

oo
Z l9kl17r 0y < 00,
k=1

for some exponent s > 1, and at the same time

|Def(w,€) = Def(y,€)] < o — " (g1 (@) + g () (1 + |¢) T (F5)

for a.e. 7,y € Q such that 27 *diam(Q) < |z — y| < 27%+1diam(Q) and for every
¢ € RVXn As before, we remark that assumption (Equation F5) implies that the
partial map x +— De¢ f(, &) belongs to the Besov space B (€2, RN xn),

Let us recall the definition of local minimizer.

DEFINITION 1.1. A function u € Wb (Q,RN) is a local minimizer of (Equation

1.1) if, for every open subset Q € Q, we have F(u,Q) < co and F(u; Q) < F(p; Q)
holds for all ¢ € u+ Wy (Q,RY).

We will say that a function F has (p, q)-growth conditions if assump-
tion (Equation F1) is in force. The study of regularity properties of local minima to
functionals with general growth started with the pioneering papers by Marcellini
[29], see also [30, 31].

When referring to (p, ¢)-growth conditions (Equation F1), we call the quantity
q/p > 1 the gap ratio of the integrand F, or simply, the gap. A main point is that
in order to get regularity of minimizers to non-autonomous functionals with non-
standard growth conditions, even the local boundedness, a restriction between p
and ¢ need to be imposed, usually expressed in the form

q < ¢(n,m)p, with e(n,r) = 1 as r — n,
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where here 7 is the exponent appearing in (Equation F4)-(Equation F5) and usually
denotes the degree of regularity of the map x +— D¢ f(x,&). We refer to [17, 30] for
counterexamples.

In order to explain the difficulties of our problem, we now recall some class of
functionals included in our setting and some known regularity properties of the
related minimizers.

It is well known that no extra differentiability properties for minimizers to

G(u, Q) ::/Qf(a:,Du) dx

can be expected, unless some assumption is given on the coefficients of the operator
D¢ f(z,&). AW Sobolev regularity, with 7 > n, on the partial map z +— Dg f(x, )
is a sufficient condition for the higher differentiability of minima (see [10, 11, 14-16,
18, 19, 21, 33-35]). In the case of standard p-growth, the higher fractional differen-
tiability of minimizers has been proved assuming that the coefficients of D¢ f(x,§)
belong to the Besov space B% _ (see [1, 2, 5, 7, 28]). Regarding the non-standard
growth, in [22, 23] this analysils has been carried out in the setting of obstacle prob-
lems, assuming that the map x + D¢ f(z, &) satisfies a By} --regularity for r > 2 (see
[24] for the unconstrained case). It is worth noticing that solutions u to obstacle
problems solve elliptic equations of the form

divD¢ f(z, Du) = divD¢ f(z, Dy) =: g, (1.2)

where v is the obstacle function and u > . In [22, 23], the higher differentiability
has been obtained assuming that Dy € W12972(Q), that implies g € L?77P(Q).
Here, in Theorem 1.2 below, we will prove some higher differentiability properties
of minimizers under weaker assumptions on the right-hand side.

Actually, the research in this field is so intense that it is almost impossible to give
an exhaustive and comprehensive list of references; in addition to those mentioned
in this paper and the references therein, we confine ourselves to refer the interested
reader to the survey [32].

In particular in [6], the authors proved the extra fractional differentiability of
weak solutions of the following nonlinear elliptic equations in divergence form

divA(xz, Du) = div G in Q,

where the operator A satisfies (Equation F2)—(Equation F4) with p = ¢. It has been
proved that a higher differentiability on the partial map « — A(x,-) and on the
right-hand side G transfer to the function V,(Du) (see §2 for the definition).

The main novelty of our results is that we consider (p, ¢)-growth, which means
we are able to extend the results of [6] to the context of non-standard growth.
Moreover, we show that the gradient of minimizers to (Equation 1.1) posseses
some fractional differentiability properties, without assuming any differentiability
properties on the function g, but only a suitable order of integrability in the setting
of Lebesgue spaces.
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Our first result is the following

THEOREM 1.2 Let f satisfy (Equation F1)-(Equation F4) and let g € L. (Q,RY),
with p" <m < 2, for exponents 2 <p < § <7, p<q such that

A1
%<1+E—;, (1.3)

where X := min{y, F}. Let u € Wllo’p(Q,RN) be a local minimizer of (Equation

C

1.1). Then, V,(Du) € By (Q,RY>") and the following estimate holds

2,00,loc

[ mviurds < b (14 [0+ i D) + sy
Br/a Br

ST ||g||Lm<BR>) , (1.4)

for every concentric balls Br/y C Br € Q, where ¢ = c(n,p,q,m,v,r, M,l, R) and
o =o(n,p,q,m,,r) are positive constants.

One of the main motivations to the study of functionals with (p, ¢)-growth comes
from the applications, for instance to the theory of elasticity for strongly anisotropic
materials (see Zhikov [37, 38]). A very well-known model is given by the so-called
double phase functional defined by

/Q [|Dul? + a(z)|Dul?] dz, (1.5)

where a(z) is non-negative and Holder continuous with exponent «.. The regularity
properties of local minimizers to such functional have been widely investigated in
[3, 12, 13] with the aim of identifying sufficient and necessary conditions on the
relation between p, ¢ and « to establish the Holder continuity of the gradient of
the local minimizers.

Very recently, in [8, 9] it has been proved the local gradient Holder conti-
nuity of minimizers of non-uniformly elliptic integrals, that are not necessarily
equipped with a Euler-Lagrange equation due to the mere local Hélder continuity
of coefficients, under the gap

142, (1.6)
D n
We observe that in the model case (Equation 1.5), the inequality (Equation 1.3)
gives back (Equation 1.6). Indeed, by Lemma 2.14 below, if a(z) € B;\m(Q) then
a(z) € C%¥(Q) with exponent

n
a=\——.
r

Moreover, in [8] the authors proved the Holder continuity of Du assuming that
g € Lt/ 2(Q2). However, in Theorem 1.2 we impose a weaker summability on
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the function g, that is g € L (Q,RY) for p’ < m < 2, and so our results are not
covered by those in [8].

Now assuming (Equation F5) instead of (Equation F4) and arguing in a similary
way, we obtain the following theorem.

THEOREM 1.3 Let f satisfy (Equation F'1)-(Equation F3), (Equation F5) and let
g € L (RY), with p' < m <2, for exponents 2 < p < % <r, p < q such that
(Equation 1.3) holds. Let u € Wli”,’(Q,RN) be a local minimizer of (Equation 1.1).

C

Then, V,(Du) € B2’\7S’IOC(Q,RNX”) and the following estimate holds

Vo(Du)|?2 . \2 dh
/ </ 72V,(Du) dm) LUAPY 1+/ (1 + f(z, Du))dz + Jullwncsy)
o\ o I 0 "

+ Z lgxllzr (BR) + ||g||Lm(BR)> ,
k=1

for every concentric balls Bg C Bar € ), where ¢ = ¢(n, p,q, m,vy,r, M,l, R, s) and
o =o(n,p,q,m,v,r,s) and X :=min{~y, '} are positive constants.

We briefly describe the structure of the paper. After summarizing some known
results and fixing few notation, we recall an approximation lemma in §3. Section
4 is devoted to the proof of some a priori estimates for solutions to a family of
approximating problems. Next, in §5, we pass to the limit in the approximating
problems.

2. Preliminaries

In this section, we introduce some notations and collect several results that we shall
use to establish our main result.

We will denote by ¢ or C' a general constant that may vary on different occasions,
even within the same line of estimates. Relevant dependencies on parameters and
special constants will be suitably emphasized using parentheses or subscripts.

In what follows, B(z,r) = B.(z) = {y € R" : |y — 2| < r} will denote the ball
centred at z of radius r. We shall omit the dependence on the centre and on the
radius when no confusion arises.

We define an auxiliary function by

Vp(€) = (L4 |€2) T ¢

for all £ € R™, m € N. For the function V,, we recall the following estimate (see
e.g. [20, Lemma 8.3]).

LEMMA 2.1. Let 1 < p < +o00. There exists a constant ¢ = ¢(n,p) > 0 such that
- e=2 _ V() = Vi(n)]? p=2
HA+EP+ )= < W <c(l+ €+ )=
for any &, e R", £ F# .
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Now we state a well-known iteration lemma (see [20, Lemma 6.1] for the proof).

LEMMA 2.2. Let ® : [%,R] — R be a bounded nonnegative function, where R > 0.
Assume that for all g <r<s<Ritholds

B C

) SOV + A+ o+

where 6 € (0,1), A, B, C > 0 and > 0 are constants. Then there exists a constant

¢ =c(0,7) such that
R B C

2.1. Difference quotient

We recall some properties of the finite difference quotient operator that will be
needed in the sequel.

DEFINITION 2.3. Let F be a function defined in an open set Q0 C R™ and let h € R™.
We call the difference quotient of F with respect to h the function

F(z) .= F(z + h) — F(x).
The function 7, F is defined in the set
hQ:={xeQ:z+heQ}
and hence in the set
Q= {z € Q : dist(x,0Q) > |h[}.

We start with the description of some elementary properties that can be found,
for example, in [20].

PROPOSITION 2.4. Let F € WYP(Q), with p > 1, and let G : Q@ — R be a
measurable function. Then
(Z) Tk € Wl,p(th‘) and

Di(ThF) = Th(DiF).

(ii) If at least one of the functions F or G has support contained in ), then

/FTthx:/GT_hFdx.
Q Q

Th(FG)(z) = F(z + h)m,G(z) + G(a)mh F ().

(iii) We have

The next result about the finite difference operator is a kind of integral version
of Lagrange Theorem.
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LEMMA 2.5. If0< p < R, |h| < B2, 1 < p < 400 and F € W'P(Bg), then

J

|7 F(z)|Pdx < c(n,p)|h|p/ |DF(x)|Pdz.

P Br

Moreover,
/ F(z + h)Pde g/ F () de.
B, Br
We recall a fractional version of Sobolev embedding property (see [12, Lemma

3)).

LEMMA 2.6. Let F € L*(Bg). Suppose that there exist p € (0,R), 0 < o < 1 and
M > 0 such that

/ 7 F () 2dz < M2|h|,
B

P

for every h such that |h| < %. Then F € L= %5 (B)) for every € (0,a) and

C

”F”Ln%ﬂmp) < (R—p)m(M+ 1l 2(BR))

with ¢ = ¢(n, o, B).

2.2. Besov spaces

We give the definition of Besov spaces as done in [26, Section 2.5.12].

DEFINITION 2.7. Let 1 < p < 400 and 0 < a < 1. Given 1 < s < 400, we say
that a function v : R® — R™, m € N, belongs to the Besov space Bl‘f’s(R") if, and
only if, v € LP(R™) and

Imo(@)P  \ P dh \ ¢
o (pn) 1= ——d —_— .
ol e (/ (/ R ) Tam) <

Equivalently, we could simply say that v € LP(R™) and (,‘ylg € LS(%; LP(R")).
When s = +00, the Besov space By . (R™) consists of functions v € LP(R™) such

that

1
P v
['U]Bgoc(]Rn) = sup </ o (@) da:) < +o0.

RERN |h|oP

Accordingly, for 1 < s < 400, the Besov space By ((R™) is normed with

HU”Bg,S(R”) = HU”LP(R") + [U]Bgvs(Rny
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Observe that, if 1 < s < 400, integrating for h € B(0,4) for a fixed § >0 then
an equivalent norm is obtained, because

I ()P ) dh )
————dx| — | <cn,a,p,s,0)|v|Lemn-
</{h|26} </ o ) = ollzs e

In the case s = 400, one can simply take supremum over |h| < ¢ and obtain an
equivalent norm. By construction, one has By ((R") C LP(R"). One also has the
following version of Sobolev embeddings (a proof can be found at [26, Proposition
7.12]).

LEMMA 2.8. Suppose that 0 < o < 1.

(a) If1<p<Zandl<s<pj= nf’(;p, then there is a continuous embedding
B& (R™) C LP=(R™).

(b) If p= 7 and 1 < s < +o0, then there is a continuous embedding By ((R") C
BMO(R"),

where BMO denotes the space of functions with bounded mean oscillations [20,
Chapter 2].

We recall the following inclusions between Besov spaces ([26, Proposition 7.10
and Formula (7.35)]).

LEMMA 2.9. Suppose that 0 < f < a < 1.
(a) If 1 <p<+o0 and 1 < s <t < +o0, then By (R™) CBBSJ(R”)'
(b) If 1 < p < 400 and 1 < s,t < 400, then By (R™) C B, ,(R").
(c) If1 < s < +oo, then BE (R") C B%s(Rn).

Combining Lemmas 2.8 and 2.9, we get the following Sobolev type embedding
theorem for Besov spaces By . (R").

LEMMA 2.10. Suppose that 0 < o < 1 and 1 < p < . There is a continuous

embedding By . (R") C LP5(R™), for every 0 < 8 < . Moreover, for every function
F € By (R™) the following local estimate

c
< W(”FHLP(BR) + [Flpo _(Br))

R T
holds for every ball B, C Br, with ¢ = ¢(n,p,a, 5) and 6 = §(n,p).

Given a domain 2 C R", we say that a function v : R® — R™ belongs to the local
Besov space By, . if pv € By ,(R") whenever ¢ € C§°(€2). It is worth noticing
that one can prove suitable version of Lemmas 2.8 and 2.9, by using local Besov

spaces.
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We have the following lemma (we refer to [1, Lemma 7] for the proof).

LEMMA 2.11. Let 1 < p < 400, 1 < s < 400 and 0 < a < 1. A function
v € Ly, (Q) belongs to the local Besov space By .., if, and only if,

loc

ThU

[h]

< 400,
L (1ifsLr(B))

for any ball B C 2B C Q with radius rg. Here the measure & is restricted to the

|h‘n
ball B(0,75) on the h-space.

It is known that Besov spaces of fractional order « € (0,1) can be characterized
in pointwise terms. We give the following definition according to [27].

DEFINITION 2.12. Given a measurable function v : R™ — R™, a fractional a-
Hajlasz gradient for v is a sequence {gi}r of measurable, non-negative functions
gr : R™ = R, together with a null set A C R™, such that the inequality

lv(z) —v(y)| < (gr(z) + gr(v))|z — y|*

holds whenever k € Z and x,y € R™\ A are such that 27F < |z —y| < 27+, We
say that {gx}x € 1°(Z; LP(R")) if

I{gnillae oy = (Z IIQkIISm(Rw)) < oo

kEZ
The following result was proved in [27].

THEOREM 2.13 Let 0 < a < 1,1 <p < 400 and 1 < s < +oco. Let v € LP(R™).
One has v € BgS(R”) if, and only if, there exists a fractional a-Hajlasz gradient

B

{gk}x € I5(Z; LP(R™)) for v. Moreover,

||UHB;S(R") =~ inf [|{gx }x I1s(LP)»
where the infimum runs over all possible fractional «-Hajlasz gradients for v.

We conclude this section with the following embedding result (see [36, Section
2.7.1, Remark 2.]).

LEMMA 2.14. Let 0 < a < 1 and 1 < s < +oo. If p > =, then we have the
continuous embedding By ((R™) C COo= 5 (R™).

3. An approximation lemma

The main tool to prove Theorem 1.2 is the following approximation lemma, which
allows us to approximate from below the function f with a sequence of functions
(f;) satisfying standard p-growth conditions and the same regularity properties of
f w.r.t. the z-variable (see [23]).
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LEMMA 3.1. Let f : QxRN*" [0, 4+00), f = f(x,&), be a Carathéodory function
satisfying the Uhlenbeck structure and assumptions (Equation F1), (Equation F2),
(Equation F3), (Equation FJ). Then, there exists a sequence (f;) of Carathéodory
functions f; :+ Q x RV*™ — [0, +00), convexr with respect to the last variable,
monotonically convergent to f, such that for a.e. x,y € Q and every &,n € RNX"

(Z) f]($7§) = (1’, |§|);
(”) f](l'7§) < +1($,€) < f(mvf); VjeN; L,
(iii) (Dgfj(x,€) = Defi(x,m),§ —n) > My(L+[E[2+ [n?) "= € —nf?, with My =
Ml(M7p) > 07'
(iv) |Def;(x,€)—Def;(x,m)] < L(1+[E2+n|?) *F |€—nl. withly =11 (I,p) > 0;

(v) there exist Ly > 0, independent of j, and Ly, depending on j, such that

fj
Ji

1/Li(I€PP = 1) < fi(2,€) < Li(1 + [€7)2,
Fil@,€) < Li(G) (1 + [€*)%;

(vi) there exists a constant C(j) > 0 such that

Defy(.€) = Defy(9:6)| < ko =yl (k(a) + k()1 + 1) T,
De f;(2,€) — Defi(y,€) < CG)la — y|" (k(z) + k(y) (1 + |€[2) ="

Moreover, supposing (Equation F5) instead of (Equation F4), statement (vi)
would change as follows:

(vi) there exists a constant C(j) > 0 such that
|Def;(w,€) = Def3(u,6)] < o — " (gr (@) + ax ) (1 + €)=,
[Def;(x€) = Defi(w, &) < OGOl — yl (gu() + gu () (L + [E*) T

for a.e. z,y € Q such that 27 *diam(Q) < |z — y| < 27 ¥+ 1diam(f) and for
every £ € RVxn,

4. A priori estimate

We consider the following approximating functionals

/ (fj(z, Dw) — g - w) dz, (4.1)
Q

where (f;) is the sequence of functions obtained applying Lemma 3.1 to the inte-
grand f of the functional at (Equation 1.1). We denote by u; a local minimizer of
functional (Equation 4.1). Since f; satisfies standard p-growth, then u; solves the
Euler-Lagrange system
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/(Dgfj(:v,Duj),D@ dx = / g - pdx, (4.2)
Q Q

for every o € W, P(Q,RN).
The main aim of this section is to establish the following

THEOREM 4.1 Let g € L7 (Q,RN), with p < m < 2. Let uj € WHP(Q,RY) be

loc
a local minimizer of (Equation 4.1) under assumptions (Equation F1)-(Equation

F4), for some exponents 2 < p < ¥ < r, where A := min{~y, 5}, p < q such that
(Equation 1.8) is in force. If we a priori assume that

VP(DUJ) € Bg\,oo,loc((L RNX“)?

then the following estimates

n—28

_np__ " o1
(/ |Duj|n—25 dl‘) S Cc1 <1 +/ (1 —+ |Duj|p)d1‘ + HkHLv(BR) + HgHLm(BR)>
BRrja Br

for every 0 < B < X and
2 22 7
/ |70 Vo (Duy)|"da < c2|hl (1 +/ (1 + |Duy|?)dz + ||kl v (5) + ||9||Lm<BR>)
Br/a Br

hold ~ for every concentric balls Bryy C Br € §, where ¢ =
ci(n,p,q,m,y,r, M,l[, R, 8) and o1 = o1(n,p,q,m,v,r,B) are positive constants
independent of j. The same happens to ce and og, but they do not depend on (3.

Proof. In the following, we write u instead of u; for simplicity of notation. For
further needs, we notice that from the hypothesis

VZD(DU) € BQA,oo,loc(Q7 RNX”)

and Lemma 2.10, we have

Du € L]-% (Q,RN*™), (4.3)

loc

for all 0 < 8 < A. One can easily check that (Equation 1.3) yields

r(2¢—p) _ _np
r—2 n—28’

for every 8 € (%,)\).
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Fix a ball Br € 2 and consider radii % < p <t < R. We divide the interval
(p,t') into three equal parts by means of s and ¢, so that % <p<s<t<t < %,
with

t'—p

s—p=t—s=1t —t= T

Let us take t/ = 2t/ —tsothat ' < t’ < Rand t” —t =t —t. Let us consider
a cut-off function n € C§°(B;), with n=1 on By, 0 < n < 1, [Dn| < £ and

|h| < £5t. We test (Equation 4.2) with the function

Y =T—h (772Thu)

thus obtaining

/ (Defj(x, Du), 7_pD (nQThu)> dr = / g T_n (7727'hu) dz,
Q Q

hence by (i) of Proposition 2.4

/ (th D¢ f;(z, Du), D (n*mpu)) do = / g 7, (n°1hu) dz =: B. (4.5)
Q Q

Now we rewrite the integral in the left-hand side of the previous equality as follows

/Q (Def(x + h, Dula + h)) — Def; (2, Du(s)), 20 Diyryu) dae
+ /Q<D§fj(:c + h, Du(x + h)) — D¢ f;(x, Du(z)),n*m, Du) dx
_ /Q (Def,(x + hy Dulz + ) — Def;(x + h, Du(x)), 2nDnruu) da
+ /Q (Def,(x + h, Du(x)) — Def; (2, Du(x)), 2qDyryu) da
+ /Q<D5fj(x + h, Du(x + h)) — De f;(x + h, Du(z)),n*m, Du) dx

+ / (Def, (& + h, Du(x)) — Def;(x, Du(x)), s Du) dz
Q
=: A1 + AQ + A3 + A4. (46)
So we have from Equation 4.5
Az < |Ar] + |A2| + [Ad| + | B|. (4.7)

We start by considering the term |A;|. By using property (iv) of Lemma 3.1,
Young’s and Holder’s equalities, we get
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Regularity results for minimizers of non-autonomous integral functionals 13
|[Aq] = / Z (fE;‘ (x + h, Du(x + h)) — fea(x + h, Du())) 211y, Thudx
Q [N

q—2
< 211/ n|Dn| (1 + |Du(z + h)|* + [Du(z)?|) * |7 Dul |mpuldx
Q

p—2

< 5/ n* (1+ [Du(z + h)]> + |Du(z)?|) * |mnDul*dz
Q

2q—p—2
te / D2 (1+ |Du(z + h)? + | Du(@)?)) " |myulfda
Q

p—2
2

ga/ 7 (14 [Du(z + WP + [Du@)?) T |mDul’de
Q

29q—p—2

+ 6752 / (1+ \Du|2)2q2 dx (/ |Thu2qu:v> ,
(t—s) By B;

(4.8)

where in the last inequality we used that |Dn| < . Next applying Lemma 2.5,
we have

p—2
44| gg/ 7 (14 |Duz + b + |Du(@)?) = |mDul*da
Q
2q—p—2

2
2q—p 2q9—p
+ 2 |hf? /(1+|Du\)2HdI / | Dul?4P da
(t—s) B B,

ga/ 7 (14 [Du(e + WP + [Du@)?) T |mDul’de
Q

¢

Ce 9 20—
——— |h 1+ |D =Pq
[, 0o

+

where the last integral is finite by virtue of (Equation 4.3) and (Equation 4.4).
The ellipticity assumption (i) of Lemma 3.1 implies

Ay > Ml/ 7 (14 [Du(z + WP + Du(@)’)T [mDuPde.  (4.9)
Q

From condition (vi) of Lemma 3.1, Lemma 2.5, the properties of 1 and Holder’s
inequality, we derive

2] = ‘ [ 3 (e o+ Dute) = fep o, Duta) 20, o o

1,0

-1
< 2/ 0| Dl [ruul B (k(z + h) + k(2)) (1 + [Dul*) = da
Q

< S [ (s )+ K@)+ DY) d
SN

https://doi.org/10.1017/prm.2025.10039 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2025.10039

14 A. G. Grimaldi and S. Russo

c . % e r(g—1) B
< |h|” k"dx |Thu|™T (14 |Du|) =T dz
t—s Br By
(r=1)(g—1)

1 r=1
< Sy (/ k;%h) (/ |Thu|%dx) ' (/ (1+|Du|)%dx) ’
t—s Br By By

r—1
T

(1+ |Du)f—"1dx> , (4.10)

1
_c \h\H"’ (/ dem> /
t—s Bp B

rq
r—1

loc

IN

¢

where we also used that Du € L
4.4).
Similarly as for the estimate of As, we obtain

(©) by virtue of (Equation 4.3) and (Equation

|Ay| = ‘/ﬂ Z (fgg (x4 h, Du(z)) — feo (z, Du(z))) 7> Tpul dz
< Ihl”/ 2| Dul|(k(z + ) + k(x)) (1 + | Dul?) = da
Q
<

5/ 2 (14 |Du(z + )2 + |Du(x)?) F |mDul?ds
Q

29

+ ce|h[? /Q 7 (k(z + h) + k(2))*(1+ |Dul?) "= da

b2
< 5/ n* (1+ |Du(z + h)|> + |Du(z)?|) & |70 Du|*dx
Q

+eehf? (/ krdx)r (/ (1+|Du)“3q—z”)dx> - (4.11)
BR Bt

where the last integral is finite by virtue of (Equation 4.3) and (Equation 4.4).
Now, we take care of B. Recalling that p’ < m < 2, the Holder’s inequality and
Lemma 2.5 give that

1

1B| < ( / t/ |g|%>m ( /|

. 1/

< clh (/ g|mdm>” (/ |D<n2mu>|m’dx>
BR Bt”

< ¢/n| ( / g|mdx> ’ ( / nm’|Dn|m’|rhu|m’dx>
BR Bt//

1
1 7

+ c|hl (/ |g|mda:> " </ UZmIThDanldx) .
Br By

Using again Lemma 2.5, Young’s inequality and that |Dn| < /%, 0 <7 <1 and
2 < m' < p, we have

1
|Th(n27hu)|"“>

¢/
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1 1
IB] < —<—|n|? lg|™ da |Du|™ dar) "
t_
S Br Br

e [ oo
Br

s
+5/n2 (1+ |Du(z + ) + |Du(z)2) F |mDul2dz. (4.12)
Q

Inserting (Equation 4.8), (Equation 4.10), (Equation 4.9), (Equation 4.11) and
(Equation 4.12) in (Equation 4.7), we infer

p—2
Ml/ 7 (1+ [Du(e + WP + [Du(@)’]) T |rDulde
Q

bs
< 35/ n? (1+ |Du(z + h)|* + |Du(z)?|) E |7, Du|*dx
Q

Ce

e

\h|2/ (1 + |Dul|)?? Pdx

B,

4+ |t (/ krdx)r /

t—s Br B
N r=2

+e B2 (/ krdx)7 /(1+|Du|)“fi‘2’”dx
BR Bt’

C
B2 mg
) </BR'9' x)

e [ g
Br

r—1
T

(1+ |Du|)fq1dx>

&

(/ |Du|pdx) ’
Br

L

Choosing ¢ = % and reabsorbing the first integral in the right-hand side by the

left-hand side, we get

p—2
/ n* (1+ |Du(z + h)|> + |Du(z)?|) * |mnDul*dz
Q

=T—oe

[ (1 Dl

t

r—1
7‘

1
+ S |ht </ dex> /
t—s Br B
2 77‘2
9 r T r(2¢—p)
+c|h]*” k"dx (1+|Du|)” = dx
Br B

¢

¢/

(1+ |Du|)r“ﬁdx>

PN </ |g|mdx)m (/ |Du|pdx)p
t—s Br Br

el [ g
Br
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16 A. G. Grimaldi and S. Russo
Since ¢ > p and r > 2, it holds

7(2q — p) and

2¢g—p <
1=r= r—2 r—1— r—2

Therefore, we have

/772 (1+ [Du(z + B)P + |Du(@)?)" T |rDul’de
Q

r—2
T

C
< h|?
=@—s " </B
N q(r—2)
c B r(24—p) Ga=pir
b ( / krdx) [ sy
t—s Br B,

r—2

2 T
+c|h? (/ krd:p) /(1+|Du|)“fi‘z’”dx
BR Bt’

1

+ S |n? (/ |g|mda:>m (/ |Du|pdx)p
t—s Br Br

+c\h|m/ lg|"dx. (4.13)
Br

(1 + | Dul) 7" dx)

+/

We now consider the interpolation inequality

r(2q9—p) T(;q;fp)
/|h| 25 4o < /|h\pda:
B, B,

where 0 < 7 < 1 is defined by

(n=28)(1—m)

(/ |h|n"’épda:> , (4.14)
B

LS E]

P

r—2 7T+(1—7T)(n—2,8)

r(2¢g—p) p np

which implies

—q) — 2 —
g9 —mwt fr2a—p)

Br(2q — p) pr(2g—p)

(4.15)

Applying Lemma 2.1 in the left-hand side of (Equation 4.13) and the interpolation
inequality (Equation 4.14) in the right-hand side, we get
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/ \Thvp(Du)Fdxg/ 0|74 Vp(Du)|*dz
) By

s

< et ( /|
| ( /

s (] )

U X

o ([ ww) (] <1+|Du|>pdx)”“

&/

. </ (1+ | Dul) ™55 do
B

&/

(2g—p)7
P

(1+ |Du|)pdx>

+/

n28 (2g—p)(1—m)

(1

(1+ |Du|)n”’éadm>

(1+ |Du)nngﬂdm>

+/

(1+ |Du|)pdx> :

&/

—28
b a(l—m)

+/

> n=28 (2g—p)(1—~)

1
+ ¢ |n|? </ g|mdx> </ |Du|pd:1:) ’
t—s Br Br

+ c|h\m/ lg|" dz.
Br

17

where in the first inequality we used that n=1 on B,. Then, when |h| < 1, since

A := min{~y, F}, we obtain

(2g=p)m
p

/B 7 Vi (D) des §h|m{(t—cg)2 </Bt,(1+|D"|)de)
ez () (]

(.

() (]

(2¢g—p)(1—m)

(1+ |Dul)727 d:v)

jui
p

(1+ |Du)pdw>

n—28
np

q(1—m)
np
(1+ |Du|)»—27 dm)

m(29—p)
P

(1+ Du|)pdas>

4/
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18 A. G. Grimaldi and S. Russo

2228 (2g—p)(1-7)
. (/ (1 + |Du|) 75 dz)
B

t/

S 1
T (/ |g|mdx) (/ \Du|pdm)p + c/ lg|™dx 3.
t—s Br Bgr Br

(4.16)

On the other hand, when 1 < |h| < t/?_t, we have

/ |71V, (Du) P dx < c/
B. By
< c|h|2>‘/ (1+ |Dul)Pdx.
B

+/

WV, (Du)?dz < c/B (1+ | Dul)?dz

Combining Lemma 2.6 with the previous estimate, we infer, since s — p =t' — t,

(/)
(2q—p)m
P
c p
< (t— 5)2(s — p)2(@A+26+2) (/Bt/(l + |Dul) dm)
228 (2q—p)(1—m)
</Bt/
+ = / k" dz ’ /
=) — P\, :
n—28
. o
. / (1 + |Dul) 7255 da
B,
S S— k"d ’
F oo [, M)\,

n—28

: (/ (1+|Du|)n"’:’»ﬂd:c>
B

+/

1 1
C m P
" Dul?
t 96— @D (/BR lg] dx> (/BR| ul dac)

C m C P

n—28
n

P

np
| Du|»=28 dﬂc)

(1 + |Dul)727 dac)

mq
P
1+ |Du|)pd1’> .

t/

q(1—m)

m(29—p)
p

+/

1+ |Du|)pdz>

(2¢g—p)(1—m)

We note that, since p < ¢, it holds

p p
-7 Cq—pl-n
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Moreover, recalling the definition of 7 at (Equation 4.15), we have

pBr q B

P 1
e ol > 1= - <1+ =
(2¢ —p)(1 —m) nlr(q —p) +pl p nor

which is true for every 8 € (n (% -1+ %) ,/\), since condition (Equation 1.3) is in

force. Hence, since both exponents q(fi = and i are bigger than 1, we can

p
2g—p)(1—m)
apply Young’s inequality in the right-hand side of (Equation 4.17) and, assuming ¢
as the conjugate of ﬁ, p as the conjugate of t P we obtain for a fixed

2g—p)(1—m)’
e €(0,1)

n—28

/ |Du 38 dy
BP
g _np
< ([ a+ipu)yHa
By
(ZQ;P)Wﬁ
c
+ - & - / 1+ |Du|)pdx>
(t — 5)%P(s — p)2(2A+26+2)p < Ban
n—28
()
3 Btl
Ce - G
* (t — s)i(s — p)2(2A+26+2)q </BR K dx) (/B
n—28
()
3\Us
25 (2g—p)7p
Ce r " D :
+ (s — p)2@r+2B+2)p (/BR k dx) (/Bﬂ(l + |Dul) dff)

C # P
md. DulPd
T =55 = pp2sr </B 1 5”) (/B' u ”“")

C m c .
(s — p)2(@3+2812) /BR lg|™dx + (5= p)20AT2572) /BR(I + |Dul)?dz,
(4.18)

n—243
n

(1+ |Du)n"’éedx>

arq
P

(1+ |Du)”d:p)

+

+/

(1+ |Du)n"5adx>

_|_

where the constants ¢ and ¢, are independent of the radii p, s, t,¢,t".
Since

t'—p

t—s=s5—p= 3
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20 A. G. Grimaldi and S. Russo

estimate (Equation 4.18) becomes

</BP
nTlP " Ce P
(14 [Du|)»-27 dac) + (t' — p)2@ +26+10)p (/BR(l + [Dul) dx)

<e /
B
g arg
Ce r r P P
+ gy ([, +4) ([, 0+ 10aree)

2p (2q—p)7H

Ce - r »
+ [ = p)2eT25 07 (/BRk dx) (/BR(lJr |Dul) dx)
L 1
C m m » P
+W</BR|9\ d:v) (/BR|Du|dx)

c m C p
+—(t,_p)w+2ﬂ+2) /BR lg|™dx + (ApEosi) /BR(l—i-|Du|) dz.

Applying Lemma 2.2

n—28
n

np
| Du|n=28 dx)

n—28

(2(1—10)#13

+/

n—28

(/ Du|n25dx> <c <1+/ (1+|Du‘p)dx+ Hk”L’V‘(BR) —+ Hg”Lm(BR))
Brya Br

which is finite since u € WLP(Q,RN), k € L"(Q) and g € L. (2, RY) and so

[P
/ |7V (D) 2de < e [B[ (1 + / (1 + | Duf?)dz + [kl] 15y + HgHLm(BR)) 7
BRr/a Br

(4.19)
for positive constants ¢ = ci(n,p,¢,m,y,r, M,l,R,) and o1 =
o1(n,p,q,m,v,r,3) independent of j. The same happens to ¢ and o9, but
they do not depend on g. O

5. Proof of Theorem 1.2

In the case of p-growth conditions, i.e. when p = ¢, we have the following higher
differentiability result.

THEOREM 5.1 Let g € L.(L,RY), with p’ < m < 2. Moreover, assume that
f satisfies (Equation F1)-(Equation F4) for exponents 2 < p = q < ¥, where
A = min{y, F}, and for a function k € Lloc( ). If u € I/Vllp(Q RY) is a local
minimizer of (Equation 1.1), then V,(Du) € 32 soloc (L, RVX™).

Proof. The proof goes similarly as the one of Theorem 4.1. Indeed, one can easily
check that, under the stronger assumptions p=g¢ and k € L7 (), the expo-
nent 7(% p)
Vp(Du) € B

at (Equation 4.4) reduces to p. Therefore, we are able to obtain that
(2, RV*") with the estimate (Equation 4.19). O

2,00,loc

https://doi.org/10.1017/prm.2025.10039 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2025.10039

Regularity results for minimizers of non-autonomous integral functionals 21

For a given ball B € (2, we consider the variational problems

inf{/ [fj(z,Dv) — g-v]dx : UEW&”)(BR,RN)—I—u}, JjeN, (5.1)
Br

where (f;); is the sequence of functions defined in Lemma 3.1. The lower semi-
continuity and the p-growth conditions of the integrand f; give the existence of a
unique solution u; € Wy (Br,RN) 4 u of the problem (Equation 5.1).

Now, fix a non-negative smooth kernel ¢ € C§°(B1(0)) such that fBl(O) p =1

and consider the corresponding family of mollifiers (¢ )e>0. We set
ke =k * ¢8
and

fi(e,6) = / o) 3 (x + ey, €)dy (5.2)
B;1(0)

on Bg, for every ¢ < dist(Bg, 2). One can easily check that [; satisfies assumptions
(Equation F1)—(Equation F3) and the set of conditions:

Li(EP = 1) < f5(2,€) < La(5) (1 + [€]P), (F1%)

(Deff(2,€) = Defi(w.m),€ —n) > Mi(1+ e + )7 g —mf2,  (F2¥)

IDef5 (@.€) = Def5(w,m| <IHA+ P+ )T g =l (F39)

By virtue of assumption (Equation F4), we have that for a.e. x,y € Bgr and every
g c RNXn7

Def5 (@, €) = Def; (96| < |z =yl (ke(w) + ke () (1 + €)=, (F4%)

|Deff(2,€) = Defi(y, &) < €(i)lw — " (he(@) + ke(y)) (1 + €27 . (F4*%)

Let us define the boundary value problem in B € 2
inf{/ [fi (2, Dv) —g-v]dr : ve WyP(Br,RY) +uj} . (5.3)
Br

By the strict convexity of f5, there exists a unique minimum u§ € VVO1 P(Br,RN) +
u; of the problem (Equation 5.3). The p-growth from above in (Equation F1*)
implies that u$ satisfies the Euler-Lagrange system

/ (De f; (2, Du3), Dp)dx = / g - pdzx, for every ¢ € Wol’p(BR,RN). (5.4)
Br Br
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Exploiting the ellipticity assumption (Equation F2¥), choosing ¢ = u§ —u; as test
function in (Equation 5.4) and (Equation 5.1), we have

/ (1+ |Duy ? + |Dus ) "2 | D — Dug *de

| (Def (@, D) = Def5(@, D), D(u§ — uy)de
-/ (De f£ (x, Dug), D(u§ — u;))da
= I, 95—
/BR<DEf;(z,Duj),D(u; — uj))dx
+/BR<D5fj(3%DUj)7D(“§_“j)>d$
/BR<D£fj(x,Duj),D(u; — uj))dx

= ‘fBR g-(u$ —u;)dz

and so

/ (1+\Duj|2+|Du€| = |Du — Duj|*dx
Br

< C/B (Defj(x, Duj) — D¢ f (z, Duy), D(uj — uj))dz,

for a constant ¢ := ¢(M, p). Applying Holder’s inequality in the right hand side of
the previous estimate, we infer

/ |Du§ — Duy|Pdx
Br

< c/ (1+ |Duy? + [Du[?) "= [Du — Du,|?dz
Br

g(/B Dgfj@c,Duj)—Dgf;@,Duj)Wde) ’ (/B |D<u;—uj>|pdx)p,

where the first inequality follows from the fact that p > 2. Next, we divide both
sides by

</BR |D(uf — uj)pdx>;

/ |Du — Duj|Pda < c/ D¢ f;(x, Du;) — D f5(x, Duy)| 71 da. (5.5)
Br Br

thus getting
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Assumptions (Equation F1*) and (Equation F2*) yields
|De f5 (x, Duj)| < c(j)(1+ [Duy[P~")  a.e. in Bg

with ¢(j) independent of e. Moreover, |Du;|P~! € Lﬁ(BR) and, by the very
definition of f5, we have

D¢ f5 (2, Duj) = De fj(x, Du;) a.e.in Bg ase— 0"

and so the Dominated convergence theorem gives that

lim |De f;(x, Duj) — D¢ f5 (2, Duy)| 77 dz = 0.
Br

e—0+
Therefore, passing to the limit as ¢ — 07 in (Equation 5.5),
us — uy strongly in WhP(Bg,RY) (5.6)
and, up to subsequences,
Du§ — Duj a.e. in Bpg. (5.7)

By the regularity Theorem 5.1, we have that V,,(Duf) € B3 (Br, RY*™). Then,

2,00,loc
by virtue of Theorem 4.1, u satisfies the following estimate

/\m%w@ngcw”O+/

P Br

(14 [ D [P)d + [k o) + |\g|\Lm<BR>) ,

(5.8)

for all balls B, such that By, € Bg, with constants C = C(n,p,q,m,v,r,M,l, R)
and ¢ = o(n,p,q,m,v,r), both independent of j and e. Hence, by virtue of
(Equation 5.7), we can apply Fatou’s Lemma, together with the continuity of the
function £ — V,(§) and of the operator 7}, in estimate (Equation 5.8), and by using

(Equation 5.6) and the strong convergence of k. to k in L] (Br), we obtain

/|Tth(Duj)|2d:r§1iminf/ |73,V (D) | de
B € B

P p

< Cln (1+ / <1+|Duj|p>dm+\|k|\mBR>+||g||m<BR>) |
R

(5.9)

Now, by the growth assumption at (v) of Lemma 3.1, the minimality of u; and
using u as test function, we get
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/ (|IDuj|P — 1)dx < Ly fi(z, Du;)dz
Br Br

< Ll/ [fj(x, Duj) — g -uj + g - ujldx
Br

<L [ B0 —gide L [ gouge
Bpr Br

ng/ [f(x,DU)—g-U]derLl/ g-ujdz,  (5.10)
Br B

R

where in the last inequality we used the monotonicity of (f;). From Poincaré
inequality, we derive that

lwj — ullr(r) < cllDuj — DullLr(By),
that implies

Huj”Lp(BR) <c(n,p, R) (||DujHLP(BR) + HUHWM(BR)) (5.11)

and so the second integral in the right hand side of (Equation 5.10) can be estimated
as follows

[ e o P

Br

IN

c(n, p, R)”gHLP'(BR) (”Duj”LP(BR) + ||UHW1*P(BR))

IN

1 ,
S 1Dy + e L R) (191 + Tl
(5.12)

where we also used Holder’s and Young’s inequalities. Putting the previous estimate
in (Equation 5.10) and reabsorbing the term fBR | Du;|Pdx from the right hand side
by the left hand side, we get

/| D e < c /| (S ) = gl (14 191 g+ 1,
(5.13)

for a positive constant ¢ independent of j. Therefore, up to subsequences, (u;)
converges weakly in W1P(Bg,RY) as j — 0o to a function v € Wol’p(BR,RN) +u.

The convergence of (f;) to f, the weak lower semicontinuity of v
fBR [fj(z, Dv) — g - v]dz and the minimality of u; give that
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/ [f(x, Dv) — g - v]dx Sliminf/ [fjo(x,Dv) — g - v]dz
Br

Jo Br

Jo J

<liminf 1im‘inf/ [fjo(x, Duj) — g - ujldx
Br

< lim_inf/ [fj(z, Duj) — g - uj]dx
J Br

< lim'inf/ [fj(x, Du) — g - uldx
J Br

< /B 1@ Du) g o,

which implies v =wu a.e. in Bp for the strict convexity of f.
Now, since u; satisfies (Equation 5.9) and estimate (Equation 5.13) holds, we
have

/ |70 Vp(Duy)Pdz < C|h|* <1+/ (1+ f(x, Du))dz + ||k|lor(BRr) + l9llLm(BR)
B B

P R

el s ) (5.14)

Using [25, Lemma 2.1] and p > 2, we get

[H (&) — H(n)|? < e(€]? + n2)Z 1€ —nf* < &V, (€) — Vi (n)?

which implies, together with (Equation 5.14),

| imH (D) < (1+ [+ @ Dy -+ [l oy + Nl

P R

il )

where we denoted by H(&) := |§|p7725. The sequence (H(Du;)); is bounded in
B3 oo (B, RN*™) for all balls B, such that By, € Bg and, therefore, is bounded in

Bé\,oo,l OC(BRJRN *") thanks to a standard covering argument. Besov spaces can be

seen as interpolation spaces between LP and W1 (see [4, Chapter 6]), so applying
classical interpolation theory ([4, Theorem 3.8.1]), there exists a function w such
that
H(Duj;) = w weakly in Bioo)loc(BR,RNX”)
and
H(Duj) »w strongly in L (Bgr,RY*™)and a.e. in Bg.
Recalling that

|H(Du;)* = [Duyl?,
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we deduce that Du; converges strongly in LfOC(BR,RNX"). Hence, since

uj —u weakly in Wy (Bg, RY) + u,
we get, by uniqueness of weak limit, that w = H(Du) and

Duj — Du strongly in LP (Bg, RV*™)

loc

and, up to subsequences,

Duj — Du a.e. in Bg. (5.15)

Then, by virtue of (Equation 5.15), we can apply Fatou’s Lemma, together with the
continuity of the function & — V,(€) and of the operator 7, in estimate (Equation
5.14), thus getting

/|Thv;,(Du)|2dx§hm,inf/ |71V, (Duy) | dz
B, J Brya

<O+ [ (4 fa D))+ ol
R
gl + 1ilysngy)

for every ball B, such that By, € Bg € (). Finally, we can conclude by a standard
covering argument that V,(Du) € BS‘,OOJOC(Q,RNX").
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