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ABSTRACT. The goal of this paper is to provide some new cooperative charac-
terizations of competitive equilibria in pure exchange economies with consump-
tion externalities. In this framework, several notions of equilibrium supported
by prices are possible. The central notion analyzed in the paper is the one
of A-equilibrium in which individual preferences are affected by consumption
externalities in a very broad sense. Indeed, each individual ¢ takes into account
in her preferences the consumption of a group of agents A; exogenously given.
Following [16], [19], [17], we show that the veto power of the grand coalition
is enough to characterize A-equilibria despite the presence of externalities and
provide applications in connection with strategic market games. Our results,
for suitable choices of the sets A;, imply characterizations of Walras-Nash,
Berge, total and family equilibria of pure exchange economies with externali-
ties.

1. Introduction. We consider pure exchange economies with a finite number of
commodities and individuals in which preferences may be affected by consumption
externalities. In this framework, following [16], [19], [17], we provide some new co-
operative characterizations of competitive equilibria in terms of the blocking power
of just one coalition, called the grand coalition or the society, formed by all the
individuals in the economy.

The importance of consumption externalities has been widely recognized in the
literature on other-regarding preferences, fairness and altruism ([22], [9] and [8]),
in collective models of household consumption ([14] and [11]), in recent models of
general equilibrium with cap-and-trade mechanisms ([18]). In this paper, we fix our
attention on the A-economies and A-equilibria introduced by [24] and studied in [13].
In the model under consideration, externalities in consumption are introduced in a
very broad sense assuming that each individual ¢ takes into account the consumption
of a group of agents A; exogenously associated to her. Due to this representation of
externalities, the A-equilibrium represents an adaptation of the Berge equilibrium
to general equilibrium models with externalities (see [4]) as well as a generalization
of the classical competitive equilibrium & la Nash given in [2] and [21]. Under such
equilibrium, each individual chooses the best consumption bundle for each member
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of the associated group A;, taking as given the commodity prices, the aggregate
wealth of the members of the group, and the choices of every other agent in the
economy.

The A-economy and the related A-equilibrium notion are general enough to cover
important cases presented in the literature. Indeed, if for any agent ¢ the reference
group A; reduces to the singleton represented by the agent herself, we recover the
classical Walrasian economy with externalities, and the notion of competitive equi-
librium & la Nash. If the group is made up of all the agents in the economy other
than the individual it is associated with, we end-up with a Berge economy and
the natural transposition of the Berge-Zhukovskii equilibrium for non-cooperative
games'. When A; coincides with the grand coalition for each agent i, the corre-
sponding competitive equilibrium, called the total equilibrium in [24], is the one
in which each individual is influenced by the consumption of each member of the
society. Finally, a further relevant example covered by our results is represented by
the family economy defined in [14] and [11], in which the reference sets A; form a
partition of the set of agents, and each A; is interpreted as a family?, provided that
all the families have the same number of individuals.

In the framework of A-economies, the core is still defined as the set of allocations
which cannot be blocked by a coalition of agents. But, unlike the core of selfish
models, each member ¢ of the blocking coalition S in order to be better off proposes
an alternative distribution of consumption bundles for the agents in her reference
set A;. This core notion has the feature that agents in .S are myopic in the sense that
they ignore the choices of the other coalition members. Furthermore, each member
1 of the blocking coalition is optimistic with respect to the reaction of agents she
is not concerned about. Indeed, she assumes that agents outside A; stick to their
status quo consumption bundles®. Finally, a feasibility constraint is imposed on the
resources available for the blocking coalition S. This is done assuming that each
agent ¢ in S uses in the blocking process the aggregate wealth of the members of
her reference group A;.

The core notion described above is not equivalent to A-equilibrium allocations.
However, by considering the Aubin veto mechanism to allow participation of agents
in a coalition with a fraction of their endowments, a core equivalence result can
be established*. Under the Aubin veto, the set of coalitions is extended defining
a coalition « as a non-zero vector of real numbers «; in the interval [0, 1] , where
for each agent 7 in the economy, «; represents the share of participation of 4 in the
coalition. In particular, in the Aubin blocking mechanism defined for A-economies,
each agent i in the Aubin coalition «, proposes a new consumption plan for her
reference set A; using the share a; of the endowment wy, of each member h of A;.

In this note, we follow the line of investigation of [16]°, in which the authors
notice that checking whether a given allocation belongs to the core might require to
look at the whole set of possible coalitions in order to test whether any coalition can
improve upon such allocation. This remark motivates an analysis of the core under
restrictions imposed on coalition formation. In our framework, to check whether an

1See [4] and [26] for more details.

2Under this specification, any individual must belong to her reference set (her family), and all
the members of the same family should be associated with the same set.

3See [12], [7] and [18] for the difference between optimistic and pessimistic attitude of blocking
coalition agents.

4See [24], and [13] for the Aubin core equivalence with no convexity assumption on preferences.

5See also [15].
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allocation belongs to the core implies the additional cost related to the fact that each
member ¢ in each potential blocking coalition «, may propose a new consumption
bundle not only (and not necessarily) for herself, but for each of the members of the
set A;. Hence we investigate the characterizations of Aubin-core and, consequently,
A-equilibrium allocations which are based on restrictions imposed on the set of
coalitions.

We prove a first characterization of A-equilibrium allocations which is based on
the blocking power of Aubin coalitions with rational shares of participation. This
result, which is new for A-equilibria and in general for pure exchange economies
with externalities, generalizes the analogous characterization given for Walras-Nash
equilibria by [10] and relies on the construction of replica economies associated to the
original A-economy. Then we go further and show that one can restrict the attention
to the blocking power of just one coalition, namely the grand coalition formed by
all traders in the economy. Precisely, our second characterization of A-equilibria
provides a refinement of the Aubin-core equivalence theorem which is achieved by
exploiting the veto power of the grand coalition. Specifically, we prove that for
a given family A and the corresponding A-economy, the A-equilibrium allocations
are precisely those allocations that cannot be blocked by a coalition « in which
each agent ¢ participates with a non zero fraction «; of her initial endowment, i.e.
by a coalition a with full support. Following the contributions by [16], a blocking
coalition with full support is interpreted as the society and the result is proved using
a direct approach®.

The characterization of A-equilibria in terms of the society blocking power is
key for the proof of the third characterization of the paper in which A-equilibrium
allocations are connected to robustly efficient allocations (compare [16]). In this
result, the blocking power is exercised by the grand coalition in a family of new
economies associated to the original one, once the relevant allocation x has been
fixed. In each of these economies, in order to block, every agent ¢ uses as initial
endowment of agent h € A;, a path from the initial endowment wy, of the original
economy to xp. This perturbation is defined using the share «; of participation
in the coalition « as weight. We prove that under mild assumptions on the A-
economy, A-equilibrium allocations are exactly robustly efficient allocations, that
is allocations that cannot be blocked by the grand coalition in any of the auxiliary
economies. As in [16], as consequence of this characterization we obtain a special
form of the two welfare theorems formulated in terms of the dominance relation
adopted in A-economies.

In conclusion, the veto power of the grand coalition is enough to obtain A-
equilibria. Applications of these characterizations are discussed in the last part of
the paper. In [24] the notion of A-equilibrium is introduced as a natural generaliza-
tion of the Berge and Nash equilibrium, building on an optimality principle which
holds an intermediate position between altruism and selfishness. In particular, it is
observed that in the special case of two players, each Berge equilibrium is a Nash
equilibrium of an appropriate two-player game and conversely. In the last part of
the paper, following [17] and relying on the veto power of the society, we extend this
remark to the more general A-equilibrium allocations. In particular, we provide a
strategic interpretation of A-equilibria, as Nash equilibria of a game with only two

61n [16] and [19], the analogous result for finite economy is a consequence of the Vind’s Theorem
in [25] applied in a suitable continuum associated economy.
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players and within a strategic game approach. The game we consider is a two-
player game played by the society without money and prices. Moreover, outcomes
are given by the strategies and the characterization is proved under the assumption
that preferences of agent i are separable with respect to the consumption of A;.

Our characterization results, as well as the Aubin core equivalence theorem
proved in [24], are based on the crucial assumption that the exogenous family of
sets A; associated to agents must be balanced in the sense of Bondareva with full
support. This condition is not too demanding, and it is trivially satisfied by all
particular examples analyzed in Section 3.

The paper is organized as follows. Section 2 presents the model and the basic
assumptions; Section 3 introduces the notions of A-equilibrium, and some exam-
ples; in Section 4 we define the dominance relation, the corresponding core, the
Aubin core notions and provide a first characterization of A-equilibrium allocations
in terms of Aubin coalitions with rational shares of participation and Edgeworth
equilibria (Theorem 4.6); in Section 5 we prove a characterization of A-equilibria in
terms of the veto power of the grand coalition (Theorem 5.3) and in terms of robustly
efficient allocations (Theorem 5.7). An application of previous results formulated
via Nash equilibria of society games is proved in Section 5.3 (Theorem 5.12).

2. The model and the basic assumptions. There is a finite number [ of com-
modities. The commodity space is R!. There is a finite number of individuals
(agents or traders) denoted by the subscript ¢ € N := {1,...,n}. The consumption
set associated to each agent is the standard positive cone X; == R., , z; := (z},...,2})
denotes the consumption of individual ¢, and x = (z;);cn is a vector of consumption
bundles for all the agents. The individual preferences %; of an agent i are affected
by the consumption of all the agents: P;(z) := {2’ € R{": 2’ ; z} denotes the set
of consumption bundles which are strictly preferred by agent i to 27. A price vector
p is an element of R!, where p° is the price of one unit of the commodity c.

The initial endowment of individual i is w; = (w},...,w!) > 0, and w =
(wi)ien € IRZ_{F”. A vector x = (2;)ien € RI'™ is an allocation if it satisfies the
physical feasibility condition

Z T < Z Wi

ieN ieN
and F denotes the set of allocations.

To each agent is exogenously associated a nonempty set A; C N describing
the individuals agent ¢ cares about or, equivalently, the set of agents influencing
agent i; A = (A;)ien®. The set D; .= {h € N:i € A} denotes the agents that
are influenced by ¢. Each agent chooses the consumption of all the individuals
in her reference set A;. In this respect, we use the symbols X4, = ]RZJA” and
x4, = (xp)nea,, to denote the consumption set of 4; and a consumption bun-
dle allocated to members of A;”. Xpy\a, = ]R:JN\A"| and 2\ 4, = (Zn)nen\ 4,
have the same meaning in the case of the complementary coalition N \ A;. Given
ra, and T\ 4,, without loss of generality, we denote x by (z4,,7n\4,). We also
denote x by (z;,x—_;), where x_; = (xg)k+i, & notation which turns out to be use-
ful when we compare our economy with classical models treated in the literature.

"The strict preference relation >;C ]Rl+‘" X IRL‘" is defined in the usual way, i.e., x »=; y if and
only if  >; y and not y >; x .

8We are not necessarily requiring that agent i belongs to A;.

9Given a set B, we denote by |B| or card B its cardinality.
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Furthermore, given an agent i, we adopt the notation x(;) = (zin)rea, € Xa,,
where z;;, represents the commodity bundle chosen (or proposed) by agent ¢ for
the consumption of an agent h € A;. Such notation will be useful to introduce
the blocking mechanism behind the core notions used in the paper. Finally, we use
Pa,(z) = {a/y, € Xa,: (24, xn\a,) € Pi(2)} to denote the set of bundles strictly
preferred by i to x, when the consumption of any agent h € N \ A; is fixed at zp,.

The pure exchange economy with externalities under consideration is thus for-
malized by the list of elements summarized below:

E = (N,R,, (2 wi, Aiv)ien)-

A coalition in the pure exchange economy F is a non-empty subset S of the set of
agents. Once we notice that each coalition S can be identified with its characteristic
function, we can introduce the following generalization of ordinary coalitions called
Aubin coalition'’ due to [3].

Definition 2.1. An Aubin coalition is a vector a = (a;);en € [0,1]" with a # 0.

In the Aubin coalition «, an agent i may participate by employing the share «;
of her resources. If a; takes only {0,1}-values for any ¢, we have usual ordinary
(crisp) coalitions. For a given coalition «, we denote by supp « its support, i.e.,
suppa = {i € N: o; > 0}.

For a coalition S C N, we denote by D;(S) the set of all agents that influence
agent ¢ and simultaneously participate to the coalition, i.e., D;(S) = D; () S. More
generally, for a fuzzy coalition «, D;(«) will denote the set D;(supp «) formed by
agents that influence agent i and simultaneously take part in « with a non-zero
share «; of resources. We say that a fuzzy coalition « has full support when o > 0
or, equivalently, when suppa = N.

We make the following survival assumption for the aggregate endowments.

Assumption 2.2. The initial endowment w; belongs to ]Rl+ , for each i € N.
The basic assumptions on preference relations >;C ]Rl_{_” X ]RT are listed below.

Assumption 2.3. For any agent i:
1. x; is complete, transitive and continuous over ]Rﬂ'_”;
2. for any vector xy\ 4, € Xn\4,, Zi is strongly monotone over X4, x {zn\ 4, };
3. for any vector x4, € X\ 4a,, Zi is convex over X4, X {n\ 4, };
4. %; is separable over A;, i.e. (xa,,Tn\4,) Zi (Ya;,Tn\4,) for Ty a4, € X a4,
implies that (z4,,2n\4,) Zi (YA,, 23\ 4,) for each 2y 4, € Xy 4,

The reader should notice that, although in this paper we do not make use of
utilities, the assumptions stated for preferences ensure that the preference relation
>i can be represented by a continuous utility function u; defined over the space lRl_{r”.
Condition 4. in Assumption 2.3 is the separability of the utility function of each
agent 7 on the consumption of her reference set A;. When A; reduces to the agent
1 alone, then we have the usual separability assumption on her own consumption
which has been frequently adopted in models with externalities (see, Bergstrom
1970; Borglin 1973; Dufwenberg et al. 2011). When the preference %; is separable on
A;, an individual preference relation th of agent ¢ over consumption of members of
A, can be defined as follows: x4, £ ya, if and only if (x4, TN\A,) Zi (YA, Ta\4,)
for some 1\ 4, -

10Same as fuzzy coalition.
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In the rest of the paper, the following assumptions will be required on the ex-
ogenous family A = (A;)en.

Assumption 2.4. The family A = (A;);en satisfies the conditions:
1. N Q UiGN Ai;
2. A = (4;)ien is balanced in the sense of Bondareva with full support, i.e.,
there exists weights 8 = (B:)ien € Rl such that »_, ., B = 1, for any
i€ N;

3. A= (4;)ien is symmetric in the sense that |D;| = |D,]|, for i, j € N.

Point 1. of Assumption 2.4 assures that each agent is taken into consideration
by at least one agent in the economy, i.e. D; # () for any 4, and so, at the equilib-
rium solution, any agent may potentially consume. Point 2. of Assumption 2.4 is
necessary to assure equivalence Theorems for the core f the economy E'!. Point 2
of Assumption 2.4 is equivalent to assume that the following set B4 is nonempty:

Ba = {ﬁ eRL: Y Bixa =><N} #0
i€EN
where, for a given set S C N, we denote by yg := (Xg)heN € R” the characteristic
function of S C N, i.e.,

n. J1 ifheS
X=%0 ithes

Finally, point 3. of Assumption 2.4 assures that each agent is influenced by the same
number of individuals.

Remark 2.5. In the rest of the paper, three relevant examples of an exogenous
family A = (A;);en satisfying Assumption 2.4 will be used. They are described by
the following cases:

AWN =LA, = {i}: i € N}

AP ={A; =N\ {i}:ie N}

AT'={A;, =N:ie N}

The structure will describe Walras-Nash models of equilibria in which the
only agent influencing the stability of 7 is the agent ¢ herself. In this particular case,
|D;| = 1, for each i € N. The structure AP refers to Berge models, where each
agent is influenced by all other agents in the economy and |D;| = n — 1, for each
i € N. Finally, AT will be used to define total equilibria in which each agent is
influenced by the society. Clearly, in this situation, |D;| = n, for each i € N.

AWN

Remark 2.6. Assume that H = {H;: j = 1,...,k}, with £ < n is a partition
of the set of agents, and interpret each H; € H as a family. For every ¢ € N,
define AT = {A;};cn where A; is the element of H containing i. Notice that, in
this case, the sets A; are not necessarily different, and ¢ € A; for each ¢ € N.
In particular, observe that members of the same family are associated with the
same A; and D; = A;, for each agent i. The structure AF will describe the family
economies in which the agents influencing the stability of ¢ are the members of her
family'2. In this setting, if all the families have the same cardinality, then all points
of Assumption 2.4 are satisfied.

HCompare Theorem 4.6.
12Gee for instance [14] and [11].
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Finally, we introduce the notion of r-fold replica of the pure exchange economy
E necessary to define in the next section, the Edgeworth equilibrium.

Definition 2.7. If r is any positive integer, then the r-fold replica economy of

E, denoted by E,, is an economy with rn agents indexed by i, with i = 1,...,n,
¢ =1,...,7 such that each agent i, has the following characteristics:

1. Xiq = lRl+7

2. wi, = wy;

q
3. for any x = (2, )hen
s=1,--,r

relation 2fq§ ]RZ'_"” X ]RZ_"T is defined by

€ ]ler and y = (yhs)hG{V € IRTT, the preference
s=1,--

BN

z2i Yy = (Th,)nenN Zi (Yn,)neN

where N(r) :={i, = (i,q9) : i € N,g=1,...,7} is the set of the agents in the
r-fold replica, and n, denotes its cardinality;
4. A ={hq=(h,q) € N x{q} : h € A;}.

As for the economy FE, also in the replica economy we use the notation X - =
*q

1-|AT 1A
R +| ia] = ]RI+|A1| to denote the consumption possibilities of the reference set qu.

For a given i € N, agents i, with ¢ = 1,...,7 can be interpreted as the agents of
type ¢ in the replica E”. The r-fold replica economy of FE is formalized by the list
of elements summarized below:

— 1
E" = <N(r)7 ]R-i-a (Aiq7z;’nq’wirq)iqu(r)>
If » = 1 then the 1-fold replica economy E! coincides with E. Given a vector
T € ]Ri"r, in a natural way, P; (z) = {a:’ € ller”T: x’ = x} denotes the set of
consumption bundles which are strictly preferred by agent i, to =, and Par () :=
tq
{:I:;‘:q € Xqu : (m%;q , xN(T)\A;q) € P, (x)} is the set of bundles strictly preferred by
iq to z, when the consumption of any agent hy € N\ A} is fixed at xp, . Notice
that, for z € ]le“
() € Pay. (¥) == 2(;,) € Pa,((xn,)hen).

We denote by F" the set of allocation for the r-fold replica economy E", i.e.,

. lny .
Fri=qxeR": Z x;, < Z Wi,
ig€N(r) ig€N(r)
Remark 2.8. If x € ]RT is an allocation for the economy F, then the vector
() € ]Ri”* defined by CEE:) = x; for any ¢ = 1,--- ,r and for any i € N is an

allocation for the r-fold replica economy E”. Indeed,
D RE D o
igEN(r) iEN tEN igEN(r)

where the last inequality follows from the feasibility of x. So, an allocation of E
gives rise in a natural way to an allocation of E".

13The strict preference relation >§q§ ]Rinr X ]RT” is defined by x >qu y if and only if

(Tng)neN Zi (Yng)nen and not (yp,)hen Zi (Th,)nen-
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In line with the notations introduced in Section 2, we denote by qu = {hs €
N(r): i, € A} } the set of agents influencing i,. Given a coalition S C N(r),
Dy (S) = Dj N S. Notice also that for each agent 4,4, the cardinalities of the sets
D} and Dj (S) are respectively the same of the cardinalities of D; and D;(Sq),
where S; = {h € N: hy = (h,q) € S}.

3. A-Equilibrium. In this section, we introduce a competitive equilibrium for the
A-economy. The A-equilibrium is a natural generalization of the classical Walras-
Nash competitive equilibrium in the presence of externalities, and it is in the spirit
of the Berge equilibrium for non-cooperative games (see [4]).

Definition 3.1 (A-equilibrium). (z,p) € R4™ x RY, is an A-equilibrium for the
economy FE if
1. x4, € Ba,(p,w) for all i € N;

2. Pa,(z)(Ba,(p,w) =0 for all i € N;

iEN iEN
where By, (p,w) = {24, € Xa,: 0 (XCpea, 1) <P (Xpea, wn)} denotes the
budget set of agent i.

Notice that agent i uses the endowments of all the agents belonging to A; in its
budget constraint. By the first two conditions, the affordable bundle z 4, maximizes
the preference of agent ¢ over the budget set. Condition 3. is the classical market
clearing condition. We denote by Q(E) the set of A-equilibria, and by W(E) the
set of A-equilibrium allocations, i.e., W(E) := {z € R{"| 3p > 0: (z,p) € Q(E)}.

It is easy to show that the notion of competitive equilibrium introduced with Def-
inition 3.1 generalizes well known competitive equilibrium notions depending on the
specification of the exogenous family A. Consider the three structures presented in
Remark 2.5'* and, for simplicity, suppose that preferences are represented by utility
functions'®. When we consider the family A" corresponding to the partition of
the set of agents {4; = {i} : i« € N}, ie. the situation in which the only agent
contributing to i’s wealth is ¢, (z,p) is an A-equilibrium if

1. z; € argmax{u;(z},x_;) | p -z} <p-w;}, for all i € N;

!
zi€RY
€N ieEN

Hence, the A-economy coincides with the standard pure exchange economy with
externalities, and the definition of A-equilibrium coincides with the one of compet-
itive equilibrium & la Nash'®. The existence of competitive equilibria & la Nash is
proved, among other authors, by [8] and [10].

Consider now the structure AZ in which A; = N\ {i} for every i € N, i.e. the
situation in which each agent is affected by all the other agents. Thus, (z,p) is an
A-equilibrium if

MFurther examples are presented in [13].

15 A5 already mentioned, under Assumption 2.3 the preference relations can be represented by
continuous utility functions.

16Gee for example [5].
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Low_;€ argmax {ui(al;,@i) [P Xpen iy Th S P 2y Wit foralli € N;

a:’_iEJRi(nil)
€N i€EN

This definition can be considered as an adaptation of the classical Berge equi-
librium in the sense of [26] for non-cooperative games'”. The issue related to the
existence of a Berge equilibrium is a difficult task that has been addressed for ex-
ample in [1] and [23]. However, some special cases of A-equilibria when A4 = AP
are presented in [13].

Finally, in the case of the structure A7 in which A; = N, for each i € N, i.e. the
situation in which each agent is affected by all the agents including herself, (x, p) is
an A-equilibrium if

1. x € argmax{u;(2') | p- Y pen @ <P penywhl, forallic N;

o' €RL™
2. E Tr; = E Wj
ieN iEN

and the notion of A-equilibrium introduced with Definition 3.1 requires that agents
maximize their utility functions on the same budget set. The common budget set
is formed by allocations whose value does not exceed the value at the fixed price
system of the total initial endowment and agents propose a consumption bundle for
each of the traders in the society. We call this equilibrium a total equilibrium!'®.
Examples in which a total equilibrium exists are given in [13].

In very general terms, for the pure exchange economy studied in this paper, the
fact that different agents may share the same A-relevant arguments in their utility
functions, makes standard approaches to the existence problem not applicable (see
the discussion in [24] and [13]). On the other hand, the variety of equilibrium notions
included in the notion of A-equilibrium makes the general problem of existence of A-
equilibria an open question that deserves to be analyzed. For each benchmark case
analyzed above, the equivalence of A-equilibria with cooperative solutions like the
core is relevant since may provide a way to overcome issues related to the existence
of equilibria by studying the non-emptiness of the core. In the following sections,
we shall present equivalence results for A-equilibria focusing in particular on the
blocking power of the grand coalition.

4. Core allocations and Edgeworth equilibria. We introduce now some prop-
erties that a feasible allocation may satisfy. The following notions do not depend
on prices, but on the blocking mechanism implemented by coalitions. The blocking
mechanism in pure exchange economies with externalities may be defined in several
ways, depending on the assumptions made on the behavior of agents outside the
blocking coalition. This behavior may affect the utility of coalition’s members due
to consumption externalities (see [12] for an overview of cooperative solutions in
models with externalities). In the blocking procedure introduced below, a member
1 of a coalition blocking a status quo allocation x, proposes a new commodity bun-
dle for each of the agents in the set A;. Moreover, agents in a blocking coalition
are myopic with respect to the decision taken by the other coalition members. Fur-
thermore, this notions is based on an optimistic behavior of the blocking coalition

17Gee for instance,[24].
18 A total equilibrium can be considered also as a special case of family equilibrium studied by
[11] when all agents belong to the same family.
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with respect to the reactions of the outsiders meaning that outsiders’ consumption
is fixed at the status quo.

Definition 4.1 (Core). Given an allocation x € F and a coalition S C N, we
say that S improves upon x whenever, for every agent ¢ € N, there exists a vector
(; € Xa, such that

1. m/(i) € Py, (z) for any i € S

2. Z Z x?ngz Z w;.
i€N heD;(S) i€N heD;(S)
The set of allocations which cannot be improved upon by any coalition is called the
Core, and it is denoted by C(FE). The set of allocations which cannot be improved
upon by the grand coalition N is denoted by N (F).

It is clear that the inclusion C(F) C N(F) holds true. Moreover, since the ac-
tions of coalition members are independent from the outsiders, the previous notions
reduce respectively to the standard core and the set of Pareto optimal allocations in
a pure exchange economy with selfish agents. The blocking mechanism introduced
above and the corresponding core can be extended to Aubin coalitions as follows.

Definition 4.2 (Aubin Core). Given an allocation x € F and a coalition « € [0, 1]"
with a # 0, we say that o improves upon x whenever, for every agent ¢ € N, there
exists a vector 33/(1‘) € X4, such that

1. a{;) € Pa,(x) for any i € supp(a);

2. Z Z apxh; < Z Z QpW;.
i€EN heD; () i€EN heD;(a)
The set of allocations which cannot be improved upon by any Aubin coalition is
called the Aubin Core, and it is denoted by C4(E). The set of feasible allocations
which cannot be improved upon by any Aubin coalition with rational shares of
participation for each agent, i.e. by any @ € ([0,1] N Q)", a # 0, is denoted by
CA (E). The set of allocations which cannot be improved by Aubin coalitions with

rat

full support is denoted by N4(E).

Notice that this more general definition also ensures that usual notions of Aubin
core can be recovered in pure exchange economies with selfish agents. Obviously,
since an enlargement of the blocking coalitions reduces the corresponding core, the
inclusions C4(F) C C(E), CA(E) C C4,(E) and CA(E) C N4(E) hold true.

We introduce now the notion of Edgeworth equilibrium. Following the Edgeworth
conjecture, [6] have showed that, by enlarging in an appropriate way the number of
agents in the economy, all non-equilibrium allocations are ruled out from the limit
core. The first result of the paper shows the validity of the Edgeworth conjecture
in our setting. We proceed by showing the equivalence between the Aubin core
and the limit core (i.e. the Edgeworth equilibrium) and then apply the Aubin core
equivalence Theorem proved in [24].

Definition 4.3 (Edgeworth Equilibrium). Given a positive integer r, an allocation
x € F and a coalition S C N(r) with S # (), we say that S improves upon z
in the r-fold replica economy E" whenever S improves upon the equal treatment
allocation (") associated with z, i.e. for every agent i, = (i,q) € N(r), there exists
a vector Jil(iq) IS XAIq such that
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1. x’(iq) € Pay. (z(M) for any i, € S;

S TS ) ) e

1qu(r) hs eDT (S) iqg€EN(T) hSequ(S)

The set of allocations of E which cannot be improved upon by any coalition in
the r-fold replica economy E" is denoted by C.(F). An allocation z of E is an
Edgeworth equilibrium if € C,.(E) for any r € IN. The set of Edgeworth equilibria
is denoted by CF(E).

Remark 4.4. Notice that, by definition, the equality C¥(E) =, cn Cr(E) holds
true. Moreover, the family of sets {C,(E)},>1 is decreasing. Indeed, the following
easy argument shows that x € Cx(F) implies x € C,.(E), when 7 > r. Suppose by
contradiction that there exist a coalition S C N(r) and vectors x’(iq), with ig € N(r)

such that conditions 1. and 2. in Definition 4.3 hold. Define the coalition S := S of
N(r) and z(;,) € ]RZ_"F as follows,

. x, ifg=1,...,m;
XT; = q
! 0 ifg=r+1,...,7

Notice that, by Definition 2.7 , we get &;, € Par (M) for any agent iq € S.
tq

Z Z :thiq = Z Z x;lqiq S

Furthermore,

igEN(7) he€D;, (5) igEN(r) hq€Di, (S)
< Z card D; (S) - w;, = Z card D (S) - w;
iqg€N(r) iq€N(7)

where the last equality follows by

Z card DZ (S) - wi, = Z card Dj (S) - w;, + Z card qu (S) - wi,
iq€EN(T) ig€EN(T) igEN(7)\N(r)
and the fact that the second component of the right side of the previous equation

is equal to zero. Thus, we obtain the conclusion.

The equivalence of Aubin core allocations and Edgeworth equilibria can be now
extended to A-economies.

Theorem 4.5. Let E be an A-economy. Assume that conditions (1)-(3) of As-
sumption 2.3 and condition (1) of Assumption 2.4 are satisfied. Then

CA(E) = Cloy(E) = CE(B)

Proof. By definition, it is true that C*(E) C CA,(E). We claim that CA,(E) =
CE(B).

Let # € CA,(F) and assume by contradiction that x ¢ C¥(E). Then there exists
a positive integer r such that = ¢ C,.(E). Consequently, there exists a coalition
S C N(r) which improves upon z(") via vectors x; , with ig = (i,q) € N(r). This
means that

1. x’(iq) € Par (z() for any i, € S;

D DL T SrY, ) w

iq€N(r) he€DY, () i€N hqeD], ()
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For each type h, denote by t; the number of agents h, which belong to S, that
is,
th :=cardS, and S, :={¢e{l,...,r}: hg € S}
For any type h, define the non-null coalition v of E with rational shares by v, =
% € [0,1], and vectors z(p)y = (zni)ien € IRZJ‘F” with zp; = % (qush x}lqiq N €
]Rl+ if h € supp~y and zp; = 0 otherwise. Define

R x; ifge Sy, . w; if h € D;(S)
Th i = a and @y, ; = ]
e 0 otherwise aa 0 otherwise

and notice that,

DD IIETTEED SID SED DRSNS 5 S SR

i€EN heD;(7) 1€EN heD;(7) gE€Sh i€EN q=1 he€D] (v)
1 1
=1 Y Y s, X cndDi(8)w, =
ig€N(r) hqu:q (S) ig€N(r)
1 . . 1 .
LY S card DY (8) = 1 3 Y i =
1EN q=1 1€EN heN
=2 D b=, D mbni= ) vl
i€EN heN i€N heD;(v) 1EN

Consider now a type i € supp~y. From x'(iq) € Py (M) for any ¢ € S;, we

‘q
derive z(y) € Pa,(x) by the convexity of the preferences and the fact that z,) is
a linear convex combination of (z(;,))qes,- Thus a contradiction is obtained since

z€Ch(E).
Conversely, let € C¥(E) and suppose by contradiction that = ¢ CA,(F). Then

there exist an Aubin coalition v € ([0,1] N @)", and vectors z(;), with i € N such
that

1. 3”/(7:) € Py, (x) for any i € supp;

23 3w <> > mwn

iEN heD;(v) iEN heD;(v)

Let v € IN and for any ¢ € N, denote by v; the image of the ceiling function
evaluated at ~;v, i.e., v; = [v;v], which is a natural number since v € IN and
Yi > 0.

For any i € supp~, consider the sequence (e"),eN = (E?)neN where n; = [y;n].
Notice that: (1) for each n € IN one has 0 < €™ < 1; (2) up to a subsequence, £”
converges to 1.

Then, by continuity of preferences, there exists 7 € IN such (z()) = Lra]

e L) ©

Py, () for each i € suppy and

Z Z ?"h'Zm'SZ Z Th - Wi-

1EN heD;(v) 1EN heD;(v)

19We remind that the ceiling function [ ] : y € R — [y] € R is define by [y] := min{n’ €
Z:n' > y}.
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Define the coalition S of E” by S := Upesupp (1)1(7h>q) : ¢ =1,..., 74} and notice
that

YD =) D D e, =

igEN(r) hs eDT (S) i€N ge{l,..1} hg€D; (S)

:Z Z Zthiq Z Z Th* Zhi <

i€N heD;(S) qESh i€EN heD; ()
SZ Z Ty w; < Z card D; (S)
i€N heD; () ig€N(r)
which contradicts x € C¥(E). The contradiction proves our claim.

Since CA(E) C CA,(E) = CP(E), to conclude the proof of the Theorem it is

rat

enough to show that CA,(E) C CA(E). Let x be an allocation of C2,(E) and
assume that = ¢ C*(F). Then there exists a coalition a € [0,1]" with a # 0, and
for every agent ¢« € N, there exists a vector xz o € X4, such that

1. x’(i) € Py, (x) for any i € supp «;

2. Z Z ahxﬁngz Z QpW;.

i€N heD;(a) i€N heD;(a)

By continuity, we can find a positive ¢ such that for each A € (1 —¢,1)
Az(;y + (1 = Mw € Py, (x) for any i € supp a.

Let ~; = 0 for each ¢ ¢ supp « and ~; be a rational number such that ?‘Y €(l—e1)
for i € supp . Then, for any agent i € N, D;(«) = D; (7) and moreover, from

>3 mtuesd 3 omct

i€N heD;(a) 1EN he€D;(a)
we derive
h
I e R VP ML EEL
i€N heD;( 1€N heD;(v)
which implies a contradiction. m|

The first characterization of A-equilibria follows now from Theorem 4.5 and [24
Thm 3.1].

Theorem 4.6 (Equivalence Theorem). Let E be an A-economy. Assume that As-
sumption 2.2, conditions (1)-(3) of Assumption 2.3 and conditions (1)-(2) of As-
sumption 2.4 are satisfied. Then

W(E) = C(E) = Cly(E) = C5(E).

Remark 4.7. As showed by [13], the convexity requirement given in Point 3 of
Assumption 2.3 is not necessary for the validity of the equivalence theorem, if one
follows the idea of [20], and allows agents to participate simultaneously in more
than one coalition. However, we can not dispense with convexity to show that A-
equilibria are Edgeworth equilibria. We also notice that for the validity of Theorem
4.6, Assumption 2.2 can be weakened requiring that the aggregate initial endowment
is strictly positive.
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5. Further Characterizations of A-equilibria. We are going to show in this
section that A-equilibria can be characterized in terms of the veto power of the
grand coalition. This will be done under two different approaches. In Section 5.1,
we will see that A-equilibria are exactly those allocations that cannot be blocked by
Aubin coalitions with full support. Then, in Section 5.2, it will be proved that A-
equilibrium allocations coincide with robustly efficient allocations, that is they are
robust with respect to the veto power exercised in a family of auxiliary economies in
which agent ¢ proposes for the members of her reference set A; an initial endowment
modified in a precise direction. The characterizations in terms of the blocking power
of the grand coalition is key to show in Section 5.3 that A-equilibrium allocations
are Nash equilibria of a suitable game.

5.1. A-equilibria and coalitions with full support. In this Section we focus
on the veto power of the grand coalition. It will be exercised allowing all agents
to take part in Aubin coalitions with a (non-zero) share of their endowments. This
means that we shall concentrate on the set N4(E). We have already noticed that
CA(E) C NA(E). Our aim is to find conditions under which the equality holds true.
Then, we will derive a characterization of A-equilibria in terms of the blocking power
of the grand coalition.

Lemma 5.1. Let E be an A-economy satisfying Assumption 2.2 and conditions (1)
and (2) of Assumption 2.3. Let x € F be an allocation such that x ¢ CA(E). Then
there exists a coalition a € [0,1]" with o # 0 and there exists a vector z;y € Xa,
for every agent i € N such that

1. zzi) € Py, (z) for any i € supp «;
2. Z Z apzp; <K Z Z QpW;.
i€EN heD; () i€N heD;(a)

Proof. From the fact that z ¢ C4(FE), it follows that there exist a coalition a € [0, 1]™
with a # 0 and a vector mzi) € X4, for every agent ¢ € N, such that

L. @(;) € Pa,(x) for any i € supp(«);
S5 DD DTEIES Sib S
i€EN heD;(a) i€EN heD,;(a)
By continuity of preferences, there exists € > 0 such that z(;) := [5x’(ih) +(1- s)wh}

heA;
Py, (z), for each i € supp~y. Moreover,

Z Z —zm—z Z Oéhﬂﬁhﬁ'z Z —wl Z Z Oéhwz<z Z 7%

i€N heD;(a) i€N heD;(a) i€N heD;(a) i€EN heD;(a) i€N heD;(a)

By survival assumption, z;y > 0. Then, given a positive § such that (J -
2(:), TN\ 4,) € Pa,(x), for each i € suppy, we obtain that

Z Z ah5zhi<<z Z apzpi < Z apw;

i€N heD; () i€EN heD;(a) heD; ()

and the conclusion follows with zzi) = 0z2(;)- O
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Theorem 5.2. Let E be an A-economy. Assume that Assumption 2.2 and condi-
tions (1) and (2) of Assumption 2.3 are satisfied. Then

CA(E) = NA(E).

Proof. By definition, C*(E) C N4(E). Let x € N4(E) and assume by contradic-
tion that x ¢ C4(E). Then by Lemma 5.1, there exists a coalition a € [0,1]" with
a # 0 and there exists a vector z(;) € X4, for every agent i € N such that

1. z(;) € Pa,(x) for any i € supp «;

2. Z Z Rz, <<Z Z QpW;.

i€N heD;(a) i€N heD;(a)
Let w = Z Z QapZp; — Z afw; < 0 and \ a positive number such that
i€N heD;(a) iEN

w—l—z Z Azp; <0, where D¢(«) = D;N (N \supp a). Define now z(;) = z ;) for
i€N heD¢(a)

i € supp a and z(;) = [z; + wj]jeAi, for each agent ¢ € N\ supp . By monotonicity,

(i) € Pa,(z) for any i € N. Moreover, the Aubin coalition 3 defined by ; = o,

for each ¢ € suppa and 3; := A, for each i € N \ supp « has full support and it is

true that

Z Z /thhz Z Z O(hZhl + Z Z A xht + wz

i€EN heD; iEN heD;(a) i€N he DS ()
S HRTETS Db PIRCIS Db S
1€N heD; () 1€EN heD§(a) t€N he DS ()
SUED VD VIUIED Sl SIFTES Sib SISV g op
1€N heD§(a) 1€N heD;(a) €N heD§(a) iEN heD;
and a contradiction follows. m]

As direct consequence of Theorem 5.2 and [24, Thm 3.1], we obtain a second
characterization of A-equilibria in terms of allocations which cannot be dominated
by the society using the Aubin veto, i.e. by Aubin coalitions with full support.

Theorem 5.3. Let E be an A-economy. Assume that Assumption 2.2, conditions
(1) and (2) of Assumption 2.3 and conditions (1) and (2) of Assumption 2./ are
satisfied. Then

W(E) = C*(E) = N4(E).

5.2. A-equilibria and robust efficiency. The main aim in this Section is to show
that A-equilibria coincide with robustly efficient allocations. This characterization
has been introduced for competitive equilibria in [16]. In the latter, the proof of the
result relies on the use of Vind’s theorem about the measure of blocking coalitions
in suitable atomless economies (see [25]), that in its turn applies the Lyapunov con-
vexity theorem. To extend the result to economies with consumption externalities,
we proceed first proving that Aubin core allocations are robustly efficient. Then we
use the characterization of A-equilibria in terms of Aubin core allocations. Notice
that we provide a direct proof of the equivalence in which we can dispense with the
use of Lyapunov convexity theorem and Vind’s result. In particular, our proof does
not use atomless economies with externalities.
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To define robustly efficient allocations, we observe that in the Aubin blocking
procedure introduced with Definition 4.2, each agent h € N enters the market
using apw;, i.e. by aggregating the share «y, of agent ¢ initial endowment w;, for each
1 € Ap. Given an allocation z € F and the Aubin coalition «, consider the blocking
mechanism in which each agent i € N proposes instead a slight perturbation of w;,
for each member i € A;. This perturbation is defined for each i € Ay as the convex
combination with share «j of agent ¢ initial endowment w; and the commodity
bundle z; allocated to i under z. Precisely, it is defined as the aggregated quantity
of resources given by

W(an) = [anw; + (1 — O‘h)f/iheAh :

The blocking procedure is formalized as follows and gives rise to a notion of robustly
efficient allocations which is inspired by the analogous notion given by [16] in selfish
models.

Definition 5.4. An allocation z € F is said to be robustly efficient if there do not
exist vectors x’(i) € Xa,,7€ N, and a € [0,1]", a # 0, such that

1. a{;) € Pa,(x) for any i € N;

2. Z Z xh; < Z Z [apw; + (1 — ap)zy).

i€N heD; i€N heD;
The set of robustly efficient allocations will be denoted by RE(E).

Remark 5.5. The set of allocations which cannot be improved upon by the grand
coalition N has been denoted by NV (E). For an allocation z € N(E) there do not
exist vectors x’(i) € X4,, 1t € N, such that

1. a{;) € Pa,(x) for any i € N;

I IETED 3) it
ieN heD; ieN heD;

where each agent h € D; uses the resources w; of agent i. Consequently, an allo-

cation is robustly efficient if and only if it is not dominated by the society in the

families of A-economies in which each agent h € D; proposes for i the perturbation

of w; given by apw; + (1 — ap)x;.

Theorem 5.6. Let E be an A-economy. Assume that Assumption 2.2, conditions
(1)-(3) of Assumption 2.3 and conditions (1) and (3) of Assumption 2.4 are satis-
fied. Then

CY(E) =RE(E).

Proof. Let z € C*(E) and assume by contradiction that z ¢ RE(E). Then the exist
vectors x’(i) € Xa,, i € N, such that
1. x’(i) € Py, (z) for any i € N;

2. Z Z xh; < Z Z [apwi + (1 — ap)zy].

i€N heD; i€N heD;
Denote by D¢(a) the set D; \ D;(«). From condition 2. it follows that

DD wit) D ws

i€N heD;(a) i€N heD¢(a)
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SZ Z @hwi+zzﬂ%—z Z apx; <

i€EN heD;(a) i€EN heD; i€EN heD;(a)
DD BTEEDID DD DR BRI
i€EN heD;(a) i€EN heD; i€N heD;(a)

and consequently

)DIDIEHD S SIEND SIS DIFIED DI SNIEERINER yaptt

i€EN heD;(a) i€EN heD;(a) €N heD{(a) i€EN heD; () heD{(a)

The last inequality implies that

Z Z (1+ap) {1—1-1 ;li+1 } Z Z xm_

1EN heD;(a) €N heD§ ()
<3N Gtapwit Y w
1€EN heD; () heD;(a)

inequality which in its turn is equivalent to

SN Brzni <)Y Bawi

i€EN heD; iEN heD;
where

By = 1+ap, hesuppa
"~ h € N\ suppa

and, for any h € N and i € Ay,

1 12 o
Zhi = mxhi + Tgh,wi’ h € supp &« .
x;z he N \ supp «

3
The convexity of preferences and the fact that § is an Aubin coalition with
D; = D;(B) for each i € N, imply now a contradiction.
To show the other inclusion, assume that € RE(E) and, by contradiction, that
x ¢ CA(E). Then there exists a vector .T/(Z-) € X4, and a € [0,1]", « # 0 such that

1. a{;) € Pa,(x) for any i € supp o

2. Z Z ahx%igz Z QpW;.

i€EN heD; () 1€EN heD;(a)
By Theorem 5.2 we can assume that suppa = N and D;(«) = D;. Let ¢ € (0,1)
be such that Eac(i) € Py, (), for any ¢ € N. Then, from condition 2. we derive that

Z Z Qapexy,; + Z Z an(1—¢e)zy,; + Z Z (1—ap)z; <

i€N heD; i€N heD; i€N heD;
< E E apw; + E E (1—ap)x;.
i€N heD; i€N heD;

Define now S := {h € N : ay, # 1}, D;(S) = D; N S and D§(S) = D; \ D;(S).
From the previous inequality we derive that
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Z Z ahaxhl—i—z Z 5:10,”

i€N heD,(S) iEN heDS(S)
+Z Z ahl—sxm—kz Z 1—63:,”-4—2 Z (1—ap)z; <
i€N heD;(5) i€N heDE(S) i€N heDy(S)
< Z Z ahwl ]. — Oéh xl + Z Z Wy
i€N heD;(S) i€N heDE(S)

and consequently

D D omemi k) D it

1€N heD;(S) i€N heD$(S)
ap(l—e¢)
P [m e <
i€N heD;(
<> Y met-awl+ Y Y w
1€EN heD;(S) €N heD$(S)

which can be written as

Z Z {ahsxm (1—ah)(xi+a;(i7 ] Z Z zp; <

1EN heD;(S) 1€N heD{(S)

<Z Z [apw; + 1—ahx7+z Z Wi«

i€N heD;(S) €N heDe(S)
Consider the consumption bundles z(j,) = [ahax}bi + (1 —ap)(x; + “fg)r) x’}”)} en
for any h € S and zy,) = (J;’(h)), otherwise. By monotonicity and convexity,

2(;) € Pa,(z) for any i € N and from the previous inequalities we obtain

Z Z apZhi < Z Z [Ozhwi + (1 — ah)xi]

ieN heD; i€N heD;
which implies a contradiction. |

As direct consequence of Theorem 5.6 and [24, Thm 3.1], we obtain a third
characterization of A-equilibria.

Theorem 5.7. Let E be an A-economy. Assume that Assumption 2.2, conditions
(1)-(3) of Assumption 2.3 and conditions (1)-(3) of Assumption 2.4 are satisfied.
Then

W(E) = RE(E).

In particular, the characterization in terms of robust efficiency extends to the
Walrasian-Nash, Berge and total equilibria of economies with consumption exter-
nalities the corresponding result proved by [16] for selfish pure exchange economies.

Remark 5.8. Notice that from the characterization of competitive equilibria of
selfish economies, [16] derive the two welfare theorems (see Remark 3.2 in their
paper). It is well known that, in the presence of externalities, the two welfare
theorems do not hold. However, our previous characterization and Remark 5.5
imply the two welfare theorems formulated in terms of the A-dominance. Hence,
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each A-equilibrium allocation x is Pareto optimal in the sense that it not blocked by
the society N in the following sense: it is not possible to find the vectors x’( 5 € Xa,
for ¢ € N such that

1. @) € Pa,(x) for each i € N;

ZDIDIEED B IR

i€N heD; i€EN heD;

where D; represents the set of agents influencing ¢. On the other hand, under
the assumptions of Theorem 5.7, in particular due to point 3. of Assumption 2.4
and the feasibility of x, if the allocation x is Pareto optimal in the previous sense,
then z is also a Pareto optimal allocation in the A-economy FE, in which the initial
endowment allocation is x. Note that in this case, all the auxiliary economies
described in Remark 5.5 and associated to FE, are equal to F,. Hence we can
apply Theorem 5.7 to the economy E, to obtain that an A-equilibrium allocation
is Pareto optimal in the economy F,, i.e. the second welfare theorem formulated
for the A-dominance.

5.3. A-equilibria and Nash equilibria of a society game. Our aim in this
section is to show that the A-equilibria of a pure exchange economy with consump-
tion externalities coincide with Nash equilibria of a two-player game. This result,
which extends to economies with consumption externalities the analogous charac-
terization introduced by [17], provides a strategic interpretation of Walras-Nash,
Berge and total equilibria. The characterization is a consequence of Theorem 5.2
and requires the introduction of a suitable game which is adapted to our framework
of A-economies from [17].

We notice that, contrary to the usual strategic interpretation of Walrasian equi-
libria, the approach proposed by [17] does not consider money and prices. The
game associated to the market economy is played by two players regardless of the
number of agents. It is referred as a society game because it is a game in which the
society plays in two different roles. In our proof of the result, preferences of each
agent ¢ will be separable with respect to the consumption of her reference set A;.

For the remainder of the Section, we shall assume that condition (3) of Assump-
tion 2.4 is satisfied.

In what follows, we adopt the notation x4 = (2(;))ien, where ;) = (¥in)nea, €
Xa,, and x;p, can be interpreted as the commodity bundle chosen (or proposed) by
agent ¢ for the consumption of an agent h € A;. Clearly, x4 belongs to IL;enXa,.
In particular, given an allocation = = (x1,...,x,) € F, and an agent ¢ € N, define
the vector Z(;) := (21 )nea, in which i proposes to each h € A; the same commodity
bundle that h receives under x, i.e. x;;, = xj for each i € N and h € A;, and by
T = (Z(;))ien. Notice that under the symmetric condition (point (3) o Assumption
2.4) and from the feasibility of x it follows that

Z Z Thi = anrdDi~xi < anrdDi~wi = Z Z w.

i€N heD; iEN iEN i€N heD;

In the spirit of [17], our aim is to characterize an A-equilibrium in terms of a
two player non cooperative game. Hence we assume that there are two players,
I :={a, b} which can be identified as the society playing two different roles.
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With the notation introduced above, the strategy set of player a is given by

S, = {xAEHieNXAixihi()ViGN,hEAiand : Z Z xhigz Z wl}.

1€N heD; 1€EN heD;

Notice that S, # () since @ = (0(;))ien € Sa-
The strategy set of player b is given by

Sp = {(myA) € (0,1]" x ienXa,: Z Z QpYni < Z Z ahwi} .

i€N heD; i€N heD;

Notice that S, # 0 since s, = (xn,@w) € Sp, where the vector xy € R™ is the
characteristic function of V.

Let S = S, x Sp. Given a profile of strategies s € S, where s = (s4,55) =
(xa,a,9y4), denote the payoff functions of the two players by m, = S — R and
mp =S — R and let (G, 7., ) be the associated game.

Definition 5.9. (G, 1., 1) is a society game if the following conditions are satisfied.
1. x4 = y4 implies that m,(s) = m(s) = 0;
2. (wa,,ynma,) € Pi(ya,,yn\ a,) for each i € N if and only if 7,(s) > 0;
3. (ya,,tn\a;) € Pi(wa,,zn\4,) for each i € N if and only if m;(s) > 0;
4. 8" = (za,a,ya) € S and (z4,,Yn\4,) € Pi(za,,yn\4,) for each i € N implies
that 7, (s") > ma(s).

Theorem 5.10. Let E be an A-economy. Assume that Assumption 2.2, Assumption
2.8 and Assumption 2.J are satisfied. Then a society game (G, m,, ) satisfies the
following properties:

1. for each s € S, ma(s) and mp(s) cannot be both positive;

2. ifx e F and s = (T,a,ya) is a Nash equilibrium, then x is not dominated by
the grand coalition;

3. if s = (T,0,%) € S and x € F is not dominated by the grand coalition, then
player a cannot improve her payoff;

4. ifx € F and T € Sy, then x ¢ CA(E) if and only if mp(T,ca,ya) > 0 for a
strategy (a,ya) € Sp.

Proof. The statement of property 1. follows from conditions 2. and 3. of Definition
5.9 and the separability assumptions on preferences.

To prove property 2., let « be an allocation such that s = (Z,«,y4) is a Nash
equilibrium and assume by contradiction that z is dominated by the grand coalition.
Then there exist vectors z(;) € Xa,, ¢ € N, such that

1. z¢y € Pa,(x) for any i € N;

2. ZZzMSZ Zwi.
iEN heD; i€N heD;
Let 24 = (2(;))ien be the vector which collects consumption proposal of agent i for
A;, for each i € N. Tt follows from 2. that s’ = (24, a,y4) belongs to S. Moreover,
by 1. and separability of preferences, 7, (s’) > 7,(s) which is impossible.

Consider now the strategy s = (Z,«,Z) € S such that z is an allocation which
cannot be dominated by the grand coalition. First observe that m,(s) = 0 by
definition of society game. Assume, by contradiction, that for a given z4 € S, it
holds true that m(z4,a, ) > 0. Set z(;) = za, for each i € N and observe that
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1. z¢y € Pa, () for any i € N;

2. ZZ«ZMSZ Zwi
i€EN heD; i€N heD;
which implies a contradiction.
In order to show property 4., assume first that = ¢ C4(E). Then, by Theorem
5.3, there exists a with full support and for every agent i € N, there exists a vector
Yy € Xa, such that

1. yu) € Pa,(x) for any i € N;

2. Z Z apYni < Z Z apW;-

i€EN heD; i€N heD;

Set z4, = z(;) for each i € N. Then condition 2. says that (o,ya) € Sy and
condition 1. ensures that 7, (Z, o, y4) > 0, a contradiction. Assume conversely that
for a given allocation x it is true that 7, (Z, a, ya) > 0 for a strategy (o, ya) € Sp.
By definition of society game, it is also true that y;) = ya, € Pa,(x) for any i € N
and consequently = ¢ C4(E). m]

Theorem 5.11. Let E be an A-economy. Assume that Assumption 2.2, Assumption
2.8 and Assumption 2.4 are satisfied. If the economy E has an A-equilibrium, then
the society game (G, ) has a Nash equilibrium.

Proof. Tt is enough to observe that if x is an A-equilibrium allocation, then s =
(Z, xn, ) belongs to S and Theorem 5.3 ensures that x is not dominated by the
grand coalition. This implies that 7, (s) cannot improve. On the other hand, from
r € CA(E) it follows that m,(Z, xn,Z) = 0 = m,(Z, o, ya), for each (a,y4), and
consequently also player b cannot improve. m|

The next Theorem provides our last characterization of A-equilibrium allocations.
This is given in terms of Nash equilibria of a society game.

Theorem 5.12. Let E be an A-economy. Assume that Assumption 2.2, Assumption
2.8 and Assumption 2.4 are satisfied. Let x € F be an allocation. The following
properties hold true:
1. if s = (Z,a,y4) s a Nash equilibrium with m4(s) = mp(s) = 0, then x is an
A-equilibrium allocation;
2. if x is an A-equilibrium allocation, then s = (Z,,T) is a Nash equilibrium
with 74(s) = mp(s) = 0.

Proof. To show condition 1., assume that the allocation z is not an A-equilibrium.
Then by Theorem 4.6, x ¢ C4(E) and m,(Z,3,24) > 0 = m(F,, %), which is
impossible. To show condition 2., consider an A-equilibrium z for which s = (Z, o, T)
is not a Nash equilibrium. Then, by Theorem 5.10, an improvement of player a
contradicts the fact that z cannot be dominated by the grand coalition whereas an
improvement of b implies that x is not in the Aubin core. m|

Example 5.13. Let E be an A-economy for which the Assumptions of Theorem
5.12 are satisfied. Then preference relations of player ¢ can be represented by an
utility function which is separable with respect to the consumption of her reference
set A;, for each i € N. Define the payoff functions of the two players a and b as

Wa(mAvavyA) = min{ui(xAi) - ui(yAi): (4S N}
(A, o, ya) = min{o;[u;(ya,) — ui(za,)]: i € N}
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then it is easy to show that the payoff functions define a society game (G, m,, mp)
for which Theorem 5.12 holds true.
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