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Abstract A pulse of a passive tracer is injected in a porous medium via a point-like source.
The hydraulic conductivity K is regarded as a stationary isotropic random space function, and
we model macrodispersion in the resulting migrating plume by means of the second-order
radial spatial moment X,... Unlike previous results, here X, is analytically computed in a
fairly general manner. It is shown that close to the source macrodispersion is enhanced by the
large local velocities, whereas in the far field it drastically reduces since flow there behaves
like a mean uniform one. In particular, it is demonstrated that X, is bounded between X
corresponding to the short-range (far field), and X pertaining to the long-range (near-field)
correlation in the conductivity field. Although our analytical results rely on the assumption
of isotropic medium, they enable one to grasp in a simple manner the main features of macro-
dispersion mechanism, therefore providing explicit physical insights. Finally, the proposed
model has potential toward the characterization of the spatial variability of K as well as
testing more general numerical codes.

Keywords Porous media - Point-like source flow - Heterogeneity - Macrodispersion -
Stochastic modeling

1 Introduction

Advection of a passive tracer in heterogeneous porous media arises in a variety of settings such

as flows through fixed-bed catalytic reactors and the migration of pollutants in the subsurface.
Due to the erratic variations of the hydraulic conductivity K the advection dispersion equation
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(ADE), describing the evolution of the tracer concentration, becomes inhomogeneous. One
way to deal with the inhomogeneous ADE is by means of a perturbation approach. The basic
idea is to start from the homogeneous version of the problem (which usually is solvable).
Subsequently, the homogeneous solution is perturbed by regarding K = K (x) as a random
space function (RSF). Hence, the appropriate quantities (i.e., spatial/temporal moments of
the concentration field, and breakthrough curves) are expressed as expansions involving the
statistical properties of K.

In the present paper, we are motivated by the particular case of tracer dispersion in geo-
logical media such as aquifers and hydrocarbon reservoirs. A considerable amount of exper-
imental data, theoretical modeling, and physical insight is available, but largely for situations
where flow is uniform in the mean (a comprehensive review can be found in Dagan 1989
and Rubin 2003). However, in many settings (such as pump and treat remediation-strategies,
forced-gradient transport experiments, etc.) the mean flow is more likely to be radial than
uniform. Typically, fluid is pumped in the formation by an injection well, and recovered from
one (or more) extracting well(s). Since wells generally partially penetrate the medium, their
length may result much smaller than the characteristic size of the flow domain. Thus, wells
are likely to be modeled as point-like source/sink terms.

The aim here is to investigate advective transport by a point-like source-flow. This is
achieved by employing a perturbation expansion which regards the normalized fluctuation
ex)=1-— %:) (being K A the arithmetic mean of K) as an isotropic RSF . Unlike previous
studies on the same topic (e.g., Indelman and Dagan 1999), we derive a general analytical
expression for the second-order radial spatial moment. This enables one to better quantify the
spreading mechanism of tracers as well as the differences with results based on the approx-
imation proposed by Indelman and Dagan 1999. Finally, our analytical results represent
an useful tool to characterize (by means of tracer tests) the spatial (statistical) structure of
the conductivity field and to check more sophisticated numerical codes, the assumption of
isotropy notwithstanding.

2 Problem Statement and Phenomenological Assumptions

A three-dimensional porous medium lies in an unbounded domain 2. The conductivity K (x)
is modeled as a stationary RSF with mean K, and given isotropic autocorrelation function
p (x) (whose correlation integral scale will denoted by 7). Steady-state flow is generated by
a point-like injection of water at constant volumetric rate Q. The governing equations are
the constitutive (Darcy) model, and the mass conservation law

q(x) = K(X)E(x), V-q=04x) (x € ), ey

respectively. In Eq. 1, q(x) is the flux, and E(x)= —V & (x) represents the gradient of the
potential @. In the case of a line-like source flow, which is adopted to model well flows
(Indelman et al. 1996), the constant head boundary condition on the well is the most appro-
priate. However, results valid for transport generated by a point-like source flow can be
approximately applied to those (partially penetrating) wells which are short enough as com-
pared with the characteristic size of the flow domain (see discussion in Indelman and Dagan
1999). In addition, Severino et al. (2008) have shown that in the case of diverging radial
flows (like the one considered here) the difference due to different boundary conditions at
the source is significant only within a distance from the source of a few integral scales. As
a consequence, although the condition of prescribed flux at the source is in principle not
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Fig. 1 Definition sketch for
solute spreading by a point-like
source flow (horizontal
cross-section) taking place in the
domain 2. Continuous line
represents the current (i.e., one I
realization) solute front, whereas X (R)
Y’, is the trajectory fluctuation
around the mean front (dashed
line), which is given by the
deterministic relationship
R=R()

current solute front

— - mean solute front

appropriate for flows toward a fully penetrating well, it is still applicable to: (i) partially
penetrating wells (which are short enough) and (ii) diverging radial flows.
Elimination of q(x) in (1) leads to

V- [Kx)VOX)] = -0 8(x). (@)

The solution of the stochastic Poisson-type Eq. 2 yields the RSF @ (x), and subsequently
the flux q (x) (via the Darcy model). As for transport, the concentration (solute mass per
liquid volume) C (x, ) satisfies the ADE

%C—l—U-VC:V-(DVC), 3)
where U = % is the fluid velocity, n the formation porosity (assumed constant), and D is
the pore-scale dispersion. Due to the spatial variations of K, the velocity U fluctuates along
flow paths, and concurrently the tracer-plume develops with an irregular structure (Fig. 1).
Our main aim is the computation of the second-order radial spatial moment of the migrating
plume, which characterizes the macrodispersion mechanism.

The problem stated here in a general form is computationally difficult (for a wide dis-
cussion concerning the various technical aspects, see Indelman and Dagan 1999). A simple
solution can be achieved by adopting a few assumptions: (i) a first-order approximation in
02 = (¢%(x)) (appropriate for mildly heterogeneous formations) is used to compute the
potential @ (x); (ii) pore-scale dispersion is neglected, i.e., D = 0. Indeed, it is known that
D has a minor impact on the macrodispersivity as compared to advection (e.g., Lessoff and
Indelman 2004). The assumptions (i) and (ii) enable one to reduce the mathematical com-
plexity, while keeping the salient features of the problem at stake. Also the assumption of
isotropy is not very limiting since macrodispersivity is less sensitive to the anisotropy both in
transport by groundwater (see e.g., Dagan 1989) and in transport by source-flows (Indelman
and Dagan 1999).

3 Velocity Covariance

We compute here the two-point velocity covariance, since it will be instrumental for macro-
dispersion modeling. Thus, we introduce the zero mean RSF ¢ (x) defined as
K (x)

ex)=1- Xn

; “

and substitute into (2), to have
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Q
AD(x) = =V - [eEX)] — ——38(x). )
Ka
In order to solve Eq. 5, the potential is expanded in an asymptotic series

@ (x) =Y oV (x), @ =0("). 6)
i
Substituting into (5), and collecting the same order terms, leads to
ADO (x) = —KgA(x), AP (x) = —V . [s(x)E(i_l)(x)], i=1,2,. %)
A

where ®© (x) = K—QAG(x) represents the solution pertaining to a homogeneous formation,

whereas G (x) = - is the Green function. The fluctuation @1 (x) of the potential is

4w x
expressed as

G(x/)iG(\x—x’\) m=1,23. ®)

0
ox’ 0x;,

m

oW (x) = Kg/dx’s (x)
A

Q

Substitution of (4) into the constitutive model, and applying the perturbation expansion
yields the mean value, and fluctuation of the velocity:

(U(x)) = %E‘O’(x), u(x) =% [EV® - e@EV )], ©)

respectively. The two-point velocity covariance u; », (X,y) = (u;(X)u,,(y)) is now written

2
asum (X,y) = (%) upm (X, y), being

_ o 2 X1 Ym I 4w Kp
um (X, y) = | - P (X—yD) — —wrm X, ¥) + Crg, (X,y) | X =
x/ (xy) X 0
(10)
- Xiym [ 1 0 1 0
U X, y) = —— | 57-Ceo X,¥) + 5 —Cso (¥,X) Im=1,2,3. (11)
xy [x*dy V= 0x

The quantity Cg, g, (X,y) = <%®(1)(x)ﬁ¢“)(y)> represents the potential-gradient

covariance, whereas C.¢ (X,y) = (8 (x)<15(1)(y)) is the cross-correlation between ¢, and the
potential @. The decomposition (10) is justified by the fact that one can clearly distinguish
the contributions (i.e., u; ,, and Cg, ,,) due to the fluctuations of the potential gradient from

2 ). . . . .
the quantity (%) ()Z ; ')'; p (Ix —y|) which instead is due to the mean head gradient. In par-
ticular, since far away from the source the head gradient fluctuation is practically immaterial

(because of the vanishing effect of the boundary condition at the source), one has

2
@) M (x—yh) Gy > D), (12)

ul,m(xv Y) ~ (4]_[ n (xy)3
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solely. The velocity covariance u; , has been derived (see the “Appendix” for details) for
any autocorrelation p, and the final result reads as:

—\2
m 2 _
ul,m(st)=(Q) ﬂ[MjL W (x, y)—i—ylll(y x)] (Q:%;)

47 xy (xy)?
(13)
® 2 w° 2
\Il(x,y)=/ d§&°p (§) - d&&°p (§) i
Je ol J Fra]
/ _ dEEp(®) (14
[2—xax—p]

The velocity variance is

— 2 [e’e)
0 3 dé§
o (x>=(2m2) [1+5w<x>], w(x)=x3/§—4p(s>. (15)

Since it yields

p(O) 1 p(00)
v(0) = =73 ¥(00) = —— =0, (16)
the following asymptotics for auz (x) are easily established

02 (0) = oo, 02 (00) = 0. (17)

Indeed, close to the source the flow behaves as one taking place in ahomogeneous medium
with constant (harmonic) conductivity Ky (Shvidler 1985). As a consequence, the local veloc-
ity U (x) is proportional to x ~2, and therefore singular at the source. At the other extreme of
large distances the flow behaves as a homogeneous one (generated by the effective conduc-
tivity K°), and thus the velocity variance vanishes in the far field. These asymptotics are in
agreement with the numerical simulations of Naff (1991).

To better address the uncertainty of the velocity field, it is convenient to consider the

coefficient of variation CV, (x) = ‘;]“((;‘))) which is given by:

3 1/2
CV,(x) =20 |:1 + 5 ljf(x)] . (18)

Based on the asymptotics (17), it is easily seen that
CV,(0) = V60, CV,(00) = 20. (19)

Thus, both in the near and far field the variance auz (x) behaves like (U (x))2. The condition
CVy,(00) < CVv,(0) is explained by the very large variations of local velocities at the source,
whereas in the far field the flow is slowly varying. Furthermore, because of the conditioning
effect due to the fixed (i.e., given volumetric rate Q) boundary condition at x = 0, close to
the source velocities are highly correlated whereas they become uncorrelated as x increases.
As it will be clearer later on, this finding is of paramount importance when analyzing the
macrodispersion evolution. Finally, it is worth underlying here that the asymptotics (19) rep-
resent an useful information for some practical applications, such as the identification of the
formation heterogeneity structure (see discussion in Indelman 2001).
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Fig. 2 Scaled velocity 2.5
CVy (x)
o

coefficient of variation
versus the normalized distance 04

from the source ’ \
2.3

CV, (x) .
G ".
22 .

2.1 \

—— exponential

---- Gaussian

2.0

0.001 0.01 0.1 1 10
x/

The transitional regime of (18) is evaluated after computing v (x) for given p. By assuming

exponential, i.e., p(x) = exp(—x), and Gaussian, i.e., p(x) = exp (— %xz), model leads to

| Q2—-x+x% exp(—x) + x3 Ei(—x) (exponential)

Y(x) = 3 s (20)
(2 — wx?)exp (—%xz) + 5 x3erfc (4x) (Gaussian)

(we have considered the length x normalized by 7, although for simplicity we have retained
the same notation). The scaled coefficient of variation CV"T(X) versus the normalized distance
from the source is depicted in Fig. 2. At small distances %(x) is less persistent for exponen-
tial p, whereas it decreases (with increasing x) faster for Gaussian p. This is quantitatively

demonstrated by the following expansions

CVu(x) V6+0(x)  (exponential)

x L, (2D
7 V6 +0(x?)  (Gaussian)
and
240xhH (exponential)
Ccv
ﬂ = x> 1. (22)
o 24 0(x72)  (Gaussian)

Finally, it is seen that the far field CV, (c0) is achieved after ten correlation scales.

4 Macrodispersion Analysis

Macrodispersion is modeled by means of the second-order radial spatial moment X, (R)

that is equal to the variance (Yr/z(R)) of the particle trajectory X, (R). At the first-order in
o2, the fluctuation of X, (R)

X/ (R) = X,(R) — (X,(R)) (23)
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(see also Fig. 1) is computed as follows (for the general framework, see Indelman and Rubin
1996):

0% X L wwy =, ww)=Sr=_2
ar X~ Xrgp U = W =GR = Zanrr

where u, represents the fluctuation of the velocity along the radial direction. The second of
(24) is solved straightforwardly with zero initial condition, to give

1/3
R(t) = (@) ) (25)

(24)

dmn

To compute the fluctuation Yr/ itis convenient to switch to R as independent variable, and
to make use of (25) to yield

R
X! (R) = %/dxx“u,(x). (26)
0

The trajectory variance is now calculated as

2 R R
X,,.<R>=( QRz) [ [ artyantu o = x4 X, @)
0 0
being
R
_2 2 5x 5 /x\2 1 /x\5
oot = S0 oo 13543 (7) 5 (7)) @
0
R R
o’ 3.4
= ﬁ//dxdyx YW (x, y). (29
0 0

Similarly to the velocity covariance, the usefulness of the decomposition (27) relies on the
fact that one can immediately distinguish the contribution (i.e., X ») to the macrodispersion
due to the mean radial flow from those (i.e., X ) addressed to the fluctuations of the potential
gradient. Since for R > [ the impact of fluctuations of the potential is almost exhausted
(Indelman and Dagan 1999), it is reasonable to assume

Xrr(R) ~ Xoo(R). (30)

The approximation (30), which is shown to be accurate (see discussion in Indelman and
Dagan 1999) in formations with small anisotropy ratio A (being this latter defined as the
ratio between the vertical, and horizontal correlation scale of the conductivity field K), is
equivalent to neglecting into the second of (9) the term EDx) = —-voD(x), ie.,

K
ux ~ -2 x)E© (x). 31)
n
Nevertheless, the condition R >> [ is also equivalent (for fixed R) to I — 0, and there-

fore the approximation (30) is attached to a macrodispersion mechanism taking place in a
formation characterized by a short-range correlation in the conductivity field.
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However, the approximation (30) may not be appropriate either from a theoretical or from
a practical standpoint. Indeed, from the theoretical point of view the approximation of Ind-
elman and Dagan (1999) is realistic for: (i) flows generated by an infinite singular line (i.e.,
typically well-type flows) and (ii) taking place in highly anisotropic formations. Instead,
in this case the formation is isotropic, and therefore the assumption (ii) does not apply. In
addition, in most of the forced-gradient tracer experiments (see Chao et al. 2000; Fernandez-
Garcia et al. 2004; Ptak et al. 2004) breakthrough curves are monitored at distances relatively
short (only a few integral scales from the injection zone). In such cases a complete evaluation
of X,, is required.

The computation of X (R) is straightforward (see Eq. 29) once the shape of the auto-
correlation p is assigned. Thus, it yields X, (R) = %azR X oo (R), being

X (BR) = 1= 0 2 0 (20 2 ) (32)
W= TRTIR T BT R RTR)"

for exponential, and
— 10 JT 32 5
Xoo(R) =1 f{\—R)———=——
oo (R) ( Jr3n1'e2)er ( 2 ) 372R5 T R

2 16 4x 5
737_[21? ﬁ‘f’ﬁﬂ-?’ﬂ p (R)

(33)

for Gaussian p, respectively. Instead, the computation of X (R) is achieved by means of a
numerical quadrature.

We have depicted (black lines) in Fig. 3 the dimensionless scaled variance X (R)

@D’
the normalized distance % for exponential, and Gaussian p. As the tracer body invades the
porous medium, X, increases monotonically with the distance R. At short distances X,
quickly grows. Indeed, close to the source the local velocity is proportional to R~2, and
therefore even a small velocity fluctuation will determine a large departure from the mean
trajectory (it is reminded that at the first-order in the variance o2 the trajectory fluctuation
Y’, is proportional to the velocity fluctuation u,). The near-field behavior can be analyzed by
assuming p ~ 1 (which is a reasonable approximation in view of the assumption R < I).
In such a case, the one-dimensional quadrature appearing into (14) is explicitly carried out:

versus

1 Vx+/x—y y=2x
1 Ny m( g ) T r=y
Vx,y) =gy (34)

8x |x — y| . - } -
X ) T yz=eX
Na) [aman (\E ) 2] = X<y

and concurrently the trajectory variance is computed as X¢o (R) = a (1 o R)?, with

11
1
a= 6+6//clxolyx3y4\y(x,y) ~0.612. 35)
00

By the same token as before, it is seen that the near-field R « [ is equivalent (for given R)
to I — o0, and therefore macrodispersion in the close vicinity of the source can be attached
to a long-range correlation process in the K field. Thus, by assuming a long-range correla-
tion in the conductivity field, the behavior of the second order moment close to the source is
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Fig. 3 Scaled trajectory variance 5 1
Xl‘f
(o1)?

distance R/I for exponential
(continuous line), and Gaussian
(dashed line) autocorrelation p.
Green lines and the red one refer
to the approximation of X, in
the short, and long-range
correlation of K, respectively

as function of the travel

—— exponential

----- Gaussian

normalized trajectory variance

extended to the entire domain. This explains (red curve in Fig. 3) why X¢ can be regarded
as an upper bound for X,,.
The far field behavior of X, can be readily studied. Indeed, at large distances the fluctu-
ation Yr/ is computed from Eq. 24 after noting that a% (UR))~0forR>1I,ie.,
Q0 d—

HEX; ~ R*u(R) R> I, (36)

which leads to the following asymptotic for Yr/

R

— 4mn 2

X, (R)~ j dx x“ur(x) R> 1. (37
0

As a consequence, the macrodispersion coefficient at large distances writes as

2 R R
X, (R) ~ (4%”) //dx dy @), (x,y)  R> 1. (38)
00

Insertion of the velocity covariance (12) into (38) leads to
R R R
er(R)%02//dxdyp(x—y)=202/ dx (R — x) p(x). (39)
0 0 0

Hence, by taking the limit R — oo, we end up with w = O(1). Rather than show-
ing that X, asymptotically grows linearly with the travel distance of the mean solute front
R = R(t), this result is in agreement with the fact that in the far field a source-like flow
(and concurrently transport) behaves as a mean uniform one (e.g., Indelman 2001; Severino
et al. 2008). Inspection of Fig. 3 reveals that the linear growth is achieved for R > 10 /. This
also means that by this distance transport has reached its asymptotic (Fickian) regime. Such
a finding represents an useful issue for some practical applications such as the use of tracer
tests to identify the formation statistical structure. It is interesting to underline that in our case
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the approximation X, of Indelman and Dagan (1999) provides a systematic underestimation
of X,, (green lines in Fig. 3). This is explained by recalling that for isotropic formations,
the use of (30) implies the neglect of the (non-zero) term X in (27), thus leading to a lower
bound for X, .

Similar to Indelman and Dagan (1999), one can define the apparent macrodispersivity
a@P)(R) = %%X” (R) as the property that, together with (U (1)) = %R(t), enables one
to describe transport by means of the ADE (3). The interesting result is that at large distances
it yields (see Egs. 27-29)

R
2
«@P (R = %/dx p() +OR™  R>I (40)
0

Thus, the asymptotic apparent macrodispersivity o @P) (c0) = (’5—2 is found to be smaller
as compared with the same value in transport by mean uniform flows by a factor 5. This
effect is explained by the rapid change of (U (#)) during the period in which the velocities of
two particles injected at the source become uncorrelated (for a wider discussion on such an
issue, see Indelman and Dagan 1999).

5 Summary and Illustration of a Practical Application

The problem investigated here is that of tracer macrodispersion due to a point-like source
flow in randomly heterogeneous porous media. The plume spreads due to the velocity fluc-
tuations that are caused by the spatial variability of the conductivity K. The difficulty of
such a problem stems from the fact that, unlike the common natural gradient conditions, the
flow pattern is nonuniform in mean. To reduce the mathematical complexity, while keep-
ing the most relevant features of the problem at stake, a few simplifying assumptions have
been adopted. Thus, pore-scale dispersion is neglected, and a first-order approximation in
the variance o2 of the normalized fluctuation (4) is employed to evaluate the fluid-velocity
covariance. This problem was analytically tackled in the past (Indelman and Dagan 1999) by
neglecting the impact of the fluctuations of the potential gradient. Such an approximation is
bound to become accurate for highly heterogeneous formations, i.e., A < 1.

We have computed (in closed analytical form) the second-order radial spatial moment
X,r (R) for an isotropic (i.e., A = 1) formation. The structure and evolution of X,,(R) is
discussed. In particular, it is shown that it is bounded between the approximation X, of
Indelman and Dagan (1999), which provides a lower bound, and X that represents the upper
bound. While X, can be attached to the macrodispersion in a formation characterized by a
short-range correlation in the conductivity field, X pertains to a macrodispersion mechanism
taking place in a medium with a long-range correlation in the conductivity field.

To illustrate how these theoretical results can be used from a practical point of view, we
consider an hypothetical heterogeneous (with o> = 0.5) aquifer, and we wish showing how
to characterize the heterogeneity structure by means of a divergent flow tracer test (a general
discussion on such a type of field-scale tests can be found in Ptak et al. 2004). Overall, the
experimental set-up requires a forcing (typically a pump) device which determines the flow
field. Once steady-state conditions are met, a solute pulse (generally at constant concentra-
tion) is injected in the porous medium. Hence, breakthrough curves (BTC)s are monitored
(at observing piezometers) at given radial distances from the release source, and matching
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Fig. 4 Comparison between f; 1.2 4
(black line) with fj (red lines),
and foo (green lines) atr =21,
and 61 1.0 1 Su(r0)
S os ] — [
F
/M Jo(r1)
3
151
N
E
e r=61 /\
4 6 8 10
R()/1

over the analytical model enables one to infer the heterogeneity structure of the formation.
This procedure is known as identification problem.

For a pulse injection, the BTC is proportional to the probability distribution function
fr = f+(r, 1) of the trajectory X,. Indeed, within the employed o 2-approximation, the fluc-
tuation of the particle trajectory is proportional (see Eq. 26) to the velocity fluctuation u,,
and concurrently to the normally distributed e(x) (second of Eq. 9). Thus, the probability
density function f, of the particle trajectory is normal, and therefore it is given by

fr(r» t) =

_ 2
[r — R()] ] @l

1
27 X, 12 P [_ 2X,,(0)

being R = R(t) the equation of the mean front (see Fig. 1). In addition, it is reminded that X
tends asymptotically to normality by virtue of the central limit theorem. As a consequence,
Eq. 41 can be also regarded as the large distance limit of a tracer experiment out-coming. In
Fig. 4 the normalized BTCs (black lines) at two (i.e., /I = 2; 6) radial distances are shown.
For simplicity we have dealt with exponential p, although the same conclusions can be drawn
for Gaussian autocorrelation. For comparison purposes, we have also shown: (i) the BTCs
fo (red lines) as computed by using X and (ii) the BTCs f (green lines) that one obtains
by employing the approximation of Indelman and Dagan (1999). The most evident feature is
that the approximation of Indelman and Dagan (1999) leads to a systematic underestimation
of the macrodispersion mechanism. Nevertheless, this was expected since X (R) < X,-(R)
(see discussion about Fig. 3). In view of the identification problem, more interesting features
can be observed from comparison with the BTCs fy. Indeed, the formation structure authoriz-
ing the use of X is that of a stratified medium with layers of decreasing thickness (see, e.g.,
Dagan 1989). As a consequence, fluid particles may circumvent low conducting inclusions
by taking very small vertical displacements, and therefore they reach earlier the recovering
zone at the piezometers. At any rate, it is worth underlying that most of the displacements
are taken horizontally, thus causing a higher delay at the piezometers. This explains why the
fo-curves generally exhibit a more pronounced tail (the early arrivals notwithstanding). This
simple example offers a way of readily using the theoretical results presented herein.
Before concluding, it is important to point out that in the case of statistically anisotropic
formations the rate of the mean flow (and concurrently of the macrodispersion coefficient)
will also depend upon on the latitudinal angle as well as by the angle between the bedding
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(major axis of anisotropy) and the direction of mean flow (e.g., Gelhar and Axness 1983).
These important issues, which are not considered here, serve as a warning against straight-
forward generalizations. Accounting for the impact of the anisotropy formation is deferred
to future studies.
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Appendix
Derivation of Eq. 13

In order to compute the covariance u; , (x, y), we first derive the covariance C.¢ (x, y).
From (8) it yields

X' (x' —x)

o Q/ / , 42
0= am?* ™) Gy )

The cross-covariance Cg¢ is calculated by multiplying € (x) by (42) evaluated in y # X,
and subsequently taking the expectation to get

2 ). v — v
Q

4r (x—x||x —y—x]?

Switching to spherical coordinates (x’ ,0, (p) yields (after integrating over the azymuthal
angle)

Qo2 w ’ 12 ’ /2 X 24 x(x—y)—(x—y)x'sinf
Cew (¥, ) = grger J A x"%p (x') [ d6 cos T
0 /2 :
(44)
2 2 i 0)3/2
ﬂ(a):(a +x'*—2ax 51n9) . 45)
Carrying out the integral over the polar angle
/2 ’2 2 ! o 0
/ 4o cosex +x(x—y)— (2x —y)x’sin
B&x)B(x—y)
—/2
hx' —x)+h(x'+x—y)—h(x' —x+
_ =) A ) =h( y) )

[2—x@ -]
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(where £ is a Heaviside function defined as: 4 (x) = 0 forx < 0,h (x) = 1/2 forx =0,
and h (x) = 1 for x > 0), and substituting into (44), leads to:

2 %® dx’x’z,o X o0 dx’x’zp X’
Ceo (x,7) = = / <) / )

X [)c’z—x(x—y)]2 [)c’z—x(x—y)]2

x —(x=y)

eo /12 /
_/ dx"x p(x) . @)
[’

Zox(x—y)]

x=y

The second step consists into the computation of the potential-gradient covariance Cg, g,, -
Thus, we start with the derivation of the covariance Cy by employing the definition, i.e.,

X X)L

x/ x|)3

0 /
Coxy) = (00 @ 0 () = / TEEr o(¥)y). @)

Like before, we switch to spherical coordinates

0 00 /2 , 0
x' — x sin
Co (x.y) = dx' C o cosp =7 49
o (x,y) SnKA/x o (x, y)/ cos 50 (49)
0 —/2
and carry out the quadrature over the angle, i.e., fZ 126 cos 6 % = ﬁz h(x' —x),
to get
o0
o [ dx ,
Co (x,y) = x —3 Ceo (x,y). (50)

X

The potential-gradient covariance is easily obtained from (49) after carrying out the deriva-
tives with respect to x; and y,,, i.e.,

—1%1Ym 9
CEE, (%, 3) = —x ' =5 —Cea (x, ). (51)
x7y dy
The velocity covariance is now written as
o X1 Ym X1 Ym 0 19
== — C + C )
im (X, ) (X) P (% =YD Xxy[ 53y Co0 () + 5 7-Ceo 0 x)]

(52)

Substitution of (47) into (52) leads (after carrying out the required differentiation) to (13).
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