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We investigate the group field theory formulation of the Engle-Pereira-Rovelli-Livine/Freidel-Krasnov
(EPRL/FK spin-foam models. These models aim at a dynamical, i.e., nontopological formulation of 4D
quantum gravity. We introduce a saddle point method for general group field theory amplitudes and
compare it with existing results, in particular, for a second order correction to the EPRL/FK propagator.
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I. INTRODUCTION

Group field theories (GFTs) [1] are quantum field theo-
ries over group manifolds and can be also viewed as higher
rank tensor field theories [2,3] which generalize matrix
models. They provide one of the most promising frame-
works for a background invariant theory of quantum grav-
ity in which one sums both over topologies and geometries.
Indeed, each Feynman graph of a D dimensional GFT can
be dually associated with a discrete space-time via a spe-
cific triangulation and gluing rules given by the covariance
and vertices of the theory. The functional integral formal-
ism defines a weighted sum over triangulations with each
weight (amplitude) related to a sum over geometries via a
spin-foam formalism [4] (see [5,6] for results on power
counting and nonperturbative resummation of such
models).

Spin foams are the Feynman amplitudes of GFT. But
GFT in addition specifies the class of graphs that should
be summed, together with their combinatoric factors. This
stems from Wick contractions rules, hence (perturbative)
GFT requires to distinguish the nonquadratic part (interac-
tion) from the quadratic part (propagator) in the field action.

The simplest group field theories correspond to quanti-
zation of the B ,, F*” (or BF) models, hence to topological
versions of gravity. Recently new spin-foam rules have
been proposed for the quantization of full fledged 4D
gravity [7-10]. These models stem from an improved
analysis of the Plebanski simplicity constraints. The cor-
responding so-called EPRL or FK models are neither of the
BF nor of the Barret-Crane type. They mix the left and
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right part of SO(4) = SU(2) X SU(2) in a new way which
gives a central role to the Immirzi parameter. These new
theories could be called dynamical since their propagators,
combining two noncommuting projectors, have nontrivial
spectrum.

Preliminary studies of the asymptotic large spin (also
called ““ultraspin’) regime have been performed for the
EPRL/FK amplitudes of the “‘self-energy” and the “‘star-
fish” graphs (see Figs. 4 and 3) [11]. These results are a first
step towards a study of renormalizability of such theories.

In [12], a linearized approximation has been devised to
investigate the ultraspin limit of BF spin-foam amplitudes
(see also [13]). This approximation captures the correct
power counting of some graphs, such as type 1 graphs in
the Boulatov model [14], but it typically overestimates
more general graphs.

In this paper we push further the group field theory
approach to the EPRL/FK models, first introduced in [9],
and perform another step towards the general investigation
of their renormalizability. We use a coherent state repre-
sentation of the EPRL/FK propagator, as in [9], while other
representations are exhibited mainly for comparison with
other approaches. We introduce a general saddle point
approximation, as in [15], which reproduces correctly the
approximation [12] to the power counting of BF ampli-
tudes for simply connected graphs and, for nondegenerate
configurations, the EPRL/FK “self-energy graph” power
counting of [11]. We discuss also the case of degenerate
configurations, not studied in [11].

The plan is as follows: the next section is devoted to a
review of the BF and EPRL/FK group field models in a
field theoretical spirit. The following section presents the
stationary phase method. Finally we remark that the sign of
the self-energy graph points towards a singularity in the
effective propagator of the EPRL/FK model, which could
signal a phase transition. For completeness we included
useful formulas and normalization conventions in the
appendices.

© 2010 Published by The American Physical Society
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II. IMPLEMENTATION OF GFT

In GFT, the field arguments live on products of Lie
groups. Feynman amplitudes are spin-foams, i.e., two-
complexes with vertices, stranded lines (also called propa-
gators) and faces (that is, closed circuits of strands).

A. Fields

Since GFT represents a quantum theory of space-time
itself, the usual spin-statistic theorem may not apply. In this
paper, we consider only Bosonic statistics. However, other
choices have been considered [16]. We also work with an
Euclidean signature.

The number of strands in the GFT lines encodes the
space-time dimension D. The natural group associated to
such a D dimensional GFT is [SO(D)]P, hence a field ¢ is
a function on [SO(D)1P. We do not assume any symmetry
under permutations of the arguments.

B. Vertices

3

In the spin-foam literature, the term ‘“‘vertex” usually
refers to the vertex together with the square roots of its
dressing propagators. This terminology is not the standard
one in quantum field theory. Further confusion often stems
from the fact that in BF theory the propagator is a projector
hence is equal to its square, and also to its square root.

To clarify the situation, let us return to ordinary field
theory. In that case also the definition of the vertex could be
considered ambiguous since one can dress it with a more or
less arbitrary fraction of the propagator. What fixes this
ambiguity is the usual requirement that vertices in field
theory should obey a certain locality property in direct
space. This allows to distinguish them from their dressing
(half)-propagators, which are nonlocal operators.

Since GFT is nonlocal on the group, we cannot transpose
directly this rule. To properly distinguish the vertex from
the propagator we propose to use an extended notion
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FIG. 1 (color online). A simplicial vertex of a four-
dimensional GFT. We have chosen here a particular matching
and orientation for each of the strands.
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of locality adapted to the GFT case, which we call
simpliciality [17].

For consistency reasons, every vertex in GFT is required
to have a total degree in the fields ensuring parity of the
number of strands. In odd dimensions, this restricts
the degree of the vertex to be even. Hence we propose
the following definition:

Definition 2.1 A vertex joining 2p strands is called
simplicial if it has for kernel in direct group space a product
of p delta functions matching strand arguments, so that
each delta function joins two strands in two different half-
lines.

The usual vertex for D — dimensional GFT is a ¢P*!
simplicial vertex in which the faces are glued in the pattern
of a D-dimensional simplex. For instance, the ordinary
Boulatov vertex in three dimensions is simplicial (with
p = 6) as it writes

12
Sul#1=4 [(TTde)#ler &2 66 (su 8520
i=1

X p(g7, 85, 89) D (810 811> 812)K(g1,-812), (2.1)
with a kernel
K(g,..812) = 6(g3851)8(g285")8(g6871)8(g0810)
X 8(g5811")8(g1815)

satisfying to our definition. But remark that the “pillow
term” [5]

(2.2)

. A 6
SEp] = 1 f([! dgi)qﬁ(gp 2. 83)0(g3 84, 85)

X ¢(gs, 84, 86)P (86> 820 81) (2.3)

is also simplicial in D = 3. Also in any dimension D there
are infinitely many higher than order D + 1 simplicial
vertices according to our definition. A possible vertex of
a four-dimensional GFT is represented in Fig. 1.

C. Propagators

We consider only field theories in which the propagator
C is Hermitian. It can be considered either as an Hermitian
operator ¢ — C¢ acting on fields or as its Hermitian

kernel C(gy,...,8p; &) -, &p):
[C¢](g1,.--,gn)=fdg’l---dg§3C(g1,...,gD;g’1,...,giy)
X (gl ..., 8p)- (2.4)

The corresponding normalized Gaussian measure of co-
variance C is noted du . Hence

C(gl,---,gu;g’p---,gb)=[¢>(g1,---,gp)

X p(g!, ... 2.5)

) g/D)dMC-
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FIG. 2 (color online). A stranded propagator with particular
orientation; two strands have n,, = 1 and the other two have

ﬂgf = —1.

D. Graphs

Graphs are generated by gluing together propagators and
vertices, according to Wick contractions, hence to
Feynman rules.

Definition 2.2 A stranded graph is called regular if it has
no tadpoles (hence any line € joins two distinct vertices)
and no tadfaces (hence each face f goes at most once
through any line of the graph).

It is convenient to introduce orientations on both lines
and faces of stranded graphs. Regular oriented graphs are
natural since they are conveniently described by two ma-
trices

(i) the ordinary incidence matrix €, , which has value
+1 if the edge € enters the vertex v, —1 if the edge €

exits vertex v and 0 otherwise. Hence Y, |€, (| = 2
for each €.

(ii) the incidence matrix 7, , between faces and edges,
which has value + 1 if the face f goes through edge €
in the same direction, —1 if the face f goes through
edge € in the opposite direction and O otherwise.
Hence 3 (|1 /| = D for each € (see Fig. 2).

These orientations are useful to write down the infe-
grand of the Feynman amplitudes. However the integrals,
that is the spin-foam amplitudes themselves, do not depend
on these orientations, at least for the class of theories
considered in this paper.

From now on we consider only amplitudes for regular
graphs. This is for convenience, as generalization to any
graph of our formulas is possible. It has been argued that
GFT should in fact be restricted to colored models, which
generate only regular graphs [16,18,19]. Remark that every
colorable stranded graph is regular, but the converse is not
true; colorable graphs, in particular, have all their faces of
even length, hence the starfish graph of Fig. 3 with ten
faces of length 3, although regular, is not colorable.

E. The BF theory
1. Propagator in direct space

By direct space we mean the representation which uses
the group elements.

In the case of the BF theory the propagator,1 here noted
P, is just the projection on gauge invariant fields

"Beware that this propagator is called C in [6,20].
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FIG. 3. The “starfish” graph, quantum correction to the vertex.
The dashed lines represent the edges (they do not correspond to
strands). Each edge contains 4 strands, there are 40 such strands,
forming 10 closed faces and 10 open faces. We have shown four
faces: three closed and one open which take into account all
four” strands of one particular edge (upper left).

.., &ph), (2.6)

P(@)g1,-.dp) = [ dhd(sih
where the integral is performed over the group SO(D) with
respect to its Haar measure. Let us remark that P> = P so
that the only eigenvalues are 0 and 1 (which means that the
BF theory has no dynamics). The operator [P is Hermitian
with kernel

D
P(g1,....8p: 8% ---8p) = [dhl_[rﬁ(gih(gé)’l). (2.7)

2. Amplitudes in direct space

Suppose that we choose an arbitrary orientation of the
lines and faces of a graph G (which for simplicity has no
external legs).

Combining together the vertices (2.1) (or the general-
ization to dimension D) and the propagators (2.7) of the
graph, the integration over all g variables can be explicitly
performed, leading to the direct space representation of the
BF Feynman amplitude as an integral over line variables &

Ag = f I14n I1 (ﬁee fh}?“‘),

(2.8)
fEFg

where Lg, Fg are the set of lines and faces of G, respec-

tively. The oriented product lzl 1erh™ means that the prod-
uct of the variables &, has to be taken in the cyclic ordering
corresponding to the face orientation (starting anywhere on
the cycle).

124069-3
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As announced, the amplitude (2.8) neither depends on
the arbitrary orientation of the lines, nor on those of the
faces. A pedestrian way to see this is to exploit carefully
the parity of the o function and of the Haar measure under
h — h~'. Beware that formula (2.8) may be formal as this
amplitude can be infinite for many graphs.

3. Amplitudes in the angular momentum basis

The angular momentum basis uses the irreducible uni-
tary representation spaces V/ of dimension d; = 2j + 1.
In this space there is a standard decomposition of unity

1= Y1j, m)j, ml, (2.9)

where |j, m), m € [—j, j] is the usual orthonormal basis in
Vi.

In dimension 3, using the Peter-Weyl theorem, we can
transform (2.8) to get the representation

AQ = l_[ Zd.ff l_[{6]}’
for v

where the Ponzano-Regge vertex is the 6 symbol (accord-
ing to Appendix A) corresponding to the six-face indices
meeting at the vertex.

In dimension 4, for simplicity we work with the covering
group SU(2) X SU(2) of SO(4) and we decompose the
group elements as g = (g, g_), with g. € SU(2).
Moreover, we write j = (j,, j_) for the eigenvalues of
the angular momentum J in each SU(2) component. The
Peter-Weyl decomposition leads to the similar angular
momentum representation:

A6 =I1 X 4.4, 101553055

foJpedr-

(2.10)

(2.11)

where {15/} are the 155 symbols (see for example [11] for
the definition and normalization conventions).

4. Coherent states

Consider Rg)m(g), the matrix element of the group ele-
ment g in the representation j, computed between the states
(j, m| and |j, k). We have

1= d; S limGn [ o 5B @R )

mm'

=d; [ dgli. o).l 2.12)
SU(2)
where we have introduced the notation
. g) = glji jy = Y.1j. m)RY™(g). (2.13)

The states |j, g) are the coherent states [21], and the last
expression in (2.12) is a decomposition of the identity in
terms of these coherent states.

PHYSICAL REVIEW D 82, 124069 (2010)

Let us recall that the decomposition of the identity (2.12)
can be further simplified and taken over the coset G/H,
G=SU(2), H=U(l):

y=@f dnlj, n¥j, nl (2.14)
G/H=S,

with |j, n) = g,lJ, j) and g, defined in (A14). We suppress
the domain of integration G/H in what follows.

The states |j, n) form a generating set in V/ sometimes
called ““overcomplete basis.”

Let us now turn to the coherent states of the group
SU(2) X SU(2). In fact, one has four possible such coher-
ent states which are given by acting with the same group
element (g, g_) € SU(2) X SU(2) on either of the fol-
lowing states:

1. > ® 1j» =j,
I =i el =

i, 7y @ i, j),
lj, =@ 1j i)

(2.15)

Note that these four states can be obtained from one
another by the action of an SO(4) group element.
However, if one considers only the action of the diagonal
SU(2) subgroup of elements of the form (g, g), then there
are two inequivalent states that cannot be related by such a
transformation.

5. The BF propagator and amplitudes using
coherent states

To prepare for the EPRL/FK propagator, we rewrite the
BF propagator inserting the coherent state decomposition
of identity on each strand. Let us consider SU(2) BF first.
Since P? = P we can introduce two distinct SU(2) gauge-
averaging variables, u and v at both ends of the propagator,
instead of the single variable & (e.g., # on the side where
€,¢ = —1 and v on the side where €, , = +1). Between
these two variables we insert the partition of unity (2.14).
This does not modify the propagator. Working out the
algebra, we find

4
P(g:g) = fdudv l_[ de/ TrV/f (Mgf(g})fluflljf),
=1y
(2.16)

with g7, g, u and v elements of SU(2). The index f labels
the four strands of the propagator, which belong to four
different faces (since we consider only regular graphs).

To write down the amplitudes, we need to introduce
some notations. There are now group variables 2|Lg|, Uy
and vy, and D|Lg| variables n. The amplitude is again
factorized over faces:

Ag = [ l_[ dugdl!( l_[ ‘Af

(ELg fEFg

(2.17)
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To write down A #» let us number the vertices and lines in
the (anti)-cyclic order along a face f of length p as €,
-+ {,, v, with by definition €,,, = €,. We have then

ey
A=Y fnd”e s plhd s he 1 nearp)
7

Vg u+l vq

(2.18)

where

hgayvu = Uga if €vm€ll = +1

(2.19)

hga’vﬂ = I/tgﬂ if Evn,ga = —1.

6. The D = 4 BF case
In D =4 we work with SU(2) X SU(2), the covering
group of SO(4); we have the similar system |j,,n,)®
|j_, n_) of coherent states and the partition of unity on the
space V;, with j = (j4, j_)
1.

J+

®1, =1;

J- J
= dj+d17 ‘/'dn+dn7|j+) n+> ® |j*’ n*>

X (Jpniljo,n_|. (2.20)
The gauge-averaging variables, u = (u,,u_) and v =
(vy, v_) at both ends of the propagator are now elements
of SU(2) X SU(2). Between these two variables we insert
the partition of unity (2.20) and we find

[P’(g;g’)=/dudv]_[ Y d

Vjsjp-

Jr+ Jf—

X TrV,-ﬁ@V,-f,(”gf(gf)_ vT'1) (22D

with gy, g}, u and v elements of SU(2) X SU(2), and we

have formulas similar to (2.17) and (2.18) for the
amplitudes.

F. The EPRL/FK GFT

The EPRL/FK model introduces a modification of the
propagator of the BF model, while the vertex remains the
same. The EPFL/FK propagator has a structure similar to
(2.21) but with replacement of 1; by a nontrivial projector.
We notice at this point that since this projector does not
commute with [P, it is not possible to recombine u and v in
a single gauge-averaging variable /.

It implements in two steps the Plebanski constraints with
a nontrivial value of the Immirzi parameter y. Starting
from the (2.21) expression of the BF propagator in the
coherent states representation, the first step adds the con-
straint j,/j_ = (1 + y)/(1 — y) on the representations
summed. Remark however that this equation may have
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no solution (e.g., if vy is irrational) and should be true
only in an asymptotic sense in the ultraspin limit where
j+ and j_ are both very large.

More precisely, this constraint reads

+1
y=>1 jt_yT]y ny =n_ (2.22)
) R G 2
y<l1 Je =Yl == ny =n_, (2.23)

where ., j are half-integers.”

From now on we consider only the case 0 <y =1
where the EPRL and FK models coincide. At y = 1, the
EPRL/FK model reduces to a single SU(2) BF theory (see
below).

The second step replaces in each strand of (2.21) the
identity 1; by a projector T;.y whose definition is

ij = dj++j,[5jf,/jf+:(1—y)/(1+«/)] [dn|j+, nme|j_, n)

X (. nl® (-, nl. (2.24)

Let us notice here that, in the angular momentum basis, the
operator T takes the form

> Grokjokljy +jk+k)
k,l;,m,rh
X (o 4 jo,m+ailjy, m;j, m)j k)@ |j_k)
X (jem| @ (GilS,, 4 sk (2.25)

where (.|.) denotes the Clebsch-Gordan coefficients.

Grouping the four strands of a line defines a T” operator
that acts separately and independently on each strand of the
propagator

Tr=weo; @ Ty (2.26)

so that the EPRL/FK propagator is
C=PT"P;C(g, g)
fd"dvl_[ Z[5Jf Jipe=1-p/apleg,Bj,

1 jy
< [y T, o, Gug (e v i @ g mp)
X (gl ® Gy myl), (2.27)
where

= d; d; B; = d;

Jj+%j- J+tj--

(2.28)

Lemma 2.1 The operator C is Hermitian.

2Moreover, in the case y > 1 the coherent states to be used
below are the ones in their “antiparallel” version |j, n) ® |j, n)

[9].
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Proof We have

Trjﬁ@jfﬁ(ugf(g})*lv*IT]?f) =By, fdnTJﬁ@jf (ueTegfeTe(g})*leT
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e ngljpiipNipeip-In)  (2.29)

where we have inserted the product €’ e = 1 with € € SU(2) defined by (A7). We arrive at

Trj/#@jf,(ugf(g})ilUﬁlT}/f) = Bj, fdn Ter@jf,(ueTgf(g})TEU7ln_fljf-#jf—><jf+jf—|n;)

Bj, fd”l Tr;, o), (eTﬁgf(g})TUTenf|jf+jf—><jf+jf— In})

= By, [[dnTe, o, eyl g Nigeir-Infe vl u) =

which implies the lemma. Q.E.D.

Since the propagator is Hermitian, Feynman amplitudes
are again independent of the orientations of faces and
propagators.

Lemma 2.2 T is a projector, namely (T7)> = T7.

Proof In the coherent states basis, it is easier to check
that (T”)® = (T”)?, which adding Hermiticity of T” im-
plies the lemma. The equation (T?)* = (T7)? follows from
the same equation on each strand, since

B; [dndn'dn”|j+, melj,mjs +j,nljs +j,n)
X (o 4 ol + o n" e G,
= 6} [[andn'jom @ i mi + -l

+jo,n")j, 0"l ®j_, n"|, (2.31)

where we have used that 1;_ . ;
(i +j_,n'|. QE.D.

Let us also notice that the lemma is easily proven in the
angular momentum basis, where, from (2.25) it easily
follows that (T;y)2 =T].

Since T” and P do not commute, the propagator C
can have nontrivial spectrum (with eigenvalues between
0 and 1). Slicing the eigenvalues should allow a renormal-
ization group analysis. This is why we would like to call
these kinds of theories dynamic GFTs.

Remark that since T is a projector, the propagator C of
the EPRL/FK theory is bounded in norm by the propagator
of the BF theory, and that Feynman amplitudes for the
EPRL/FK theory are therefore bounded by those of the BF
theory; in particular, we expect milder ultraspin (large j)
divergences in EPRL/FK.

=B, [dn'lj. + j_,n)X

1. Amplitudes

Combining the propagator and the vertex expressions,
the integrations over all g, g’ group variables can be
performed explicitly, leading to the amplitude of any graph
G. This amplitude is given by an integral of a product over

Trlf+®ff (vg}g; tu! T/y/)’
(2.30)

all faces of the graph as in (2.17), but the amplitudes for
faces are different.

To compute these face amplitudes we distinguish be-
tween closed faces (no external edges) and open faces
(which end on external edges).

Using the same numbering of the p edges and vertices
along a closed face, its amplitude is given by

A, = f § CERER X

Jta

X Trj, taj, - (e, 80,(80,) v )7 T7 [ TVA,

(2.32)

where the constraint on j, j_ is implicitly understood
from now on. We can perform the g integrals using (A5) or
(A6) and we arrive at

. -
A= Zah Tr; o), ]'[ (h;”"vfah fast/ T’)

Cav1,va

(2.33)

with kg, defined in (2.19) and €,,, = €,. Note that we
use (AS5) or (A6) to take into account the fact that 7., can
change when we follow a face f. We find

Ny f 7](u+1f
Z“/f [ nﬂndne Arene,plhgy che D L

. Neaf Nea
X jreng, Xip-ne,plhgs by _jp—ne,., p-

(2.34)

2. BF limit
Let us see how we recover the SU(2) BF model in the
limit y = 1. In this limit j_ =0, hence j, = j, +j_.
Thus we are left with

+1
Asly=r = dp _[nd”&, g ne,r
n a n a+1J .
X |h€ag’5w+h€j+|,]vf,,,+ |Jf’ n€a+l'f>’ (2.35)

124069-6
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where only one SU(2) copy appears. We can use the
completeness relation for coherent states (2.14), and cy-
clicity of the trace to reorder the product according to lines
instead of vertices and we obtain

P
Aplyer =D f dn{jnl [ The's chi'  ljn). (2.36)
J a=1

Redefining t, = u, ', vy ; we finally obtain

Ay = Xt [[antinl [T e21m) = 5(TT 2",
J

aEf (ef
(2.37)

consistently with (2.8).

3. Amplitudes with external edges

For a face with external edges, the expression is slightly
modified as there is no integration on the external data.

Let us call G and G the group labels of the incoming and
outgoing external strands, respectively. We omit the edge
index € in the following. Moreover we indicate with u;,,
Vin» Uout» Vour the gauge transformations on the incoming,
outgoing edges, respectively. Let ¢ be the number of
internal strands. The expression of the resulting face am-
plitude is similar to (2.32) except for the fact that we do not
integrate on the external labels. On choosing

ninf = noutf =1 (238)

that is, the incoming and outgoing strand oriented accord-
ing to the face, we find using (AS5) and (A6)

_ A—1, ~177Y y
Ao = Zaj X Tr[uinGG Vou T} touitte, T}
J

q
X (]‘[ Wﬂvmr,?)ugq‘ ui;ITJ?] (2.39)
a=2

where, to simplify the notation, we have chosen all propa-
gators oriented according to the face. It is immediately
verified that it reduces to (2.33) with p = g + 2 if we glue
together the external edges with the insertion of a delta
function 6(GG™)8,,,.

II1. STATIONARY PHASE FOR BF AND
EPRL/FK MODELS

Let G be a graph in a GFT corresponding to the BF or
EPRL/FK models, made of V vertices, L edges and F
faces, usually labeled by letters v, € and f. In the coherent
state basis, its amplitude can in general be written as

Ag=> andhndnexp{ijSf[h,n]}, 3.1)
Jr=A f

where N is a normalization factor which is a rational
function of the spins. As explained in the previous sections,

PHYSICAL REVIEW D 82, 124069 (2010)

the precise form of the face action and of the number of
group variables & € SU(2) and unit vectors n € S? de-
pends on the choice of the model. Note that the sums over
the spins j; may lead to divergences, so that we introduce
an ultraspin cutoff A that restricts the summation to spins
below A. To derive the superficial power counting, we set
Jjr = jkp with k; € [0, 1] and use the stationary phase
method to derive the large j behavior of

[ [Tan]]dn exp{ jgkfsf[h, n]}.

If the action is complex but has a negative real part, the
contribution to this integral is quadratic fluctuations around
zeroes of the real part of S which are stationary points of its
imaginary part, otherwise the integral is exponentially sup-
pressed as j — oo.

(3.2)

A. BF models in the coherent state representation

For BF models we have one group element ; € SU(2).
In dimension 4 one should work with SU(2) X SU(2)
instead, which leads to two independent copies of the
previous amplitude, so that we restrict ourselves to SU(2)
for simplification. The amplitude is given by (2.18).
Including the k factor of (3.2) in the action and using

(n, jlgln', jy = (nlgln’)*, (3.3)

with |n) a shorthand for |1 n), it can be written in the form
(3.1) with

Sylh, n] = 2k log(nl [T h('In). (3.4)
(eaf
Note that |n)(n| is a projector
1
[n)n| = 5(1 + o n), (3.5)

so that the action reads

Silh, n] = kslog Tr[( ]:[ h;’“)u + o - n)]. (3.6)

ceaf

Since the action is the logarithm of the trace of the product
of an unitary element and a projector, it is clear that its real
part is negative (it is the logarithm of the modulus of the
trace, obviously bounded by 1) and maximal when the
unitary element is one. This is attained at 1, = 1, but other
solutions may be possible. In particular, the BF amplitude
is invariant under the gauge transformations g, at any
vertex

he = g,heg,)! (3.7

for any edge from the vertex v to the vertex v'. Therefore
gauge transformations of the trivial solution s, = 1 yield
other equivalent solutions. More generally, there is a con-
tinuum of solutions connected to the trivial one which will
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translate into flat directions in the
approximation.
To perform the saddle point expansion, we expand the

group element to second order as

saddle point

A2
he=1- 7" +iA¢ - o + O(A)), (3.8)

with A € su(2) X su(2) a Lie algebra element. By the
same token, we expand the unit vectors as

& .
ny = n}o) + & — Tfn}o) + 0(5}), with n}o) & =0.
3.9

This expansion is determined by the requirement that
n% = 1 up to third order terms. To alleviate the notation,
we drop the superscript (0) in the sequel. Let us consider a

face with edges €, ..., € »» then to second order

- A
l—[ h;lf,f =1 __f+ia'-Af—ia"(I)f, (3.10)
teaf 2
with
Af = Z Wa,fA&, and
l=a=p (31 1)
p= > e Al A,
I=a<b=p

Expanding then to second order (3.6), we get
SilAe &/]

A2 “Ap)?
°F (nf : f)

+ lé‘:f .Af + lnf . (I)f},
(3.12)

and we have to estimate

f [TaAc[]dé,exp2;d k,
o 7

A2 A2
A, (g Ap)

(3.13)

as j — oo. Note that we do not integrate over the vectors
ng; the latter have to be chosen so that they are extrema of
the imaginary part of S. Because all terms except the first
one kafnf - Ay are of second order, the imaginary part is
stationary if and only if

YikngAr=>ing ks Ac=0 Y AER, (3.14)
/ or

which amounts to the closure condition

> meskny =0, (3.15)
/
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to be fulfilled for any edge €. This is the well-known
requirement that, in the semiclassical limit, the vectors
Jrny are the sides of a triangle (respectively, the area
bivectors of a tetrahedron) that propagates along € in
dimension 3 (respectively, dimension 4). The solutions of
the closure conditions range from nondegenerate to
maximally degenerate. In three-dimensional (respectively,
four-dimensional) BF theory, a solution is said to be
nondegenerate if all the tetrahedra (respectively, four-
simplices) corresponding to the vertices of the graph
have maximal dimension. At the opposite end, we say
that a solution is maximally degenerate if all the vectors
ny are proportional to a single one ny,

ng= o, with o, €{-1,+1}L (3.16)

1. Maximally degenerate case

Let us first concentrate on the maximally degenerate
solutions and show that for simply connected graphs (i.e.,
every closed loop can be shrunk to a point by deforming it
through the faces), the quadratic saddle point approxima-
tion yields an upper bound estimate

A g = A3F3, (3.17)

with r the rank of the L X F incidence matrix 7y ;. This is
in accordance with the general results for BF theory pre-
sented (see also [13]).
To derive this result, we proceed with the following five
steps.
(1) For a maximally degenerate solution, the closure
constraints amount to

D nepxy =0, (3.18)
f

with x; = ko ;. Since the rank of the matrix 7 f is
r, the x; live in a F — r dimensional subspace. The
signs o ; have to be adjusted so that k; > 0. We end
up with a summation over F' — r independent spins
in (3.1). Let us note that since the incidence matrix
has integer coefficients, all the spins may always be
chosen to be half-integers, after multiplication by a
suitable integer.

(2) For BF theory in the coherent state representation,
we have a factor of djz- per face, so that the normal-
ization behaves as

N = (d)* ~ jF, (3.19)

where we have discarded an inessential multiplica-
tive constant as j — 0.

(3) The integration over &, can be performed using the
Fourier representation of the 6 function

1
[aerewtize, a1 =504 G20
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with an inessential factor of (277)? absorbed in
the integration measure. Note that the vector & is
constrained to lie in the plane orthogonal to ns, so
that it enforces the constraint Ay = 0 only in that
plane. Since Ay = 3'ym¢ A, these constraints are
not independent. The number of independent con-
straints is 2r, since everything takes place in the
plane orthogonal to a vector ny = o yn, which does
not depend on the face. Altogether, the integration
over the & yield a factor of j ~2" and implement the
constraints

Zm’ A¢ =10 in the directions orthogonal to n,.
¢
(3.21)

(4) Using the previous constraints, the real part of
the action involving A only vanishes, (Af)*—
(I’lf ‘ Af)2 = 0.

(5) Because the graph is simply connected, the
constraints (3.21) imply the existence of vectors
C, € R3 attached to the vertices and orthogonal to
ng such that

Ag — (ng - Apdng = Cyp) — Cyp), (3.22)

with s(€) (respectively, #(€)) the source (respec-
tively, the target) of the edge €. Then, the phase
associated to a face f reads

no @ = mgsng - (Cyey A Cup)-
(Eaf

(3.23)

The total contribution of all the faces to the action
vanishes since

Zkf”f by = Zﬂe,fkfn 7 (Cye) A Cyey)
f f.e

= Z(an»fkfnf) ’ (Cs(é) A Cte) =0,
14 f
(3.24)

using the closure condition (3.15).

(6) However, its is important to note that the compo-
nents of A parallel to n, are not constrained by
(3.22) and their contribution to the action vanishes
identically in the quadratic approximation. This is
the reason why we only get an upper bound in the
maximally degenerate case.

Accordingly, the bound for the amplitude can be esti-

mated as

Z j2F X j—2r ~ A3F—3r’ (325)

F—r independent spins
of order j=A

which is the result obtained in [12].
It is interesting to note that for a simply connected graph,
the rank r of the incidence matrix can be written as
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r=F — (V — 1). Indeed, the system of Eq. (3.21), whose
rank is 2r allows to write the 2L variables A; in terms of
2(V — 1) differences C, — C,, all in the direction or-
thogonal to n,. Therefore, one has 2L — 2r =2V — 2, so
that r = L — V + 1 and the amplitude of a simply con-
nected graph scales as

Ag= AW, (3.26)

with yg = F — L +V the Euler characteristics of the
graph. This also reproduces the result of [13], since
Xg = dimHg — dimHj; + dimHp, = dimHg + 1 for a
simply connected graph. This is also in accordance with
the results of [12] for graphs with planar jacket. The faces
Fjacke; Of the planar jacket obey Fiyeq — L + V = 2, since
the associated surface has the topology of a sphere, and the
remaining faces are in bijections with the cycles followed
by the N = F — Fjycke; Strands in the middle, so that the
degree of divergence reads wg = 3(Fjaekes —L +V — 1) +

3N=3(N+1).

2. Nondegenerate case

In the nondegenerate case, the situation is slightly more
complicated. The integration over the variables £ yields a
system of equations analogous to (3.21), but now with a
vector n that varies from face to face,

Z N¢sA¢ =0 inthedirection orthogonalton,. (3.27)
¢

Because for fixed ¢, the three (respectively, four) vectors
Ne sy in dimension 3 (dimension 4) span a space of
dimension 2 (respectively, 3), all the components of A,
appear in the system (3.27), contrary to the maximally
degenerate case (3.21), which only involves the compo-
nents of A, orthogonal to n,. In the example treated in
detail below (see Sect. III B), (3.27) turns out to be equiva-
lent to Y ,m¢ A¢ = 0, which has rank 3r and yields the
same degree of divergence. In the general case, we expect
nondegenerate configurations to have a less divergent be-
havior, since the degree of divergence 3F — 3r obtained in
[12] in the Abelian case is expected to be an overestimate
in the general case and is the correct asymptotic behavior at
least for many graphs.

3. Two-dimensional case

To close this section, let us see how the saddle point
method allows us to recover the results presented in [22] in
the simplest case of BF theory in dimension 2. In this case,
GFT graphs are ordinary ribbon graphs with trivalent
vertices representing triangles. The closure condition reads
ks ng = kg ng, forevery edge that separates two different
faces and is vacuous for edges that appear twice as we go
along a face (if we restrict ourselves to triangulations of
orientable surfaces). Thus, for a genus O graph there is a
single spin j and a single unit vector n. Moreover, the graph
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\x
‘

FIG. 4 (color online). The “self-energy” graph G,, quantum
correction to the propagator.

is simply connected so the phase disappears. Choosing an
arbitrary face, all other F — 1 constraints are independent
since the corresponding faces span a sphere with one hole
that can be filled with the remaining face. Thus, r = F — 1
and w = 3F — 3(F — 1) = 3, as expected from the rela-
tion (see [22])

Ag= ¥~ Ax,

J=A

(3.28)

with y¢ the Euler characteristic.

At higher genera the graph is no longer simply con-
nected and the contribution of the antisymmetric part may
be decisive. For instance, for the nonplanar double tadpole
G, (torus topology)

Agl = ‘/»dhldhza(hlhz(hl)il(hz)il), (329)
an expansion to second order yields the action
S[n,Al,Az] = ljn 'Al /\A2 (330)

The rank of this quadratic form is 4 and the Gaussian
integration over A; and A, yields

Ag = TR A

J=A

(3.31)

in accordance with (3.28).

B. Divergence of the self-energy in the EPRL/FK model

The self-energy graph G, of Fig. 4 has four open faces. It
has six closed faces with two edges each. We label the
internal propagators with an index a ranging from 1 to 4
and orient them in the same direction. We label the six
closed faces with pairs of indices (a, b), a < b. Its ampli-
tude reads

A g, = []duz dv=[] Aw (3.32)

a<b

where, from (2.34) the face amplitude reads

PHYSICAL REVIEW D 82, 124069 (2010)
Ay =Sd, d; B f dnydn! s naplitgsuy Ljsn',)
J

X Gyl vt na)Gnaplitg_uy j-nly)

X (jonlylv,_vitljng,). (3.33)
Using (A16), we rewrite the amplitude above as
A = Zdhdjfﬁ?fdndn’((nluﬁuljlln’)
J
X (n'lv, v Hn))¥+ (nlug—u,tn')
X (n'|vy,_v,t|n))%-. (3.34)

In order to perform a stationary phase analysis we rewrite
the graph amplitude as

Ag, = Z[ndufndvgndni
Jr a a 14
X [T, ) djrd;-expljS; +jS; 1 (3.35)
f ‘

with jj%' = jy~ kg, ky €0, 1] and j large. There is one
coherent state per strand, which amounts here to label the
coherent states by a couple of a face and an edge i = (f, )
such that n,, # 0. The face action for f = ab can be
written as

Sf = 27ikf 10g{<nf,a|u;f(uf)7l |n_f,b>
XAngplvy (7)) Hng )

We employ the saddle point technique around the iden-
tity and develop the group elements as follows:

(3.36)

At 2
u; =1 —( 3) +io - AZ + O(AY)?,
(B)? (3.37)
v, =1——2~+io-B, + O(B;).
Moreover, introducing the projector
1 +io-n;
Inanil = ———, (3.38)

the action at the identity for the face f = ab reads

1+io- 1+io-
SHL L, ni]zyikablogTr{ “; " f; nf,b}

1 + nf,a . nf,b}

> (3.39)

= v kap log{
which is negative except for ny, = nys;, = n;. Therefore,
we perform the expansion of the coherent state around an
unit vector common to all the strands of the face

(&)’
2

n; = I’lf + fi - nf + 0(51')3, with }’lf ‘ gi = O,

(3.40)
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otherwise the integral is exponentially damped. To perform the expansion at second order of the action, it is convenient to
rewrite this action as

Sf = Yikf log Tr{ln_f,a><nf,a|uai(u;,:)71 |nf,h><nf,b|} + Yikf log Tr{lnf,h><nf,h|U§(U;_r)7l |”f,a><ﬂf,a|}
- ')’ikf log Tr{lnf,axnf,al|nf,b><nf,b|}' (3.41)

Using the projector (3.38), the expansion to second order only involves traces of products of Pauli matrices and is
straightforward but rather lengthy. A crucial intermediate result is the expansion to second order in A, A,, &5, &,

%Tr{[l + 0'<n + & - (f‘)2n>][1 —W +io- (A, — Ay + A /\Az)][l + a'(n +&— (52)2;1)]}

2 2
(A _2A2)2+in-(A1 — A, +A1/\A2)—(§' _452)2 Lilg + &) n/\(A;—Az)_
Gathering all terms together and taking the logarithm, we get
SPTA® B, &1 = kpy (A7 = AP + [ng - (AF = AP = (Bf — ByP + [ny - (Bf — B)P +ing - (A7 — A7
+ B, —B;)+in; (A7 NA, + By AB;) +i(ép, + &rp) - (A7 — A, + By — By)
e g,
2

To complete the computation, one has to perform a Gaussian integration with an action § = Y f(S;T + S]T) In order to
disentangle this computation, it is convenient to perform the following change of variables:

=A,+y*X, and BX=B,*y"Y, (3.44)

A — Ay

=1—
2

+ (& — &) (3.42)

(€ra = €rp) " [np ANAT — Ay — (B = BZ)) I (3.43)

The interest of this change of variables is that the terms linear in A~ and B* now only involve A and B, while in the
quadratic terms, the pair of variables A and B on one side and the pair X and Y on the other side decouple. We shall return in
greater detail to this change of variable in Sec. III C in the case of a arbitrary graph, since it allows to separate the action, at
the level of the quadratic approximation, into an SU(2) BF action (variables A and B) and an ultralocal potential that only
involves uncoupled variables attached to the vertices (variables X and Y). Turning back to the self-energy, we get

S[A B X, Y, €] = S{[A*, B*, £ + S;[A", B, €]
=k{—(A, — Ap)* + [n;- (A, — A,))P — (B, — B,)* + [n; - (B, — B))* +in; - (A, — A, + B, — B,)

ny . _ _ (Epa — Erp)?

ing - (A, NA, + B, AB,) +i(ér, + &p) - (A, — Ay + B, — B,) —

+ (Epa— &) [np A(A, — Ay — (B, — B+ kpyty {=(X, — X)2 + [y - (X, — X))

+ ll”lf . (Xa A Xb) - (Yb - Ya)Z + [l”lf . (Yb - Ya)]z + ll’lf . (Yb A Ya)}' (345)

Performing the Gaussian integration over the two-dimensional vector x; = &7, — &y, One has

2
Jxsexmit{ =5+ xr Ty A4 = 4y = 8= B =T el A (4= 4y = (B, = BE. G46)

Discarding an inessential constant in the limit j — oo to alleviate the notations, the graph amplitude can therefore be
written as

A= j18{ f [TdA.] TdB.] [dé rexpiSsr(A B, &) f [ X expjQ(x) [ l—[dYaexij(Y)}, (3.47)
Jr a a f a a
with §; = &7, + &;5,. The BF-like action is

1 . .
SprlA B, §] = zkab{_i[nf A(A, — Ay + By, = B +ing - (A, — Ay + B, — B,) +ing, - (A, AA, + B, A B,)

a<b

+ié, - (A, — Ay + B, — Ba)}, (3.48)
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while the ultralocal terms are

Q[X] = 7+77 Zkab{[nah A (Xa - Xh):|2

a<b

+ing, - (X, A Xp)} (3.49)
The Gaussian integral over the variables A and B can be
evaluated using the same techniques as in Sec. IIT A, de-
voted to BF theory. First, there are four closure conditions,
one for each edge a,

4 a—1
Z kaphap = Z kpanpe =0 (3.50)
b=a+1 b=1
or explicitly,
kiani, + kizngz + kygngy =0,
—kipngy + kyzngy + kognay = 0,
—kizngy — kyzngsy + kyung, = 0, (3.51)

kianyy + kognog + ksgnzy = 0.

Note that the first three equations are independent while the
last one is their sum, so that the rank of the incidence
matrix 71,7 is 3. Let us investigate the case of nondegen-
erate configurations, which means that the six vectors
kupng, Span a three-dimensional space. Geometrically,
the solution of these closure constraints can be realized
by constructing a tetrahedron (see Fig. 5) with faces
labeled 1, 2, 3, 4 and assigning the vector k,,n,, to an
edge between faces a and b. Consequently, we sum over 6
independent spins in (3.35).

The Gaussian integration over the variables &,;, imposes
the constraints

A, —B,=A, — B, inthe direction orthogonal ton,,.

(3.52)

e e T

FIG. 5. The tetrahedron illustrating the closure condition.
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However, out of the 12 relations in (3.52), only 9 of them
are independent and they are equivalent to

A,-B,=C, (3.53)

with C € R3. First of all, it is clear that any solution of
(3.53) is a solution of (3.52). Let us show that the converse
also holds. Let consider all the equations involving edge 1,

A} —B;=A,— B, inthedirection orthogonal ton,,
a€{2,3,4}. (3.54)

Because of the closure constraint Y, ki1, = 0, the
relation A, — B; = A, — B, holds in the one dimensional
space orthogonal to all three vectors k;,n;,. Thus the
vectors A, — B, are all equal along this direction. We
then repeat the same reasoning for the other edges and
conclude that the vectors A, — B, are all equal along all
directions using the nondegeneracy condition. As conclu-
sion, the rank of (3.52) is 9 since it reduces the 12 degrees
of freedom of the 4 vectors A, — B, to a single vector and
the Gaussian integration over £&,;, enforcing this constraint
yields a factor of j~°.

Using this constraint, the real part of the quadratic action
obviously vanishes. The imaginary part can be dealt with
using the techniques of Sec. III A. Using first the con-
straint, we write

0= (A, +B,) A(B, +A,)

=AaABa+BbAAb+AaAAb+BbABa' (355)

After summation over all faces, the net contribution of the
phases to the amplitude vanishes

Zikabnab . [Aa A Ab + Bb A Ba]
a<b

== Zikabnab ! [Aa A Ba + Bb A Ab]’

a<b

(3.56)

where we have use the closure constraints. Altogether, the
integration over the variables A, B and ¢ yields

/ [TdA ] 1dB.] [dé; expiSsr(A, B, £) ~ j=°, (3.57)
a a f

as j — oo. Note that this, together with a j'? arising from
the coherent state representation of the & function (j?
per face) and a summation over 6 independent spins,
reproduces

j12 X j—9 — A9,
6 independent spins ~j<A

(3.58)

which is the known result for SU(2) BF theory. Since the
rank r of the incidence matrix 7, is 3, this reproduces
with nondegenerate configurations the results of [12], with
a degree of divergence 3F — 3r.

Let us now consider the Gaussian integral over the
independent variables X, and Y,
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f [ Jax, expjQ(x) ~ j~ rnk@/2), (3.59)

which simply amounts to compute the rank of the quadratic
form

OX1= vy > kapllna A (X, — Xp)P

a<b

+ inab : (Xa A Xb)} (360)

This quadratic form is associated with a symmetric bilinear
form

B[X,Z] =%(Q(X +Z,X+72)-0X—-2,X—-2)), (3.61)

and its kernel is defined as the subspace of the variables X
such that B[X, Z] = 0 for all Z. First, notice that B[ X, Z] is
complex but the variables X and Z are real. Therefore, the
orthogonality condition B[X, Z] = 0 has to be fulfilled for
the real and the imaginary part separately. Since the real
part is positive (but not definite positive), X has to obey

Zkab[nab A (Xa - Xb)]2 =0,

a<b

(3.62)

or equivalently X, — X;, = 0 in the plane orthogonal n,,.
Using the nondegeneracy of the configuration, an analysis
identical to that of the constraints (3.52) leads to X, = C
with C € R? that do not depend on the edge. Then, the
imaginary part of the relation B(X, Z) = 0 reads

D {kapnay + (CAZy) + kypnay - (Z, AC)} =0, (3.63)

a<b

which is identically fulfilled for any Z, because of the
closure condition (3.50). Finally, the rank of Q is the
dimension of the orthogonal of its kernel. Since the latter
has dimension 3 and we have 4 vector variables X,, we
obtain rank(Q) = 12 — 3 = 9, so that the Gaussian inte-
gral over X yields a power of j~%/2. Obviously, the same
holds for the integration over Y.

Therefore, we obtain the power counting for the self-
energy with nondegenerate configurations as follows

> FAXGTOXGTOX(T2)2~ A, (3.64)

6independentspins ~j<A

with the factor j* arising from a d;+d;- ~ j* for each of
the six faces and a factor d; ~ j for each of the two strand
in each face. The factor j~° results form the Gaussian
integration over the six variables y, = (£, — &) in
(3.46) and the j~° from the integration over A and B in
(3.57). This reproduces the result of [11], with nondegen-
erate configurations. Note that this is an asymptotic behav-
ior and not a mere bound as we had before, since all the
zero modes of the quadratic approximation correspond to
gauge degrees of freedom (3.53).
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It is also of interest to notice that this result should also
hold with finite nonzero spins on the external faces. Indeed,
since the latter remain finite, the contribution of the exter-
nal faces to the action can be neglected as j — oo.

Finally, let us mention that we have derived this power
counting with nondegenerate configurations. In the
next section, we shall discuss maximally degenerate
configurations.

C. A bound for maximally degenerate configurations

Consider a general graph G in the EPRL/FK model with
F faces f. Since we are going to take the limit j, — oo for
the internal spins, the contribution of the external faces can
be neglected, as long as their spins remain finite. Recall
that the graph amplitude can be written as

ﬂng]'[dh]'[ﬂf,

with the face amplitude given by (2.34). The graph ampli-
tude may be rewritten as in (3.1)

A= Z{dj; d;-(d)’ /]‘[ dn[]dh expj;{S; + S;}},

(3.66)

(3.65)

with
St[n, h] = 2kfyil S 1og{<nfqu
=q=p
X |(h3-q,lq)5v,,,zq nlq,f(h;-q,l )qu,zqﬂmqﬂ,flnf,lq)}'

(3.67)

g+1

In the limit j — oo, we expect that the main contribution to
this integral arises from the neighborhood of the identity
for the group elements. At the identity, the action reads

+ + — 1 .
Sj:[n, 1] = 2k;y~ log Trl:ni(l +ing - 0')i|. (3.68)
q

This is the trace of a product of rank one projectors; its real
part is always negative and vanishes when all the projectors
are equal. Therefore, we expand the unit vectors ny I,

around a unit vector ny common to all edges of the face,

(€7,
2

with

npi, =ng+&pp — ny+ 0(§f,1q)3,

I’lf : é‘:f,lq = O, (369)

together with an expansion of the group elements around
the identity

A 2
By, =1-— GO +io- A, + 04,

5 (3.70)
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The expansion of the action to second order follows the A B[Ai b A*, 1’] +y B[AU p A 1’] (3.76)
same steps as Sec. III B. It is convenient to introduce

where the bilinear form B[AU p A 1’] is either a scalar
Dy, = €, M Ay 1, F €opt My Ao, B.71)  product Ay Au/,z/ or a wedge product ny(Ag A Av/,z/)'
and Substituting A, and A7, it is easily seen that
O, = MM, AL NAT L (3.72) y'BIA, AL 1+ v BlA, LA ]
After some algebra, the second order expansion of the = B[A,, Ay ]+ v Ty BIX,, Xy 1] (3.77)

action reads ) B
Then, we can express the total action S = S; +S§; asa

Sf[Au,z» ‘ff,l] = kf’)’iZ{(flf A D];‘lq)Z + 2in - Df,vq sum of a BF-type action
+ 2in, - (gf,) 5 TR SFA, §]=kf§{(nf/\1)f,lq)2+2inf-Df,vq
+ %nf “(Epi, NEpa,.) T (D%,vq,l +2ing - Py, _%(ff,lq)z +l§f T
+ Dfuq) +&p, [np A (D;v(, -Dj, v, ,)]} +%nf'(§f,lq NEpi,) Tiépi, Dy, +Dyy)
(3.73) &, Iy A D, =Dy Dl B7)
In order to simplify the analysis, we perform a change of

variable similar to (3.44), with D}, and @, as in (3.71) and (3.72) but with A,

Ay =AY X, (3.74)  instead of A;;, and an ultralocal potential

Terms linear in A; ; are all of the form

Qf[X] = y+y_kf2{(nf/\ny,q)2 + 21nf : ch,Uq}‘ (379)
'}/Jer,['A;rJ+’)/7LU’I'A;J:LU,[AU‘1, Wlth LU,IER:;, q

(B.75) To relate the BF face action to the more conventional one
so that they do not involve the variables X,,;. Terms qua-  we encountered in Sec. IIT A, let us perform the integration
dratic in Ai ; are all of the form over the variables §f,vq, starting with §f',,p,

o 1 i .
[dff,up expjkf{i(ff,zl,)2 + Eff,lp “(Epa,, T Ep) T+ 3 Era, np A Epa o = Era)iéry - (Dyo + Dyy)
Era, [y A(Dy,y = Df,v,,_l)]}
1 jk 1 .
=3 exp—{ (Epp +Epn) + E[nf ANEpy =€)l +ilDy, |+ Dy, —nglng - (Dy,  + Dy, )]
2
+ nf A (Df,vl, - Dfﬂ-’p—l)}

I i .
=7 exp}kf{g rty€pn T anp Epa A&py) = 2ing - (Do, ADgy) =20y ADyy, g ADyy, )

+ ff»lp—l . (in,v], + nf A Df,vl,) + é‘:fvll . (in,U1771 + nf A Df,Up—l)}' (380)

Note that & v, is orthogonal to n; so that it couples only to the projection of D fw,, T Dy, onto the subspace orthogonal
to ny. Gathering all the terms in the action pertaining to the edges /,—; and /;, we get

1 1 1 i
_ 2 _ 2 . . 3 .
&, )" =5 ) T 58p, T any € AEriEry, (Dry,, ¥ Dy, + Dy )

p—2

+ & ngANDyy =Dy, +Dpy Ni&py - (Dyy +Dyy + Dy )+ &gy - [ng A(Dyoy = Dy, = Dy )]
- (Df,U,, A I’lf)2 - (Df’vp—l A I’lf)2 - Z(Df,l/p A nf) ‘ (Df,U,,—l A I’lf) + le’lf : ((I)vq - Df’vp—l AvaUI)' (381)
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The integration over the variable &, I, has a simple graph-
ical interpretation. We have contracted the line [/, and
merged the vertex v, (associated with va) with the
vertex v, (associated with Df,, ) into a new vertex
(still called v,-1), associated with Dy, , + Dy, and
CI)fU — Dy, ADy,,. Therefore, we may pursue this
procedure tifl we obtain a face with only two edges.
Then, we proceed as in Sec. IIIB for the self-energy
and integrate over £y; — &;,. The remaining variable
&p1 T &5p is a Lagrange multiplier for the constraint

24Dy, = 0, or explicitly
> €01, M, fAv 1, T €1, My fAv, 1, =0, (3.82)
1=g9=p

which is nothing but the constraint (3.21) written in terms
of the variables qufl,lquqfl,l + fuq,quuq,z,,- Then, the rest
of the discussion follows the same path as in Sec. IIT A.
There are 2r independent constraints in the maximally
degenerate case. The real part of the action vanishes iden-
tically as well as the imaginary part for a simply connected
graph, once we have used these constraints and the closure
constraints. Accordingly, we have
ZLffl)

[ndAvylndnf,lexpj{ZS?F[A, n]}S] 4
vl fil f

X j*2r,

(3.83)

with L, the number of edges in the face f.

Let us finally analyze the ultralocal terms given by the
quadratic form Q defined in (3.79). Gathering the contri-
butions of all faces, we get

o[X] = Z{;yw‘kf[nf A (AU,T,-,U - AU,I‘M)J2

v

+2inp (A~ AA; )}, (3.84)
v lpy

rw
with 74, (respectivelyj v) the edge entering (respec-
tively, leaving) the vertex v along the face f. First we
notice that this is a sum over all vertices of quadratic forms
defined at each vertex involving only variables attached to
that vertex. This is the reason why we called such a term
“ultralocal.”

We then proceed as we did for the self-energy. The
quadratic form has a real and an imaginary part, but its
arguments are real. Therefore, the kernel of the associated
bilinear form is the intersection of the kernel of the real
part and of the imaginary part. Because the real part is a
sum of squares, at each vertex and for each face we have

A - =A

; in the direction orthogonal ton;. (3.85)
v, 1y, :

”’Zr‘.v
Since in the maximally degenerate case all the n, are
proportional to n, this simply implies that all vectors
A, = C, in the plane orthogonal to n,, while the compo-
nents collinear to n, are left unconstrained. Then, as in

PHYSICAL REVIEW D 82, 124069 (2010)

Sec. III B, the closure constraints imply that A, ; = C,, also
lies in the kernel of the imaginary part. If we denote by d,,
the valence of vertex v (d, may be lower than 5 since the
external faces carrying spin O have to be removed), we get
a rank of 2d, — 2, (there are 3d, variables and 2 + d,,
solutions), so that

—(Z@du—z)/z)

f [Taxexpjox)=j \+ (3.86)
Taking all the terms together, we get
3F=3r+F+V-Yd,
Ag=A v (3.87)

The first term is the power counting of the graph G in BF
theory with group SU(2), while the second one results from
a difference of normalization between EPRL/FK and BF
theories. The last one is minus the half of sum of the ranks
of the ultra local quadratic forms at each vertex. Since the
latter are less important for nondegenerate configurations,
we expect the maximally degenerate configuration to give
a larger contribution, as long as the external spin remain
finite. In particular, for the self-energy we have d,, = 4 so
that the maximally degenerate configurations are bounded
by A°.

When applied to the self-energy with d,, = 4 because we
set the external spins to 0, we get a bound in A°, which
suggests that degenerate configurations dominate in the
EPRL model. However, this is only an upper bound since
the zero modes of the degenerate configurations are not all
gauge degrees of freedom, in particular, the component
of A and B along n, do not contribute to the action in
the quadratic approximation. These modes require a more
thorough study involving higher order terms. Nevertheless,
using the asymptotic behavior of 6j symbols and fusion
coefficients (see [11]), we show in Appendix C that degen-
erate configurations indeed dominate this correction to the
self-energy, but with an asymptotic behavior in A7 instead
of A°. This is not in contradiction with the results of [11],
since the latter use the relation (6)* ~ -, which implicitly
assumes that the configuration is nondegenerate.
Therefore, in the sum over spins we have to identify a
partial sum made of spins obeying a relation such that
maximally degenerate configurations exist. This partial
sum behaves like A7, while the remaining terms containing
the nondegenerate configurations are in A°.

IV. CONCLUDING REMARK: HINT ON A
PHASE TRANSITION

By parity, the ¢ 4-dimensional GFT has no two-point
function contribution to first order in the coupling constant.
At second order beyond the self-energy graph G,, the only
other graphs have tadpoles, hence they are absent in the
colored model; in the noncolored model they have fewer
faces, so we can expect the amplitude of G, to provide the
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dominant correction to the effective propagator of the
model.

Since that amplitude A g, is positive, we can expect the
whole self-energy correction 3 to be also positive. The
corresponding geometric power series for the dressed or
effective propagator

1
wed = C + + +...=
Ciressed = C + C2C + CECEC C(l — EC)

.1

should therefore be singular when the spectrum of 2 C has
eigenvalue 1. This should occur for A large enough, de-
pending on the ultraviolet cutoff A. This is usually the
signal of a phase transition. For instance, in an ordinary ¢*
model a positive mass term corresponds to a double well
potential which signals a breaking of the ¢ — — ¢ sym-
metry. In the vector ¢* “Ginzburg-Landau” model, it
leads to the famous continuous symmetry breaking with
appearance of an associated Goldstone boson.

At a more speculative level, this hint of a phase tran-
sition supports a scenario in which ordinary macroscopic
smooth space-time is an emergent phenomenon. Group
field theory, in particular its perturbative phase, might be
a more fundamental description and space-time might
result from condensation through a phase transition.
This scenario is a version of what has been called
geometrogenesis.

In this scenario the relationship of group field theory to
space-time, gravitons and general relativity would be
somewhat similar to that between QCD and effective theo-
ries of nuclear forces.
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APPENDIX A: HARMONIC ANALYSIS ON SU(2)
AND COHERENT STATES

We include in this appendix well-known formulas for
self-completeness. We start with

f dgRI™(g) = 8,108,050 (A1)
(D )\ Uy 5
RP™M@RMg) = > (5, m; ], mlJ, M)
J=1=]l
X (J, K|y, k7, DR (g),  (A2)
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where R;(j)m(g) are unitary representations of SU(2) and
(J, K|y, k3 7, k) are the Clebsch-Gordan coefficients. We
use the normalizations of [4].

We have
_ p |
[ dsRO (R () = 50 N3G (A
J
. ) 1
f dgRI™ (IR (9) = —8(j, /)€™ ery  (A4)
J
with RY,"(g) = RU™ (g~') which imply
1
fdg Tr;AgTryBg ™' = T 8(j, j') Tr;AB (AS)
J
Lo ..
]dg Tr;Ag TryBg = IS(}, N Tr;AeBTe”  (A6)
J
with € € SU(2),
0 1
= ( 0 O). (A7)
We have €’e = 1 and ege’ = 3.
1. nj symbols
We have the 3 symbols
(—1)/1*1'2*'”3 ) ) )
s = 4(]3’ _m3|]l’ my; Jjo, m2)’ (AS)
Vdjs
the 6 symbols
J1 J2 Js
)= S img by Um0 (A9
(]4]5]6) méﬁ ST : (A9)

and the 9 symbols
J1 J2 J3
Ja Js Je
J7 Js Jo

= Z lm]m2m3lm4msm6lm7m8m9lmlm4m7lm2m5mglm3m(,mg' (AIO)

my..ng

For the 15 symbols see [4]. The indices are raised and
lowered with the tensor e.

2. Coherent states

Let us first consider the SU(2) case. We introduce the
following parametrization for coherent states in the
spin-1/2 fundamental representation

1 L 11
Z = it (a/2) | Z _ All
|2,n> e 2,2>, (All)
with
A = (sin¢g, — cosa, 0), (A12)
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and o; the Pauli matrices

(0 1\ (0 =i\ _ (1
1701 0)27 0 0 )73 \o

This represents a rotation g, of the vector n, = (0, 0, 1) of
an angle 0 around the M direction

_01 ) (A13)

(A14)

with 8 € (0, ), ¢ € (0, 27). The coherent state |j, n> is
obtained in the same way, replacing the generators io;/2
with the appropriate operators J; in the 2j + 1 dimensional
representation. With this parametrization, the scalar prod-
uct of coherent states reads

ny — n = (sinf cos¢, sinf sing, cosh),

0 6 0 .0 ... 2\¥
Gy nlj, iy = (cosz cos> + sinz sinE e_’(¢_¢)) ! (A15)

— 7 .
2

In the representation space V/ of dimension d =211,
we have

which implies

G nlj, iy = ((1 n

5 (A16)

1, = 31j, ) ml (A17)

where |j, m), m € [—j, j]is the usual orthonormal basis in
VJ. We have

RI™ () = (j, mlglj, m"). (A18)
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Hence

o = d; [ dgRI" @R (o) (A19)
SUQ2)

APPENDIX B: SELF-ENERGY: COMPARISON
WITH [11] AND NORMALIZATION
CONVENTIONS

We return to the “self-energy” graph G, of Fig. 4. We
first rewrite the propagator in a slightly different way, using
the gauge invariance. We perform an SU(2) gauge trans-
formation. We multiply the u™, v™ variables simulta-
neously by SU(2) elements & and /, which are the same
for the left and right components

u*t — hly=, v — bl (B1)
and we integrate over #, h so that (2.27) becomes
C(g.8") = [ dhdhdudv[ | a;B; f dny

for
XY (grvt lem) il gy RY™

m, i,k k
X (hn )RS (hnp)) @ (g v="1j-k)
X (j_klu_g;—RY ¥ (hn )RV ((hnp)T)). (B2)

Note that we have also used (2.13). Considering the tensor
product of representations (A2), we get

Clg.g) = [ dhdﬁdudvIZIZafﬁf f dng 3 (ot jes MUjoomi o Gyt o, Rl + o MORVHIM L (hny)
Jr

m,m, k,k

X RUHI T ()P (g v jam) sl gp4) ® (g v=11j k) Rlu_g ;o).

The integration over n; through (A4) finally yields

4
Cla g) = f dHdudv [] 3 a;, Tr(ug,(g)) v 77 (1)),

f=1js
(B4)
with H = hht, and
T)(H) = B, Y ipmp}ips il ® k)il
% lmfkf_Mflmfléf—M,R(m +jff)M_fo(H), (B5)

where we have used (AS8). Using this expression and the
amplitude expression, it is checked below that this corre-
sponds to the normalizations of [11], with k = 2.

Note that this choice k = 2 is not the one advocated
in [23].

To prove this statement we rewrite the graph amplitude
for the self-energy, inserting the new expression of the

(B3)

[

propagator (B4). We can neglect the open faces, since the
external legs have vanishing spin. Hence, we get

A (G, = f dHdudv[ | A w(u, v. H), (B6)

a<b
with the face amplitude
”Aab = Z ajaajb fdgabdgab Tr-a+®ja,
jmjh
X (u s—lv-1T7(H)))
agabgah a Ja a
X Trj, +oj,~(Up8ab&ay vy, ' T, (Hy)).  (BT)

The amplitude for this self-energy graph is written in
[11] as

A6)=-5T] d(jaw<6j<j:h>6j<j;,,)>2(1‘[fa)2, (B8)

Jabla a<b
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where in [11], d(j,p)
further has

o j’;b in the ultraspin regime. One

i - (2 02 ) @
i ar) J23 J24 J34 (B9)
defined as in Eq. (A9), while
Ji2 Ji i
fir=4d;,dj,dj {2 T T (B10)

Jiz i Ji3
and cyclically for f», f3, and f,. Both expressions (B6) and
(B8) are calculated for external j's put to zero, that is, the
contributions of faces with external legs are put to 1.
To compare our expression to (B8), we perform the

integration on the variables # and v, and we rewrite the
integrand of face amplitudes in the form

(gabg;b l)kmab (U7 l)p‘jﬁ, (Tl)gjf (Ha)(uf)grffby (B11)
where we use the shorthand notation

(@) = R (g). (B12)

We need to perform integrals of the form
/du (u )i (B13)

b#a
fdv (vi~ l)p,,br (B14)
b;ﬁa

with a, b = 1,...,4 (we have 16 integrals in total). Using
(A2) and (A3), we obtain for a = 1

[ du i = 2 (B15)

—1\k —1\k k k kisk
[dUI:(UIL I)PIIZZ(UI: l)ﬂllz( ; I)Pllt = 12 " 141;;12[713[714
(B16)

and similar results for a = 2, 3, 4. All indices are double
for + and — variables, that is, they should carry an extra
superscript (e.g. m,;, — m.,). We now perform the inte-
gration on the variables g, g. For each face A,, they
appear twice, once attached to the propagator containing
the a variables, once to the propagator containing the b
ones. This explains the switch in the indices below. We
have 6 integrals to perform for each SU(2) copy. By means
of (A3) we find

[dgabdgab gabgabl)kf'b (8an8ap i

ba

€MabMba g (B17)

abkpa”

T d d

Jar %
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To compare to the expression of [11] we still have to
perform the integration over H, appearing in the Tj?'. From

(B5) we have

(T7)5it (H,) = BatPleoyy 10 Moo (H ). (BIS)
Therefore we have 4 integrals of the form
ﬁal_[(z”um,,,M Lt o ﬂb) de H ) “b. (B19)
b#a Aar b#a
We obtain

[dHl(Hl)MIZ(H )MB (HI)MM = WM MM V3V
(B20)

and similarly for the others. We replace this result into
(B19) foreach a € {1, .., 4}. We replace then all integration
results (B15)—-(B17) and (B19), into the expression for the
graph amplitude (B6) and we obtain

A6 = (T4, ,,)(6Jab6jab)2(]jfa)2- (B21)

a<<b

As already stated above, this reproduces (B8) with k = 2.

APPENDIX C: ASYMPTOTICS OF 6j AND
FUSION COEFFICIENTS IN THE
DEGENERATE CASE

In this appendix, we investigate the asymptotic behavior
of the self-energy correction using sum over spins. We first
derive the asymptotics of the 6j symbols which yields the
power counting in the SU(2) BF theory and then fusion
coefficients f appearing in (B21) to obtain the power
counting in the EPRL model.

1. Degenerate 6 and BF theory

In the general case, the 65 symbols can be written using
Racah’s single sum formula (see for instance [24])

S s T3 A(1,2,3)A(1, 2, 4)A(1,3,4)A(2, 3, 4)
J34  J14  Jo4

(—D*(k + 1)!
xz O (C1)

with
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_ (_jab +jbc +jac)!(jah _jbc +jac)!(jab +jbc _jac)! 1/2
Aa, b, c) = - - : )
(]ab + Jbe + Jac + 1)'

and

F(k) = (k= j1o — joz — J1a)'(k = j13 — Jaa — 1)k — jo3

= Jaa = Jo) 'k — jio = joa — j1)' iz + Joz + Jaa
+ j1a = G + jiz + Jsa + joa — )i + i
+ joa + j1a — )L (C3)

The sums runs over all integers k such that the arguments
of the factorials are non-negative.

Consider a degenerate tetrahedron which is reduced to a
single edge, whose vertices are labeled 1, 2, 3, 4 with 1 and
4 on the boundary of the edge. The associated spin (lengths
of the edges of the tetrahedron) between vertices a and b
(a<b)is j,, and we have j,. = ju + Jpe if a < b <c.
Therefore only the three spins j;,, j»3, j34 are independent
and we have

F(k) = (k = 212 = 2j23)!(k = 2j15 = 23 — 2j34) (K
= 23 = 2j3a) !k = 2j12 = 2j23 = 2j3a)! (212
+ 203 + 2j34 — W 2j12 + 2j23 + 2j34 — K)!1(2)1
+4jy + 234 — k). (C4)

The sum over & is restricted to the single term k = 2(j;, +
Josz + jas) and we have

There are also simplifications in the factors A,
A(1,2,3) =< (2j23)1(212)! )1/2
o 2j12 +2js + 1)) 7
A(1,2,4) = ( (2/12)! (23 + 2j3)! )1/2
y & (2j12 + 2j23 + 2j34 + 1), > (C6)
A(2,3,4) = ( (2)34)!(2)23)! )1/2
o (234 +2jos + D) 7
A(1,3,4) = ( (2j34)! ()1 + 2j23)! )1/2
) (2]12+2]23+2]34+1)1

Taking all the terms together we get

G g 3, 0) = 8i+ jr O jr 6i’,j3\/dj1 d;d;,

(C2)

{jlz J23 113} _ (_1)2(j]2+j23+j34)( (2j23)!1(2j12)!
J3a Jia o Ju (212 + 2jp3 + 1!
(2/34)1(2)23)!
(2j34 + 2jo3 + 1)!
(2j34)! (212 + 2j23)!
(2j12 + 2j3 + 2j34 + D!
(2712)!1(2)23 + 2j34)! )1/2
(212 + 2jp3 + 2j34 + 1)!
(212 + 2jp3 + 2j34 + 1)!
(2j1)!(2)23)!(2j34)!

(C7)

which simplifies into

(—1)2Untintis)

V2 F 23 Y 12/ + 2j3 + T
(C8)

{j12 J23 113}:
Jaa J1a o Jo

This yields an asymptotic behavior (k,, € [0, 1] fixed)

Jkia  Jkas jk13}2 1
: . . ~isw 5 (C9)
{Jk34 Jkia  Jkas ! 2

Consequently, the degree of divergence of the SU(2) BF
theory graph (double sunset without external legs) made of
two vertices (each with one 6j), three edges and six faces
(each with one dj = 2j + 1) is

ddB%generate —34+46-—2=7< dg(;? degenerate __ 9, (Cl())
where we sum over only three spins in the maximally
degenerate case. Let us note that this is less than the degree
of divergence of nondegenerate configurations, so that the
latter are dominant in BF theory, at least for this graph.

2. Degenerate fusion coefficients and the EPRL model

Using the notations of [11] (Appendix B), the fusion
coefficients can be expressed as a product of a 95 and a 3
coefficient,

(27)M2)1 ) 23N 2j) Gy + v 5 + iy =)Wy i iy iy s+ D!

1/2
X - — - = - - - - - 8 —_—
((2]]+ +2j7 + DIQ2j5 +2j5 + DG + 5 —JNGT +j3 + 5+ DIWGT iy — )Gty g+ 1)!))

><< QjDN2J)NGs + s =~y + s A0 s i~y =) )1/2
=5 —Jv +0)Us +ir =)

(1 +2j5 +2j5)!05 —Ji +i2)'05 +i

(C11)
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with as usual j; = ETV Jja- The second factor is the con-

tribution from the 9; while the third one is that of the 3;.
Let us notice that if vy = 1, then j; = j, and j, = 0, so
that f1'" (jy, jo, j3, 0) = 8;+ j: 8- ;= 8. Thus, the theory
reduces to an SU(2) BF theory using (B21).

The result is symmetrical in the indices 1, 2, 3, so let us
write the degeneracy condition on the triangle as j; + j, =
J3 to eliminate j;. After some simplifications, we get

ST G 2 g3 0) = 8 2 8 - 81

2j; +2j, + 1
X X
(2jy +2j; + D@j; +2j; +1)
(C12)
Thus, the fusion coefficients scale as
o S+ i+ O~ -0,
FIT Gkr, ko, k) ~ jma —05 ﬁ”‘} Loc13)

PHYSICAL REVIEW D 82, 124069 (2010)

Accordingly, the power counting of the maximally degen-
erate configurations is (the summation over the inter-
twiners i is trivial thanks to the Kronecker symbols)

, ~1
At ™ =3+ 12 + 2(2 X (—1) +4x T)

—7> dnon degenerate __ 6,

EPRL (C14)

the first term is the contribution of the 6 (two per vertices)
and the second one the contribution from the fusion
coefficients (four per vertices). Therefore, the degenerate
configurations dominate in the EPRL model for this graph,
in accordance with the quadratic approximation.
Nevertheless, there is no reason to believe that this is a
general feature of the model, since the quadratic approxi-
mation only yields an upper bound.

[1] D.V. Boulatov, Mod. Phys. Lett. A 7, 1629 (1992); arXiv:
hep-th/9202.H. Ooguri, Mod. Phys. Lett. A 7, 2799
(1992); arXiv:hep-th/9205090.

[2] L. Freidel, Int. J. Theor. Phys. 44, 1769 (2005).

[3] D. Oriti, Approaches to Quantum Gravity (Cambridge
University Press, Cambridge, 2009).

[4] C. Rovelli, Quantum Gravity (Cambridge University
Press, Cambridge, 2004).

[5] L.Freidel and D. Louapre, Phys. Rev. D 68, 104004 (2003).

[6] J. Magnen, K. Noui, V. Rivasseau, and M. Smerlak,
Classical Quantum Gravity 26, 185012 (2009).

[71 J. Engle, R. Pereira, and C. Rovelli, Phys. Rev. Lett. 99,
161301 (2007).

[8] E.R. Livine and S. Speziale, Phys. Rev. D 76, 084028
(2007).

[9] L. Freidel and K. Krasnov, Classical Quantum Gravity 25,
125018 (2008).

[10] J. Engle, E. Livine, R. Pereira, and C. Rovelli, Nucl. Phys.
B799, 136 (2008).

[11] C. Perini, C. Rovelli, and S. Speziale, Phys. Lett. B 682,
78 (2009).

[12] J.B. Geloun, T. Krajewski, J. Magnen, and V. Rivasseau,
Classical Quantum Gravity 27, 155012 (2010).

[13] V. Bonzom and M. Smerlak, Lett. Math. Phys. 93, 295
(2010).

[14] L. Freidel, R. Gurau, and D. Oriti, Phys. Rev. D 80,
044007 (2009).

[15] F. Conrady and L. Freidel, Phys. Rev. D 78, 104023
(2008).

[16] R. Gurau, arXiv:0907.2582.

[17] A. Tanasa, Classical Quantum Gravity 27, 095008
(2010).

[18] R. Gurau, Annales Henri Poincare 11, 565 (2010).

[19] R. Gurau, arXiv:1006.0714.

[20] J. Ben Geloun, J. Magnen,
arXiv:0911.1719.

[21] A.M. Perelomov, Generalized Coherent States and Their
Applications (Springer, Berlin, 1986).

[22] J.C. Baez, Lect. Notes Phys. 543, 25 (2000).

[23] E. Bianchi, D. Regoli, and C. Rovelli, Classical Quantum
Gravity 27, 185009 (2010).

[24] R. Gurau, Annales Henri Poincare 9, 1413 (2008).

and V. Rivasseau,

124069-20


http://dx.doi.org/10.1142/S0217732392001324
http://arXiv.org/abs/hep-th/9202
http://arXiv.org/abs/hep-th/9202
http://dx.doi.org/10.1142/S0217732392004171
http://dx.doi.org/10.1142/S0217732392004171
http://arXiv.org/abs/hep-th/9205090
http://dx.doi.org/10.1007/s10773-005-8894-1
http://dx.doi.org/10.1103/PhysRevD.68.104004
http://dx.doi.org/10.1088/0264-9381/26/18/185012
http://dx.doi.org/10.1103/PhysRevLett.99.161301
http://dx.doi.org/10.1103/PhysRevLett.99.161301
http://dx.doi.org/10.1103/PhysRevD.76.084028
http://dx.doi.org/10.1103/PhysRevD.76.084028
http://dx.doi.org/10.1088/0264-9381/25/12/125018
http://dx.doi.org/10.1088/0264-9381/25/12/125018
http://dx.doi.org/10.1016/j.nuclphysb.2008.02.018
http://dx.doi.org/10.1016/j.nuclphysb.2008.02.018
http://dx.doi.org/10.1016/j.physletb.2009.10.076
http://dx.doi.org/10.1016/j.physletb.2009.10.076
http://dx.doi.org/10.1088/0264-9381/27/15/155012
http://dx.doi.org/10.1007/s11005-010-0414-4
http://dx.doi.org/10.1007/s11005-010-0414-4
http://dx.doi.org/10.1103/PhysRevD.80.044007
http://dx.doi.org/10.1103/PhysRevD.80.044007
http://dx.doi.org/10.1103/PhysRevD.78.104023
http://dx.doi.org/10.1103/PhysRevD.78.104023
http://arXiv.org/abs/0907.2582
http://dx.doi.org/10.1088/0264-9381/27/9/095008
http://dx.doi.org/10.1088/0264-9381/27/9/095008
http://dx.doi.org/10.1007/s00023-010-0035-6
http://arXiv.org/abs/1006.0714
http://arXiv.org/abs/0911.1719
http://dx.doi.org/10.1007/3-540-46552-9_2
http://dx.doi.org/10.1088/0264-9381/27/18/185009
http://dx.doi.org/10.1088/0264-9381/27/18/185009
http://dx.doi.org/10.1007/s00023-008-0392-6

