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ARTICLE INFO ABSTRACT

Article history: The inclusion of vibroacoustic treatments at early stage of product development through
Rece}ved 21 January 2020 ) the use of poro-elastic media with periodic inclusions, which exhibit proper dynamic filter-
Received in revised form 1 April 2020 ing effects, is a powerful strategy for the achievement of lightweight sound packages and

Accepted 19 June 2020 represents a convenient solution for manufacturing aspects. This can have different appli-

cations in transportation (aerospace, automotive, railway), energy and civil engineering
fields, where weight, space and vibroacoustic comfort are still critical challenges. This

Cfg:)‘;rcis;sﬁcs paper develops the shift cell operator approach as a numerical tool to investigate the dis-
Biot theory of poro-elasticity persion characteristics of periodic poro-elastic media. It belongs to the class of the k(w)
Shift cell (wave number as a function of the angular frequency) methods and leads to a quadratic
FEM eigenvalue problem, even when considering frequency-dependent materials, contrarily
Dispersion diagram to the w(k) approach that would lead to a non-linear eigenvalue problem for frequency-

dependent materials.

The full formulation is detailed and the approach is successfully validate for a homoge-
neous poro-elastic material and a more complex periodic system containing periodic per-
fectly rigid circular inclusions.

© 2020 Elsevier Ltd. All rights reserved.

1. Introduction

Fast urbanization and transport development cause serious noise-induced health risks, such as annoyance, sleep distur-
bance, or even ischemic heart disease [1]. Therefore, nowadays, environment noise control is becoming a subject of great
interest. Generally, common sound absorbing materials could be divided into two categories: resonant [2]| and poro-
elastic materials. Resonant materials for sound absorption mainly involve Helmholtz resonators [3] and/or perforated panels
[4]. These materials show good performances at low frequencies, but they often have the disadvantage of narrow frequency
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stop-bands [5]. Poro-elastic materials for acoustic applications are composed of channels, cracks or cavities that allow the
sound waves entering the materials. Sound energy is dissipated by thermal and viscous losses; these energy consumption
principles assure sound absorption over broader frequency ranges [6,7]. Poro-elastic materials suffer from a lack of perfor-
mance at low frequencies compared to their efficiency at higher ones [8]. This difficulty is usually overcome by multi-
layering [9]; however, the efficiency of such devices relies on the allowable thickness [10,11].

An efficient way to enhance the low frequency performances of sound packages consists in embedding periodic inclusions
in a poro-elastic layer [12,13], in order to create wave interferences or resonance effects that may be advantageous for the
dynamics of the system. In this context of increasingly complex material systems, numerical tools to properly design sound
packages are more and more useful. Several theoretical models are available to estimate the physical behavior of poro-elastic
materials, and the most complex of them require the definition of more than ten parameters. For example, one of the most
accurate models is the Biot theory of poro-elasticity [14], which takes into account both the mechanical and the acoustical
behaviors of the material [15]. Furthermore, the measurement of all the necessary parameters, which usually constitutes the
first step in the definition of a model, is already a specific issue in the case of poro-elastic.

In addition, numerical simulations, usually carried out through the Finite Element Method (FEM), are often problematic,
in terms of computational times and convergence. On the other hand, analytical models constitute a powerful instrument to
quickly catch physics and general trends of the problem, but they are partially limited by restrictive approximating hypothe-
ses and come short considering non-trivial geometries. In this context, the present work investigates the application of the
shift cell approach to poro-elastic media; this allows to obtain dispersion characteristics of frequency-dependent damped
materials through the resolution of a quadratic eigenvalue problem, whose accuracy only depends on the FEM meshing. This
technique has already been successfully applied to describe the mechanical behavior of periodic structures embedding visco-
elastic materials [16,17], piezoelectric materials [18] and foams modeled as equivalent fluids [19]. The main novelty of the
present work consists in the formulation and application of the shift cell technique to Biot-modeled poro-elastic media.
Materials modeled in this way account for wave propagation and interaction in both fluid and solid phases, thus leading
to the fact that diphasic models are the most comprehensive ones in order to describe the vibroacoustics of porous media.
However, compared to equivaled fluid models, they require more parameters to be used (a set for each of the two phases),
and therefore the process of extension of the shift cell technique is definetly not trivial and requires a specific dissertation,
which is herein provided for the first time in literature.

This paper is organized as it follows. Section 2 recalls the fundamentals of Biot theory and introduces the shift cell oper-
ator formulation for Biot-modeled foams. Section 2.2.2 defines a weak formulation of the problem, and Section B describes its
FE implementation. In Section 3 two validations of the method are shown. At last, Section 4 provides conclusions and future
perspectives.

2. Shift cell operator technique for Biot-modeled foams
2.1. Biot theory

Although for many porous materials the frame can be considered almost rigid for a wide range of acoustical frequencies,
thus allowing the use of models with motionless skeleton assumption [20,21], this is not generally true: for example, for a
poro-elastic material attached to a vibrating structure and for many other similar situations, frame vibrations are induced by
those of the elastic structure.

The wave propagation through a poro-elastic media can be analyzed only considering a solid-fluid coupled behavior; such
description is provided by the Biot theory of sound propagation in poro-elastic media [14]. In this context, two compres-
sional waves and a shear wave propagate. The parameters that characterize a poro-elastic material are: ¢ is the open poros-
ity; o is the static flow resistivity; o, is the tortuosity; A is the viscous characteristic length; 7, is the viscosity; gy = < is
the static viscous permeability; v, = 285 Vo, = 22 Pr is the Prandtl number. Furthermore, additional quantities are

Po Pr>
defined in Appendix A [22]. Zienkiewicz et al. proposed a simplified u — p formulation [23], where u is the solid phase dis-
placement and p is the pressure of the fluid phase.

In particular, by neglecting the second time derivatives of the relative fluid displacement from the original Biot u — U for-
mulation [15], the u — p formulation [22,24] is deduced in order to reduce the primary variables in the context of finite ele-
ment analysis; indeed, if one considers a 3D model, instead of the 3 + 3 nodal variables that are in the u — U formulation, in
the case of the u — p one there are only 3 + 1 nodals variables. In addition, the solid displacement u and the pore fluid pres-
sure p are always the most interesting quantities. In an infinite homogeneous isotropic poro-elastic media, three waves prop-
agate (two compressional waves and one shear wave):

- |pupn - ph,
kshear = szz ) (l)

kfast,slow =
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The symbols introduced in Egs. (1)-(3) are defined in Appendix A. The two phases present in a poro-elastic mate-
rial behave in a different manner, respect to the pure elastic case (where the only compressional wave is fluid-born):
the main difference is the existence of a second (solid-born) compressional wave, which is highly attenuated in the
low frequency range. Each of the waves propagates both in the solid and in the fluid phases of the poro-elastic med-
ium [25].

2.2. Shift cell operator technique

2.2.1. Introduction

Herein, the shift cell operator technique applied to Biot-modeled foams is presented, providing details on its implemen-
tation [26]. The shift cell approach provides a reformulation of classical Floquet-Bloch periodic conditions [27], and its major
advantage is that it allows the introduction of a generic frequency dependence of visco-elastic material behavior [16]; this is
fundamental, if one looks for the computation of the dispersion curves of a porous material, modeled as an equivalent fluid
or with the Biot theory. Indeed, even if the usage of Floquet-Bloch (F-B) periodic conditions actually allows it, a very powerful
non-linear solver is required in that case.

The shift cell operator [16,19], instead, leads to a quadratic eigenvalue problem even in the presence of frequency-
dependences and/or damping. The main mathematical difference with respect to the classical F-B approach is that, in
the case of the shift cell operator, the phase shift of the boundary conditions and the exponential amplitude decrease,
related to wave propagation, are integrated into the partial derivative operator. As a consequence, the periodicity is
included in the overall behavior of the structure, while simple continuity conditions are imposed at the edges of
the unit cell.

Considering a poro-elastic layer modeled through Biot’s theory [14], the coupled starting system is constituted by the
equation of motion of the solid part and the classical Helmholtz equation, respectively:

V-G(u)+w?pu+7jVp =0
(4)

Ap+@? p - 0?27V - u =0

where u = (u, v, w) is the solid phase displacement vector and p = p(x, ®) is the acoustic pressure [28]. The following quan-
tities are defined [22]: w is the angular frequency; G (u) = Ce(u) is the stress tensor of the frame in vacuum, whose generic

element can be written as ¢ = (,ul — %) dij€w + 21, &5, where d;; is the Kronecker delta and &y = tr(g) = Eux + &y + Eur; C IS

the Hooke elasticity tensor with Cy; = u; — QTE—F 2, and Cp = U, — %2;§(u) =1(Vu+ Vu") is the symmetric strain tensor;
U, =2-N and u, = N are respectively the first and second Lamé parameters.

For each physical property of the system, the periodicity is described by «:(x — rn) — o(x) = 0, where « is a generic physical
property, n is a vector of integers normal to the face considered, r = (ry;12;73) is a matrix containing the three vectors defin-
ing the cell periodicity directions and lengths, and Q is the domain of interest. This applies everywhere except on the dis-
continuity surfaces, where appropriate boundary conditions apply [19].

By further developing the latter equation and applying the Bloch theorem [29], which extends Floquet’s theory to 3D sys-
tems, one obtains:

(V+jk)-CI((V+jlyu+ (V+jlu")+
+@?pu+P(V +jk)p = 0 7 (5)
(V+jk)T~(V+jk)p+w2%p—w2%i}(V+jk)~u:0

with the wave vector k defined as:

Oy Cos 0 cos ¢
k=ko=k| 6, | =k| cosOsin¢ (6)
0, sin6

and k = —j2, where 4 is an eigenvalue of the problem.

2.2.2. Weak formulation
The solution approach follows a common weak formulation of a differential problem in a discrete coordinate scheme. A
(u,p) formulation, in its classical form, can be found in literature [24]:
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Jo O(u) : g(ou)dQ — ? [, pu - sudQ+

fg( ( +9))Vp-sudQ — [, ¢(1+9)pV - sudQ+
= Jr(or -n)-sudll =0
Ja WVP : Vf’PdQ ~ Jo % popdQ+
—fg(v+¢>( +9))Vop - udQ — [, (1 +2)opV - udQ+
— Jr (Un — tn)opdl’ = 0

where éu and Jp are admissible variations of the solid phase displacement vector and the interstitial fluid pressure of the
poro-elastic medium, respectively. Considering that g(u) = Ce(u) = C1 (Vu + Vu"), and introducing the shift cell operator
as explained above, one obtains:

Jo (S ((V + jley + (V -+ jlowT) ) + ((V = jloou + (V - j)ou”)dQ-+
—? [ pur-oudQ — [o (7 + ¢(1+%))(V+jlo)p - oudQ+

—Jod ( Bp(V - jk) - sudQ =0

fQ ruzpiz V +Jk)p : (V 7.]")(3de+

— Jo EpopdQ — [,(7+ &(1+2))(V —jk)sp - udQ+

~ o (1 +9)op(V +jk) - udQ =0

where the boundary condition caused the integral on the boundary to vanish. Therefore, one can define the following
quantities:

o 0y(u) = Cs(,( ), whose generic term is Gy = (,u] — %f) OijEork + 2y Eoij;
o g(u) =75 (0u+ou’).
Therefore:
Joo(u) : e(0u)dQ + jk [, Go(u) : £(u)dQ+

kafng ) : &(ou)dQ + K fQ Go(u) : £9(0u)dQ+
—? [ pu-oudQ — [, (7 + ¢(1 +E))(V +jk)p - sudQ+
—jg ( HDp(V - jk) - oudQ =0

Jo otz Vp VopdQ + jk fo 40 pVopdQ+
kag =0 VpopdQ + K [, - popdQ — [, % popdQ-+

L+ ¢( +9))Vop - udQ +ka9(y+ $(1+9))0- spudQ-+
— Jo (1 +$)opV - udQ — jk [, (1 +%)0 - 5pudQ = 0

which can be written in a more structured form, as:
Jo O(u) : g(ou)dQ + jk jg<ao e(ou) —o(u): 8,:,(6u)) do+
+k2 Jo o) : &5(ou)dQ — ? [, pu - oudQ — [, Vp - oudQ+
—jk [, 370_ pb‘ud_Q Jod(1+ Q)(Vp Su+pv-ou)dQ =0
Jo “2’ Vp VopdQ + jk fQ o 0 pVép — 0 - Vpsp)dQ+
P [, 2 wzpn popdQ — [, & péde [, 7Vop - udQ+

+jk [, 70 - opudQ — [, ¢(1 +%)(Vép - u+ pV - u)dQ = 0

Finally, one can discretize the weak formulation through the FE Method: considering that ¢, and ¢;are the eigenvectors
of the solid and fluid parts respectively, the system of equations can be written in its matrix form:

(10)

(K:S+jk]“:s+k2i7w2%)(psf(&+jk%+£)¢f:0

(30— 05} (3 0y T~ o

with the following matrices (oc means “proportional to”):
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o Ks o< [, G(u) : g(ou)dQ;

oL [, (o,,( ) : £(5u) — G (u) :sg(éu)>dQ;
o Hy o [, Oy(u) : &y(5u)dQ;

o M; [, pu - sudQ;

. Eoc Jo?Vp - oudQ;

. Qu Jo 70 - poudQ;

o T fy9(1 ( +9)(Vp-ou+ pV - su)dQ;

. Kfocjg Vp VépdQ;

o Ly x Jo & ﬂ (0-pVdp — 6 - Vpop)dQ;

e Hyox [, 2 = £ ppdQ;

o My [, £ popdQ;
o Ny x [, 7Vop - udQ;
x [o 70 - opudQ;
x [, #(1+%)(Vop - u+ spV - u)dQ.

Hﬁ |2 ||

Here, M;; and K are respectively the symmetric mass and symmetric stiffness matrices, L,y are skew-symmetric matrices,
Hy are symmetric matrices and N; = Nf, O; = O and T, = T} are the matrices that couple the solid and fluid behaviors; all of

them are complex and frequency-depgldent. Therefore, the coupled system can be written as it follows:

(K:5+jkL:s+kzi*w2%) *(Nf*kaerTf) ¢\ _ (0 12
_(&J,_jk%—}-L) wz (Kf+]ka+k Hf—szf) <(pf>_<0>. "

The details of the FE implementation are given in B.

3. Validation of the method

In order to validate the shift cell technique implementation for Biot-modeled foams and for waves propagating along the
x-axis, two different comparisons are provided: one with an application of the shift cell approach to an equivalent fluid [19],
and another one with a WFEM analysis performed on a Biot-modeled foam [25].

3.1. Biot model with shift cell vs. JCA model with shift cell

The first considered system is a homogeneous foam with material properties shown in Table 1, represented by a cubic
unit cell having a volume of 8 cm?, with periodicity in three directions and mesh composed by 10 thetraedral elements along
each side of the cube. The second case is constructed by introducing a rigid cylindrical inclusion with radius equal to 0.5 cm
at the center of the previous unit cell, as shown in Fig. 1.

In Figs. 2 and 3, dispersion curves of two different systems with an artificially high value of frame Young modulus
(E = 10" Pa) and nullified loss factor, such that the rigid frame assumption would be valid, are calculated using the shift cell
approach and compare the results obtained through the Biot model with those calculated using a Johnson-Champoux-Allard
(JCA) [30,31] equivalent fluid [19]. Therefore, the elasticity of the skeleton is neglected and the Biot model essentially
describes the behavior of the equivalent fluid one. The distinction between propagative and evanescent waves is obtained,
in a first approximation, through the application of the 1st classifying criterion described by Magliacano et al. [19] for equiv-
alent fluids.

Table 1

Properties of a PU 60 foam.
Porosity 0.98 Density [kg/m?] 22.1
Tortuosity 1.17 Young modulus [kPa] 70 +j9
Resistivity [Pa*s/m?] 3750 Shear modulus [kPa] 25 +j7
Viscous char. length [mm] 0.11 Loss factor 0.265

Thermal char. length [mm)] 0.742 Poisson ratio 0.39
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Fig. 2. Dispersion curves validation with JCA plots; here, the Biot curves are computed for a homogeneous PU 60 foam, with E = 10'® Pa and structural loss
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Fig. 3. Dispersion curves validation with JCA plots; here, the Biot curves are computed for a PU 60 foam with a perfectly rigid cylindrical inclusion, with
E = 10" Pa and structural loss factor = 0.

Looking at Figs. 2 and 3, it can be noticed that the comparison shows an almost perfect agreement between the results of
the shift cell technique applied on the two different foam models. The advantage of using Biot model, for which the shift cell
approach is developed herein, relies on the fact that, as already introduced in Section 1, in some cases (for example:
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low-frequency acoustic loads, or mechanical excitations) waves can propagate in both fluid and solid phases. In those con-
texts, motionless skeleton models cannot be used and a more general diphasic model (like Biot’s one) is required in order to
describe the poro-elastic behavior of the foam [32]. Moreover, if the frequency range of the study is under the decoupling
frequency, which is located at high frequencies for foams with high value of flow resistivity, the equivalent fluid model pre-
diction deviates significantly from the Biot theory; therefore, also in these cases it is necessary to use the latter, in order to
have an accurate overview of the wave propagation in the medium. In addition, as it is more clear in Figs. 4 and 5, the shift
cell approach is capable to catch the behavior of the three types of waves propagating in a porous material with elastic frame.

3.2. Biot model with shift cell vs. Biot model with WFEM

In this validation case, shift cell results are compared to those obtained by Serra et al. [25] using the Wave Finite Element
Method [33] (labeled as “reference” in Figs. 4 and 5). Parameters of foam and air used in this validation case can be found in
Appendix B of Serra et al. [25], and are reported here in Tables 2 and 3. In the case of poro-elastic media the rigidity of the
material is very low, leading to very small wavelengths, and a high dissipation rate occurs within the pores; despite these
difficulties, in the paper by Serra et al. [25] it is shown that the WFEM provides an efficient tool to compute the waves prop-
agating through poro-elastic media.

This validation is also performed with curves computed through the analytical model described in Section 2.1. As it is
clear in Figs. 4 and 5, wavenumbers calculated using the shift cell approach applied to a Biot-modeled foam completely agree
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Fig. 4. Dispersion curve comparison with the reference (WFEM by Serra et al. [25]), and analytical model; real part of the wavenumber.
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Fig. 5. Dispersion curve comparison with the reference (WFEM by Serra et al. [25]), and analytical model; imaginary part of the wavenumber.
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Table 2
Properties of the foam used in the validation with the work by Serra et al. [25].
Porosity 0.96 Density [kg/m?] 30
Tortuosity 1.7 Young modulus [kPa] 733 +j73
Resistivity [Pa*s/m?] 32000 Shear modulus [kPa] 264 + j26
Viscous char. length [mm)] 0.09 Loss factor 0.1
Thermal char. length [mm)] 0.165 Poisson ratio 0.387
Table 3
Properties of the air used in the validation with the work by Serra et al. [25].
Ambient fluid density [kg/m?] 1.21
Ambient fluid dynamic viscosity [N/(m*s)] 1.84*107°
Standard pressure [Pa] 101325
Heat capacity ratio 14
Prandtl’s number 0.71

with those calculated through the analytical model; moreover, it can be seen that the slow compressional wave is highly
attenuated.

The shift cell approach has several advantages, in terms of linearity and convergence, compared to the WFEM. Indeed, as
described by Serra et al. [25], the WFEM applied to Biot-modeled foams leads to a transcendental eigenvalue problem that
can be solved only by using a nonlinear solver. However, there are still a lot of numerical difficulties, and robust solutions
have not yet been developed [34].

In the case of WFEM, the use of 10 elements per wavelength in the three directions is recommended as a rule of the
thumb [25]. Under the hypotheses of plane wave, the use of the shift cell approach leads directly to a quadratic eigenvalue
problem, with no assumption on the nature of the waves, whose accuracy only depends on the mesh chosen to discretize the
system.

4. Conclusions

An efficient way to enhance the low frequency performances of sound packages consists in embedding periodic inclusions
in a poro-elastic layer, in order to create wave interferences or resonance effects that may be advantageous for the dynamics
of the system. This work develops the shift cell technique as a numerical tool to investigate the dispersion characteristics of
periodic Biot-modeled poro-elastic media, providing details on its FEM implementation too; this approach allows to obtain
dispersion characteristics of frequency-dependent damped materials through the resolution of a quadratic eigenvalue prob-
lem, whose accuracy only depends on the FEM meshing. A first validation of the shift cell approach for Biot-modeled poro-
elastic materials has been obtained through a comparison with the results obtained on a JCA-modeled 3D unit cell, both in a
homogeneous configuration and with a perfectly rigid cylindrical inclusion. For this purpose, the elasticity of the foam skele-
ton has been neglected and therefore the Biot model essentially described the behavior of an equivalent fluid, thus allowing
the comparison between dispersion curves obtained through the application of the shift cell approach to Biot-modeled foams
and equivalent fluids.

An additional validation has then been carried out through a comparison of the shift cell results with those obtained using
the Wave Finite Element Method, and those computed through an analytical model that is valid for infinite homogeneous
isotropic poro-elastic media; in this context, compared to the WFEM, the shift cell technique shows significant computa-
tional advantages. The outcome of this research is very promising, since the methodological basis and its validations are
given in order to trace future characterizations and applications of periodic poro-elastic media in acoustics.
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Appendix A. Quantities defined in Biot model of poro-elasticity

2 P11R-201,Q+pyP.
e Al =w P R£12Q2 P22 :

o Ay = @t PuPa i,
RP-Q%> '
e 011,01, and p5, are parameters depending on the nature and the geometry of the poro-elastic medium and the density of
the fluid; in particular:py; = p; + o + 355,012 = —Pa — o5 P22 = PP + Pa + i
e p, is the bulk density of the fluid phase;
e p, is the bulk density of the solid phase;
e p, = ¢py(d — 1) is an inertial coupling term;
e b= 0¢*G(w) is the viscous drag;

o G(w) =,/1 +% is the relaxation function, as predicted by JCA model [30,31];

~ ~ .2

o« p= (P -52);

e P.Q,R are elasticity coefficients to be determined by “gedanken experiments” [21]; in particular [20]:
p— AU B aN o (14 125)2N + 152 KF,Q = B0 (1 g)KF R = 25~ gKF;

1—¢p— KB+¢KS 1-2v 1—¢— KB+¢KS 1—¢— KB+4)KS =
e N=|N|(1+jn) = m is the complex shear modulus of the frame;
e Y =|Y|(1+jn) is the complex Young modulus of the frame;
e 77 is the loss factor of the frame;
e v is the Poisson’s ratio of the frame;

o KB = 32} is the bulk modulus of the solid phase in vacuum;

o KS = 1% is the bulk modulus of the solid phase;
e KF is the bulk modulus of the fluid phase, computed starting from the equivalent one (e.g.: KF = ¢Kjca);
7 =o(2-9);

o U= f;ﬂ o’ g’&; i = 1,2 is the ratio of the velocity of the air over the velocity of the frame for the two compressional waves
(0% P12~

and indicates in what medium the waves propagate preferentially.

Appendix B. Finite element implementation

In order to numerically implement the shift cell technique for Biot-modeled foams, the vector equation related to the
motion of the solid part is split into three scalar equations. The following matrices are defined accordingly:

u gy ow Ou 0 0w
u=|v |, Vu=|5 % 51| ou=|ou o0 ow]|, (13)
w (:lel fl;—’z’ fT‘;V o,u 0,v 0w
2o () @
s = [3(2+) 2 (), (14)
Lo+ d(z+m)
[ O (O u+0,v)  1(0u+bw)
gou) = | 1(0u+0,v) 0yv 1 (0;v + 0,w) |, (15)
| 1(0u+0w) 1(6,0+06,w) 0w
[ C 24 Cip(24+2%) (i —Cia)d (B 4+22)  (Ciy—Crp)d (24 29)
11 9x 12 +% 1 12 ay T ox 1 12)72 oz T ox
G) = | (Cry - Cpp)d (f’;+‘§—2) C]]r)y+C12(ziu o) (C11—C1z)%<—”+%—§,v) (16)
| (G — Cio)d (& 4+2)  (Cyy—Cpp)d (ng%") Ci2+Coy (§§+i§)
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Ci10xu + C12(9y7/+ 9zW) (C1 — Clz) (Hyu + 0Oy ) (Ci1 — C]Z)l(ezu + Oxw)
Q(u) = (C]] —C12) (9 u+6 1}) C119y1/+C12(9XU+92W) (C]] —C]z) (0 v+0 W) (17)
(C11 —C12)§(02u+()x ) (C]] —Clz)%(Ozl/-‘y-OyW) Cn()zW-‘rC]z((}XU-I—Oy )

The numerical model is based on the following matrix weak formulation, proposed to provide an expression optimized for
the FE implementation:

o Ko o (Cn 2+ Coal( o 2)) B @ - Con (3 +5) (i + 52) + (G 3 (24 ) )

u X fo ((C119xu+Cu(9yv+é)zw))%+ (Cii —Ci2)} ((Hyu+ 0x) (%M%) + (6.u + GXW)(%+%V))—

(C11 4 Cra (32 +%2) ) 0c0u — (Crr = Cra) (3 +52) (Oy0u + 0x6) + (3 +5) (00U + Orow) ) ) A2

o Hgy o< [, ((Cr10xu + Cr2(0y v + 0,w))0xSu + (C11 — Ci2) 3 ((Oyu + 05v) (0yU + 0x5v) + (0;u + O,W) (05U + 0xdW)))dQ;

. @oc Jo pusudQ;

o Nou o< [ 78 oudQ;

su < [o PO1poudQ;

su o Jo (1 +9) (Fou+pF)de;

o o ((Corty+ CoaGor 8 B+ (o = oy (3 58) (5 -+ 8) + (3 ) (B + %)) oo

s X Jo ((CHH v+ Cra(0u + 0w ))%Jr Ci1 — C12) %( (Byu + 6w (0"”+"’:‘”) (6:v+ 6, w)(ogzuﬂfﬂ))
(

H“

.
o

2

dy X dy
—(Cr B+ Coa (B +2))0,00 - (Crn — Cra)§ (% +%) (0y0u + 0.60) + (3 +22) (000 + 0y0w) ) )d;
s0 < Jo ((C110yv + Cra(0xt + 0,W)) 0,6V + (C11 — Cr2) 5 ((Oyu + 0,2) (0,6uU + 0,60) + (0.v + O,w) (000 + 0,6w)))dQ;
x [q provdQ;

°
I

=

<

S,
50 Jo 7 ovdQ;
e O, x [, 702pdvdQ;
o Tsoox [op(1+ )(0y51/+p0"”>d9
Ko o fo ((Cun i Ca () ) 8+ (G = Cpf (34 ) (B ) + G+ B G+ ) )
o Lo o Jo ((Crr0aw + Cro (0,1 + 0,0)) 22+ (Coy — Cuo) 3 (0w + 0,2) (%2 + 22 - (0, + O,w) (B + ) )
f(cﬂ%;uclz(gfw%;))ozéw (Ciy — Cpz) 1 ((dw +92) (0y6w + 0,00) + (2 %—"XV)(OZ(SquOX(SW)))dQ;
o How o< o ((C110.w + Crz (Ot + 6y )) 0,0W + (C1q — Clz)% ((6yw + 6,0) (6,6W + 0,5V) + (0,u + 6,W)(6;0u + 6,5W)))dQ;
o My Jo pwowdQ;
o Now o [o 7% owdQ;
o Oy x Jo P03powdQ;

o Tow o< Jo (1 +§) (Fow +p2)de;
. 2
o Ky o fo i (B2 + 292+ 2 %) Ao
.:f A pnp(aapg +Oép92+0(7p93) ( 01 +2 92+ 93)6de;
e Hp x [, —péde

o My [, £ popdQ;

o N o<f9y< uZe 4 v".ﬂJrW@)dQ'

o Oy x Jo P(01u + 6, v + 63w)dpdQ;
x fob(1+ )((6(5pu+00pu+0<)pw) +bp(()u+()1}+ ))dQ.

H:’
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