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Abstract

We consider a two-dimensional nonlinear Schrodinger equation with concentrated nonlinearity. In both the focusing and defo-
cusing case we prove local well-posedness, i.e., existence and uniqueness of the solution for short times, as well as energy and
mass conservation. In addition, we prove that this implies global existence in the defocusing case, irrespective of the power of the
nonlinearity, while in the focusing case blowing-up solutions may arise.
© 2018 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction and main results

The nonlinear Schrodinger (NLS) equation plays a relevant role in several sectors of physics, where it appears as an
effective evolution equation describing the behavior of a microscopic system on a macroscopic or mesoscopic scale.
A typical example is provided by the time evolution of Bose—Einstein condensates, which is known to be well ap-
proximated by a NLS-type equation going under the name of Gross—Pitaevskii equation [17]. There are however other
examples in which the physical meaning of the NLS equation is totally different, as, e.g., the propagation of light in
nonlinear optics, the behavior of water or plasma waves, the signal transmission through neurons (FitzHugh—Nagumo
model), etc. (see, e.g., [28] and references therein).

Thanks to its physical relevance, the NLS equation has attracted a lot of interest within the mathematical community
as well, and several monographs are devoted to its detailed study (see, e.g., [13]). Here we focus on the simple
but nontrivial case of a nonlinearity affecting the evolution only at finitely many points, i.e., a NLS equation with
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concentrated nonlinearity. Roughly speaking the model we want to investigate is described by the two-dimensional
formal equation

N
iafwt=<—A+Zu,-8<x—y,»>>wt, (1.1)
j=1

where any coupling parameter u; = u; (1, (y;)) depends itself on the value of the function v, aty; (see below).

Such a model has been used in physics to describe very different phenomena, mostly related to solid state physics:
the charge accumulation in semiconductor interfaces or heterostructures can be modelled indeed by nonlinear effects
concentrated in a small spatial region [7,25,29,32,34]. The idea is that the nonlinear term takes into account the many-
body interaction effects on the scattering of an electron through a barrier or by an impurity in the medium [31]. In
nonlinear optics similar models arise in the description of the nonlinear propagation in a Kerr-type medium in pres-
ence of localized defects [37-39], but several other applications are suggested in acoustic, conventional and high-T7,
superconductivity, light propagation in photonic crystals etc. (see [38] and references therein). More recently the non-
linear propagation in presence of a concentrated defect has been suggested as a dynamic model for the evolution of
Bose-Einstein condensates in optical lattices, where the isolated defect is generated by a focused laser beam [20,27].

From the mathematical point of view, the expression between brackets in the above formula is purely formal,
at least in two or more dimensions, and, in order to give it a rigorous meaning, one can follow different paths, as,
e.g., classifying the self-adjoint extensions of suitable symmetric operators [6] or investigating the properties of the
associated quadratic forms [18]. The reason why such models (a.k.a. solvable models), involving zero-range or point
interactions, have attracted so much interest in the past is that the time evolution described by (1.1) can be simplified
and in fact reduced to an ODE-type evolution of finitely many complex numbers named charges (see below), which
are proportional to the values of v, at the singular points. This was first observed in the corresponding time-dependent
linear models [19,36] (see also [8,11,14,15,33] for similar results) and later used also in the nonlinear framework.

Analogous 1 and 3D models have indeed already been studied in details in the literature [2—5]: it has been proven
that the weak Cauchy problem associated to (1.1) in 1 or 3D (or rather to its rigorous analogue) admits a unique
solution in the proper energy space for short times and that, under additional assumptions on the parameters u; (e.g.,
in the defocusing case), such a solution is in fact global in time (thanks to the mass and energy conservation). Further
results about the possible emergence of blow-up solutions have also been established, so that the 1 and 3D models are
basically completely understood. On the opposite, no results about the well-posedness (neither local nor global) of
the 2D equation are available so far, mostly due to hard technical difficulties emerging in 2D (see the discussion at the
end of next Sect.). It is also worth mentioning that the 1D and 3D analogues of the model above have been rigorously
derived in [9,10] from the ordinary NLS equation in a suitable scaling limit of nonlinearity concentration.

1.1. The model

We specify now more precisely the model we want to investigate. We are interested in discussing a specific form
of 2D NLS equation with concentrated nonlinearities at finitely many points yy, ...,yy € R, withy; #y jfori#j.
The precise definition of the model is similar to the 3D one, with some small but relevant modifications mostly due to
the peculiar behavior of the 2D Green function (see below).

We start by recalling the properties of the linear version of the evolution problem (1.1), which has been studied in
[11]: the idea (see [6, Theorem 5.3] for further details) is to reformulate (1.1) as the Schrodinger equation id;y; =
Hg 1) r; associated to a time-dependent Schrodinger operator Hy sy on L?(R?), defined as

(Haty +A) ¥ = (A + 1) ¢y, (1.2)

with domain
1 N
7 (Hat)) = {w e L@ [ =1+ 3 2 a;0Ko (Vilx—y,1) .1 € H*®).
j=1

1
Jim 600 = (o) + k- log % + £ ) g0 = = 3 Ko (Valy; — wel) qkm}, (1.3)
! ki
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where A > 0, Ko(\/x |x|) denotes the inverse Fourier transform of (|p|2 + AL, ie., the modified Bessel function of
second kind of order 0 (a.k.a. Macdonald function [1, Sect. 9.6]), y is the Euler constant and the function a(¢) =
(o1 (2), ..., an (1)) is assumed to be of class C!.

Wave functions in the operator domain are thus decomposable into a regular part ¢,, belonging to the domain of
the free Laplacian, plus a more singular term proportional to the Green function of —A + X, which shows logarithmic
singularities at the points yy,...,ynx (see [11]). The interaction is replaced with a boundary condition linking the
values of the regular part ¢, at points yi, ..., yn to the coefficients of the singular one.

Remark 1.1 (Domain decomposition). In the definition of the domain (1.3) a first difference with the 3D case emerges:
the operator domain Z(Hg ) is obviously independent of the parameter A, but, while in 3D one is allowed to take
A = 0 (with some little care about the large |x| decay), the same is not possible in 2D. Due to its infrared singularity,
the 2D Green function actually diverges when A — 0 and therefore such a choice is forbidden.

The Cauchy problem for the linear evolution equation, i.e.,

{ia,w, = Hy) V1, (1.4)

Y=o = VYo,

with Yo € Z(Hu(0)), Was studied in [11], where it was proven that Hy(;) generates a two-parameter unitary group
U(t, s) and therefore, if ¢ € Z(Hy(0)), then also ¥; € Z(Hgy(s)) for any time ¢ € R.
Equivalently (see [18]) one can consider the quadratic form Fg ) associated to the operator Hy ),

N
Faolli= [ & (190aP 42102 = 2P} + 3 (0 + s tog 3f + ) 10,
R2 Jj=1

1 N
=522 ) djaKoWhly) — i) (1.5)

J=1k#]

with time-independent domain
N
IIF) = {w e LX®) [ =+ 5 Y a;Ko (VAlx—yjl). ¢ e H'®). q; € c},
T ot

and the weaker version of the Cauchy problem (1.4):

{i%<x|¢,>:am[x,wt], Vx € Z1F], (1.6)

Yi=0 = VYo,

where the initial datum g also belongs to the form domain Z[F], (- |- ) stands for the scalar product in L?(R?) and
Fal -, -11s the sesquilinear form associated to F () defined, e.g., by polarization. The well-posedness of the above
Cauchy problem is also proven in [11]. Note that, unlike the operator domain, functions in the form domain Z[F] do
not have to satisfy any boundary condition.

A solution to both linear problems (1.4) and (1.6) (see [11, Sect. 2.2]) is provided by the following ansatz

t
P
Y () = U vo) 0+ 5— > [ de Up (1 = 73 Ix— yj1) ¢;(0), (1.7)
J=1y
where U (1) = ¢! denotes the free propagator, whose integral kernel is given by
12

e dit ’

Uo(@; X)) = ——, teR, xeR?,
2it

and the function q(¢) = (q1(¢), - .., gn(¢)) is the solution of a Volterra-type equation of the form
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t N t
q;(t) +4n/dr It -1 aj(t)g(t)+ Z/dr Kkt — 1) qr(t) = fj(t)
0 k=179
(see below for more details).

The nonlinear model we plan to investigate in this article is the analogue of (1.4) (resp. (1.6)), where the parameters
a(t) depend themselves on the values of the charge q(¢), i.e.,

aj()=Bilg; 07,  BjeR,0; eR". (1.8)

Hence for any wave function in the nonlinear operator domain, the above nonlinearity can be translated into N non-
linear boundary conditions, i.e.,

o 1
Jim 9200 = (8 |00 + £ log F 4+ & ) 4,0 = 53— 3~ Koy, = yihae(o). (1.9)
! k]

Consequently, the goal is to prove that a weak solution to the Cauchy problem (1.4) (i.e., a solution to (1.6)) with
the nonlinear condition (1.8) is provided by the very same ansatz as in (1.7), i.e.,

t
. _
Y1 (%) = (Uo()vo) () + 5 — Z dr Uy (t — 13 Ix —y;1) q;(v),
Jj=1y
where q(¢) is now the solution of the Volterra-type nonlinear equation

t

4;(t) + 478, / dr Z(t — 1)1g; () 4 ()

0
N p (1.10)
+Z/ dr icjk<t—r>qk(r)=4n/ dr Z(t = D) (U (D)P0) (¥ )
k=17 0
=f; @)
with Z denoting the Volterra function of order —1
trfl
@) := | dv —, 1.11
() / T @) (1.11)
0
and where K i, j,k=1,..., N, is defined by
—2(log2 —y +Z)Z(1), if j =k,
Kik@) = ! (1.12)
21 [ 4T - o)ty —wib. it 2k
0

Notice that the choice of the initial time # = 0 is completely arbitrary: everything we prove in this paper holds as well
if the initial time ¢ = 0 is replaced with any s > 0.

For the sake of completeness we also formulate the weak counterpart of the evolution problem (1.7) and (1.10),
which reads as follows: let the initial datum 1 belong to the form domain Z[F], then ¥, € Z[F] and

i (X = Fawo 1. wt]’[aj(t):ﬂjwj(l”zaj, j=1,...N}’
V=0 = Yo,

for any y € Z[F].



R. Carlone et al. / Ann. 1. H. Poincaré — AN 36 (2019) 257-294 261

The form of the Volterra equation (1.10) makes apparent a major difference with the 1 and 3D cases, which is also
one of the main reasons why the 2D one called for a more refined analysis: the integral operator with kernel Z(t — 7)
defined in (1.11) is a characteristic feature of the 2D problem and poses hard technical issues (see, e.g., [12]). In 3D (in
1D the equation is even simpler) the role of [ is played by the Abel-1/2 integral operator with kernel 1/4/¢t — t, which
enjoys a lot of useful regularizing properties, making the investigation of (1.10) much easier. In that case, by taking
smooth enough initial data, the regularity easily propagates to q(¢), so that the ansatz (1.7) belongs to the operator
domain and therefore it provides strong solution to the Cauchy problem. The extension to rougher initial data is then
obtained by density. In 2D already the first step, i.e., the regularity of q(¢) for smooth initial data, is challenging and
the whole proof strategy has to be dramatically changed (see Sect. 2).

Moreover, the lack of regularity of q(¢) prevents the use of any density argument, which is precisely the route
followed in 1 and 3D: indeed, it is impossible in 2D to restrict the set of initial data, prove the well-posedness and then
extend the result to all initial data by density. On the opposite, our strategy relies on a contraction argument, which
does not allow to propagate any additional regularity from the initial datum to q(¢) (and then to ). In addition, the
appropriate contraction space is H'/%(0, T'), which is known to have a sort of pathological behavior, i.e., failure of
the Hardy inequality, absence of natural extensions to H'/2(R) etc. (see below), and which makes the technical side
of the proof really tricky.

1.2. Main results

Although, as we pointed out in Section 1.1, the model makes sense for an arbitrary number N of nonlinear point
interactions, in the following of the paper we will only deal with the case N = 1. The reason of such a restriction is
purely technical (see also the end of Section 2.2). Indeed, with some tricky calculations, it is possible to check that,
due to the asymptotic diverging behavior of Z (see next (2.16)) and Up(-; |y; — yk|) (for j # k) near the origin, the
off-diagonal kernels in (1.12) are very singular, i.e.,

t

21 [ 4 T - o)t Iy~ we £L10.7).
0
This represents a main issue for the study of the integral equation (1.10), since all the “contractive theory” developed
in Section 2.1 strongly relies on the integrability of the kernel.

It is also worth stressing that in the 1 and the 3D cases such a problem is not present, since if we replace Z with the
%-Abel kernel and Uy with the one- or three-dimensional kernel of the free propagator, then the off-diagonal terms of
the charge equation present the same qualitative behavior of the diagonal part.

Consequently, our discussion only focuses on the case of a single nonlinear interaction placed at y € R?, with

coefficient By € R and nonlinear power o € R (ie., a(t) = Bolg ()27 q(1)); namely we study the properties of the
function
. 1
i
Vi (x) := (Uo () o) (X) + E/df Uo(t — 75 Ix—yl) q(7), (1.13)

0
where ¢ satisfies

t
q(t) + 47 B f de Z(t — 0)lg(0)1* q(r)
0 (1.14)

t t

-2 (log2 -y + %)/ dt Z(t — t)q(7) =47r/ dt Z(t — t)(Up(T)Y0)(y).
0 0

More precisely, recalling that in the case of a single point interaction the quadratic form defined by (1.5) reads

Faoltli= [ {1V +210iP =iy ] + () + g log 3 + &) laP
R2



262 R. Carlone et al. / Ann. I. H. Poincaré — AN 36 (2019) 257-294

with domain

1
IIF):= {w € LX®) | ¥ =¢n + —qKo (VAlx—yl) . ¢r e H'®).q € C}, (1.15)
we will show that v, is the unique solution of the weak Cauchy problem
. d .
l% (XW:) - -/rct(t)[X9 wt]|{a(t):ﬁ0|q(t)‘20} P (116)
Yi=0 = Y0,

for any x = x) + %qx Ko(W/Al - —yl|) € Z[F], where

Fa(r) [X, wt“{a(t):ﬁolq(t)lza} = / dx {VX; Vo + A X b — )\X*‘ﬁt}
R2

N/
—_— —_— 7).
0g— +2n>qxq()

1
+ (ﬁo|q<r>|2“ +5-1
1
1.2.1. Local well-posedness and conservation laws
The first result we prove concerning the evolution problem described above is a local well-posedness for initial
data in a suitable subset of the form domain that we define as follows (we set p = |p| for short)

P = {1// N va ’ (1+ %) &3.(p) € L' (R?), for some ¢ > o} , (1.17)

where @ stands for the Fourier transform (see (2.2)) of the regular part ¢;.

Theorem 1.1 (Local well-posedness). Let o € & and ¢ > % Then, there exists T > 0 such that there is a unique
solution to (1.16) belonging to D[ F] for any t < T and it is given by (1.13), with q(t) the unique solution to (1.14).

Remark 1.2 (Charge ¢(t)). The above Theorem contains in fact two results: the most important one is the local
well-posedness of the weak Cauchy problem (1.16), but that result actually follows from the properties of the solution
to the Volterra-type equation (1.14). In fact, once established the existence and uniqueness of ¢(¢) in C[0,T] N
H'/2(0, T) (see Propositions 2.2, 2.3 and 2.4), one can prove that such a regularity transfers to the wave function
defined by (1.13) and then, thanks to the special form of (1.13), that ¥, solves (1.16). It has to be stressed that the
regularity of ¢ is, in fact, borderline to make this argument work and a very fine analysis has to be performed.

Remark 1.3 (Uniqueness of ;). One could think that the ansatz (1.13) might not be the unique solution of the weak
problem (1.16). However, it is easy to see that this is not the case and v, is in fact the unique solution of (1.16). Suppose
that, for a given initial datum vy € 2, there was another solution ;. Then, by definition, it should decompose as

To= Pt 5-d0Ko (Vilx—y),
for some bounded charge g(¢) different from g (¢). However, one could as well decompose J, as (see, e.g., Sect. 2.2)
X t
T = 0000+ 5 [ & U te = v k= ¥) (o).

0

for some function x, ;. Now, it is not difficult to see (Sect. 2.2) that this function can solve (1.16) if and only if
K.t = Uo ()Y and g solves the charge equation (1.14). Uniqueness of the solution of (1.14) implies then the result.
In fact, in Sect. 2.2 the previous argument is carried out in the case of strong solutions, following the original proof
of [2] for the linear problem (and with the extra assumption ¢ (0) = 0). However, it is possible to prove that it can be
adapted to weak solutions.
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Remark 1.4 (Condition on the nonlinearity). Although not so relevant for most physical applications, it is worth
discussing briefly the role of the condition o > % There is no analogue of such a condition in the proof of local
well-posedness for the 1D and 3D models. We believe it is only a technical assumption needed in a single step of
the proof. More precisely it is due to the different strategy we have to follow in the first part of the proof, i.e., the
contraction argument used in the analysis of the charge equation, which requires to assume o > % (see Lemma 2.1
and Remark 2.1). Obviously, the case o = 0 is also included, corresponding to the linear evolution problem studied in

[11].

Remark 1.5 (Condition on the initial state). We point out that the assumption on the initial state Y9 € ¥ C Z[F]
is more restrictive than one would expect, since not only ¢, o € H 1(R?), but also the Fourier transform must be in
L'(R?). This, for instance, ensures that the time-evolution of the regular part Uy (t)¢, o is a continuous function, in or-
der to be able to evaluate it at the singular point y. The condition is deeply related to the lack of regularizing properties
of the operator / and in this respect the choice of Z is the most reasonable. On the other hand, the further requirement
PEdbr.0 € L' (R?) plays a role only in Lemma 2.9 (which is however mandatory for the proofs of Theorems 1.2 and
1.3). No analogue of these conditions is however present in the 1 and 3D cases and it might as well be that such extra
assumptions are not needed for a weak solution.

In addition, we can claim a conservation result, that also plays a crucial role in the proof of the global existence of
the solutions mentioned above:

Theorem 1.2 (Conservation laws). Let g € D, ¥, be the wave function defined by (1.13) and (1.14) and T > 0 the
existence time provided by Theorem 1.1. Then, the mass M (t) = || Y|, and the energy

—log?2
E@) = 910021 g2, + (Oﬂ—jlm(r)ﬁ" + %) g2 (1.18)

are conserved for every t € [0, T].

Remark 1.6 (Dependence on T ). We stress that, as it is, the conservation of the mass and the energy does not actually
depend on T. We claimed that they are conserved quantities only for ¢ € [0, T'], since at this point we know that
Yy € D[F] only for t € [0, T]. However, it is clear that, as one proves that this is true for every ¢ > 0, then one
immediately extends the conservation to any ¢ > 0.

Remark 1.7 (Choice of the spectral parameter A). The decomposition of functions in the form domain Z[F] defined
in (1.15) depends on a spectral parameter A > 0, although the domain itself is independent of A. In (1.18) we have
made the choice to pick A =1 (as suggested in [2]). It is worth recalling that this is an arbitrary choice and any other
choice would imply an equivalent conservation law, but a different decomposition.

Remark 1.8 (Energy form). Another difference between the 2D case and the 1 and 3D ones is apparent in the form
of the energy (1.18): instead of the L? norm of the gradient of the regular part of the wave function, (1.18) contains
(first term) the full H' norm of ¢y ;. This is again a consequence of the impossibility to choose A = 0 as a spectral
parameter in the form domain decomposition.

1.2.2. Global well-posedness and blow-up alternative

As we are going to see, the energy conservation is the key to prove the global well-posedness of the solution for
Bo > 0. On the opposite, in the focusing case, i.e., if By < 0, the solution might be non-global due to a blow-up at
finite time. It is important to remark that, unlike the NLS with concentrated nonlinearity in 3D, one expects that no
critical power occurs in the 2D focusing case and hence, as soon as By < 0, a blow-up solution might show up [2]. We
plan to deal with this question in a forthcoming paper.

Theorem 1.3 (Global well-posedness). Let o > % and Bo > 0. Then, the solution to (1.16) provided by i, defined by
(1.13) and (1.14) is global in time, for any initial datum g € 9.
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As anticipated, in the focusing case we have a blow-up alternative:

Proposition 1.1 (Blow-up alternative). Let 0 > %, Bo < 0 and Yo € D. Then, the solution to (1.16) provided by Y,
defined by (1.13) and (1.14) is either global in time or it blows-up in a finite time.

Remark 1.9 (Behavior as t — 400). In fact the proofs of Theorem 1.3 and Proposition 1.1 provide more information
than what is contained in the statements. Indeed, while in the defocusing case By > 0, the charge ¢(¢) is uniformly
bounded, i.e., limsup,_, | ., [¢(¢)| < 400, in the focusing one, i.e., if By < 0, the global existence of the solution does
not imply its boundedness at co. More precisely it may happen that the maximal existence time for g (¢) is +o00 but
1imsupt%+oo |Q(t)| = +o00.
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in Mathematical Physics (Cond-Math)” (code RBFR13WAET). We also thank A. FIORENZA (Universita ‘“Federico
I di Napoli) and A. TETA (Universita degli Studi di Roma “La Sapienza”) for fruitful discussions about the topic of
the paper. Finally, we acknowledge the anonymous referee of the paper whose comments and remarks lead to a major
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2. Proofs
This Sect. is devoted to the proofs of our main results. We divide this section in five steps:

(i) we point out in Sect. 2.1 some relevant properties of Sobolev spaces of fractional index and of the integral

operator /;

(i) we present in Sect. 2.2 a justification for the ansatz (1.7) and the charge equation (1.10);

(iii) we prove existence, uniqueness and regularity of the solution of (1.14) and show how this allows to prove Theo-
rem 1.1 (Sect. 2.3);

(iv) we prove in Sect. 2.4 mass and energy conservation (Theorem 1.2);

(v) we use the conservation laws of Sect. 2.4 to prove global existence and blow-up alternative (Theorem 1.3 and
Proposition 1.1).

We stress that the proof strategy differs very much from the one followed in 1 or 3D. In those cases the core of the
argument heavily relies on the regularizing properties of the Abel operator, which is involved in the integral version
of the charge equation. Such an operator guarantees the minimal amount of regularity on g (¢) needed to ensure that
the ansatz y; solves the weak problem (1.16), at least if the initial datum is regular enough. Unfortunately, the 2D
analogue of the Abel operator is the integral operator I, which does not provide any improvement of regularity (see
Lemma 2.4). Therefore the strategy itself of the proof needs to be modified: the required regularity of ¢ (¢) is indeed
obtained by applying a suitable contraction argument to the charge equation. There are however some drawbacks
in this approach, taking the form of additional conditions on the initial state, i.e., Yo € &, and on the nonlinearity
exponent, i.e., o > 1/2.

2.1. Preliminary results

We start by recalling briefly some facts on Sobolev spaces with fractional index. Let —oo < a < b < 400 and
v € (0, 1), we denote by H"(a, b) the Sobolev space defined by

H"(a,b) = [f € LXa,b) | [f o < °°] ’

where

R /dtdr IfO - F@OP

HY(a,b) "~ I — |2
la,b)?

The space H"(a, b) is a Hilbert space with the natural norm
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1A 1@ty = 11 2+ U oy - 2.1)

When a = —o0 and b = 400, H"(R) can be equivalently defined using the Fourier transform fof f and, for any
f € L>(R?), we will use the following convention

fp):

= Gyl / dte Pt £(t). (2.2)

R4

Consistently, the convolution of two functions f, g € L2(RY) is defined as

1
(f 8 (x):= W/dy F&x=y)g®.
R4

We start by discussing a technical point concerning the extension of functions in H'/2(0, T): it is known that
if fe HV(,T), for v <1/2 (also for v > 1/2 but with the additional assumption that f(0) = f(7) = 0), then
Lio,7 (@) f(t) € H'(R) (see, e.g., [10, Lemma 2.1]). However, the case v = 1/2 is very special and not included in
the above result because the Hardy inequality, which is a key ingredient of the proof, fails in H'!/? (see [26]). In
the Proposition below we show that if f € H'/2(0, T) is continuous and satisfies an additional condition, then the
extension to an H'/? function of the real line supported on a compact set is possible. We introduce an ad hoc space of
continuous functions (see also, e.g., [16]): for 8 > 0 we set

Clog 10, T]:= {f €C[0,T]1|3C > 0s.t. V1 €[0,T], 35> Os.t.
Vse(t—58,1+8)N[0,T], |f(t)— f(5)] <C|1og|t—s||—ﬁ}. (2.3)

Hence, functions in Cog,g satisfies a sort of local “weak” Holder continuity condition, which is going to play a very
important role in the proposition below.

Proposition 2.1 (Extension of functions in Cigg). Let T > 0 and B > 1/2, then for any f(t) € Ciog,gl0,T] N
HY20, T) with f(T) =0, the function

f@®, ifrel0,T],
fe@®) :=1{ f(=1), ifte[-T,0],

0, otherwise,

belongs to H'Y/*(R).

Proof. The function f. is obtained from f by reflecting it in an even way, so that supp(fe) =[—T, T]. Of course
fe(t) = f(t) fort €[0,T] and

2 2 2 2
”fe”Lz(_T’T) = 2 ||f”L2(0,T) ) [fe]['.ll/z(fT‘T) < 4[f]H]/2(0,T) )

and therefore, if f € H'/2(0, T), then f. € H'*(=T, T). Also | fell 2y = |l fell .2(_7.1- Now a simple computation
yields

T
[fel 2, = Lfel +2 f ar () 1P
HI/Z(IR) H1/2(—T,T) t~|—T T —¢ )

and, if we show that the second term on the r.h.s. is finite, then we complete the proof. A direct inspection of those
integrals reveals that the integrand is an integrable function with possibly some singularity at the boundary of the
domain, where we have to verify that it still is integrable. This request can be easily seen to be that

e 1 f @)

T —1t T —1t
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is integrable at t = T. However, since by assumption f (7)) =0, the fact that f € Clog g[0, T'] implies that, for ¢ in a
neighborhood of T,

t g T N IR°

OIS o
for some 8 > 1/2. Hence

feF _ c

T —t (T —0)|log(T —1)28°

which is integrable close tot =7. O

Another useful result we prove is about the Lipschitz continuity of the map f + | f|>° f w.r.t. to the H" and L™
norm. Such a result will play an important role when inspecting the regularity of the solution of the charge equation.

Lemma 2.1 (Lipschitz continuity of f +— | f|?° f). Let o > % vel0,1]and T, M > 0. Assume also that f and g are
functions satisfying

I f Lo,y + N 1m0, 1) < M, gl oo,y + I8N Ev0,7) < M. 2.4)
Then, there exists a constant C > 0 independent of f, g, M and T, such that
20 20 20
— <CM — % 2.5
117 =18P78] Ly, SCMIE = gleon 2.5)
and
27 =188 < Cmax [LVTY M2 (1 = glimo +1f = glvn) 2.6)

Proof. Let us first focus on (2.5): denote by ¢ : C — C the function ¢(z) = |z|>?z. For o > %, 9 e CXR?%C),asa
function of the real and imaginary parts of z. Moreover for z;, 7z € C,
@(z1) — @(22) = (21 — 22) Y1 (21, 22) + (22 — 21) " Y2(21, 22), (2.7)
with
1 1

Wl(Zl,zz)=/ds 0,0(z1 +5(z22 — 21)), 1Pz(m,zz):/ds 0+0(z1 +5(22 — 1)),
0 0

where 9,0 = (0 + D|z|* and O = olz]2e—Dz2, Consequently,

1

|1/fj(Z1,Z2)I<C/ds s —P, j=1,2 238)
0
Thus,
lo(z1) — ¢(22)] < C max{|z1], [221}* |z1 — 22| (2.9)

and, then, setting z; = f(¢) and zo = g(¢), (2.4) immediately entails (2.5).
Let us now consider (2.6). Setting again z; = f(¢) and zo = g(¢) in (2.7), we have that

P(f@) — () = (f) —g) Y1(f (), g(®)) + (f(t) — g@)" Ya(f (1), g(1)).
For any pair of functions f1, f, € H’(0, T) N L*°(0, T)

I 12l g 0.1y < C (I fille o,y L 2l Evco.) + L2l o,y L ful v c0,7)) s
as it can be easily seen by exploiting (2.1). Hence, since by (2.4) and (2.8),
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195 0. FO) oy SCM?. j=1.2.
then, denoting ¢; (r) := v, (f (1), g(¢)) for short,

lo(f @) — @) lpvo, 1) < 1 - (f =& avo,ry + 1192 (f — & lavo,1)

< C max {Mz", (o1l v 0.7y + ||¢’2||H"(0,T)]} (ILf = gllzoo.ry + 11 = &llavo.r)) -
Therefore it remains to verify that ¢; € H"(0, T') and estimate its norm: the L? norm of ¢ ;7 can be bounded as
16l 207y SCYTM*, =12, (2.10)

Hence, it is left to prove that the semi-norms are also bounded. To this aim one notes that, for fixed z1, z2, w1, wy € C,
one can write

Yj(z2, w2) — ¥j(z1, w1) = ¥;j(z2, wa2) — ¥ (22, wi) + ¥ (22, w1) — ¥ (21, wi), (2.11)
and, arguing as before,

1
Yj(z2, w2) — ¥j(z2, wy) = (w2 — wl)/ds 0z xj (wy +s(wz —wy))
0

i
+(w2—w1)*/ds A xj(wy +s(wr —wyp)), (2.12)
0

where we have set x;(z) := ¥ (z2, z). Similarly

1
Yj(z2, w1) — ¥j(z1, wy) = (22 —Zl)/ds 0:€(z1 +5(z2 — 21))
0

1
+(zz—m)*/ds 0+8j(z1 +s(z2 —21)), (2.13)
0
with &;(2) := ¥ (z, w1). Now, since
L 1
x1.2(2) = / ds Oz/zrp(z2 +5(z = 22)), 120 = / ds 8,40 (z + 5(z — w1)),
0 0
and
02p(x) =0 (0 +1) |20V ¥,
0,0x¢p(z) =0 (0 + 1) |Z|2(g_l) Z,
2 20-2) .3
Pp@)=0(c =1z,
plugging (2.12) and (2.13) into (2.11), one sees that

20—1

(22, w2) — (21, w)| < Cmax{lzil, |z2], [wil, [w2 Y7 (lz2 = 21| + w2 — wi ), (2.14)

which yields
[¢.i]HV(o,T) = [wj(f(f)’ g(’))]HV(o,T) <cm¥ ! <[f]H“(0,T) + [g]H”(O,T)) <CM>.
Thus, combining with (2.10),

[ (@, gD o 7y < Cmax | 1VT | 12,
so that (2.6) is proved. O
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Remark 2.1 (Condition o > % ). We stress that assuming o > % is crucial in the proof (2.6), in particular when

assuming that |z|?°z € C?(R?; C) or, equivalently, in assuring that the exponent 20 — 1 in (2.14) is positive and
therefore the functions f () and g(¢) can be replaced in the upper bound with their suprema.

On the other hand, (2.5) only requires |z1%°z € C1(R?; C) and hence is valid for o > 0. In fact the estimate (2.8)
holds true for o > 0 as well, but the stricter request o > % enters into the derivation of the bounds on the H"-norm of
¢, as explained above.

In the second part of the section, we investigate some properties of the integral operator Z associated with the
Volterra function of order —1, defined by (1.11), i.e.,

t

)1 :=/ dt Z(t — 1) f (7). 2.15)
0

First, we recall some basic properties of Z(¢) (for further details we refer to [21, Sec. 18.3], where Z () is denoted by
v(t, —1)). The asymptotic expansions of Z(¢) as t — 0 and t — oo are

1+ (9(|1ogz|—1)], (2.16)

1
n=-—5r|
t—0 []og2 (%)
) = ¢ +0a™h.
t—0o0
Since Z is continuous for ¢t > 0 the previous expansions entail that
Z(t) € L. (RT) NLY(RT\ {0)).

Furthermore, it is also worth to point out some features of the function N, defined as
t
N(@) :=/ dr Z(7). (2.17)
0

Clearly, the fact that Z(¢) € LlloC (R™) implies that the function A/ is absolutely continuous on any bounded interval
[0,T], T > 0,and A/ (0) = 0. In addition, as Z is strictly positive, A is strictly increasing on [0, o) and the asymptotic
expansion as ¢t — 0 is

logt

NG = /dx 1+O(x*‘))=

1
=+ O(llogt|?). (2.18)
og(7)
Another important property of N(¢) is stated in the next

Lemma 2.2. Let N (t) be defined in (2.17). Then, for any T > 0, N'(t) € H'(0,T), Vv € [0, 1], and
li vo.1) =0. 2.19
TlglOHNHH 0.7) (2.19)

Proof. The absolute continuity of A/(¢) in the interval [0, T] implies that N € L%(0, T), for any finite 7. Conse-
quently it is left to prove that the seminorm [N] 1,2 «.7) in bounded. An easy computation shows that

+2/dt/ N(t)_N(S)

T

N@) —-N
NV H1/2(0T) 2/dt/ () (S)

0

Looking at the first integral and recalling that AV is increasing, we find

NO =N N
? S 4 [2 , VS (S (0, %) .
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Hence,

T 3
/dt/ds
0

since, by (2.18), @ ~Z(t), when t — 0, and thus is integrable over [0, T'], for any T finite.
Applying Cauchy inequality to the second integral, we get

/dt/ N(t)—N(S)
r—s

Furthermore since Z is positive and convex (see [12]), it is Iz(‘L’) <TI0 +I2(s) for every t € [s, t], so that

T t
1
dr | ds
t —
0 L

Now, noting that log™*(1/s) <log™*(1/¢) for all s € (t/2, t) and using again (2.16),

T t T t | T 1

/dt/dsl'z(s)'v/dt/dsﬁgC/dtﬁ<oo,
s2log () tlog™(7)

0 % 0 % 0

whereas, on the other hand,

J\/(l) —N(s) ]?

t—s

2
caf a0,
0

t T t
S/drzz(r)gfdtfds (T2 (1) + T (s)).
N 0

T t T T )

/dt/dsIz(z)<C/dttI2(t)~Cfdtﬁ<oo
tlog™($)
0o 1 0 0

Thus

/dt/ N(t)—N(S)
t—s

In conclusion we proved that [Nz 20,1y < ©0. The same inequalities also imply (2.19). O

T t . t 2 T t | t
/dt/ds —/dtI(t) < /dt/ds fdt 7%(1).
r—3s t—s

0 % s 0 % N

269

In [12] the operator [ is investigated in details and several useful properties are established. Here, we only show

the most relevant ones for our application (we also mention some proofs for the sake of completeness).

Lemma 2.3. Let T > 0 and f € L*°(0,T). Then, If € C[0, T] and

Nl ooy < Cr Il Flpor »
with Ct > 0 independent of f and such that Ct ﬁ) 0.
—

(2.20)

Proof. Recalling (2.15) and (2.18), (2.20) is immediate. Then, it is left to prove that I f is continuous. To this aim, fix

to €[0,T) and ¢ € (to9, T]. Easy computations yield
T T
1f () — 1f(to) =/df Z(t — 7)1y, (T) f(T) —/df Z@to — 1) —Z(t — 7)) Ljo,1) (7) f (T)
0 0

and therefore
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T T

IIf(t)—If(to)I</de(t—f)Jl[zo,z](f)lf(f)l+/df |Z(to — v) — Z(t — T)| Lj0,10) (D f (D)
0 0
10

SN =)l fllzeor) + ||f||L°°(0,T)/ dr |Z(r) - Z(r =10+ 1)|. (2.21)
0

Therefore, the first term converges to zero by the continuity of A/, while the second one tends to zero by dominated
convergence. Indeed, it suffices to bound from above the integrand in the second term by an integrable function
independent of ¢. Since ¢ varies in a bounded set and Z () is bounded for ¢ > 0 finite, we have

IZ(t) = Z(t —to+ D) < Z(x) + sup Z(z +6),
5€[0,T]

and the r.h.s. is integrable for t € [0, #].
Since the same holds if ¢ < #(, one has that 1 f(¢) — If(ty) as t — ty, which concludes the proof. O

Lemma 2.4. Let f € HY20,T)NL>®0,T), T > 0. Then, If € HY20,T) and, in particular, there exists Ct > 0
independent of f and satisfying Ct ﬁ) 0, such that
—

||If||H1/2(0,T) < CT (||f||LOC((),T) + ||f||1-11/2(0,T))~ (222)

Proof. Let us divide the proof in two parts: we first estimate the L? norm of 1 f and then the semi-norm [/ f] H1/20.T)-
Let T > 0 be finite and f € H'/2(0, T) N L®°(0, T). In order to extend the operator I to an operator on the line,
we set f,(t) := 1o, 71(¢) f (t) and define

t

(e )@ :=/ dt Ze (1 — 7) fe(7), 1eR,
0

where
L(t) =110, ()I{).
Since (I, f)(t) = (If)(¢) forall ¢ € [0, T],

1 f 20,7y = Heflli20.7) < He fll2®)- (2.23)

Now, applying the Fourier transform on R to I, f and using the identity
Lo, (7) = 1g+ (1) — Ip+ (T — 1),

one gets
Iof =T (g fo) — Ag-To) * fo =Tedg+ fo — Ip-Le fo = I Je,

since by construction L+ (?) fe(t) = fo(¢) and 1r-(¢)Z.(t) = 0. Hence by (2.23) and the above identity

1f 12 7, </ ak |Z.0) [ | h) .
R
but |Z, (k)| < CN(T) and therefore
1113 SCNAD) [ feoll2 2, = CNAD) | £112 (2.24)

£200,7) L2(R) L2(0,T)°

which implies the result via Lemma 2.2.
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We now focus on the seminorm [/ f] ;1 12(0.T)- First, we note that, forevery0 <s <t < T,

t s
(If)(t)—(lf)(S)=/ dTI(f)f(t—f)+f dt Z(t)(ft —7) — f(s — 1)),
s 0
so that
p 2

T t
If]Hl/Z(OT) 4/dt/ S/drl'(r)f(t—r)
0

N

T t K} 2
+4/dt/ds /dtI(r)f(t_Tz:f(s_T) (25
0 0 0
Now, one can easily see that, since f € L*°(0, T),
; ’ N© -N©) |
4/dt/ds /drI(r)f(t—r) <4 3o, T)/dtf %
0

=21/ 120N a0,y <2 120 W IG120.7,  (2:20)

where the last factor [N 41 /2(0,1 18 finite by Lemma 2.2. On the other hand by Cauchy—Schwarz inequality, mono-
tonicity of A and positivity of Z, we have

T t s
o ol farorezgee]
0 0 0
T t K 5
<4N(T)/dt/ds/dTI(T)‘f(t_Tiif(s_t)
0
T—7
LOTOF oy
<4N(T) dtI(r) dr <2N D U )
0

and plugging the above inequality and (2.26) into (2.25),

U B0y < Cmax | IV 1220 1y N2} (1 Bio.y + 1 i) )

Finally, the above estimate in combination with (2.24) yields

1f . < Cmax [N g1z, N (L s + 1 1i20.m)

and, since both A/(7') and ||N| g1 /20,1 converges to zero as T — 0 by Lemma 2.2, the proof is complete. [

Finally, we point out some relevant properties of the integral operator J, defined by

t

(J)@) :=/ dz J(r — 1) f (D), J(t —1):=—y —log(t — 7). (2.27)
0
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Lemma 2.5. For any t € R* and f € L'(0, 1),
t
(Jlf)(f)=(11f)(f)=/df f(@). (2.28)

0

Proof. For the meaning of Jf, when f is only an integrable function we refer the reader to [12, proof of Theorem
5.3]: the argument is similar to the one in the first part of the proof of Lemma 2.4 and exploits the properties of
convolutions on R, via a suitable extension of the functions involved.

In addition, we observe that one has the identity

t t
/ dt Z(t) (—y — log(t — 1)) :/ dtZ(t —t)(—y —logt)=1. (2.29)
0 0
In [35, Lemma 32.1] it is indeed proven that (in the formula stated in the cited Lemma one has to take « = 1, 7 = 0)
t
/ dr (logr — ¢y (1) ov(t — 1) =—1,
0

where v here denotes the Volterra function of order 0. However, using [21, Eq. (12), Sect. 18.3], one can recognize
that 0, v(¢) = Z(¢) (and that ¥ (1) = —y).

Let us then prove the identity involving /J. The proof of the other one is perfectly analogous and we omit it for
the sake of brevity. First of all, in the expression

t —t
(Uf)(t)Z/dT/ do Z(t)J(t — 1 —0) f(0),
0 0

one can exchange the order of the integration, since

t -t t t—o
/dr/ daI(r)j(t—a—t)f(o):/do/ dtZ(t)J(t —o — 1) f(0).
0 0 0 0

Using (2.29), we conclude that
t

t t—o
(IJf)(t):/dU / drI(t)J(t—o—r)f(cr):/dcrf(cr). O
0 0

0

2.2. A derivation of the charge equation

Before starting to discuss the charge equation, it is worth making a brief excursus on a heuristic computation,
which motivates ansatz (1.7) and equation (1.10). Note that we derive them in the case of an arbitrary number N on
interactions for the sake of generality. In the following, we also assume for the sake of simplicity that g;(0) = 0, for
every j =1,..., N. However, one can prove that such an assumption is not restrictive.

Neglecting any regularity issue, we can compute the time derivative of (1.7) and obtain that, at least formally,

1 & 1&g
90100 = (=AY X) = 35— D 4;(0) + EZ/ dz 3:Up(t — 73 [x — 1) ¢, (7)
j=1

J=1y

t
1 N
= CAlOI® ~ 5= Y [ dr o - wiix -y D ;. 230)

J=1y
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where we used the fact that (as ¢;(0) =0) Yo € H 2(R?) and that (by definition) i9; Uy (¢) Yo = — AUy (). Hence,
applying the Fourier transform on R?, the above expression becomes (we set p = [p|)

i3 (D) = pPe ™ To(p) - Z / dr e PV (), (231)

110

The Lh.s. of (2.30) equals the action of Hy on the regular part of the wave function v (see (1.2) and (1.3)), i.e.,

qj(t)e Py qj(t)e Py
(%(p)——E: ’p Sy ) §j ’p T
=1

=1

—p e~ ip tWO(P)*I-—Z/dTe tpy]a (—zp (t— r)) q;j (r)——Zq](t)e ipy;j

Jl()

= ple ’f’fw()(p)——Zfd” P (@), (232)

J=1y

which is equal to (2.31). Therefore, for any q(¢) and ¥ such that the r.h.s. of (2.32) makes sense, the ansatz (1.7)
does solve the time-dependent Schrodinger equation, at least in a weak sense.

Under restrictive assumptions on 9, however, the ansatz y; must belong to the (nonlinear) operator domain
D (Hy), with aj = Bjlq; (t)|2"/, j=1,..., N,ie., it must satisfy the boundary conditions (1.9), which can be cast
in the form

o / dp ¥ 87 () = (Byla; (P + 2 logi—%)q,(n——qu(r)KO (Valys —wil).

In fact, as we are going to see, the above condition will force q(#) to be a solution to the charge equation (1.10).
Indeed, since

Dri =V - qu(l)Ko( =il

by (1.7,

1 f]k(t)e Y
dp PV ip*t _2:/(1 ~iPYk p—ip*(1=1) 2:
an pe {e %(p) T ¢ (™) - =1 pr+a

B k=17

= (B1as O + 1o F — £) 400~ 5 3 Ko (Vily; —wil).
k;ﬁj

The last off-diagonal term cancels exactly and thus the identity becomes

. N 1 _
1 o e~ i P P 1 gi(t)e Vi
_ d pyj ip-t _ fd ipyr ,—ip (t—1) ]
hf pe {e o) + - kZ_; TPV W) =
R2 -0

<,31|CI/(Z)|201+ log[+2ﬂ>QJ(t)

Combining the last diverging term on the 1.h.s. with the second one via an integration by parts (here we implicitly
assume that the charge is regular enough), we get
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1 ipy; —i N —i T
Z/dp{etp}ﬁe pzt‘ﬂO(P) m/dre pA— )[C] (t)—l)\qj(‘l.')]

R2

+—Z / dr P eir e ”qm)} (Bla; 0P + 3 1og 4 + %) 40,
k#j o

The p integral of the second term on the lLh.s. contains an infrared singularity for + = v which is proportional to
log(t — 7): in fact by [22, Eqs. 3.722.1 & 3.722.3]

n(Uo(t)Ko(ﬁ-)) (0):/ d

R2

—ip2(1—
e~ ip (t=1)

p ﬁ = —7e™0 [Ci(A(t — 1)) — i si(A(t — T))]

=770 (y +logh +log(t — 1)) + "D Q0 t — 1), (2.33)

where si( - ) and ci( - ) stand for the sine and cosine integral functions [1, Egs. 5.2.1 & 5.2.2] and (see, e.g., [1, Eq.
5.2.16])

. ._ o (=D
Ot —1):=—7 (; e si((t — r),\)> (2.34)
(note that Q(0;t — 1) = —%). Hence, we obtain

(Uo(r>wo)<y,)+—2 / d Up(r = 5 1y; = ¥il) ai(®) = (Bjla; 027 + 5k log 5 + £ ) g,
k#/o

1 .
= _E/ dr (y +log(r — 7) +logh — %Q()\; t—1))0; (e’“"”qﬂr))

and taking the limit A — O (notice the exact cancellation of the diverging log A terms)

UoPo ) + 5= 3 / dr Un(t — 73 1y, — ye) ae(®)

k#j
1 t
—(ﬁj|q,-(t)|2°f — log2+ £ —%)q,-(t)z—E/dt (v +log(t — 1)) 4, (7).

If we now apply to both sides the integral operator I defined in (2.15) and exploit the property proven in Lemma 2.5,
we find

t

t T
/de(t—r)(Uo(r)llfo)(y]-)JréZ/ drI(t—r)/ du Uo(t — s yj — YD (i)
0 k#70 0

1 t

1 ) .
—/dtI(t—t)ﬂj|qj(t)|2”-fq]-(t)+E(logZ—y—i—%)/drI(t—r)qj(r)ch—j(_:)
0 0

and thus multiplying each term by 47 and exchanging the integration order in the sum one obtains (1.10).

This formal derivation deserves two further comments. The first one concerns the limit A — O that one performs in
order to arrive to the actual form of the charge equation. The two issues concerning this point are both that the choice
A =0 is forbidden in the 2D case (for the domain decomposition) and that the charge equation must be independent
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of the choice of L. However, using the Laplace transform (see, e.g., [2]) one can check (with long computations) that
the same form of the charge equation can be obtained for any other choice of A > 0.

Finally, it is worth giving some further details on the reason why the off-diagonal terms cannot be treated in this
paper. As we stressed at the beginning of Section 1.2, the point is that the kernel of the off-diagonal terms, i.e.,

t
/dr Z(t—1)Uo(z;ly; —yil) (2.35)
0

is not integrable. The mathematical reason for such a lack of integrability is the following. Using the asymptotics
provided by (2.16), one can check that, up to some constants, the local singularity of (2.35) is given by

1 .\y]‘—yklz
1 e' T 1
log?t dr (1 —1) log(1-1) \ 2 (2:36)
tlo - og(l—t
g 0 (1+ z‘:‘Iogt )

If we split the integral in two parts, one can see that the integral between 0 and % converges to a constant when ¢ — 0,

whereas the integral between % and 1 yields a logarithmic divergence as t — 0, thus implying that (2.36) behaves like

@ as t — 0 and therefore it is not integrable.
As a further remark, one could note that, in fact, the term which is logarithmic-divergent is multiplied by a factor
that is strongly oscillating as ¢+ — 0. This, although not relevant concerning the integrability of the kernel, could pro-

vide nevertheless the possibility of studying this types of kernels, but the corresponding theory is yet to be developed.
2.3. Local well-posedness

In order to prove Theorem 1.1, the first step is to discuss existence, uniqueness and Sobolev regularity of any
solution of (1.14). We split the results into two separate propositions to make the proof strategy clearer: by general
arguments about Volterra-type integral equations and the properties of (1.14), we obtain existence and uniqueness of a
continuous solution ¢ (¢) up to some maximal existence time T}, which might as well be 4+-0o. Then, in order to derive
the Sobolev regularity of g (¢), we use the aforementioned contraction, which works on some a priori shorter interval
[0,T], T < Tx. In Proposition 2.4 we will however show how one can extend such a regularity to the whole existence
interval, provided a property of the source term holds true.

Preliminarily, note that (1.14) can be written in a compact form as

t
q(t) +/dr (g(t, 7,9(1) +kI(t — r)fi(f)) = f, (2.37)
0
where k := —2(10g2 —y+i %) and g and f are defined respectively by
g(t,7,q(0)) =4mBL(t — )lg(1)[*q (1), (2.38)
1
f@)= 477/ dz Z(1 — ) (Uo (1) Y0) (y)- (2.39)
0

Proposition 2.2 (Continuity of q(t)). Let o > % and Yo € 9. Then, there exists Ty > 0 such that (2.37) admits a
unique solution q(t) € C[0, Ty). Moreover either T, = +00, i.e., the solution is global in time, or T, < +00 and
lim; .7, |g ()| = +oc.

Remark 2.2. The assumptions o > % and Yo € Z are not necessary in the above statement: indeed, everything works
as well even if we require only that ¢ > 0 and qﬁ/ﬁ) € L' (R?). However, since the main results of the paper request
those more limiting assumptions, we keep them even in the intermediate results, in order to not give rise to misun-
derstandings. Analogous considerations hold for Proposition 2.3 concerning the smoothness of the regular part of the
initial datum.
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Proof. The result is obtained by directly applying [30, Corollary 2.7]: it claims that there exists Ty > 0 for which
(2.37) admits a unique solution g € C[0, T*), with the claimed properties, provided

(i) f is continuous on RT;
(ii) for every ¢’ > 0 and every bounded set B C C, there exists a measurable function m(z, t) such that

lgt,T,q) +kI(t —1)q| <m(t,7), VOLt<r<t, VgehB,

with
t t

sup /d‘l,' m(t, T) < 00, / dtm(t,t) — 0;
te[O,t’] 0 0 t—0

(iii) for every compact interval / C R, every continuous function ¢ : I — C and every #p € R™,

tli?%/ dr [g(t, T, 0(1)) — g(to, T, (7)) + kK (L(t — ) — L(to — 7)) ()] = 0; (2.40)
1

(iv) for every ' > 0 and every bounded B C C, there exists a measurable function 4(z, T) such that

1g(r,T,q1) —8(t, T, q2) + kIt — 7)(q1 — q2)| < h(1,T)|q1 — 2],
forall 0 < v <t <t andall q1, o € B, with h(z,-) € L' (0, 1) for all t € [0, ¢'] and
t+e
dt h(t +¢,71) E)O.

t
Let us now verify all the hypothesis. First, consider point (i): since Yo € Z[F],

47 (Uo(0¥0)(¥) = 47 (Uo(0)r.0) ) +24(0) (Uo(®)Ko (VAI - =31) ) ). (2:41)

=A1(7) = Ay (7)

Observing that

A(t) =2 f dp e®¥e PTG, o (p)
R2

and recalling that 45/)\7) e L'(R?) by assumption, one sees that A; is bounded and therefore I A is continuous as well
by Lemma 2.3. On the other hand, exploiting (2.27), (2.33) and (2.34),
e—ipzr irT

P*+A

1
As(1) = —q(O)/ dp
4 b4
R2

=q(0) [—e”"(y +logA +logt) + ¢ o r):|

= g(0) ¥ T(¥) +4;(0) - (—mlogh+ Q(A; ). (2.42)
_\/_/

A2,1(7) Ara(T)

Now, it is clear that A3 2(7) is smooth, so that / A ; is continuous. Furthermore, by (2.29),
t
A () =1+ f T -Dmi0). @@= (e 1) I,
0

Since ap,1 is continuous (actually belongs to H 1(0, T)), then 1A, 1 is continuous too. Summing up, we have thus
shown that f (defined by (2.39)) is continuous.
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For every g € B, with 3 bounded,

lg(t,7.q) +«kZ(t —1)q| < CI(t — 1)

and, since Z € LllOC (R™), (ii) is satisfied.

In addition, let I = [a, b] be an interval, ¢ : I — C a continuous function and fy € R*. The integral in (2.40)
consists, up to some constants, of terms like

b

[ ar 126 -0~ 260 - 1 [ale @00 + co()].

a

Hence (iii) is satisfied by dominated convergence (see, e.g., the discussion of (2.21)).
Finally, we see that, as g, ¢2 € B,

lg(t, 7, q1) — g(t,7,q2) + kZ(t — T)(q1 — q2)|
<CI@—1) |91 g1 — 1921 g2 | + 12 = D)llg1 — g2l < CL(t — D)lq1 — qal.
Consequently, setting h(t, ) = CZ(t — 1), (iv) is satisfied. O

Proposition 2.3 (Sobolev regularity of q(t)). Let 0 > % and Yo € D. Then, there exists 0 < T < Ty, such that q(t) €
H'20, T).

Proof. The key observation is that, if one proves that the map

t
Q(Q)[t]=f(t)—/ dr (g(t,T,Q(T))+/<I(l—T)CI(T)> (2.43)
0

is a contraction in a suitable subset of C[0, 71N H/2(0, T), for a sufficiently small 7' € (0, T*), then (2.37) has a
unique solution in this subset. Hence such a solution must coincide with the unique continuous solution provided by
Proposition 2.2, which thus belongs to H 1/2 0, 7).

For fixed 0 < T < T*, the first point is to investigate the Sobolev regularity of the forcing term f. We know that
4 (Up(t)Y0)(y) = A1(t) + A2(7), with A; defined in (2.41). Concerning A1, we write

@ =2 [ apere 7 gTom =2 [ dpe ' (Do) o)
R2 R2

= znf dp ei0" <T7/y¢;,o>(\/5) =(2n)*2G(~1)
0

where Ty is the translation operator, i.e., (Ty¥)(x) := Y (x —y),

G1(@) = 110.4+00(0) (T-y.0) (V).

and (f) denotes the angular average of a function on R?, i.e.,

2

1
(f) (Q)zz—/dﬂ f(ocos®, psin®).
T

0

Consequently, one finds that
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o]

v _— 2
1411 = @) [ do (1+¢2) 1610 =167 [ dp (145*) p|(T500) )
R

0
v J—— 2
<c [ ap (140%) |(5000) @)
R2
so that A € HY/2(0, T), since Pr0 € H(R?) by assumption. As A; is bounded too we have, by Lemma 2.4, that
1A € H1/2(0, T). On the other hand, since A3 is smooth, /A, is smooth as well and, as [Ay | =14 lay
with ap 1 € H'(0,T), we have that IA>, € Hl/Z(O, T). Summing up, recalling (2.39) and (2.41), we proved that
feHY20,T).
We introduce now the contraction space: let

Ar ={qeclo. TINH"2©.7) | gl + lalmeon <br).
with by = 2max{l[ fllLe0,7) + | £l g1/20, 1> 1}- The set A7y is a complete metric space with the norm induced by
CI0, T1IN H'Y?(0,T), i.e.,

-llaz = -0,y + -l 1200, 7 -

In order to prove that G defines a contraction on Ay, we need to show that G maps Ay into itself and that the
contraction condition on the norms is satisfied.

We start by proving that G(Ar) C Ar. Letting ¢ € A7, one immediately sees that G(q)[¢] is continuous. Then, we
split the homogenous part of G(g)[¢] into two terms:

t t

Gi(glr] =/ dr g(t,7,q(7)), Ga(q)lr] =K/ dt Z(t — 1)q (7).
0 0
From (2.5) and (2.6), (2.15), (2.22), one obtains

19/@lmeon <C|TaPa]  <crllaPq], <crv gl <ol
T T

where, from now on, Cr stands for a generic positive constant such that Ct — 0, as T — 0, and which may vary
from line to line. In addition, using (2.5) and (2.20), one sees that

191 @01y < C | 11aP7 4]
so that

1G1 (@)l 4, < Crby” ™. (2.44)

On the other hand, we find that [|G2(¢) | z1/20.7) < Cr llgll 4, < Crbr, while, from (2.20), [G2(q) |l 00,7y <
CrligllLe, 1) < Crbr. Thus, we have

20+1
by ™,

<cr|ialq

I
L>(0,T) L>(0,T)

1G2(Dll a4, < Cr llgll 4, < Crbr.
Putting it together with (2.44), we finally get

1
1G4, <br [5 +Cr (1 +b2T">] .

Consequently, as the term in brackets is equal to % +o0(1) as T — 0, for T sufficiently small G(q) € Ar.
Therefore, it is left to prove that G is actually a norm contraction. Given two functions ¢;, g2 € Ar, we have

G(q1) — G(g2) =Gi(q1) — Gi1(q2) + G2(q1 — q2).

Arguing as before, one sees that ||G2(g1 — g2l 4, < Crllg1 — g2l 4, - On the other hand, using again (2.20) and
Lemma 2.1 and 2.4,
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H1(|q1|2"q1 —qulz"qz) HA <Cr chnlz”m - qulz"quA < Crby llgr — g2l 4, -
T T

Then,

1G(@1) — G(@)ll 4, < Cr(14+b3) llg1 — g2l 4, -

Hence, since Cy7 — 0 as T — 0 and by is bounded, G is a contraction on A7, provided that T is small enough. O

The contraction time 7" provided by Proposition 2.3 is a priori shorter than the maximal existence time of a contin-
uous solution 7, given by Proposition 2.2. However, we can extend the Sobolev regularity of ¢(¢) up to 7. In order
to do that, however, two further auxiliary results are required. The first one concerns the log-Holder regularity of the
solution of the charge equation.

Lemma 2.6. Let (1) be the solution of (1.14) provided by Proposition 2.3 and T, the maximal existence time given
in Proposition 2.2, then
q(1) € Ciog,pl0, T, VB <1,

forany T < T,.

Proof. Fix T < T,. We first remark that the proof of f € Clog 5[0, T'] is equivalent to show that there exists C > 0 for
which

(Slirr%)|log6|’3 |f(s+8) — f(s5)] < C < +oo, (2.45)

for any s € [0, T'] (where at the extreme points the limit has to be suitably adjusted).
From the charge equation (1.14), we get

t

q(t) = —4npy f dr Z(t — 1)lg(0)* g (v)
0
t t

+2(log2—y + i%)/ dt Z(t — 1)q(v) +4n/ dr Z(t — ) (Up(7)¥0)(y),
0 0

ie., q(t) =11(t) + I(¢t) + I3(¢) (with obvious meaning of the three terms).
Let us consider first /1 (¢). The case t =0, § > 0 is easier to deal with: since g (¢) is bounded on [0, T],

8

C
L(8) — 1(0)] < C ||lg|12%F] /d IS — 1) <CN() ~
[11(3) 1(0)] ”‘Z”L ©0,7) T I( 7) N( )5—>0|10g5|

0

where we recall the definition of A given by (2.17) and its asymptotic behavior in (2.18). On the other hand, if we
consider the case r € (0, T), § > 0 (6 < 0 is analogous), then we see that

t+46
H+8) — () =C / dr Z(t +8 — g g(0)

1
1

+C/d1’ [Z(t+6—1)—Z(—1)] |q(t)|2"fq(r) ::C(Il,l(é,t)—i—ll,z(é,t)).
0

Now, arguing as before, one easily finds that /71 1(8, ¢) ~ —L as § — 0 (independently of ). Furthermore, again by

[Tog 8
the boundedness of ¢, one has
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t
|1208,1)| < c/ dr |Z(zr 4+ 8) — Z(v)|. (2.46)
0

Since 7 is continuous, coercive and strictly convex [12,23], it has a unique minimum point #pin > 0. If # 4+ § < tmin,
then

t

/ dr [T 48) = T()| = N @) + N (1) = Nt +8) ~

8—0 |logé|
0
independently of 7, by the log-Holder continuity of A/. Thus, combining with (2.46), one has I 2(8,t) ~ HOIW as
8 — 0. If, on the opposite, t > tmin (the case t < fiin < ¢ + § can be excluded for § small enough), then
t Imin—3 Imin
[arzces-zoi= [ a@waw-zaro+ [ darizess-1o)
0 0 Imin—3

!
+ / dt (Z(t + 8) — Z(1)) < N (tmin — 8) — N (tmin) + N ()

Imin

+N(@E+8) —N(@) =N (tmin +8) + N (tmin) + CE KNt +8) =N (@) + N (8) + Cé

and, arguing as before, we obtain I (6, t) ~ HO]W’ as & — 0.

Therefore, it is left to investigate the behavior of I>(¢) and I3(z). First, one can easily see that I>(¢) can be studied
in the same way as /1 (¢). On the contrary, I3(¢) requires some further remark, since (Up (7)) (y) is not bounded on
[0, T]. However, from (2.41) it can be split into the sum of two terms A; and A». The first one is bounded and hence
it is possible to use the previous strategy to prove that / A| have the needed property. Concerning A, arguing as in
the proof of Proposition 2.2, one sees that it can be split, in turn, in two terms A | and A 2, where the second one is
bounded and the first one satisfies the following property

t t
/ dtZ(t —1)A21(r) =1 —i—/ dt Z(t — v)az,1(7) (2.47)
0 0

with ay,1 () bounded. Consequently, / A; can be bounded exactly as above. O
The second auxiliary result is a slight modification of Lemma 2.3 and Lemma 2.4.

Lemma 2.7. Let T > 0 and h € C[0, T1N HY%(0, T). Then
T
h(t) = / dtZ(t+ T — Dh(z)
0

belongs to C[0, f] N HY2(0, f) for any T>0.
Remark 2.3. The key point in Lemma above is that, unlike in Lemma 2.3 and Lemma 2.4, the integration kernel do

not present singularities, being shifted of 7 > 0. In addition, in Lemma 2.7 only the preservation of the regularity is
investigated and not the contractive properties.

Proof. One can easily see that heL*0,T) forall T > 0. In addition, simply repeating the argument of Lemma 2.3,
one finds that 2 € C[0, T'].
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Then, it is left to prove that

h(t) —h
% H1/2(0 7 /dt/ | (|)_S|(2S)| < 00. (2.48)

Preliminarily, we note that J can be rewritten as
t+T
h(t) = / dt Z(Oh(t +T — 1)
t
and hence that, when s <t <s+ 7T,

t t+T
h(t) —h(s) = —/ dt Z(Dh(s+T — 1) + / dtZ(Oh(t +T — 1)
K s+T

s+T
+ / dtZ(O[h(t+T —1) —h(s+T —1)]. (2.49)

t

Assume, first, that T < T (whence t < s+ T). By (2.49)

t t
Y o ~<cl | de ds —
2 g120,7) It — 5|2
0 K

2
/ dt Z(t)h(s +T — 1)
0

~

=B

T t
dr
+/ f |t—s|2
0

t+T

/ dtZ(t)h(t +T — 1)

s+T

2

=By
T t | +T
+/dt/ds|t—2 dt I [h@t+T —1)—h(s +T —1)]
0 0

1

=B3
Now, one can easily see that

Bi+ By < |l 7.7 ([N( )]Hm(o 7 TINC +T)]H‘/2<0 T)) =

On the other hand, by Jensen inequality and monotonicity of AV,

T t s+T
_ _ 2
ngN(TJrf)/dt/ds/ dr 7oy e+ T T; h|(ZS+T 2l
— S

Consequently, splitting the integral in t in the two domains [¢, T] and [T, T + s] and using twice (for each of the two
terms) Fubini theorem, e.g., as in

t s+T t+T T
/ds/drF(s r)_/dt/dsF(v 7),

one obtains that
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< 0.

<2N2Q2T)[h)>

H/2(0,T)

Thus we proved that, if T < T, then E e H'2(0, T).
Consider the opposite case when 7 > T. Here

(1) —h(s)|? [ (1) — h(s)|?
M) = / f Cle—sP +/dt/d —s>
T

0

First, one observes that the first term above can be managed exactly as in the case T < T and therefore is finite. The
second one on the other hand can be split as

/ / (1) —h(s)|? fd/ [H(1) — h(s)|?
t .
Cr—sP? s

;:Dl Z:Dz

~

The estimate of D, is immediate since t —s > T, so that

T -7
<7 f / ds |1(1) — h(s)|?

On the other hand, recalling (2.49),

T ' |
C /dt/ ds ——
It —s?
T t—T K}

! 2
/ dt Z(t)h(s + T — 1)

=Dy
T t t+T )
—i—/dt/ ds —— dtZ(v)h(t +T — 1)
T - s+T
:=Di )
4T

+

/ dr I(t)[h(t +T—-1)—h(s+T — r)]

Ne—

dt_/ = 2}'

Now, arguing as in the first part of the proof, namely exploiting the regularity of A/, the assumptions on 4, Jensen
inequality and Fubini theorem, one can check that

=D 3

D1+ Dia < algoe o,y N i 77 <

and

D13 <CNXT + T)[h]? < o0,

H1/2(0,T)

which, then, concludes the proof. 0O

Proposition 2.4 (Regularity extension of q(t)). Let q(t) be the solution of (1.14) provided by Proposition 2.3 and Ty
the maximal existence time given in Proposition 2.2. Then, q(t) € HY%(0, T)forany T < T,.
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Proof. Let g be the solution of (1.14) provided by Proposition 2.2. First, by Proposition 2.3, there exists 7| € (0, Ty)
such that g € H'/2(0, Ty).
Now consider the equation

t

q1(t) +/dt (g(t, 7,q1(1)) +«Z(t — 1) ql(t)) = f1i(®), (2.50)
0
where
T T
@ :=f@+T)— 471/30/ de Z(t + T — )lq(0)[* q(r) — K/ dtZ(t +T1 — 1)q(7).
0 0

From the regularity properties of f established in Propositions 2.2 and 2.3 and exploiting Lemma 2.7 with T = T
and h = 47By|q|*° ¢ + kq, one can see that f; € C[0, T]1N H'/?(0, T) for every T < T, — T (recall that |¢|*°q €
C[0, Ty1 N H'Y2(0, T1) by Lemma 2.1). Consequently, arguing as in the proofs of Propositions 2.2 and 2.3, there
exists 7| < T, — Ty and g1 € C[0, T{1N H 1720, T|) which solves (2.50). In addition, an easy computation shows
that g(t) = q1(t — Ty) for every t € [T, T1 + T]/ ], so that we have found a solution to the charge equation such
that ¢ € HY/%(0, Ty) and ¢ € H'/2(Ty, Ty + T{). In principle, this would not be sufficient in order to claim that
g e HY0,T + T{) due to the non-locality of the H 1/2_norm and the failure of the Hardy inequality (as explained
before Proposition 2.1). However, thanks to Lemma 2.6, we know a priori that g € Clog 1[0, T'] for all T < T, so that
one can argue as in the proof of Proposition 2.1 and obtain that actually g € H'/2(0, T + T)).

This shows that once the regularity is proven up to a time 77 € (0, T%), then it can be extended up to 71 + T} < Ts.
A priori this procedure could stop before T, e.g., because T tends to 0 as we get closer and closer to T;. We can prove
however that this is not the case. Define T : sup{T > 0:q € H'/?(0, T)}, which is strictly positive by Proposition 2.3.
In order to conclude, we must prove that T = T,. Assume, then, by contradiction that 7 < T,. Consequently, g €

H'2(0,T) forevery T < T and ||| ;0.7 < +00. In addition, fix & > 0 such that A'(T — Tg)(||q||i‘;(0j) +1) <

1/2C, where T, := T — ¢ and C is a fixed constant that will be specified in the following, and 0 < § < ¢, so that
Ts =T -6 (T, T).

At this point we can estimate [|g||51/2(7, 7;) by using (2.37). First we note that (let & be defined as before) for
te(Te, Ts)

T, t
q(t):f(t)—/dtI(t—t)h(t)—/dtI(t—t)h(r).
0 Ty

Since f € H'/2(0, T) for every T > 0O (see the proof of Proposition 2.3), its H 12(T,, Ts)-norm can be easily estimated
independently of é. The same can be proved for the second term, arguing as in the proof of Lemma 2.7 and noting
that Z(t — ) =Z(t' + T, — 7) with t' € [0, Ts — T,]. Summing up,

(2.51)

)
lgl g2, ) < C7p, + H / dt Z(- — t)h(7)
T H'/2(T,,Ts)

(precisely, C 7T depends only on ||g|| L2°(0.7) and ||g|| g 2(0,T.)> which are finite quantities). Therefore, we have to

estimate the last term on the r.h.s.. Since the L norm can be easily estimated independently of §, it suffices to consider
the seminorm of such a term: for any 7, < s <t < Ty,

t K t—T; s—T¢
/ drI(t—r)h(r)—/ dtZ(s — 1)h(r) = / dt Z(o)h(t — 1) + / dt I(v)[h(t — T) — h(s — T)]
Te T s—Te 0

and hence, arguing exactly as in the proof of Proposition 2.4, we can find that
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O]
/ dt Z(- — t)h(1) <C (”h||L00(0,?)[N]H1/2(0,’T\,T5) + [h]ylﬂ(rg,rs)N(?_ Ts)) .
Te HU(T,.Ty)

Now, we can note that

and, using (2.9), that

[h]Hl/z(Tg,Tg) S (”q”Loc(O T) 1)||q||H]/2(TS,T5)'

Consequently, recalling (2.51) and the definition of ¢ (and possibly redefining C7 7,)

Il 2,1 < C7.1, + CN(T = T (1912% o 7, + 1) Ml v, 1y < Crp, + 3 1l i, ) -

Hence, moving the last term to the Lh.s., we see that [|gl| 51/2(7, 7;) can be estimated independently of § and thus,
letting 8 — 0, there results that [|g || ;y1/2(7, 7 < 00. Summing up, we have that g € HY2(0,T.) and g € H/*(T,., T)
and, by log-Holder continuity this means that g € H 172(0, 7"\) However, now one can use the first part of the proof
with T = T thus proving that there exists the possibility of a contraction argument beyond T, but this contradicts the
definition of T, so that we proved that T=T,. O

We can now prove Theorem 1.1, since the existence and uniqueness of the charge g (¢) will imply that the ansatz
(1.13) is a solution to the weak Cauchy problem (1.16). In order to see that and make the derivation of the charge
equation discussed in Sect. 2.2 correct, we need to handle integral expressions involving the derivative of g (¢). This
will be done as explained in the following Remark.

Remark 2.4 (Integration of ¢ — part I). In the following of the paper we will often manage integrals involving the
distributional derivative of the charge ¢ (¢). Clearly, such a notation is purely formal since we do not actually know
whether ¢ (¢) is an absolutely continuous function. Hence, its derivatives might not be integrable in Lebesgue sense.
However, ¢(f)1[0,1] is a compactly supported distribution belonging to £, the dual of £ = C*°(R). Hence, its dis-
tributional derivative is well defined and it still belongs to £’. On the other hand, for any continuous function f, one
obviously has

. d
fOLorn =7 (fOL0,1) + (D)8 —T) — FO)8(),

and since the r.h.s. is in £, the same holds for the 1.h.s.. Hence we can give a meaning to the expression
t
/df g(1)q (1),
0

whenever g € C*(R), as the distributional pairing between £ and €. Of course the above is not the Lebesgue integral
and we should have used a different symbol. However, in order to avoid a too heavy notation, we make a little abuse
and keep the same integral symbol. Note that with such a convention we actually have

t
/drq‘(r)=q(r>—q<0),
0

since the function 1 is smooth.
Of course if we knew a priori that g € W!-1(0, T'), then there would be no problem in the definition of any integral
involving ¢ against a continuous function.
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Proof of Theorem 1.1. Let ¢, be the function defined by (1.13) and (1.14). For the sake of simplicity we split the
proof in two steps. In the former we show that ¥, € Z[F], in the latter, we prove that 1y, is a solution of the weak
problem (1.16).

In order to prove that ¥, € Z[F], it is sufficient to show that

1
V(%) = 3—q (Ko (VAlx—yl) € H' (&), 2.52)

Exploiting (1.13) and the Fourier transform, we can see that the previous expression reads

t
PG + 5 [ e g
0

1 g(t)e Py
2 pr4a

Hence, integrating by parts (in view of Remark 2.4), one finds

q(0)e™"PY
2w (p?+ 1)

e~iPY t 2
) "R AN dt e P I (G(1) —irg (7). (2.53)
0

—in2t [—
e (Wo P -
Note that the integral of ¢ on the r.h.s. has to be understood as explained in Remark 2.4, which can be done since
¢~iP*(=7) 5 2 smooth function of .

Now, if this function belongs to L*(R?, (p? + 1)dp), then (2.52) is fulfilled. For the first term this is immediate
since it represents the Fourier transform of Ug(¢)¢y o, which is in H 1(R?), since @0 does. Concerning the second
term, we first set A = 1 for the sake of simplicity, and change variables to get

t
e Py . 2 . 2
/ dp (1+ p?) / dre 70 (G(r) —ig(r)
+1)
0

R2

27 (p?

e @] t

1 .
“/d@m[‘/d”’“‘?(”
0 0

2

1

t
+ ‘/ dt €@7g (1)
0

Now, one can check that
t t
f dr ¢'?%4(v) = V21 £(—0). f dr %" g(z) =27 1.9 (—0),
0 0

where

q0), ifr <0,
E(r):==1¢q(r), if0<t<1, (2.54)
q), ifrt>t.

Note that 5 is a distribution belonging to £’, as q10,,] does, therefore we can define its Fourier transform, which is in
fact a smooth function [24, Theorem 7.1.14]. Consequently,

) t . .
1 . 2 : 2 1 2
/ do —— / dr €97 (7) <2 / 50 E@F / 4 019
1+o0 o
0 0 R R
172

1+ ol 1+ ol
Now, as g € Ciog,1[0,T]1 N H'Y20,T) (arguing as in the proof of Proposition 2.1) one can see that & € H,, (R).
Consequently, £ € ngcl/ 2(R) and, recalling that it is also compactly supported (on [0, 1), this entails that £ € H~1/2.
Hence, the r.h.s. of the previous inequality is finite. Summing up, (2.53) belongs to LZ(R?, (p* + 1)dp) and then

(2.52) is satisfied.

2 t
+’/ dt €@7g (1)
0
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The fact that the ansatz (1.7) provides the unique solution to the weak problem (1.6), if g(¢) solves the charge
equation, is proven in detail in a slightly different setting (linear moving point interactions) [19, Theorem 2.1] (see
also [11]) and we omit this discussion here for the sake of brevity. O

2.4. Conservation laws

In this section we prove the conservation of mass and energy claimed in Theorem 1.2, which in turn will be the
key to prove the global existence stated in Theorem 1.3. We recall the results proven in Propositions 2.2, 2.3 and 2.4:
there exists some T, > 0 such that there is a unique continuous solution of (1.14) in [0, T}), which also belongs to
H'Y2(0,T) for any 0 < T < Ty.

Before proceeding further, however, another Remark is in order about the use we will make of the derivative of g.
In view of Remark 2.4 it can be “integrated” against smooth functions by exploiting the distributional pairing. Here
we aim at giving a meaning to some more singular expressions:

Remark 2.5 (Integration of q(t) — part 1I). Thanks to Proposition 2.3, we know thatas T < Ty, g € H 17200, T). We
claim that this is sufficient to give a rigorous meaning to the expression

T

/ a £ ),
0

for any function f € Ciog g[0, TINH 172(0, T), B > 1/2. The idea is to use the pairing provided by the duality between
H'2(R) and H~!/2(R), which allows to interpret the integral of f*g, with f € H'/>(R) and g € H~'/>(R), as

/dt f*(t)g(t)=fdp (\/ p*+ 1?‘(!7)) (ﬁé\(ﬂ)) (2.55)
R R

where the symbol on the Lh.s. is not the Lebesgue integral, while on the r.h.s. we are integrating the product of two
L? functions. Note that such a duality fails in general on a compact subset of the real line.
So,if f € Clog [0, T]N Hl/z(O, T), we can rewrite

T T

/dtf(t)é(t)=f(T) (q(T)—q(O))-i-/dt (f@) = f(T)q(r)
0 0

and, since both f and g are continuous, f(7T') is well defined as well as ¢(T") and ¢ (0). Next we observe that f () —
f(T) satisfies the hypothesis of Proposition 2.1 with 8 > 1/2 and therefore there exists an extension f, € H'/2(R) of
f (@) — f(T), such that

T
/ dt (f(1) = F(T)G(x) = / d fu)E (D),
0 R

where £ is defined in (2.54). Here we are using that SUpp(é) C [0, T]. Now, since f. € H'/2(R) and £ e HV2(R)
(see [11] and the proof of Theorem 1.1), then the last integral is meant as in (2.55).

Before attacking the proof, we state a technical Lemma, which is a consequence of the charge equation (1.14) and
which will be used in the derivation of the mass and energy conservation.

Lemma 2.8. Let g (t) be the solution of (1.14) provided by Proposition 2.3 and Ty the maximal existence time given
in Proposition 2.2, then

t
iqgr) 1d
s T | 4Gy —loet —)q(@), (2.56)
0

—log?2
(Uo(H o) (¥) = <ﬂo|q(r>|2" + %) q(t) —

forae. t €0, T]withT < T.
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Proof. Dividing the charge equation (1.14) by 477, applying the operator J defined by (2.27) and recalling Lemma 2.5,
we obtain
y —log2 i

t t
1
4—(Jq)(t)+/ dr (ﬂolq(t)|2”+ —)q(f)=/ dr (Up(T)¥o)(y)
T 21 8
0 0

and, in particular, that Jg is absolutely continuous. Then, differentiating in ¢ and rearranging terms, we obtain
(2.56). O

In view of Remark 2.5 the following technical results will prove to be very useful.

Lemma 2.9. Let ¢ be a function in HY(R?) such that (1 + p)ga e LY(R?), for some ¢ > 0, and let J(t) be the
function defined in (2.27). Then, for every X,y € R?, X #Y, and every T € RT,

(Vo(-)9) (%) € Ciog,pl0. T1 N H'/2(0,T), 2.57)
(Uo()Ko(|- —yD)(¥) — G T () € Crog 510, TIN H'?(0, T), (2.58)
forany B € RT.

Remark 2.6. Note that if an initial datum 9 € & (see (1.17)), then its regular part ¢ o satisfies (2.57), whereas its
singular part (choosing A = 1 for the sake of simplicity) undergoes (2.58).

Proof of Lemma 2.9. In order to prove that (Uy(¢)¢) (x) € H 172(0, T), for any finite 7 > 0, one can argue as in the
proof of Proposition 2.3 (simply replacing ¢ 0 with ¢).
Hence, we have only to verify the other properties. By expressing the quantity using the Fourier transform, we have

|(Uo(r +8)¢) (x) — (Uo (1)) (X)| < fdp

R2

e 1| [5p)].

Again, in order to show that (Uo(t)¢1,o) (x) € Ciog,gl0, T, it suffices to prove that the analogue of (2.45) holds true.
To this aim we observe that, for any & > 0,

log 8| ’e—fl’z‘s - 1‘ <2' 7 logslf — 0. VBER,

and thus the result is a direct consequence of the properties of ¢ and dominated convergence.
On the other hand, the regularity of (Up(-)Ko(] - —y|))(y) can be proved simply using (2.42) and the smoothness
of Q(1;1¢) (defined by (2.34)). O

Lemma 2.10. Let g(t) be the solution of (1.14) provided by Proposition 2.3 and T the maximal existence time given
in Proposition 2.2. Then,

t t

d
/df (—y —log(- = 1)) ¢():= (v +1log1)q(0) + a/df (—y —log(t — 1)) q(v) =: B4 (1)
0 0

belongs to Ciog, g0, T1N HY2(0, T) for every p € (0, 1] and every 0 < T < Ty

Proof. From (2.56), we have that

t
d

—log?2
= | dr (—y = log(t — T))q(z) = AT Up()Y0)(y) — 4n (ﬂo|q<r>|2" + %) q(t) +

inq(t)
dr '
0

2

Now, the weak derivative of the 1.h.s. reads
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t t
d
E/dr (—y —log(t — 1)) q(t) =—(y +logl)4(0)+/df (—y —log(r — 1)) q(7),
0 0
so that

t
—log?2
/ dr (—y —log(t — 7)) §(z) = 47 (Uo(t) o) (y) — 4 (ﬂo|q<t>|2” + %) q(t)
0

imq(t)

M

+ (v +1logn)g(0). (2.59)
Consequently, using (2.57)—(2.58) and the fact that yg € &, we obtain

4 (Uo(t)¥o)(y) = g(0)e" (—y —logt) + Dy, (1)

with Dy, € Clog, [0, TTN H1/2(0, T) for every B € RT. On the other hand, from Lemma 2.6, g € Clog,p[0, T1N
H'2(0, T), for every B € (0, 1], as well as g1 ¢ (arguing as in the first part of the proof of Lemma 2.1). Hence,
observing also that the function (e’ — 1)(—y —logt) € H 10, T) and combining all these facts with (2.59), we obtain
that B, € Clog [0, T1N H/2(0, T) forevery € (0, 1]and every 0 < T < T;.. O

Proof of Theorem 1.2. The proof is divided into two parts, where we prove mass and energy conservation separately.

Part 1. Let us first consider the mass conservation. Using the Fourier transform, (1.13) reads

t

—~ T jeiPy .9
Ji ) = o) + / dre g (@)
0
Hence,
t t 1t
-~ 2 —— 2 1 Py —ip?t % 1 —ip?(s—1) *
[V ()| = |vo(p)| + —ImiePYyo(p) [ dr e T (@) + 5 [ dr [ ds eTPETVg(0)g" (),
0 0

so that, denoting by .%Z ~! the anti-Fourier transform on R?,

t
1| _ip2
1132 g2, = W01l 2 o) +2Im § F ‘{w()(p) / dre™'? ’q*(r)}(y)
0

t t
1 _ —ip2(s—
+5-F fdr/dse PTG (0)g" () § O0) = ol + Y+ .
0 0

Furthermore, by the properties of the Fourier transform and the definition of Up,
1 1
¥ =2Im / dr q*(f)?_l{e_ipzrt/ﬁ\o(P)}(Y) =2Im / dz ¢* () (Uo(T)Yo)(¥) ¢
0 0
so that by (2.56) proven in Lemma 2.8,

t t T

1 1 d
U=y 4+ U, ::—Z/dr |q(r)|2+EIm{/dtq*(r)E/ds (—y—log(t—s)q(s))}.
0 0 0

Now, we can prove that ¥ + & = 0. First, one sees that
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t

F1 Re{ / dr ¢*(v) / dsq(S)e_ipz(T_s)} 0),

0

1
b=—
T
then we compute

T T T

) ")
.5 d e—ir (t—5) iq(t) e~ ip*(T=s)
d ﬂ!’“‘”:'—/di - /di :
/ sq(s)e i s P q(s) g + s P q(s)
0 0

thus obtaining
t T -2
1 » d e~ ip (t—s)
o=-17 Im{/dtq*(r)a/ds Wq(”} )
0 0

t

- —iPA =)
+ -7 Re{/dtq (r)/ds— (s)} 0).
b4 241
0

Hence, using again the properties of the Fourier transform, the above expression can be rewritten as

t

@ 1I /d *(1) i d _irj ds a( )9_1 e—ipz(r—s) ©
- il e e
m Tq (e e sq(s T
0 0

t T

1 * it d —is
=——1Im dr g™ (r)e'"— | dsq(s)e " (—y —log(r —s))
21 dr
0 0
t

T
1 * it d —is
— ﬁlm dr g*(7)e I dsq(s)e " Q(l; Tt —s) ¢ =: P+ Do,
0 0
where we have made use of (2.33) and (2.34). Notice that the quantity
T
't / ds g(s)e " (—y —log(t —s))
0
is a priori only continuous and therefore its derivative must be interpreted in distributional sense via
T T
_d , d P9 _ 1
6”—/ dsg(s)e™ (—y —log(t —s)) = —/ ds g (s)(—y —log(t —s))— / ds q(S)i
dr dr s
0 0

whose regularity is proven in Lemma 2.10. Now, with some computations, one finds that

t T
<D2+\D2:—Flm{/dr q*(r)/dsq(s)e’(rA)Q(l;r—s)}
0 0

t
z(r s)
_——Im{/dtq (t)/dsq(s)il}a
2 S
0

i(r—s)
since O(1; 7 — ) —71167

289

(2.60)

as it follows from (2.33) and the definition of the sine and cosine integral functions

[1, Egs. 5.2.1 & 5.2.2]. Slrnllarly, (2.60) leads to @, + ¥ + &; = —W; and thus completing the proof of the mass

conservation.
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Part 2. Let us turn our attention to energy conservation. Since g € Z[F], taking > = 1, (1.13) yields

t

1
Y () = (Uo(0)¢1,0) (%) + CIZL:KO(IX —yD - E/ dz (q(7) —igq()) (Uo(r — 1)Ko (|- —y]) (),

0
where we have integrated by parts and used the simple formula

d ; ,
— [ Wot = Koy 0| =i Uo7,
T

which can be easily verified by rewriting the quantities via Fourier transform. In light of Remark 2.5, Lemma 2.9 and
Lemma 2.10, the terms involving ¢ have to be understood as discussed in Remark 2.5, i.e., as the pairing between a
function in H~!/2(R) and another in H'/2(R). In the very same way we get

t

1
¢1,1(x) = (Uo(1)1,0) (%) — E/ dr (g(r) —iq (7)) (Uo(t — 1)Ko (| - —yD) (%).
0

Then, we can compute the H ! horm of @1.r as

61571 g2y = 11,0031 g2, + B + B, 2.61)

where
t

U, = —2Re</ dr (¢(r) —ig(1))* (Uo(f)¢1,0)(y)> (2.62)
0
and

t

1

~ 1

¢, = 5/ dr (¢(7) —iq(f))*(/ ds (Uo(t —s)Ko(] - —yD)(¥)(g(s) —iq(S)))
0 0

t T
1
= ;Re{f dz (¢(7) —iq(t))*</ ds (Uo(t —s)Ko(] - —yD)(¥)(g(s) —iCI(S))>}~ (2.63)
0 0

Lemmas 2.9 and 2.10 guarantee that the r.h.s. of (2.62) and (2.63) are well defined expressions, which should be
understood as explained in Remark 2.5: indeed, (2.33) yields an explicit expression of the quantity (Up(t — s)Ko(] -
—y|))(y), which is continuous up to a logarithmic term (see also (2.42) and the lines below). On the other hand, using
(2.33), we can immediately rewrite (2.63) as (recall the definition of Q(:; -) in (2.34))

t

fflt + E% = Re{ f dr (g(7) — iq(r))*[‘l’(r) + @(r)]}, (2.64)
0
where

U
d(7) = 27r—2_/ ds T Q15T — ) — w(y +log(x —))](G(s) —ig(s))
0

and W(7r) = —2(Up(7)¢1,0)(y), so that we have to better investigate the quantity W(7r) 4+ ®(r). Now, using again
Yo € Z[F] and (2.56), we find that

0 —log?2 ]
(Uo(D)p1.0) (y) = —? (Uo(t)Ko(| - —¥1)) (¥) + <ﬁo|q(f)|2" + ﬁ) g(o) — 4D
T 27 8

T

0 1
+ ?(—V —log7) + —/ ds (—y —log(z —5))q(s)
T 4

0
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where Lemma 2.10 guarantees the well-posedness of last term. Plugging into the definition of W(7), we can split it
into four terms as W(t) = W (t) + Y2 (1) + W3(r) + Y4(1), where

Wy (1) —&(UomKoq —yD) ).
—log?2
Wy (1) 1= —2 (ﬂo|q(r>|2" + VZ%"”) q(0),
T
W3(7) = —@( y —logt) + # =:W3,(1) + W3, (1),

1
Wy(r) = _E/ ds (—y —log(z —5))q(s)

(arguing as before one can see that all the previous expressions are well-posed, via, e.g., Lemma 2.10).
Furthermore, using the definition of the free propagator Up(t) and (2.33), one sees that

q(0)e'” (-
2

Wy () = y —logt + 10(1; 1)),

with Q defined by (2.34), and thus (summing and subtracting (—y — log 7) and setting £(¢) := (¢!’ — 1)(—y — logt))

i)+ ¥, 0 = 12 )(

L)+ < “o; ) =t R1(2).

On the other hand, we observe that ®(7) + W4(t) = R2(t) + R3(1), where

4

1
Ry(7) ::E/ ds 4(s) [Z(t—s)—i—

0

t(r s)

ot —),

R3(7) ;:-%/ ds q(s)e' "V [—y —log(r —5) + L 0(1; T — 5)].
0

As a consequence, we have that Wi (7) + W3(7) + W4(7) + ®(7) = R1(7) + R2(7) + R3(7) + W4(r) =: (7). Now,
an integration by parts shows that

T

[ asio e -9+ 2 00t —0)] =~ Fa@ - 40 (60 + £ 0011 0)

0
T T
+ ’;/ ds g(s)e'C0; T — ) +[ ds q(s) [é(r —5)+ &¥— ) ot — s)]
0 0
and then, plugging into the definition of Ry (7), there results
T
I(t) _——/ ds g (5)e! T (—y — log(t — 5)) + L/ ds g (s) [Z(‘c —)+ <2001 —s)]
0

However, easy computations (see (2.33)) exploiting the definition of the trigonometric integral functions (see, e.g.,
[1,22]) yield

it

i+ =00 =ie (=y —logn)

and thus I' = 0.
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Summing up, we proved that

W(t)+ O(r) = Wa(7). (2.65)

In addition, observing that

1 d
2Re|(4(0) ~ig (D) lg (O ()] = =5 2= (1a@ )

and
d
2Re[(§(1) —iq(1))*q(r)] = Elq(f)lz,
one can see that
t

Re{/dr (c}(r)—iq(f))*wz(f)}Z—(

0

Bolg(®)I*  y —log2 2
t
o+1 + 2 la (@)l

Bolg(0)[>* y —log2 2
+< or1 T m )"I(ON‘

Consequently, combining the last identity with by (2.61), (2.64) and (2.65), we get
2 2 - _
263 2y = [6n.e [ ey = (Zerla P + 2522 ) 1g P + (L la @ + 1522 ) 19(0) 2

Finally, in view of (1.18), this means that E(¢) = E(0), foranyr < T < T,. O
2.5. Global well-posedness and blow-up alternative

Finally, a simple combination of the energy conservation and the blow-up alternative principle allows to prove
Theorem 1.3 and Proposition 1.1.

Proof of Theorem 1.3. Preliminarily, we note that, in view of Proposition 2.4, the energy conservation proven in
Theorem 1.2 holds true up to any T < T (with T, provided by Proposition 2.2). Moreover, it yields that, if o > 0

lg(®)] < C < +oo, vt el0,T],

and any T < T, since the function g(x) = Uﬁ—&xz"” + %xz diverges as x — +-00.
Hence, since ¢ remains bounded as t — T by a quantity which is independent of 7', it must be (recall that T, is by
definition the maximal existence time of ¢ (7))

limsup|g(?)| < C < 400,
t—T*
which implies that g can be extended to the whole positive half-line and that ¢ is the unique solution of (1.14) in
CI0, 00), i.e., it is global in time (see [30, Theorem 2.3]). In addition, Proposition 2.4 implies that ¢ € H'/%(0, T), for
every finite 7 > 0.
Consequently, arguing as before, one can prove that the function v, defined by (1.13) and (1.14) is in Z[F] and
solves (1.16) for every ¢ > 0, thus proving Theorem 1.3. O

Proof of Proposition 1.1. If 8y < 0, then we have the following alternative: either limsup,_, 1. |q(#)| < +00, which
implies that T, = +o0 and the solution is global in time, or

limsup|g(t)| = +o0.
t—>Ty
In this second case we can still have two opposite alternatives: either T, = +o0co and, in spite of not being bounded,
the solution is nevertheless global in time, or T, < 400 and the blow-up occurs. Indeed, by the energy conservation
and the diverging limit of ¢, we obtain



R. Carlone et al. / Ann. I. H. Poincaré — AN 36 (2019) 257-294 293

lim sup ||¢A,, ||H1(R2) = +00,
t— Ty
i.e., ¥; blows-up at a finite time. O
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