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Abstract

This paper introduces new constructions of nonregular cospectral signed
graphs via two operations: the neighbours splitting (NS) join and the non-
neighbours splitting (NNS) join. We compute the adjacency and Lapla-
cian characteristic polynomials for each join, allowing spectral analysis for
arbitrary signed graphs and explicit eigenvalue calculations for co-regular
signed graphs. A second approach employs pseudo-potential functions to
define more robust switching-stable versions of these joins, preserving spec-
tral properties under switching equivalence. As an application of these tech-
niques, we construct infinite families of nonisomorphic signed graphs ex-
hibiting cospectrality for both adjacency and Laplacian matrices. We also
characterise balancedness conditions for each of the constructions.
Keywords: signed graph, graph operation, adjacency, Laplacian, cospec-
tral, switching equivalence.
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1. INTRODUCTION

A signed graph ¥ = (G, o) is a pair consisting of an ordinary graph G = (Vg, E¢)
on n vertices, called the underlying graph, together with amap o: £ — {+1, -1},
referred to as the signature. The vertex sets Vy and V; are identical and may
be used interchangeably. However, the same does not generally hold for the edge
sets Fx. and Eg, since the edge set of a signed graph is composed of subsets of
positive and negative edges. We think of an ordinary graph G as the all-positive
signed graph ¥ = (G, +) whose signature assigns the value +1 to all of its edges.
All graphs considered in this paper shall be simple.
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The adjacency matrix of a signed graph X = (G, o) on n vertices is a square
matrix of order n that is denoted by As; = (a;j)nxn and defined by

U(Uﬂ}j), if ViV € E,
Qi =
Y 0, otherwise.

For a graph G with n vertices, let d; = dg(v;) be the degree of vertex v;, and
let Dg denote the degree matrix of G, the n x n diagonal matrix with entries
dy,ds,...,d,. The Laplacian matrix Ly, of a signed graph ¥ = (G, o) is defined
by Ly = Dg — As..

Let M be an n x n matrix. Its characteristic polynomial, det(\l,, — M), will
be denoted by P(M;\), with I,, representing the n x n identity matrix. For a
signed graph X, we define P(Myx; \) to be the M-characteristic polynomial of ¥
for M € {A, L}. The roots of the M-characteristic polynomial of ¥ are identified
to be the M-eigenvalues of ¥ and the collection of these M-eigenvalues, including
multiplicities, is called the M-spectrum of ¥. By the characteristic polynomial,
the eigenvalues, and the spectrum of a signed graph (without any reference to
the matrix), we mean the A-characteristic polynomial, the A-eigenvalues, and
the A-spectrum, respectively.

In an ordinary graph, the degree of a vertex is simply the number of edges
that are incident to that vertex. In a signed graph, the net degree d%(v) of a
vertex v € Vi is defined as di (v) = d;(v) — dg (v), where dg (v) and dy; (v) denote
respectively the number of positive and the number of negative edges incident to v
in 3. The notion of co-regular signed graphs was proposed in 2015 by Hameed et
al. [7]. There, a signed graph ¥ = (G, o) is said to be co-regular if its underlying
graph G is r-regular for some positive integer r, and > is net regular with net
degree k. The corresponding co-regularity pair is then (r, k).

The sign of a cycle is defined as the product of the signs of its edges. Thus,
a cycle is positive precisely when it contains an even number of negative edges.
A signed graph is said to be balanced if and only if the product of the edge signs
in any closed walk is positive. Hence a signed graph is balanced exactly when all
of its cycles, if any exist, are positive.

In signed graph theory, the operation of switching plays a central role. Two
signed graphs are switching equivalent if and only if their adjacency matrices
satisfy AL, = S71AxS for some diagonal matrix S, known as the switching ma-
trix, whose entries are either +1 or —1. Switching a signed graph does not alter
its spectrum, since matrix conjugation preserves eigenvalues. Hence, switching-
equivalent signed graphs share the same characteristic polynomials and eigen-
values. A signed graph is balanced precisely when its signature is switching
equivalent to the all-positive signature.

Alternatively, two signed graphs ¥ = (G,0) and ¥’ = (G, 0’) on the same
underlying graph are switching equivalent if there exists a function s: Vg —
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{+1, —1} such that for any pair of adjacent vertices v; and v;, we have
o' (vivy) = s(vi)o (vivy)s(v;).

A closed walk W of length k in a graph G is an ordered sequence of vertices
V1V - - - Vg1 such that vg11 = vy and v; is adjacent to v; 41 foreach i =1,2,... k.
When G is endowed with a signature o, it is possible to define the sign of W as
o(W) = o(v1v2)o(vavs) - - - o (vgvgs1). Given in terms of the signs of closed walks,
two signatures o and ¢’ on G are switching equivalent if and only if ¢(W) = ¢/(W)
for every closed walk W in G.

In a more general setting, we say that two signed graphs ¥ and ¥’ are switch-
ing isomorphic if one can find a switching matrix S along with a permutation
matrix P such that

Ay = (PS)_IAZ(PS)

Indeed, the matrix PS represents a signed permutation matrix, which may also
be referred to as a {1,0, —1}-monomial matrix.

Two signed graphs ¥ and I" are said to be M-cospectral if they have the same
M-spectrum. In this paper, if two or more M-cospectral signed graphs are not
switching isomorphic, they are called M-cospectral mates.

U1 V2 V3

U8 V9 V10 Ug Vg V10

Figure 1. A pair of (4, 2)-co-regular nonisomorphic cospectral signed graphs ¥ = (F, 1))
and ® = (H,¢) on ten vertices. Here and throughout this paper solid lines represent
positive edges and dashed lines represent negative edges.

It is known (see [5, p. 398]) that all regular unsigned graphs on less than ten
vertices are determined by their spectrum, that is, any other unsigned graph that
is cospectral is also isomorphic. Furthermore, there are four pairs of cospectral
regular unsigned graphs on ten vertices, as shown by van Dam and Haemers [6].
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By identifying a perfect matching — that is, a subset of the edge set in which
every vertex is incident with exactly one edge — that is present in both unsigned
graphs forming such a pair, and turning precisely those edges negative, we obtain
a nontrivial pair of co-regular, nonisomorphic, cospectral signed graphs.

Recently, several papers have focused on constructions of cospectral signed
graphs that are not switching isomorphic [1, 2, 14]. An example of a pair of
nonisomorphic cospectral signed graphs is given in Figure 1. There it can be
seen that the graphs are nonisomorphic, since in W there exist edges, such as the
edge between v and vy, that lie in three triangles, whereas no edge of ® has this
property.

Typically, a well-designed generalisation of a product or join operation on
signed graphs should aim to be switching stable, meaning that replacing the
signatures of the components with switching-equivalent ones does not change
the switching equivalence class of the product. This is particularly useful in
spectral computations due to the fact that switching-equivalent signed graphs
are cospectral.

In [3], the authors introduce the concept of pseudo-potential functions on
signed graphs and provide a solution to an open problem regarding the switching
stability of the lexicographic product of signed graphs. Following the approach of
the work done in [8] and [12], we begin by directly extending two join operations
to the setting of signed graphs. Subsequently, we apply a result from [15], the
pseudo-potential functions of [3], and a method developed in [11] to define distinct
and more robust constructions that avoid the stability and balance issues present
in the simpler versions.

For any results or concepts concerning graph spectra or signed graphs used
in this paper which have not been clearly stated the reader is directed to [5] and
[16].

The remainder of this paper is structured as follows. In Section 2, we collect
some preliminary facts and results. In Section 3, we define the signed NS and
NNS joins, derive their adjacency and Laplacian characteristic polynomials for
two arbitrary signed graphs, compute their spectra for two co-regular signed
graphs, and demonstrate a method of constructing cospectral mates. In Section
4, we use pseudo-potentials to provide alternative definitions for the signatures
of the NS and NNS joins that are stable under switchings of their components.
In Section 5, we offer open problems which are beyond the scope of this paper.

2. PRELIMINARIES

We denote the identity matrix by I, the all-one matrix by J, and the all-zero
matrix by O. A column vector of size n with all entries equal to one is written as
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1,,. For an unsigned graph G, its complement G is the graph on the same vertex
set in which two distinct vertices are adjacent if and only if they are not adjacent
in G.

Remark 2.1. Let ¥ = (G, 0) be an (r, k)-co-regular signed graph on n vertices.
We shall denote its adjacency eigenvalues by setting A (X) = k and ordering the
remainder so that A\2(X) > A3(X) > --- > A\,(¥). For the underlying graph G,
the adjacency eigenvalues can be written as A\1(G) =7 > A\2(G) > A\3(G) > --- >
An(G).

Remark 2.2. Let ¥ = (G, 0) be an (r, k)-co-regular signed graph on n vertices.
We shall denote its Laplacian eigenvalues by setting p1(X) = r — k and ordering
the remainder so that pa(3) < u3(X) < -+ < py(X). For the underlying graph
G, the Laplacian eigenvalues can be written as p;(G) = 0 < ua(G) < p3(G) <
< (G,

The graph invariant known as the coronal was introduced in 2011 by McLe-
man and McNicholas [13]. In the following, we adapt their definition directly to
a matrix.

Definition 2.3 [13, Definition 1]. Let M be an n x n matrix. The coronal xas(\)
of M is defined to be the sum of the entries of the inverse of the characteristic
matrix of M. This can be calculated as

xuN) =171, — M),

We also have the following useful result which can be applied, for instance,
when considering the adjacency matrix of a signed graph that is net regular with
net degree k.

Proposition 2.4 [13, Proposition 6]. Let M be an n X n matriz with all row

sums equal to k. Then
n

) =

The following lemma is known as Schur’s complement formula and appears
in many textbooks, see [5].

Lemma 2.5. Let M = <é1, g) be a block matrixz such that A and D are square

matrices. It follows that
(a) if A is an invertible matriz, det(M) = det(A) det(D — CA™'B),
(b) if D is an invertible matriz, det(M) = det(D) det(A — BD~'C).
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This formula can be further extended to simplify the computation of de-
terminants of block matrices with various structures. By introducing a scalar
component to a result presented by Hamud and Berman, see [8, Lemma 2.6], we
have the following.

Proposition 2.6. Let M be a block matrix

A B adn; xny
M == B C On1 XNo
aJnanl Ongxm D

where A, B, C are square matrices of order ni, D is a square matriz of order na,

and o is any real number. Then for the determinant of the characteristic matrix
of M we have

M, — A —a?*xp(\)J, —-B
det(Aop, yn, — M) = det(A,,, — D) det ( 1 5 D(A)Jn, My — C) .

Proof. The characteristic matrix of M is

)\Inl - A —B _O[Jnl Xng
Momim~M=| =B Mup=C  Onixn,
_aanxn1 Ongxn1 >\In2 - D

Suppose that A is not an eigenvalue of D. Then Al,, — D is invertible and
by Schur’s complement formula we obtain the determinant of the characteristic
matrix of M as

A, — A —B
det(Alop, 4n, — M) = det(AI,, — D) det << _13 My, — C’)

—adn, xn —
( el x 2) (AL, = D)™ (=00 sy Onzxm))

OTL1 Xng

B M, —A -B
= det(Al,, — D) det (( "B AL - C)

~o2 (M) (AL, - D) (11T, O
@ ( n2 ) ( n2-+nq n2><n1)

ni1 Xng

_ My, — A—a?xp(\)Jn, -B
= det(Mn, — D) det ( - M)

Since both sides are polynomials in A that coincide for all A that are not eigen-
values of D, and since the set of eigenvalues of D is finite, the two polynomials
must coincide identically. [
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The adjugate of a matrix A, defined as the transpose of its cofactor matrix, is
denoted by adj(A), and satisfies the identity Aadj(A) = det(A)I. Consequently,
when A is invertible, we have adj(A) = det(A)A~!. This final result is a special
case of the matrix determinant lemma and can be found in textbooks such as
[10].

Proposition 2.7. If A is an n X n real matriz and o is a real number, then

det(A + aJ,) = det(A) + a1l adj(A)1,,.

3. THE SIGNED NS AND NNS JOINS

As described by Harary [9], the join of two ordinary graphs G; and G3, denoted
G1V (s, is formed by connecting each vertex of G; to every vertex of Gs. In the
case of signed graphs, however, there are multiple possible ways to define such
a join, since the result depends on the signatures assigned to the newly added
edges. We shall mainly focus on the join of two signed graphs >; and s where
each newly introduced edge is made to be positive. We will call this procedure
the positive join of ¥ and Y9 and write it as X1 Vi Y.

A variation on the standard join operation was introduced by Lu et al. [12]
and called the splitting V-vertex join. Throughout the remainder of this paper,
we will refer to this operation as the neighbours splitting (NS) join. A further
variation, named the non-neighbours splitting (NNS) join, was defined by Hamud
and Berman [8]. Both of these were introduced in the setting of ordinary unsigned
graphs. A natural way of extending them to two signed graphs ¥ and X5 is to
follow the same constructions while assigning all of the newly introduced edges
to be positive, which is precisely the approach we shall be considering in this
section.

Definition 3.1 (Signed NS join, adapted from [12]). Let ¥; = (G1,01) and ¥ =
(G2, 02) be two vertex-disjoint signed graphs of order n; and ng, respectively, and
write Vs, = {u1,u2,...,uy, } and Vx, = {v1,v2, ..., vp, }. The signed neighbours
splitting (NS) join of ¥; and Y9, denoted X1 V ¥, is the signed graph obtained
by forming the positive join ¥; V4 39, introducing the edgeless graph on ny
vertices, which we shall label X3 = (K,,,03), where o3 is the empty function
and Vx, = {w1,ws, ..., wy, }, and connecting u; to w; with a positive edge if and
only if u; is adjacent to u; in ¥;.

We can see that symbolically for the NS join of ¥; = (G1,01) and ¥y =
(Ga,02), we have the vertex set V(X Y 39) = Vi, U Vy, U Vi, the edge set

E(El v 22) = Egl U EEQ U {uivj U € Vgl,vj S VEQ} U {uiwj DUy € Egl},
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w1 w9 ws Wy

and the signature

oi(e), ifec By,
0(6) = 02(6), ifee Ey,,
+1, ifee {Uﬂ)j tU; € Vzl,vj S VZQ} U {uiwj T Uy € EZ1}-

Definition 3.2 (Signed NNS join, adapted from [8]). Let 1 = (G1,01) and ¥y =
(Ga,02) be two vertex-disjoint signed graphs of order n; and ng, respectively,
and write Vy, = {u1,ug,...,up, } and Vs, = {v1,v2,...,vp,}. The signed non-
neighbours splitting (NNS) join of ¥; and X3, denoted ¥; A Xo, is the signed
graph obtained by forming the positive join »; Vi Yo, introducing the edgeless
graph on ny vertices, which we shall label ¥3 = (K,,,03), where o3 is the empty
function and Vs, = {wi,wa, ..., wy, }, and connecting u; to w; with a positive

edge if and only if 7 # j and w; is not adjacent to u; in 3.

Now we see that for the NNS join of ¥1 = (G1,01) and X9 = (Ga,02), we
have the vertex set V(31 A X2) = Vx, U Vy, U Vy,, the edge set

E(El A 22) = Egl U E22 U {uivj U € Vgl,vj € V22}
U {ujw; : i # j and uuj ¢ Ex, },

and the signature

0'1(6), ifee Egl,
o(e) = oa(e), %feeEzZ,
+1, if e € {uwvj :u; € Vy,,v5 € Vi, }

U {wjw; : i # j and wju; ¢ Ex, }.
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3.1. Characteristic polynomials of the signed NS and NNS joins

Here we compute the adjacency and Laplacian characteristic polynomials of both
Y1 ¥ ¥y and ¥ A X9 for two arbitrary signed graphs 37 = (Gp,01) and ¥y =
(G2,02). These results are then used to construct pairs of nonregular {A, L}-
cospectral mates.

3.1.1. Adjacency characteristic polynomials

Theorem 3.3. Let X1 = (Gy,01) and ¥y = (Ge,02) be vertex-disjoint signed
graphs on ny and no vertices, respectively. Then we have the following.

(a) The adjacency characteristic polynomial of the NS join 31 Y Xy is
P(A21y22; )\) = )\an(AZQ; /\) det ()\Inl - NEl,)\) |:1 — XAs, ()\)XNZL/\ (A)] y

where Ny, \ = As, + %Aél.

(b) The adjacency characteristic polynomial of the NNS join X1 A 3o is
P(As, 5y A) = A" P(Ag,; \) det ()\Im ~ Ny, A) [1 ~ YA, (A)XNEM(A)},

where Ny, » = As, + %A%l.

Proof. By labelling the vertices of 1 Y Yo and X1 A 39 in a suitable order, we
obtain the adjacency matrices

A21 AG1 Jn1 X1ng
A&!Ez = AGl On1 On1 Xng | »
Jng Xn1 Ong Xn1 AEQ
AZ1 Aél Jn1 Xng
AZ1KZQ - Aél On1 On1 X1no
Jng Xn1 Ong Xnq AE2

Owing to the resemblance between the corresponding matrices when the
graph vertices are ordered appropriately, the two joins admit proofs of a sim-
ilar structure. For this reason, we shall provide a full proof only for the NNS
join.

Hence, by applying Proposition 2.6 with o = 1, we get the adjacency char-
acteristic polynomial

M, — As, — N, —A=
P(Asx, 75,3 A) = det(Al,, — As, ) det 1 DY XAEQ( )Ins G\
—Ag Ay,

1
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Now we can apply Lemma 2.5 and then make use of Proposition 2.7 to acquire
P(As,55y; A) = det (M, — As,) det (AL, ) det (A, — As, — X4y, (A)n, — Ag, (M) " Ag,)
1
= AP (Ag,; \) det (Mm — Ap, — AL — Xas, (/\)J,Ll)
= A P(Ag,; A) det (/\Im ~ N — xas, (/\)Jm)
= )\an(AEQ; )\) |:det ()\Inl - NEL)\) — XAy, ()\)1,7;1 adj ()‘Im — Ngh,\> 1n1:|
n T T N -1
— A" P(Ag,; A) det ()\Im - Nzh,\) 1— xag,(M1L ()Jm - NEM) 1|
Therefore
P(As 553 A) = A" P(Asy; A) det (A, = Ny ) [1= xas, Wi, (V)] =
3.1.2. Laplacian characteristic polynomials

Theorem 3.4. Let X1 = (Gy,01) and X9 = (Ge,02) be vertex-disjoint signed
graphs on ny and ne vertices, respectively. Then we have the following.

(a) The Laplacian characteristic polynomial of the NS join 31 Y Yo is
P(Ly,vs,; p) = det ((u )Ly — LEQ) det (;dnl - DGI)
det ((M —n2) Iy, — le,u) [1 — XLs, (= n1) X0, , (1 — nz)] ,
where My, ,, = Ly, + Da, + Ag, (1ln, — DGl)_lAgl.
(b) The Laplacian characteristic polynomial of the NNS join 31 A X is
P(Ls sy 1) =det (= n1)Iny = Ly, ) det (= n1 + D), + D, )

det ((,u —ny—ng+ 1)1, — MEMJ
[1 = X, (= )X7p, |, (=11 —no + 1)],

where MZLN =Ly, — Dg, + A@l((u — Ny + 1)In1 + DGl)ilAél .

Proof. By labelling the vertices of X1 ¥ ¥ and X1 A 39 in a suitable order, we
obtain the Laplacian matrices

n21n1 + DGl + LE1 _AG1 _Jnl XMng
L21!22 = _AG'l -DG'l On1><n2 )
_J’n2><’n1 Onan1 nl-[nz + LEQ
(n1 —+ no — 1)In1 + LEl — DG1 —Aél —JannQ
LElKZQ - _Aal (nl - 1)In1 - DG1 On1 XNno

_JTLQan OTL2><7’L1 nll’ng + LEQ
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As in the proof of Theorem 3.3, we shall provide full details only for the NNS
join.

Hence, by applying Proposition 2.6, we get the Laplacian characteristic poly-
nomial
P(Ls,7s,; 1) = det((pp — n1)In, — Ls,)

det ((“_”1 _n2+1)[n1 —Lgl +DG1 _XL22(.U'_n1)Jn1 Aél )
Aél (b =mn1+ Iy, + Dey

Now we can apply Lemma 2.5 and make use of Proposition 2.7 to acquire
P(Lsyrs,;p) = det (( —n1)In, — Ly, ) det (4 — 1 + 1)1, + D)
det (( —n1—n2+ 1)1y, — Ly, + Day — Xig, (0 —11)Jn,
&, ((w=n1+ 1)L, + D))~  Ag,)
= det ((u —n1)In, — Ly,) det ((u — n1 + 1)1, + Da,)
[ t((u—nl—n2+1)1 — Ly, + D¢,
&, ((p—n1 + )In1 +Dg,) "' Ag,)
— X, (k= m1) - 17 adj ((u — n1 —ng + 1) I,
— Ly, + D, — Ag, (4 =y + DI, + DGl)_lAél)lm]
= det (1 — n1)In, — Lx,) det ((n — n1 + 1)1, + Dg,)
[det (p—n1—nag+ 1)1, — My, )

- XL22 (,u - nl)lz;l ad.] ((/L —np —n2+ 1)In1 - MZl,u)lnl}
= det ((u — n1)In, — Ly,) det ((p — n1 + 1)1, + Dg,)
det ((u —ny—ng+ 1), — MZLM)

— -1
[1 — X1, (= 11) L, (1 =1 = no + Iy — M, )

1m].
Therefore
P(Lyx,z5,; 1) = det ((M —n1)In, — L22> det ((M —ni+ 1)1, + DG1>
det ((u —ny —ng+ 1)1, — Mz]l“u>

[1 = Xis, (= m)X7p, |, (=11 =N+ 1)} . -

3.2. Constructing nonregular cospectral signed pairs

Now that we have computed the characteristic polynomials for the NS and NNS
joins, we can use the results to construct nonregular nonisomorphic cospectral
pairs of signed graphs.
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Figure 3. The NS joins XY ¥ and X Y ®, where ¥ = (Py,0) and ¥, ® are from Figure 1.
A line from a vertex to a box indicates edges connecting the single vertex to all vertices
in the box.

Corollary 3.5. Let W = (F,)) and ® = (H, ¢) be (r, k)-co-reqular signed graphs
that are cospectral mates. Then for every signed graph ¥ = (G, o)

(a) the graphs XY ¥ and ¥ Y & are {A, L}-cospectral mates,
(b) the graphs X AV and ¥ A ® are {A, L}-cospectral mates.

Proof. We shall consider (a). The NS join graphs ¥ Y ¥ and ¥ Y & are noniso-
morphic since ¥ and ® are nonisomorphic. By Theorems 3.3 and 3.4, we know
that

P(Asvy; A) = P(Asve; ) and  P(Lyvy;p) = P(Lsve; p).

This is because from Proposition 2.4 the adjacency matrices Ay and Ag have
the same coronal by their shared k-net regularity and the Laplacian matrices
Ly and Lg have the same coronal by their shared (r,k)-co-regularity. By the
cospectrality of ¥ and @ they also give the same characteristic polynomials. This
completes the proof of (a) and the proof of (b) is similar. ]

Corollary 3.6. Let U = (F,v) and ® = (H, ¢) be (r, k)-co-reqular signed graphs
that are cospectral mates. Then for every signed graph ¥ = (G, o)
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(a) the graphs ¥ V¥ and ® VX are {A, L}-cospectral mates,
(b) the graphs W AY and ® A'Y are {A, L}-cospectral mates.

Proof. The proof is similar to that of the previous corollary. [ |

Remark 3.7. It is necessary to restrict the graphs ¥ and ® in Corollaries 3.5
and 3.6 to being (r, k)-co-regular. To see this, consider the cospectral mates K 4
and Cy U K1, each with all-positive signature. By definition these share the same
spectrum and hence their characteristic polynomials are equal. However, the
values of their coronals are not. Thus, in general, for ¥V K 4 and ¥V (Cy U K7),
the characteristic polynomials of these join graphs are not necessarily equal, and
therefore they may not be {A, L}-cospectral mates.

Example 3.8. The signed graphs depicted in Figure 1 are (4, 2)-co-regular and
not switching isomorphic, recall that in ¥ there are edges that lie in three triangles
while there are no such edges in .

Let ¥ = (Py,0), with o(ujug) = o(uzus) = +1 and o(ugusz) = —1. Then,
taking the NS joins X YV ¥ and ¥ VY & gives the two signed graphs depicted in
Figure 3. These graphs share the following adjacency characteristic polynomial.

P(Asvy; \) = P(Asva; A) = A8 — 6910 — 96A1° + 118221 + 1936012
— 877IA? — 14524\ + 32278\ + 4996017
— 59603\% — 77616\ + 51914\° 4+ 45824)\°
— 1718501 — 707673 + 156912 + 312\ — 36.

Therefore, X ¥ ¥ and X Y ® form a pair of cospectral mates.

3.3. Spectra of the signed NS and NNS joins

In this section we shall compute the adjacency and Laplacian spectra of graphs
produced by the two join operations. Our analysis is restricted to joins of two
(r, k)-co-regular signed graphs, as this allows for the application of Proposi-
tion 2.4, simplifying the computations. Without this restriction the calculations
become considerably more difficult.

3.3.1. Adjacency spectrum of the signed NS join

Theorem 3.9. Let ¥ = (G1,01) be an (r1,k1)-co-reqular signed graph on ny
vertices and let Yo = (Ga,02) be an (12, k2)-co-reqular signed graph on ng vertices.
Then the adjacency spectrum of 31 Y 3o consists of

(i) Aj(X2) for each j =2,3,...,ng,

(ii) the two roots of the quadratic equation x? — \;(X1)x — A2(G1) = 0 for each
1= 2,3,...,721,
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(iii) the three roots of the cubic equation x> — (k1 + ko)x® — (r? — kiks +ning)x +
k‘gr% =0.

Proof. By Theorem 3.3, the adjacency characteristic polynomial of 31 V ¥ is
P(As,vs,;z) = 2™ P(Ay,; ) det (.CL’Inl - Nghx) [1 — Xas, (T)XNg, (33)},

where NEl,m = Agl + %A%}I
Since we are working with co-regular signed graphs, we can apply Proposi-
tion 2.4 to obtain the adjacency characteristic polynomial as

n2 ni

P(ds,usia) =a" T (o= 2(22) T[ (o= 2(en) - 1 226)
j=1 i=1

[1 oz ﬁ2I<:2 r— /-:1— ;r%}

e (2 nmo i)
j=1 i=1
G )

= I (o= 2 I (= - wm)e - a2(6)
j=1 i=1

R

_ (x _ )\j(22)> ﬁ (x2 —Xi(Z)x — )\?(Gl)>

j=1 i=
[:cg — (k:1 + kz)mQ — (r% + ning — k1k2)33 + T%kZ]
(r — ko) (22 — bz — 1) '

Now we can use Remark 2.1 to get

P(As,vs,;7) ﬁ < ) ﬁ (372 = Ai(X)z — A?(G1)>

1=2

j=
{x kl + k‘g z? — ( % — k1ko + nlng)x + k‘g?"ﬂ.

Hence we have the desired result. [ ]
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3.3.2. Adjacency spectrum of the signed NNS join

Theorem 3.10. Let ¥y = (G1,01) be an (r1, k1)-co-reqular signed graph on nq
vertices and let X9 = (Ga, 02) be an (12, k2)-co-regular signed graph on ng vertices.
Then the adjacency spectrum of X1 A 3o consists of

(i) Aj(X2) for each j =2,3,...,ng,
(ii) the two roots of the quadratic equation x*—X\;(X1)z—A3(G1)—2Xi(G1)—1 =0
for eachi=2,3,...,n1,
(iii) the three roots of the cubic equation x3 — (lﬁ + kg)x2 + (klkg —nyng — (ng —
r1—1)?)x + ka(ny —r1 — 1) =0.

Proof. By Theorem 3.3, the adjacency characteristic polynomial of ¥ A g is
P(Asy 75, 0) = 2™ P(Asy; x) det (;UIm - Nzhx) [1 — XAy, (:L')Xﬁzl,z ()],

where NEl,ac = Agl + %A%l

We can use the substitution Az = Jn, — In, — Ag, and, since we are work-
ing with co-regular signed graphs, we can apply Proposition 2.4 to obtain the
adjacency characteristic polynomial as

2
P(AEhKZQ; .Z') =™ H (x - )\j(EQ)) det (.%’Inl — Azl — %(Jnl — In1 — AG1)2>
7=1

{1 — XAg, (x)XA21+%(Jn1 —In,—Ag,)? (x)]

n2

= g™ H (1‘ — )\j(Eg)>

J=1

1
det (ﬂm — A, = —(J2, = 2Juy + Ly = 211y + 246, + Aél))

|:1 no niy :|
xr — kz Xr — k’1 — }n (n1 —Tr — 1)2
ng

=z (x - )\j(EQ))

Jj=1

1 1
det ((r - :c) I, — Ay, — E(2AG1 + Aél)— (J,QL1 —2Jp, — 2T1Jn1)>

1
z

{1 (ko) (2? - Zl;ix(m T 1)2)} |

Using Proposition 2.7, we can see that
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1 1 1
det ((m — x) I’I’L1 — Azl - ;(2A01 -+ A2G1) - E(J?Ll - 2JTL1 - 2T1Jn1)>

where

1
= det(B) — —(m — 2 - 2r1)17 adj(B)1,,

1 1
B=|(z—=)1I, — Ay, — =(24 AZ).
<33 x> 1 b5} .I‘( G+ Gl)

Making use of this along with Proposition 2.4 again, we have

P(As 75,;1) =

n2

™ H (;1: — )\j(EQ)) ﬁ (J: — % —Ai(21) - %)\i(Gl) - %/\?(Gl)>

j=1 i=1

1
1- ;(m -2- 2T1)X%In1+A21+§AG1+§A2GI (x)

[ B n1N9T
(z — ko) (2% — iz — (n1 — 1 — 1)?)

™ ﬁ (:L' — )\j(Ez)) ﬁ (CE - % —Ni(21) - %M(Gl) - %/\g(Gl))
{1]__7“—2—21”1. ) ny ]

2r1 _
X

[1 - (@ — ky) (22 — ;1;2—:6(711 —Tr = 1)2)}

™ ﬁ (ac — /\j(Ez)) ﬁ (:C - % — (%) - %)\i(Gl) - i/\?(GID

8 ‘:m

1
T T

j=1 i=1
1— TL1(?11—2—27’1)
22—k —r}—2r —1

e e ]

n2

Sl (fﬂ - )\j(22)> ﬁ (96 - % = Ai(Z1) — %Ai(Gl) - %A?(Gl))

j=1 i=1
2?2 —kw—r?—2r; —1—ny(ng —2—2r1)
22—k —1r? —2r1 —1

[(m - kg) (:v2 —kiz—(np —r; — 1)2) - nlngx]
(m - kzg) (:v2 —kix—(ng—r — 1)2)
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3

2 1

1 2 1
n1 ). I _ 2\ )2
z Jl;[l(x AJ(EZ))E(Q; — — (Z1) = =(G) xAZ(G1)>
2 l{:la: — (n1 — T — 1)2
22 —kix —r?—2r -1

. (:c — l{:g) (:1:2 —kyz—(ny —7ry — 1)2) — nlngx]
(ac — ]CQ) (x2 —kix—(n1 —m — 1)2)

ln_[ (33 - Ai(32) ) ﬁ (;(;2 —N(ZD)x — N2(G) — 20(Gy) — 1)
j=1 i=1
l( )( ]4?133—(711—?“1—1) )—nlngsc]

(CU—]{?Q)( _klx_r1_27°1—1) '

Now we can use Remark 2.1 to get

P(As, 75y 2) = ﬁ (z—/\ () )H(m — ()7 — A2(Gy) — 2 (Gl)—l)
= =2

j=2

[(x ko) (2 — kuw— (1 — 1 — 1)) — nlngx}

- 11 (x _ Aj(EQ)) I1 <1:2 NSz — AX(GY) — 20(Gy) — 1)

=2 =2
[ 3 (/471 + k2)1’2 + (klk’g —ning — (ng —ry — 1)2)5[3 + ka(ng — 1 — 1)2]

Hence we have the desired result. [

3.3.3. Laplacian spectrum of the signed NS join

Theorem 3.11. Let ¥y = (G1,01) be an (r1, k1)-co-reqular signed graph on ny
vertices and let Yo = (G, 02) be an (12, k2)-co-reqular signed graph on ng vertices.
Then the Laplacian spectrum of X1 ¥ Yo consists of

(i) n1+ pj(X2) for each j =2,3,...,n9,
(ii) the two roots of the quadratic equation
% — (n2 + 2r1 + ,uz-(El))a; + 7’1/1,1'(21) — /J?(Gl) + 2T1ui(G1) +n9r1 =0
for eachi=2,3,...,n

(iii) the three roots of the cubic equation

1,

z® + (k1 + k2 —np —ng — 3ry — ’1”2)562 + (’I“% + kiko — king — k1
—k1ro — kang — 3kor1 + 3ni1r1 + nary + nore + 37“17'2)37 + kg?"%

—n17“% — 7“%?”2 — k1kory + kirire + konory — narirg = 0.
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Proof. By Theorem 3.4, the Laplacian characteristic polynomial of 31 ¥ Y5 is
P(Ly,vs,;z) = det ((x )Ly — LEQ) det (a;[m - DG1>
det ((@ = n2) Ty = My, ) [1 = Xes, (@ = )0t . (@ = 12)]

where My, , = Lx, + Da, + Ac, (t1, — Da,) ' Ac,.

Since we are working with co-regular signed graphs, we can use the sub-
stitution Dg, = r1l,, and then apply Proposition 2.4 to obtain the Laplacian
characteristic polynomial as

na
P(Ls,vs,;x) = H (a: —ny — Mj(22)> det <(x - rl)Im)

j=1
det ((z =), — Ly, — Ac, (2 — rl)Im)’lAQ)

{1 - XLZ2 (:U — nl)XLzl+r1]n1+AG1((I_rl)[nl)flAcl (x — ng)}

n2

=(x—r)™ H (37 —ny — ,uj(Ez))
j=1
det ((x —ry —ng)ly, — Ly, — . _1 - A%;l)
{1 — XLsx, (- nl)XL21+zjrl A% (=7 — n2)]
no
=@-r)"[] (33 —ny — /Lj(zz))
j=1

3

1

(=1 =2 = pi(B1) = ——— (1 — ()

1

1=

[ n9 ni

1— : ,
rom= (2 =ke) gy — (r — k) - S
no ni

= (:U—nl—,uj(Zg)>H<a:(:n—r1)—rl(w—rl)—ng(:n—rl)
j=1 i=1

— pa(E0)(@ =) = (11 = s(G1))?)

B ning(x —ry)
(.I‘ —nyp — (7“2 — k‘Q))

1
—_

1

(z(x —r1)—ri(x—ry) —no(x—ry) — (r1 —k1)(x—r) — r%)
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3

2

= (93 —ni — Mj(Ez))

1

oL
S

=

@
I
—

<5E2 — (2r1 4 n2 + pi(21))7 + nory 4+ rip(S1) — pF(Gh) + 27’1m(G1))

nina(x — 1)

L= (x—nl—(”f’g—]{fg))

1
(@~ @it ot (r1— ket ngry + (- k1>)]'

Now we can use Remark 2.2 to get

n2 ni

P(LglyEQ; x) = H (a: —ny — ,LLj(ZQ)) H (mQ — (2r1 + n2 + 1 (X1))x + nary
j=2 =2

+ (1) — pf (Gh) + 27“1!%((;1))
[(:c —n1 — (ro — ko)) (2% — (2r1 + no + (r1 — k1))
+ nory + 7’1(7“1 — kl)) — nlng(az — ’r‘l)}

ni

- ﬁ (x —ny - uj(22)> 11 <x2 — (ng + 2r1 + pi(¥1))z

=2
(1) = (G + 2raps(Gh) + mar )
|:33‘3 + (/{1 +ky—n1 —ng —3r] — ’1”2).7)2 + (7“% + k1ko
— king — kir1 — kirg — kong — 3kory + 3nirs + narp
+ nore + 37‘17’2)3? + kQT% — nﬂ'% — T’%TQ — kleTl

+ kirire + konory — 7127“17“2} .

Hence we have the desired result. [ ]

3.3.4. Laplacian spectrum of the signed NNS join

Theorem 3.12. Let ¥y = (G1,01) be an (r1, k1)-co-reqular signed graph on ny
vertices and let X9 = (G, 02) be an (12, k2)-co-reqular signed graph on ng vertices.
Then the Laplacian spectrum of Y1 A Yo consists of

(i) n1+ p(X2) for each j =2,3,...,na,
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(ii) the two roots of the quadratic equation

x2 — (2n1 +n9g—2r — 2+ ui(Zl))x + (77,1 i l)ui(El) — M?(Gl)
+ (2r1 + 2)pi(G1) +ni — 2ny — ng + nyng — 247y — nary = 0,

for eachi=2,3,...,n1,

(iii) the three roots of the cubic equation

3+ (k1+k273n1 —ng+11 7T2+2)l’2+ (2”%*T%+k1
+ 2kg — 2n1 —no — 11 — 219 + k1ko — 2k1ny1 + k1r1 — kiro — 2kang
— kang + kor1 + ning 4 2n1rg — nary + nara — rlrg)ac + kln% — kg?’%
— n2ry +n1rd + r2re + kike — king — kire — kang — kory 4+ nary
+ nory +rire — kikang + kikory — kinyry + kinire — kiriro

+ /{2711712 + k2n17“1 - /627127“1 — NNy — N1T1T2 + NaT1Ty = 0.
Proof. By Theorem 3.4, the Laplacian characteristic polynomial of 31 A X is
P(Lyy sy @) = det (@ = 1)L, = L, ) det (& = ni + 1)Ly, + Da, )
det ((1: —ny—ng+ 1)1, — M&,x)
[1 = XL, (# =m1)xg7, (& =11 —n2 + 1)},

where My, » = Ly, — Dg, + Ag, ((x —n1 + 1)1, + Dg,) ' Ag, .
Using the substitution Dg, = r1l,, and then Proposition 2.4 yields

P(Lyx,75,;x) = det ((:U —ny)ln, — L22> det ((m —ny+7r + 1)In1>

1
det ((xfnl —ng+ry+ 1)L, — Ly, — :L‘—n1+7“1+1A2@1>

[1_XL22(37_”1)XL21++A2 (a:—nl—ng—i-rl—{—l)}

r—n1+ry+1 61

= (m —n1+7r+ 1)”1 det ((QZ - nl)In2 — LEQ)

1
det ((xfnl —ng+ry1+ 1)L, — Ly, — :L‘—n1+7“1+1A2@1>

1 n2
$—ﬂ1—(7“2—/€2)

n1
: ——F
x—nl—n2+r1+1—(T1—k1)—M]
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— Ag, and Lg, = Dg, — Ag,, we can rewrite the
— Dg, — I,,.

Since Ag, = Jn, — In,
adjacency matrix of the complement of G1 as Az = Lg, + Jn,

Using this, we acquire
n2

P(Lyyrsyiz) = (@ —ni+rm+ )" ] (x —ny - Mj(22)>
j=1
(1i(G1) = — 1)
o N )
(517 ni—ng+r1+1—pi(3) T 11

ni

i=1
ning
1= l‘ —nyp — (’I“Q — k‘g))
]

1
. (n1—r1—1)2
r—ni+r1+1

(.Z‘—?’Ll—n2+7“1+1—(7“1—k‘1)

H (96 — N1 — Wy Z2)>

7j=1

ni

H(a:—nl—n2+r1—i—l—,uZ(Z)l))(:c—m%—n—i-l)
=1

— (1i(G1) —r1 — 1)2)

1 ninz(x —ni +r;+1)
(SE —nyp — (’1“2 — kz))

1
.((:c—nl—ng—i—m%-l—(rl—kl))

1
.(w—n1+r1+1)—(n1—r1—1)2)]'

Now we can use Remark 2.2 to get

n2

P(Ls, 75, 2) = H (x - “j(EZ))
i=2

ﬂ((w—m—n2+r1+1—;¢i(21))(m—n1+r1—|—1)
=2

— (ui(Gr) = = 1)?)
[(:L‘—nl—(Tz—kg))((l‘—nl—TL2+7“1+1—(7“1—]§1))



22 C. HUNTINGTON

(z=mni+r+1) = (g —r —1)?)
—nlng(x—n1+r1+1)]

(l’ —ny = Mj(22)>

($2 — (21”&1 +no —2r — 2+ Mi(zh))x

=11
=2
1
+ (n1 —r1 = Dpi(S1) — pF(Gr) + (2r1 + 2)pi(Gh)

+ n% — 2711 —Ng +ning — 27117’1 — n27’1>

[333—|— (kl—l—k:g—?ml —n2+r1—T2—|—2)x2—|— (2n%—r%—|—k1
+ 2ko — 2n1 —ng — 11 — 2r2 + K1k — 2king + kir — ki

— 2kony — kong + kar1 + ning + 2n1re — nory + nary — r72) T
+ k1n? — kor? — 02y + nr? +r3rg + kiko — king — kyro

— kong — kory +n1ry + nere + rirg — kikang + k1kery

— kl’l’Ll’I"l + k‘mlrg — k‘17“17“2 + k‘znlnz + k‘znl’l“l — ]€2n2’l“1

—NiNarey — N1rire + narira|.

Hence we have the desired result. [ ]

4. SWITCHING-STABLE SIGNED NS AND NNS JOINS

It can be shown, see, for example, [15], where the result is established in the more
general setting of complex unit gain graphs, that a signed graph ¥ = (G, 0) is
balanced if and only if it admits a potential function, that is, a function U: Vg —
{+1, —1} satistying o (uv) = U(u)U(v) for every pair of adjacent vertices u,v € G.

While the joins studied in the previous section achieve the goal of enabling
constructions of nonregular cospectral signed graphs, the operations themselves
are not stable under switchings of their component parts. In this section we use
pseudo-potential functions defined by Cavaleri et al. [3] to define versions of the
NS and NNS joins which are switching stable.

4.1. Pseudo-potential functions

Pseudo-potential functions on signed graphs were defined by Cavaleri et al. [3]
as follows.
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Definition 4.1 [3, Definition 2.1]. Let ¥ = (G, o) be a connected signed graph.
Fix a spanning tree 7 of G and fix a vertex v in V. The pseudo-potential
Urweo: Vg — {+1,—1} is the function defined, for each w in Vg, as

Ut w0 (W) = 0(Vow),
where 7,,, is any walk contained in 7 from v to w.

For a signed graph ¥ that is not connected, the definition of a pseudo-
potential requires a maximal spanning forest rather than a single spanning tree,
and a set of fixed vertices, 7 = {v1,va,...,v,} C Vi (one chosen from each
connected component) instead of a single vertex.

With a slight abuse of notation, denoting by the same symbol U7, , the
diagonal matrix such that (U7 4.5 )ww = UTv0(w), we have the following lemma.

Lemma 4.2 [3, Lemma 2.3]. Let ¥ = (G,0) be a signed graph and let T be a
spanning tree of G. Then

(a) if G is connected, then either Ut yo = Ury o or U e = —Ura o for all
v, v € Vg,

(b) if ¥ is balanced, then for any spanning tree T' of G we have Ut 4.5 = U 4 o,

(¢) if o and o' are two switching-equivalent signatures on G and v is a fived
vertex in Vg, then there exists a diagonal matrix S, whose entries are either
+1 or —1, such that Ay = SA;S and Ut 4o = SUT 4.0 = UT 0,65

The authors also define what it means for a signed graph with a spanning
tree to be T-positive.

Definition 4.3 [3, Definition 2.5]. Let ¥ = (G, o) be a signed graph and let T
be a spanning tree of G. Then X is T-positive if o(uv) = 1 for each edge uv in 7.

Lemma 4.4 [16, Lemma 3.1]. Let G be a graph and let T be a mazimal forest.
Each switching equivalence class of signed graphs on G has a unique representative
which is T -positive.

4.2. Switching-stable definitions

Following the work done in [3], where pseudo-potentials are applied to build a
definition of the lexicographic product of signed graphs which is stable under
switching equivalence, we can develop a method for defining switching-stable
versions of the signed NS and NNS joins.

Let ¥1 = (G1,01) and 32 = (G2,02) be two vertex-disjoint signed graphs
of order n; and ng, respectively, and write Vy, = {uj,ug,...,uy, } and Vs, =
{2}1, V2, ... 7'Un2}-
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(Py,01) Y75 (P2, 02) (Py,01) At (P, 02)

Figure 4. The switching-stable NS and NNS joins (Py,01) V75 (P2, 02) and (Py,01) AT 3w
(Py,03), where T; = Py, To = Py, and © = {uq,v1 }.

Fix spanning trees 71 of X1 and T3 of X5 and set 7 = 77 U Ts, fix vertices
U = {u;,v;} with w; in Vy, and v; in Vi, and take the pseudo-potential functions
Ui = Un o Ve, = {+1, -1} as Ui(ug) = 01(Yu,u,) for each uy in Vs, and
Uz = Uy v;,00° Vi, — {+1, =1} as Ua(v) = 02(7Yw,0,) for each vy in V.

Introduce the edgeless graph on n; vertices, which we shall label ¥3 =
(Kn,,03), where o3 is the empty function and Vs, = {wy,wa,...,wy, }. As
there are no edges in this graph, we shall take the pseudo-potential values to be
Us(wj) =1 for each j =1,2,...,n;.

Definition 4.5. The switching-stable signed neighbours splitting (ss-NS) join of
Y1 and X, denoted X1 Y5 X9, is the signed graph obtained by taking the same
underlying graph as the standard NS join and applying the signature

o1(e), ife € Ey,,
oa(e), if e € By,

ora(e) = Ui (ui)Ua(vy), if e € {wjv; 1 u; € Vy,,v; € V3, 1},
Ui (u;)Us(wy), if e € {uwjw; : uu; € Ex, }.

Definition 4.6. The switching-stable signed non-neighbours splitting (ss-NNS)
join of 31 and X, denoted X; A7z X9, is the signed graph obtained by taking
the same underlying graph as the standard NNS join and applying the signature

01(6), ifee Ezl,
(e) oa(e), if e € Ey,,,
oTgpl€e) =
™ Ui (u;)Ua(vj), if e € {wvj :u; € Vy,,v5 € Va, },

( U2 (0
Ut (ui)Us(wy), if e € {ujw; : i # j and wu; ¢ Ex, }.
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Now that we have the definitions, we can present the main theorem of this
section.

Theorem 4.7. Let ¥ = (G1,01) and 39 = (G2, 02) be two vertez-disjoint signed
graphs on nqi and no vertices, respectively. Then the ss-NS and ss-NNS join
operations of X1 and X9 are switching stable. That is, replacing either 31 or Yo
with some switching-equivalent ¥} or X leaves the switching equivalence classes
of ¥1 Y7532 and 31 ATy X2 unchanged.

Proof. Since the proofs for the two joins are quite similar, we shall present a full
proof only for the ss-NS join.

Suppose that we replace o7 and oo with switching-equivalent signatures
o} and o, respectively. Then there exist functions s1: Vs, — {+1,—1} and
sy: Vs, = {+1,—1} such that

o (uiuy) = si(wi)or(uiug)si(uj)  and  o9(vivj) = s2(vi)oa(vivy)s2(v;).
Since there are no edges to consider in X3 = (K,,,03), we shall define the arbi-
trary function s3: Vy, — {41, —1}.

Lemma 4.2(c) shows that the pseudo-potentials, which are determined by the
signatures on the spanning trees, change under switching as follows

s1(ug) o1 (ugug)si(uy), if e = wju; € By,
o () = s2(vi)o2(vivy)sa(vy), if e = v;v; € Fy,,
v 81(ui)Ul(ui)UQ(vj)Sg(Uj), ifee {uivj TUu; € Vzl,'l)j S VZQ},
81(ui)Ul(ui)Ug(wj)s;),(wj), ifee {uiwj PUUG € Egl}.

So, the signature of each edge in the ss-NS join transforms according to

o 5(zy) = s(x)orz(xy)s(y),

where
s1(x), itz eVy,,
s(x) = ¢ so(x), itz eVy,,
s3(x), iftveVs,.
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Let W = z122 - - - 2341 be any closed walk of length £ in 31 Y75 X9, Its sign
is given by

k

o75(W) = orm(eiz2)orp(x223) - o7 p(wparr) = [ [ ora(@izirn).
i=1

After switching, we have

Lfﬂ(W) = U/T ($1$2)U/T,6(x2333) : "U%’,E(l'kka)

= (s(@1)orz(z122)8(22))(8(22) 0T B(2273)8(23))

- (s(zk—1)oT B(@E-17K) S (1) ) (8 ($k)UTE($k33k+1) (Tk+1))

k
= [ [ s@)ora(@izisr)s(@isr) = ora(W H s(wi)s(@it1)-
i=1 i=1

Because the walk is closed, the switching factor s(x) appears twice for each
vertex x in the walk (once upon arrival and once again upon leaving) and so they
multiply to give Hle s(w;)s(zi+1) = 1. Hence o7 (W) = o7 5(W) for all closed
walks in X1 VY5 3o, Therefore, the two signatures are switching equivalent and
the operation is switching stable. [ |

Since the operations are switching stable, to compute the spectra of the ss-
NS and ss-NNS joins, one can, without loss of generality, consider the graphs
obtained by replacing 1 and 39 with the T-positive representatives of their
switching equivalence classes, which we know exist (and are unique) thanks to
Lemma 4.4. In this specific case the switching stable and standard variations
coincide and as a result the spectral analysis done in the previous section also
applies in this case.

4.3. Balancedness of the various joins

We now present characterisations of balancedness for the neighbours splitting
and non-neighbours splitting joins, considering both the standard and switching-
stable variations. Consequently, we see that the conditions are less restrictive in
the cases of the switching-stable signatures.

Theorem 4.8. Let X1 = (G1,01) and X9 = (Ga, 02) be two vertez-disjoint graphs
such that the union Eqg, U Eg, is non-empty. Then the join graphs ¥1 Y 3o and
1 A Xg are balanced if and only if the signatures on Y1 and Yo are both all-
positive.

Proof. Suppose that the signatures on 3 and Yo are both all-positive. Then
all of the edges in the resulting products 31 ¥ X5 and X1 A X9 are positive and so
the graphs are clearly balanced.



SPECTRA AND BALANCE OF SIGNED GRAPHS OBTAINED FROM ... 27

Conversely, suppose that 1 Y 3y and Y1 A Yo are balanced signed graphs.
Then the product of the edge signs in any closed walk is positive. Since Eg, UEg,
is nonempty, assume without loss of generality that E¢g, is nonempty (the case
Eg, is non-empty follows analogously). Take any edge u;u; € Eg, and any vertex
v € Vig,. Both 1Y 35 and 31 A Xa contain the triangle u;u vy, whose sign is

o (usuj)o(ujvg)o(veus) = o1 (uzuy)(+1)(+1).

Hence o1 (u;u;) must be equal to +1 for all u;u; in Eg, and by the same argument
o2(vjvj) must be equal to +1 for all v;v; in Eg,. Therefore both ¥; and 5 must
be all-positive. [

Theorem 4.9. The join graphs X1 Y75 Xo and X1 Arp X2 are balanced signed
graphs, whose signatures are independent of the choice of T, if and only if ¥q
and Y9 are balanced.

Proof. 1t is straightforward to see that if either ¥ or g is unbalanced, their
presence in the join graphs means that those products are also unbalanced.
Replacing ¥; and ¥y with some switching-equivalent 3} and X leaves the
switching equivalence classes of 31 Y-y 3 X9 and 31 A7 5 X2 unchanged. By Lemma
4.2(b), since the graphs are balanced, different choices of T give the same values
for the pseudo-potentials. Accordingly, we can consider the all-positive signatures
of 31 and Yo, which clearly give balanced components and balanced products. m

Consider the graphs depicted in Figures 2 and 4. The same constituent
parts X1 = (Py,01) and Xy = (P,,02) are used in each case, and they are both
balanced, though >; does not have an all-positive signature. In Figure 2 the two
products are unbalanced, conforming with Theorem 4.8, whereas the products in
Figure 4 are balanced, as predicted by Theorem 4.9.

5. OPEN PROBLEMS

Taking the definition provided by Chung [4] to signed graphs, the normalised

_1 _1

Laplacian matrix Ly, of a signed graph ¥ = (G, o) is defined by Ly, = D> L D.”
_1

with the convention that the ith diagonal entry of D ? is (di)_% and if the degree

of vertex v; in G is zero then (di)_% = 0. In other words

1, if i =j and d; #£ 0,
(Ls)ij = —U(eij)ﬁ, if ¢ # j and v; is adjacent to v,

0, otherwise.
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If the signed graph ¥ in question is without isolated vertices, then

_1 _1 _1 _1
LE — DG2LZDG2 — I - DGzAzDGZ.

Applying the same methods used Section 2, it is possible to compute the
normalised Laplacian characteristic polynomials of the NS and NNS joins when
31 and Xy are on regular underlying graphs. When considering two arbitrary
signed graphs, the calculations become much more involved.

Open problem 5.1. Compute the characteristic polynomials of the normalised
Laplacian matrices of the signed NS and NNS joins of any two arbitrary signed
graphs.

The spectra provided in this paper are restricted to joins of (r, k)-co-regular
signed graphs. This allows for the use of Proposition 2.4 when doing the compu-
tations and thus makes the work simpler to carry out. It would be ideal if these,
along with their normalised Laplacian analogues, could be generalised completely.

Open problem 5.2. Compute the adjacency, Laplacian, and normalised Lapla-
cian spectra of the signed NS and NNS joins of any two arbitrary signed graphs.
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