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The problem of coupling multiple spin ensembles through cavity photons is revisited by using
PyBTM organic radicals and a high-Tc superconducting coplanar resonator. An exceptionally strong
coupling is obtained and up to three spin ensembles are simultaneously coupled. The ensembles are
made physically distinguishable by chemically varying the g factor and by exploiting the inho-
mogeneities of the applied magnetic field. The coherent mixing of the spin and field modes is
demonstrated by the observed multiple anticrossing, along with the simulations performed within
the input-output formalism, and quantified by suitable entropic measures.
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Controlling light-matter interaction at the quantum
level is a central problem in modern physics and tech-
nology. The paradigmatic system for such investigation
is represented by a two-level emitter coupled to a confined
mode of the electromagnetic field [1]. The experimental
benchmark of a coherent light-matter interaction is the
creation of hybridized modes, which can be observed if
the coupling between the field and the emitter is larger
than that between these and environment. This strong-
coupling regime has been achieved by employing a variety
of emitters, ranging from Rydberg atoms to supercon-
ducting qubits, all characterized by large electric-dipole
transition amplitudes [2]. Spin-photon coupling is much

FIG. 1: (a) Transmission spectra (T = 2 K) with a PyBTM
ensemble positioned at the center of the YBCO coplanar res-
onator (right inset). Left inset: molecular structure of the
PyBTM molecule: C (black), Cl (magenta), N (green), H
(blue). (b) Temperature dependence of the decay rates, of
the spin-photon coupling (symbols) and of the polarization
factor p(T ) (solid lines) for different PyBTM ensembles.
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weaker, but can be dramatically enhanced by exploiting
cooperative phenomena in N -spin ensembles (SEs) [3, 4].
In this way, the strong coupling regime has been demon-
strated with different spin systems in high quality factor
microwave resonators [5–8]. Along the same lines, exper-
imental evidence of the coherent coupling between 3D-
cavity photons and magnons in ferro- and ferri-magnetic
crystals has been provided [9–11].

Molecular spin systems display features that are po-
tentially exploitable in quantum-information processing
[12], such as a wide tunability of the physical parameters
and decoherence times exceeding 103 the gating times
at liquid nitrogen temperature [13–16]. Organic radi-
cals provide possibly the simplest spin systems, consist-
ing of single unpaired electrons with isotropic g-factors.
In addition, the presence of intermolecular exchange in-
teractions in non-diluted ensembles gives rise to exchange
narrowing, which averages out the intermolecular dipo-
lar and hyperfine interactions [17]. SEs of organic rad-
icals can thus combine narrow magnetic transitions and
high spin densities. For this reason, they are particularly
suitable for reaching the strong coupling regime in a mi-
crowave cavity [18–20], while their versatility inspires the
implementation of quantum gates [21].

Here we exploit these features in order to demon-
strate the coherent coupling between distinguish-
able SEs. By using (3,5-dichloro-4-pyridyl)bis(2,4,6-
trichlorophenyl)methyl radicals (PyBTM) [22], we first
show that the strong-coupling regime is largely achieved
in a broad temperature range, with values of the coop-
erativity reaching 4300 at 2 K. This allows us to provide
an experimental evidence of the coherent coupling be-
tween up to three spatially separated SEs, mediated by
the cavity mode of a high Tc YBCO/sapphire coplanar
resonator. This capability represents a resource for the
implementation of hybrid architectures and of quantum-



2

information approaches based on the use of multiple spin-
excitation modes.

Our experiment consists in measuring the transmission
spectrum of a coplanar resonator in the presence of spin
radical ensembles. An external magnetic field, applied
in the plane of the superconducting film (Fig. 1), tunes
the Zeeman energy of the spins relative to the energy
of the cavity mode. The YBCO resonator explore wider
ranges of temperature, magnetic field and power, with
respect to the more conventional Nb cavities. Notably,
the resonance frequency and the quality factor of the bare
YBCO resonator are, at low temperature, weakly depen-
dent on the external magnetic field [20]. The resonator
is installed in a cryo-magnetic set-up and the transmis-
sion scattering parameter is measured by means of a vec-
tor network analyzer. With the sample at the center of
the resonator and at zero field, the fundamental mode
has a frequency ωc/2π ' 7.7 GHz and a quality factor
Q ' 2.3 × 104. A typical incident power in our experi-
ments is -13 dBm, corresponding to an average number
of photons in the cavity of approximately 1012 − 1014.
Further details on the experimental set up are provided
in Appendix I.

The system we investigate essentially consists of M
ensembles of s = 1/2 spins, coupled to a single cavity
mode, which can be modeled by the Tavis-Cummings
Hamiltonian [4]. If the number of excitations is much
smaller than the number of spins in each ensemble, the
spin states can be mapped onto those of a bosonic mode
[23]. As a result, the Hamiltonian reads (~ ≡ 1):

H = wca
†a+

M∑
k=1

[ωk(b†kbk − Sk) + gk(a†bk + b†ka)], (1)

where ωc is the frequency of the cavity mode, ωk the Zee-
man splitting of a spin belonging to the k-th SE. Finally,
gk = ηk

√
Nk, with ηk the single-spin photon coupling.

In order to simulate the observed spectra, we use of the
input-output formalism [24]. In particular, the transmis-
sion scattering parameter is given by:

S21=

√
κ1κ2

i(ωc−ω)+1
2 (κ1+κ2+κint)+

∑M
k=1

g2k
i(ωk−ω)+γk/2

, (2)

where κ1 and κ2 represent the cavity-photon escape rates
to the two sides of the cavity, κint accounts for additional
cavity-relaxation channels, and γk is the relaxation rate
of the k-th spin mode. The derivation of the above ex-
pression and part of the simulated transmission spectra
reported in Appendix II.

We initially consider the case of a single PyBTM en-
semble positioned at the antinode of the magnetic field,
corresponding to the center of the resonator (Fig. 1).
The transmission spectrum displays a well-defined anti-
crossing as a function of the magnetic field, with a gap
of about 191 MHz [Fig. 1(a)]. The transmission spec-
tra can be simulated by means of Eq. (19), which is
also used to estimate the Hamiltonian parameters and
the relaxation rates: g1 = 95 MHz, γ1 = 7 MHz, and
κ1 = κ2 ' 4 kHz. The cavity-photon lifetime is lim-
ited by the internal-loss rate, κint ' 0.3 MHz, estimated

FIG. 2: Transmission spectra involving two SEs (T = 2 K):
(a,b) two PyBTM samples at the center; (d,e) one PyBTM
and one DPPH sample at the center; (g,h) two PyBTM sam-
ples at the boundaries of the central electrode. The panels
(c,f,i) contain the comparison between experimental (black)
and simulated (red) spectra at the anticrossing field.

by fitting the transmission spectrum far off resonance.
Altogether, these parameters allow us to reproduce the
Lorentzian line shapes of the peaks at resonance. Be-
ing the spin-photon coupling larger than the dissipative
rates, the strong spin-photon coupling is clearly achieved,
with values of the cooperativity C = g21/γ1κ1 as high
as 4300 at 2 K. This value is two orders of magnitude
larger than those typically reached with spin impurities
in crystals [2] and even larger than those obtained with
exchange-locked ferrimagnetic systems [9].

The spin-photon coupling is expected to display a tem-
perature dependence, which can be investigated thanks
to the stability of YBCO resonator in a wide temper-
ature range [20]. The results are displayed in Fig.
1(b) for three different PyBTM ensembles and com-
pared with the square root of the polarization factor
p(T ) = M(T )/M(0) ≤ 1 (solid lines), which are indepen-
dently derived from the measurement of the magnetiza-
tion M . The trends of the two quantities are indeed simi-
lar: g(T )/g(0) '

√
p(T ). On the other hand, the temper-

ature dependence of both the polarization factor and the
magnetic susceptibility significantly deviates from what
expected for an ensemble of uncoupled spins. The exper-
imental results on the magnetic properties of PyBTM are
reported in Appendix I. This suggests that a weak anti-
ferromagnetic coupling among the spins of each ensem-
ble is indeed present. The temperature is also expected
to affect the relaxation rates of both the cavity and the
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FIG. 3: Transmission spectra involving three SEs, one at the center of the resonator and two on the edge of the central electrode
(a) or on the gap between the this and the external box (b). (b,e) Spectra simulated through the input-output formalism.
The dashed lines show the Hamiltonian eigenvalues. (c,f) Entropic measures of the normal modes, Sk and S, calculated as a
function of the magnetic field.

spin modes. Here we find that γ1 monotonically increases
with temperature in the range 2−30 K, while the overall
photon-decay rate remains below 0.5 MHz. The strong-
coupling regime is thus preserved at least up to T = 30 K.
Based on the estimated value of the single-spin coupling
η = 0.6 Hz [20], we finally estimate the number of spins
that form the three SEs, which is of the order of 1017.

The phenomenology becomes richer when physically
distinguishable SEs are simultaneously coupled to the
cavity mode. Such distinguishability results either from
the use of spins with different g-factors or from inho-
mogeneities in the magnetic field. In the following, we
provide examples of both approaches. We preliminary
consider the case where the above PyBTM sample is di-
vided into two parts, positioned at the center of the res-
onator, at about 200µm from one another [Fig. 2(a)].
The transmission spectrum shows a single anticrossing
as a function of the magnetic field, centered at the reso-
nance field of PyBTM [Fig. 2(b)]. Being the two ensem-
bles degenerate (ω1 = ω2), the overall system is charac-
terized by a dark and a bright mode. The latter gives
rise to a spectrum that coincides with that of a single,
large PyBTM ensemble, and can be reproduced by using
the previous set of parameters [26, 27]. We then replace
one of the two PyBTM ensembles with an DPPH en-
semble, without modifying the system geometry, noting
that the g-factor of DPPH (2.0037) is slightly different
from that of PyBTM (2.003). An additional, faint line
now appears between the two main ones at the anticross-
ing [Fig. 2(f)], resulting from the mixing between the
bright and the dark modes discussed above. Being this
effect absent in the previous case, it can be attributed to
the slight difference in terms of g-factor between the two
radicals. The transmission spectrum can be reproduced
by assuming g1 = 50 MHz and γ1 = 8 MHz for PyBTM,
g2 = 37 MHz and γ2 = 14 MHz for DPPH.

An inequivalence between two spatially separated SEs
can also result from gradients in the applied magnetic
field across the resonator, which here approximately cor-
responds to 0.9 T/m. In order to exploit this effect, we
position two identical ensembles of PyBTM at the op-

posite sides of the resonator [Fig. 2(g)]. The transmis-
sion spectra [Fig. 2(h)] qualitatively reproduce those ob-
tained in the previous case. Here, however, being the
spins that form the two ensembles identical, the physical
distinguishability can only be ascribed to the magnetic-
field gradient. As expected, the coupling to the resonator
mode is weaker than the one observed in the previously
considered geometry (g1 = 22 MHz and g2 = 29 MHz),
where all the spins are positioned at the antinode of the
magnetic field. Besides, the observed line widths lead
to larger estimated values of the spin relaxation rates
(γ1 = γ2 = 13 MHz), probably due to the inhomogeneity
of the static field at the electrode boundaries.

The possibility to reach the strong coupling even when
the SEs are located at the boundaries of the central elec-
trode allows us to study the coupling of three inequiva-
lent SEs with the resonator mode. In order to observe the
peculiar features of a three-SE system, the difference be-
tween the Zeeman energies of any two ensembles must be
comparable to the collective spin-photon coupling. Such
condition can be met on one hand by tailoring the size
of the PyBTM ensembles (and thus the spin-photon cou-
pling) and, on the other hand, by tuning the differences
between their Zeeman energies through a suitable posi-
tioning of the SEs within the superconducting electrode.
In particular, if we position one SE at the center of the
central electrode and two at the edges, we observe a mul-
tiple level crossing [Fig. 3(a,b)], with four lines in the
same range of values of the magnetic field (g1 = 13 MHz,
g2 = 20 MHz and g3 = 49 MHz). If the two lateral SEs
are positioned on the gaps between the central electrode
and the external box, the ratio between the difference in
the Zeeman energies and the average spin-photon cou-
pling (g1 = 12 MHz, g2 = 18 MHz and g3 = 38 MHz) is
increased with respect to the previous case. As a result,
the three SEs give rise to sequential and nearly indepen-
dent anticrossings, each one involving three lines [Fig.
3(d,e)].

The qualitative difference between the transmission
spectra obtained in the two latter geometries can be put
on a quantitative basis with the aid of an entropic mea-
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sure of the coherent mode mixing:

S =

M+1∑
k=1

Sk =

M+1∑
k,l=1

(µkl )2 log2(µkl )2. (3)

Here, the entropy Sk thus quantifies the degree of coher-

ent mixing of the normal mode ck = µk1a +
∑M
l=1 µ

k
l+1bl

in terms of the resonator and of the spin modes, while
S gives the overall mixing characterizing the whole set
of normal modes. In the case of the first geometry, all
the entropies Sk and S present a maximum at approx-
imately the same value of the field [Fig. 3(c)]. In the
case of the second geometry, the maxima of S1 and S2
are clearly separated from those of S3 and S4, such that
S displays two distinct maxima [Fig. 3(f)]. At each of
them, one of the normal modes is dark, has a vanishing
small entropy and thus approximately corresponds to a
bare spin mode bl. We note that in both cases, the bright
modes at the anticrossing achieve values of Sk larger than
1, which is the highest value achievable in the case of a
mixing between the cavity mode and a single spin mode.
This clearly shows that the observed spectral features
result from a coherent coupling between spin excitations
belonging to different and spatially separated ensembles.

In conclusion, we have demonstrated the coherent cou-
pling between physically distinguishable ensembles of or-
ganic radicals. The fingerprint of such coupling is rep-
resented by the multiple anticrossing between hybridized
spin-photon modes. These observations are allowed by
the high cooperativity (C ' 4300) achieved in our device
at low temperatures. A wider control on such coherent
coupling between remote SEs can result from the gener-
ation of strong field gradients across the resonator. In
this respect, the resilience to the magnetic field of the
YBCO resonators offers novel opportunities. Additional
possibilities for the realization of hybrid quantum archi-
tectures arise from the wide range of g-factors offered by
molecular spin systems.

The authors acknowledge M. D’Arienzo and M. Sassi
for their help in the preparation and characterization
of the organic sample. This work was funded by the
Italian Ministry of Education and Research (MIUR)
through “Fondo Investimenti per la Ricerca di Base”
(FIRB) project RBFR12RPD1 and Progetto Premiale
EOS, by the US AFOSR/AOARD program, contract
FA2386-13-1-4029 and by the European FP7 FET
project MoQuaS contract N.610449.

APPENDIX I: EXPERIMENT

A. YBCO coplanar resonator

The YBa2Cu3O7(330 nm)/sapphire coplanar res-
onator is fabricated by optical lithography upon wet etch-
ing of a commercial double-sided YBCO film on sapphire
substrates [20]. In order to perform the measurements,
the superconducting resonator is installed in a copper
box and cooled down to 2 K in a cryo-magnetic set-up

(Quantum Design PPMS 7 T). The transmission scat-
tering parameter (S21) is amplified at room tempera-
ture and acquired by means of a vector network ana-
lyzer (Agilent PNA). At 2 K the bare resonator shows
quality factor Q ' 3.37 × 104 and resonance frequency
ωc/2π = 7.764 GHz. Quality factors above 104 can per-
sist up to T ∼ 55 K and in the presence of high mag-
netic field [20]. Fig. 4 shows a spectrum taken in zero
field with the sample loaded at the center of the res-
onator. The fundamental mode has ωc/2π ' 7.694 GHz
and Q ' 2.3 × 104, the latter being determined from
the half-power bandwidth κ/2π ' 0.3 MHz. The cou-
pling of the resonator to the feed lines can be varied in
a controlled manner by finely tuning the positions of the
launchers. In all the measurements presented hereafter
the incident power is -13 dBm, corresponding to an av-
erage number of photons in the cavity of approximately
1012 − 1014.

For transmission-spectroscopy experiments, powder
samples of organic radicals were pressed into thin pel-
lets and glued on the surface of the YBCO film. Off-
resonance background signals due to the coaxial line
have been subtracted from the experimental data. The
estimated total number of spins in each ensemble is
N ≈ 1017, which is much larger than the average num-
ber of photons that are present in the cavity during the
experiment.

Close to the surface of the superconducting electrodes,
the magnetic field is expected to present distortions,
which are generally attributed to the Meissner effect
and to flux penetration [28]. These inhomogeneities are
discussed in the NMR and ESR literature, and typi-
cally give rise to a broadening of the magnetic-dipole
transitions line and to a shift of the resonance field
[29]. In order to characterize the spatial variation of
the applied magnetic field, we have performed a series
of calibration measurements with a di(phenyl)-(2,4,6-
trinitrophenyl)iminoazanium (DPPH) reference sample
(Sigma-Aldrich). Initially, both the resonator and the
sample were rigidly translated along the direction of the
applied field (z axis, see Fig. 4). The shift of the mea-
sured resonance field of DPPH suggests the presence of

FIG. 4: Transmission spectrum taken at 2 K in zero mag-
netic field. Right inset: Transmission spectrum in dB scale.
Left inset: Schematic representation of the YBCO resonator
loaded with a PyBTM ensemble.
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a weak gradient, which is consistent with the nominal
inhomogeneity of the magnetic field in our experimen-
tal set-up (±0.001%). Subsequently, we translated the
DPPH sample along the z direction, while keeping fixed
the position of the resonator. In this case the shift of
the DPPH resonance line is more substantial and sug-
gests the presence of a field gradient of approximately
0.9 T/m.

B. Magnetic properties of the PyBTM organic
radical

PyBTM derivative was prepared according to Ref.
[22]. All identity and purity characterizations were in
accordance with those previously reported. The pow-
der sample of the PyBTM radical is magnetically char-
acterized by measuring the molar susceptibility (χ) and
the magnetization (M) as a function of temperature (T ).
The behavior of χT at high temperatures (T & 50 K) is
typical of a paramagnetic system (upper panel in Fig. 5).
At lower temperatures, however, we observe a downturn
of χT with respect to the paramagnetic value (dashed
line), which suggests the presence of weak intermolecu-
lar interactions with antiferromagnetic character. This
hypothesis is corroborated by the quasi-linear behavior
of the magnetization curve at 2 K (lower panel). The
temperature dependence of χT can be reproduced by a
Curie-Weiss model with TN = −3 K (solid line).

FIG. 5: Upper panel: molar susceptibility χT -vs-T curve of
the PyBTM organic radical. The solid line shows the fit with
a Curie-Weiss model, the dashed line displays the paramag-
netic limit expected for non-interacting s = 1/2 spins. Inset:
molecular structure of the PyBTM molecule (colors: C, black;
Cl, magenta; N, green; H, blue). Lower panel: magnetization
curves measured at different temperatures as a function of the
magnetic field.

C. Additional transmission spectroscopy data

Fig. 6 shows the transmission spectral maps measured
with two ensembles of different size, which correspond to
the data reported in Fig. 1 of the letter. We estimated a
total number of 2.7× 1017 spins for the upper panel and
0.9× 1017 spins for the lower panel.

APPENDIX II: THEORETICAL BACKGROUND

D. System Hamiltonian

We consider a system formed by M ensembles of s =
1/2 spins, coupled to a single mode of the cavity. Within
the rotating-wave approximation, this is described by the
Tavis-Cummings Hamiltonian (~ ≡ 1) [4]:

HTC = ωca
†a+

M∑
k=1

[ωkSz,k + ηk(a†Sk,− + aSk,+)], (4)

where ωc is the frequency of the cavity mode, ωk the Zee-
man splitting of a spin belonging to the k-th spin ensem-
ble, and ηk the coupling between each of such spins and
the cavity mode. In the low-excitation limit (i.e. if the
number of excitations is much smaller than the number
of spins Nk in each spin ensemble), one can introduce the
Holstein-Primakoff transformation [23], where the states
of each spin ensemble are mapped onto those of a bosonic
mode. As a result, the system Hamiltonian becomes:

H = wca
†a+

M∑
k=1

[ωk(b†kbk − Sk) + gk(a†bk + b†ka)], (5)

where gk = ηk
√

2Sk is the collective coupling between the
spin ensemble and the cavity mode. If the temperature is

FIG. 6: Transmission spectroscopy maps measured with two
ensembles of different size (T = 2 K).
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much smaller than the Zeeman splittings, the total spin
Sk of each ensemble can be identified with its theoretical
maximum (Sk = Nk/2).

The above bilinear Hamiltonian can be written in a
diagonal form, as the sum of M + 1 independent oscilla-
tors, each corresponding to a hybrid spin-photon mode.
In order to derive the expressions of such modes, one can

FIG. 7: Left column. Schematic of the transmission spec-
troscopy experiment: (a) a single PyBTM ensemble posi-
tioned at the center; (c) two PyBTM ensembles positioned
at the center; (e) one PyBTM and one DDPH ensemble posi-
tioned at the center and (g) two PyBTM ensembles positioned
at the edges. Right column. Input-output simulations calcu-
lated for the experiment sketched in the correspondent left
panel.

write the Hamiltonian in a matricial form:

H = (a†, b†1, . . . , b
†
M )A

 a
b1
. . .
bM

+ ωcN,

where the operator N = a†a +
∑M
k=1 b

†
kbk counts the

overall number of excitations and the (M + 1)× (M + 1)
matrix A reads

A =


0 g1 g2 . . . gM−1 gM
g1 δ1 0 . . . 0 0
...

...
...

...
...

...
gM 0 0 . . . 0 δM

 ,

with δk ≡ ωk − ωc the detuning between the k-th spin
ensemble and the cavity mode. The detuning of the k−th
spin ensemble depends on the g factor of the spins and
on the local value of the static magnetic field, being ωk
the Zeeman energy.

The eigenmodes of the system can be found by diago-
nalizing A, whose M + 1 eigenvalues and eigenstates are
denoted hereafter with λk and ~µk = (µk1 , . . . , µ

k
M+1), re-

spectively. In terms of these quantities, the Hamiltonian
reads:

H =

M+1∑
k=1

(ωc + λk)c†kck =

M+1∑
k=1

Ωkc
†
kck (6)

where ck = µk1a +
∑M
l=1 µ

k
l+1bl. An eigenstate of the

above Hamiltonian thus correspond to a defined number
of excitations in the each of the eigenmodes:

|n1, . . . , nM+1〉 = ⊗M+1
k=1

(
c†k

)nk

|0〉. (7)

E. Multiple mode mixing

In the simplest case, where the cavity mode couples to
only one spin ensemble (M = 1), the eigenvalues of H
are

λk = δ1/2 + (−1)k
√
g21 + δ21/4. (8)

The components of the corresponding eigenstates are

given by the expressions µ1
1 = g1

(
g21 + λ21

)−1/2
= −µ2

2

and µ1
2 = λ1

(
g21 + λ21

)−1/2
= µ2

1. In the following Sec-
tion, we discuss the experimental evidence of a coherent
mixing between the resonator mode and multiple spin
ensembles. In order to observe such mixing, a number of
conditions need to be met, concerning both the coupling
to the environment and the character of the eigenmodes.
With respect to the former point, the condition for re-
solving two modes i and j with neighboring values of the
energy is that their linewidths are smaller than |Ωi−Ωj |.
This somehow generalizes the condition for achieving the
strong-coupling regime in the case of a single spin ensem-
ble. In order to discuss the latter point, we introduce the
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normalized frequency shift

ξij ≡
|ωi − ωj |√
g2i + g2j

. (9)

For ξij � 1, the two spin ensembles tend to form one dark
and one bright mode, and thus give rise to the same spec-
trum as that formed by a single ensemble with Ni + Nj
spins. In the opposite limit, ξij � 1, the two spin en-
sembles give rise to independent anticrossings, as a func-
tion of the Zeeman energy. In the intermediate regime,
where ξij ∼ 1, the excitations of the two spin ensembles
hybridize with those of the cavity in the same range of
magnetic field strength, giving rise to a multiple anti-
crossing. This characterization of the anticrossings can
be put on a quantitative basis by introducing an entropic
measure of the coherent mode mixing, such as

S =

M+1∑
k=1

Sk =

M+1∑
k,l=1

(µkl )2 log2(µkl )2. (10)

Here, the entropy Sk tells us to which extent the normal
mode ck is distributed amongst the resonator mode a
and the spin modes bk, while S gives the overall degree
of mixing that characterizes the normal modes.

F. Input-output relations

In order to simulate the observed spectra, we make
use of the standard input-output formalism [24]. The
relations between the input and output modes of the
two-sided cavity can be obtained by combining the two
equations that define the boundary conditions for the
cavity with the M + 1 Heisenberg equations for the field
and spin-ensemble annihilation operators. The boundary
conditions are given by

aout(ω) + ain(ω) =
√
κ1 a(ω) (11)

bout(ω) + bin(ω) =
√
κ2 a(ω), (12)

where ain and aout are the input and output modes, re-
spectively, at one side of the cavity, while bin and bout
correspond to the modes at the other side. The Heisen-
berg equations for the annihilation operators read:

−iωa(ω) = −i[a(ω), H]− 1

2
(κ1 + κ2 + κint)a(ω)

+
√
κ1 ain(ω) +

√
κ2 bin(ω) (13)

−iωbk(ω) = −i[bk(ω), H]− 1

2
γkbk(ω) (k=1,M),(14)

where κ1 and κ2 represent the cavity photon escape rates
to the two sides of the cavity, while κint accounts for ad-
ditional cavity-relaxation channels. The relaxation rate
of the k-th spin mode is γk.

The commutators involving the spin modes that ap-
pear in the Heisenberg equations are given by:

[bk(ω), H] = ωkbk(ω) + gka(ω). (15)
The combination of Eqs. (14) and (15) allows one to
establish a proportionality relation between the spin and
the cavity modes:

bk(ω) =
−igk

i(ωk − ω) + γk/2
a(ω). (16)

The commutator between the Hamiltonian and the anni-
hilation operator of the cavity mode reads:

[a(ω), H] = ωca(ω) +

M∑
k=1

gkbk(ω). (17)

After including this expression, and those in Eq. (16),
into Eq. (13) one can express the annihilation operator
of the cavity mode in terms of the two input modes:

a(ω)=

√
κ1 ain(ω) +

√
κ2 bin(ω)

i(ωc−ω)+ 1
2 (κ1+κ2+κint) +

∑M
k=1

g2k
i(ωk−ω)+γk/2

.

(18)
The above equations can be combined together in order

to eliminate the system operators and express the output
modes of the cavity as linear functions of the input modes
alone: [

aout(ω)
bout(ω)

]
=

(
S11 S12

S21 S22

)[
ain(ω)
bin(ω)

]
.

The elements of the scattering matrix are given by

S12=

√
κ1κ2

i(ωc−ω)+1
2 (κ1+κ2+κint)+

∑M
k=1

g2k
i(ωk−ω)+γk/2

(19)

and S11 =S12

√
κ1/κ2− 1. Analogous expressions can be

obtained for the matrix elements S21 and S22, by swap-
ping the indices of the photon escape rates κ1 and κ2.

The outcome of the input-output simulations are re-
ported in Fig. 7. The simulated spectra correspond to
the cases of one (M = 1) and two (M = 2) spin ensem-
bles, that correspond to the experimental results shown
in Fig. 1 and 2 of the letter and the parameters reported
therein. The dashed lines display the calculated eigen-
values of the system Hamiltonian H.
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