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Abstract: The present work focuses on the solid modeling of the church of Santa Sofia in Benevento,
Italy, and is related to a multidisciplinary research project that involved methods typical to both the
humanities and mathematical engineering. Starting from the history of the church and its current
configuration, a twofold objective is pursued: to give a brief account of the methodology used to
analyze and virtualize the main phases of Santa Sofia and to report on the problem of modeling the
church vault complex. Indeed, the 3D modeling of the church presented different levels of difficulty
with some parts very easy to draw and others calling for specific geometrical analysis. In particular, to
reconstruct the complex system of vaults of the church, a home-made code based on remapping Coons
patches was written. The resulting 3D models of the different archeological and architectural phases
of Santa Sofia are an example of virtual heritage and, being a digital content, allow for immediate
sharing both to the scientific community and to a general and nonexpert audience, keeping in mind
that knowledge is the means used to ensure the enhancement and preservation of cultural heritage.
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1. Introduction

The use of virtual models is widespread in many fields, from architecture to me-
chanical and aeronautical engineering to documentation, enhancement and protection of
cultural heritage.

Virtual reconstructions are among the digital processes that have become standard in
the cultural heritage sector of the humanities, being both a method of visualization accepted
in the education and knowledge transfer fields, and a research tool [1]. Specifically, the
virtual reconstruction of ruined artifacts of relevant importance is a very active research
field, which calls for approaches allowing a rigorous line of thinking from surveys of
survived parts to models [2]. In the case of artifacts of interest in archeology, quite often,
the lost parts exceed what is preserved. Therefore, the information collected through a
survey in the field may largely be insufficient [3].

When other data sources are available, the lack of information in the field survey
may not be a critical limitation to the investigation, since in archeology, it is customary
to collect and compare information from very different sources, such as written docu-
ments, iconographic and epigraphical remains, and so on. The matching of a hypothesis
with artifacts from other similar and coeval contexts also becomes helpful. In particular,
when the artifact comes from remote ages and has a complex history, it is mandatory
that the virtual reconstruction be based on numerous verified data and conducted with
reliable tools.

Solid modeling of architectural artifacts that are relevant as cultural heritage, and also
in terms of archeological importance, requires that knowledge and skills from different
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scientific and professional backgrounds be brought together. This procedure applies regard-
less of whether the modeling and related final products are aimed at the general public or a
small group of experts.

This paper is related to a multidisciplinary research project that involved typical
methods from very different fields such as medieval archeology, history, archival science,
mechanics and computer graphics. The research, which began in January 2020, aimed
at the solid modeling of the main archeological and architectural phases of the church
of Santa Sofia (Figure 1a,b), located in the historical center of Benevento (N 41°7′47.14′′

E 14°46′57.436′′), a small town in Southern Italy, situated about 200 km south of Rome and
60 km east of Naples.

a b

Figure 1. The church of Santa Sofia in Benevento: the Baroque faca̧de (a); rear view (b).

The reconstruction initiative arose from the need to deepen the results of a multiyear
research [4–7], which had already identified several historical–archeological phases, and
developed as a twofold study.

Firstly, starting from the survey of the church and the virtual reconstruction of its
current configuration, other main layouts assumed over time have been the objects of solid
modeling, in order to verify the archeological hypotheses [8]. Indeed, the church, dating
back to the Lombard domination, is one of the most important examples of early medieval
architecture and has undergone many restorations over time.

Secondly, but not less important in terms of possible practical implications, the study
aimed at the development of textured 3D models and a multimedia product to enhance the
site [9]. Indeed, the ease of transmission and communication of digital content inherently
allows for its replicability and ensures its dissemination to a nonexpert audience and to the
scientific community is more immediate [10].

Similarly, the present paper has a twofold objective: to give a brief account of the
methodology used to analyze and virtualize the major phases of Santa Sofia and to report
on the specific problem of modeling the church vault complex.

Indeed, the surveying and virtual reconstruction of vaults and domes is an active field,
and among the many noteworthy studies, we mention a few.

A complete model of the vault of the entrance hall of Villa Reale of Monza, Italy, cho-
sen as an example to test and integrate different kinds of survey methodologies (manual,
topographic, photogrammetric and laser scanner), was presented in [11]. A laser survey
of a special ribbed umbrella dome decorated with interlaced arches and surmounting
the entrance tower of Villa Rufolo in Ravello, near Salerno, Italy, was described in [12].
In [13], a structure from motion (SfM) technique, which is the process of estimating the 3D
structure of an object or, in general, a scene from a set of 2D images, as photographs, was
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tested to study the geometry of the vault system of the Gothic church of Saint Gervais and
Saint Protais in Paris, France. In [14], the recognition of specific suitable approximating
shapes was exploited to deploy and map to the plane a vault in Palazzo Roncioni in Pisa,
Italy, entirely covered by an 18th-century fresco, which could be generated by combining
portions of different cylindrical surfaces. In [15], focusing on the case of the Magio Gras-
selli palace in Cremona, Italy, a method to analyze the cloister vaults of two main rooms
was introduced. The two vaults, which are almost coeval, seem to be characterized by
similar construction systems. However, the obtained HBIM (Historic Building Information
Model [16]) allowed the detection of differences due to the brick assembling and their tex-
turing techniques. In [17], a process aimed at determining the nondegenerate real quadric
surface that best fits the point cloud of simple or compound vaults was provided, also
demonstrating the complementarity between descriptive geometry and algorithm-based
approaches. A parametric model, also usable for documentation and structural analysis,
was developed to model ribbed vaults in [18]. A NURBS-based approach (NonUniform
Rational B-Spline [19]) was used in [20] to model the majority of the Basilica of San Marco
in Venice, Italy, including domes with profiles modeled through lofting or a network of
curves. In [21], a methodology of geometric decomposition into hierarchically organized
elements and digital reconstruction was applied to study the vaulting system of the atrium
of Palazzo Mazzonis in Turin, Italy, also reporting two alternative rules of composition: one
involving the geometric intersection of the main surface with secondary shapes, such as
cylinders, cones, portions of torus, spheres, ellipsoids or ovaloids; the other involving the
cutting of portions of the main surface typically with pairs of vertical planes and filling the
resulting interval with surfaces generated by sections resting on the edges of the cut main
surface. In [22], the analysis on the Mausoleum of Galla Placidia in Ravenna, Italy, allowed
the recognition that its apparently irregular pseudo-dome, set on a parallelogram, cannot
be obtained by the revolution of a curve. In [23], a strategy to define 3D parametric models
for ribbed vaults was proposed and tested on the two Gothic churches of San Lorenzo and
Santa Maria di Donnaregina in Naples, Italy, starting from the shape grammar approach.
For the purpose of virtual reconstruction, the global geometry of the network of ribs and
webbing of the stellar vault and cross-vault system of the Inner City Parish Church in
Budapest, Hungary, was analyzed in [24] and in [25], respectively, using a laser scanner
point cloud.

In the case we deal with in this paper, the vault surface reconstruction from the point
cloud was complicated by the fact that none of the 22 vaults covering the ambulacra of the
church of Santa Sofia (see Section 2.2 for details) can be approximated with basic geometric
shapes. Therefore, functions approximating the vault surfaces were carefully selected
and tailored. Note that by choosing control parameters appropriately, these functions
include the quadric surfaces used in [17] as special cases. In addition, by virtue of proper
remapping, they can be used to approximate vaults characterized by general platform,
while research in the area of virtual vault reconstruction deals with the case of square,
rectangular or trapezoidal vaults [23]. For the scope of this work a home-made code was
developed in the Mathematica environment [26].

The paper is organized as follows: A concise overview of the history and the current
configuration of the church is reported in Section 2, where the rendered models, actually
a part of the results of this study, are also shown in advance, for the sake of the clarity
of descriptions. The materials and methods used in developing the work are described
in Section 3. The specific problem of modeling the church vault complex, delving into
the mathematical problem underlying the reconstruction of surfaces from a discrete set of
points, is treated in some depth in Section 4, where the process is also detailed in terms
of a pseudo-code. The results of the reconstruction of the system of vaults is reported in
Section 5. Finally, Section 6 closes the paper with some remarks.
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2. Brief Details about the Church
2.1. Historical Overview

It is generally believed that the foundation of the church, now known for its distinctive
star-shaped plan, dates back to 758 AD at the behest of Arechis II, Duke of Benevento, from
that year until 787. It was dedicated to the Divine Wisdom of Christ (Ἁγία Σοφία in ancient
Greek, from which the Italian name of Santa Sofia comes), similarly to the preexisting
and renowned church of Constantinople. In 774, or a little earlier, Arechis II aggregated
a Benedictine women’s monastery there, which was placed under the dependencies of
Montecassino, and entrusted its management to his sister (whose name may have been
Gariperga) [6].

The church underwent several renovations that changed its appearance. One of the
first interventions occurred around 1038 when Abbot Gregorio junior had the Romanesque
bell tower built [27,28]. Later, there was the construction of the cloister and other works
ordered by Abbot Giovanni IV, in the 12th century [29], and the portal with the lunette
(depicting Christ Enthroned, the Virgin on the right and San Mercurio Martyr on the left
with a kneeling figure at his side, possibly Giovanni IV himself, Figure 2), probably in the
13th century, and still present and perfectly preserved in the façade (Figure 1a).

Figure 2. The lunette surmounting the entrance gate.

The building, severely damaged by the earthquake of 5 June 1688, which caused
the collapse of the Romanesque bell tower, underwent restoration at the behest of the
Archbishop of Benevento, Vincenzo Maria Orsini, the future Pope Benedict XIII. The
original star-shaped plan, transformed according to Baroque style, was made circular and a
new rectangular central chapel replaced the original main apse. In addition, a new masonry
fence was built to surround the space in front of the entrance (Figure 3a). Reconsecrated
in February 1701 and damaged again by the earthquake of 14 March 1702, the building
underwent new restoration work, entrusted to Carlo Buratti. A new bell tower was built
in 1703 at a distance of 26 m to prevent its eventual collapse from causing damage as had
happened in 1688. The church was reopened for worship by 1708.

Affected by an intervention in the 19th century (Figure 3b), with the demolition of the
masonry fence and the construction of two side chapels, the church was the object, between
1951 and 1957, of the restoration conducted by Antonino Rusconi: based on available
documents and archeological traces found, Rusconi restored the main apse and the original
star-shaped plan, but saved the Baroque faca̧de (Figure 3c,d) [7,30,31].

Because of its historical importance, the church has been a part of the UNESCO World
Heritage list since 2011, in the serial site “The Lombards in Italy, the places of power
(568–774 AD)”.
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Figure 3. Three configurations of the church: the reconstruction dating back to the early 18th century,
after 1688 and 1702 earthquakes, with the masonry fence on behest of Orsini and the bell tower
rebuilt in 1703 (a); the new configuration after an intervention realized in the 19th century, with the
demolition of the masonry fence and the addition of two side chapels (b); the current configuration
after Rusconi’s mid-20th-century restoration and some other minor interventions at the turn of the
last quarter of the 20th century and the first decade of the 21st century, the last of which was aimed
at inclusion on the UNESCO World Heritage List. Note the white area in front of the church that,
with its limestone pavement, recasts the courtyard included in the 18th-century fence (c); the current
church floor plan (d).
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Such a serial site collects fortresses, churches and monasteries distributed throughout
the Italian peninsula, such as the Tempietto Longobardo in Cividale del Friuli (Udine), the
monastic complex of San Salvatore and Santa Giulia in Brescia, the castrum of Castelseprio-
Torba (Varese), the Tempietto del Clitunno in Campello (Perugia), the Basilica of San
Salvatore in Spoleto and the Sanctuary of San Michele in Monte Sant’Angelo (Foggia) [32].

2.2. The Architecture of the Church in Its Current Configuration

The church has a peculiar architectural layout [4,33], with a central plan, a vaulted
ceiling and the ambit wall that follows, for the most part, a star-shaped profile (Figure 3d),
with influences and reminiscences of early Christian and Byzantine art. To the north, where
the presbytery area was located, there are three contiguous apses [4,29] that open into the
perimeter wall, which has a circular development there. Beyond the presbyterial area, the
ambit wall takes a star-shaped profile.

The interior space (see Figure 4) is characterized by circular columns and pillars with
square cross-sections forming a central hexagon and a surrounding decagon, both having
the same center. The six columns of the hexagon and two columns of the decagon are
formed by perusal elements: shafts, capitals of the classical age and, as bases, inverted
ancient capitals. The eight pillars are surmounted by early medieval pulvinos.

Figure 4. The interior of the church with the entrance behind the point of view. The six columns
supporting the tiburium, some vaults of the two ambulacra and the three apses with remains of early
medieval frescoes visible on the apsidal basins [34] can be seen.

There are two ambulacra, with the inner one between the hexagon and the decagon
and the outer one placed between the decagon and the ambit wall.

On the pillars, columns and the ambit wall are placed arches made of reused bricks
and flat tiles, bounding 22 vaults of various shapes covering the two ambulacra. The
vault complex, especially in the outer ambulacrum, has been altered at least twice in
history, namely in Orsini’s 18th-century intervention and Rusconi’s 20th-century restoration.
However, the shapes and positions of the vaults of the inner ambulacrum, which are
probably more intact, and the system of all the arches suggest that the current exterior
vaults are also consistent with the original ones.

In the center is a dome with a tiburium. This is not the original one, as it is taller
and was built, along with the façade, in the Baroque period, at the behest of Archbishop
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Orsini, as mentioned above. Finally, the perimeter wall, made by reusing ancient materials
arranged in opus mixtum (Latin for “mixed work”), was obtained with alternating rows of
tuff blocks and brick [4,5].

3. Materials and Methods

Reconstructing the archeological phases of a historic building is a complex task,
especially for those cases where the use of the structure has been constant over the centuries.
When such a condition occurs, the documentary material to take into account is usually
copious and varied in typology, and the research workflow includes several steps, some
conducted at the same time, and some at other times, and can be summarized as:

i. The search and analysis of sources, usually divided into

(a) archeological,
(b) archival,
(c) bibliographic,
(d) epigraphical,
(e) photographic;

ii. The formulation of a reconstruction hypothesis on the lost parts;
iii. The survey of the current layout or of the existing parts;
iv. The reconstruction of the various phases in a backward fashion from the current layout

to the earliest one.

3.1. Archeological Evidences

As recalled above, the church has been modified several times, each time losing parts
of the original stratigraphy.

No excavation has ever been conducted in the church except for the one by Rusconi in
the 1950s, which was carried out according to the rules that were customary at that time.
Therefore the stratigraphic approach of recording all the emerged evidences as required
by the scientific method commonly accepted nowadays was unfortunately not applied.
A few documents remain of Rusconi’s activities, such as some technical drawings and
photographs attesting to some of the findings made with the removal of the floor (including
that of the foundation of the star-shaped perimeter, or the opus sectile pieces of the original
flooring, and so on) and the reroofing and removal from the walls of the stucco and plaster
layer from the Baroque period [35], and a paper [36] where the author himself shows a
plan of the church with reconstructive hypotheses and clarifies his interpretation of the
structure, with some archeological explanations.

Hence, more recent archeological studies have been based on the direct observation
of the church elevations by also comparing traces of building or restoration work with
information obtained from historical and iconographic documentation.

With regard to the first phase, from the 8th to the 9th century, the original technique of
brick and tuff rows was graphically surveyed, studied and compared with other similar
masonry of early medieval structures in Benevento. It was possible to distinguish the
original masonry, which had been spared and incorporated into the 18th-century masonry
and then brought to light in Rusconi’s restoration, because it was placed in an undercut.
All the spolia of the church were also analyzed, studied and catalogued [4].

Excavations conducted in 2000–2001 by the Archeological Superintendency of Ben-
evento in the square in front of the church during the resurfacing revealed a complex
stratigraphy and intercepted some elements related to the original layout of the church.
The documentation of the excavation, however, remained unpublished for a long time
and lacked the analyses and in-depth studies necessary to understand and reconstruct
the stratigraphy. Currently, the team of medieval archeologists from the Department of
Literature and Cultural Heritage (DiLBeC), at the University of Campania “Luigi Van-
vitelli”, is proceeding with a systematic study of the materials and structures, thanks to the
authorization granted by the Superintendency to Marcello Rotili.
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It has been recognized that, at a short distance from the entrance to the church, there
are traces of curvilinear walls and some rounded elements made of mortar and stone
conglomerates, with their height spanning from 60 cm to 120 cm. The rounded elements
can be interpreted as the foundations of columns. In addition, their distribution and the
traces of curvilinear walls are consistent with the plan of a forceps narthex, similar to
those found in buildings of late antique or Byzantine architecture, such as San Giovanni
in Laterano, the mausoleum of Santa Costanza, both in Rome (Italy), and the basilica of
San Vitale in Ravenna (Italy) [7]. Another new finding from the excavations concerns
the foundation of the church on an earlier burial nucleus dating back to the 5th up to
7th century.

The above-mentioned portal with lunette (Figure 2) in the façade, probably dating
back to the 13th century, is the only relevant archeological remain of the long-lasting second
phase, from the 11th to the 15th century.

In terms of archeological findings, with regard to the third phase (18th up to
19th century), which started with Orsini’s restoration, the cuts in the masonry of the
central apse (which are still visible outside the church, Figure 1b) are consistent with and
confirm the demolition of the circular wall of the apse itself, which was then replaced by a
rectangular chapel. Finds made by the Superintendency during excavations in 2000–2001
also revealed the exact location of the foundation of the masonry fence.

3.2. Archival, Bibliographic, Epigraphical and Photographic Sources

In the analysis and virtual reconstructions of the more recent phases (Figure 3b,c),
it was possible to rely not only upon archival and bibliographic sources, but also on
a vast repertoire of iconographic materials: surveys (plans, sections and elevations by
Rusconi [36] and Ferrante [37], who also drew sketches); photographs (such as those taken
inside and outside the church by Luigi Intorcia [38]); drawings (the interior of the church
was portrayed by Achille Vianelli in 1871 [39]; exterior views of the church were made
by Carlo Labruzzi in 1789, by Carl Wilhelm Weisbrod in 1806 [40], and by an unknown
19th-century painter [41]); and city maps of Benevento (as Casselli Map dating back to the
year 1781 [40]).

Indeed, thanks to photographs, previous plans and sections recorded before the 1950s’
intervention, it was possible to accurately reconstruct the interior and floor plan of the
church at the time of its circular layout. The cited drawings allowed the appearance of
the masonry fence to be discovered, as well as its crowning battlements, the monumental
gate and the fountain decorated with a Roman sarcophagus front, as shown in Figure 3a.
The plan of the masonry fence was taken from Casselli’s map, which shows the entire
development of the wall, and confirmed by the small piece shown in the Superintendency’s
technical drawings related to the aforementioned 2000–2001 excavation.

Moreover, the information from epigraphs is very important, such as those that report
news about the reconstruction of the bell tower (such as that inside of the bell tower itself
whose translation from Latin is: “While here he was rebuilding the bell tower—erected
in another place by the Benedictine Abbot Gregorio, as the surviving epigraph informs—
by the violence of the earthquake on 5 June 1688 destroyed from the foundations, he
had almost completed it when he was—having been damaged by another earthquake on
14 March 1702—forced to level it to the ground, finally raised it to the top Friar Vincenzo
Maria of the order of preachers Cardinal Orsini, archbishop of Benevento, protector of the
canons regular of the congregation of the Most Holy Savior and perpetual commendatory
of Santa Sofia in the year 1703”) or the construction of the current fountain (the epigraph
walled at the base of the obelisk above the fountain basin, dedicated to Charles-Maurice de
Talleyrand-Périgord, prince of Benevento from 1806 to 1814, where it reads: “In honor of the
excellent Prince Charles-Maurice for serving the public good, by the citizens of Benevento,
in the year 1809”); see Figure 3b,c.

For the second phase, an epigraph embedded in the current bell tower presents
an important chronological reference to date the construction of the first bell tower. Its
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translation is: “Supported by the spirit of Christ, Gregorio the younger raised on a new
foundation this valuable pyramid; being prince the illustrious Pandolfo with his son,
the illustrious abbot undertook this turreted building.” This information regarding the
presence of a bell tower was used in the 3D reconstruction to collocate the solid near the
church, following an indication also found in historical texts [28,37].

For the earliest phase, relating to the foundation of the church, much historical infor-
mation and the first iconographic representation of the building, a miniature depicting
Duke Arechis II presiding over the construction of the church, come from the collection
of documents, entitled Chronicon Sanctae Sophiae [42]. From the miniature, which is very
schematic and symbolic, it is possible to learn that a pictorial apparatus covered the entire
interior of the church, and it confirms the presence of the tiburium and a probable narthex
in front of the church. Finally, closing the circle, important data on that narthex and the
early layout of Santa Sofia come from the study of the documentation and materials related
to the 2000–2001 excavations, as already mentioned in Section 3.1.

3.3. Digital Survey

A laser scanner survey was carried out between the end of January and the beginning
of February 2020, using the survey facilities (Leica BLK360 Laser Scanner and Cyclone
Register 360 [43]) of the ReD (Ricerca e Didattica. Italian for: Research and Teaching)
laboratory of DilBeC, Vanvitelli University. To survey the church, from both inside and
outside, the 3D sensor was located in several positions. We henceforth call such positions
as setups, the total number of setups in the survey project as the setup count and the set of
data points from a single setup as a setup cloud. To avoid or minimize shaded parts, the
distribution of setups (Figure 5a) was designed in advance.

The first setup was approximately set in the center of the hexagon of the tiburium,
the next six in the inner ambulacrum and ten in the outer ambulacrum, in a similar spiral,
connecting two consecutive setups with an ideal straight arrow (1 → 2 → 3 · · · ). Other
setups (from 18 to 20) were collocated inside the three rooms around the outer ambulacrum.
Once the interior of the church was completed, to survey the façade, the side walls and the
exterior of the apses, the laser scanner was placed at 11 locations outside the church, thus
leading to the additional acquisition of data on the fountain, square and bell tower (as well
as some useless data on other surrounding buildings). For the sake of completeness, upon
the assembly of the cloud with data from the 31 setups, the existence of what appeared
to be a wall of a thickness that was not compatible with the others was discovered, and
on subsequent verification, it was found to be a small service room, separated from the
sacristy (setup 18) by means of a thin wooden partition wall. For such a reason, the very
last setup (BLK360_3503964_Setup32 in Figure 5a, using the label automatically assigned
by the scanner), leading to the setup count totaling 32 (Figure 5b), was not in line with our
choice to fully survey the interior of the church first.

To limit the size of the raw data that needed to be stored, the acquisition was per-
formed with the point density mode set to fast, leading to a resolution of 20 mm at 10 m
and an approximate scan size of 3 million points [44]. By means of Cyclone Register 360, a
cloud-to-cloud alignment based on shared geometry between scans [45] was performed and
90 links, i.e., connections between two different setup locations, were automatically de-
tected. Hence, a bundle cloud of about 3.8× 107 points (Figure 6) was obtained.

Note that the total point count was largely less than the sum of the points in the
32 setup clouds because of the cloud-to-cloud overlap, which is the percentage of overlap-
ping points between couples of setups (37 % average, 4 % min, 63 % max). The symmetric
matrix graphically shown in Figure 5b reports the overlapping between setups, with data
taken from the report of Cyclone Register 360, then postprocessed in Mathematica, to ex-
press the percentage of overlapping according to a suitable color scaling. Notably, the large
overlap between setups 1 through 17 was somehow expected because of the spiral path
used when placing the scanner inside the church.
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Finally, an overall bundle error for all links in the bundle of 0.01 m and a strength,
which is the relative stiffness of the constraints on the link with respect to different direc-
tions, of 69 % were reported.

BLK360_3503964_Setup31

BLK360_3503964_Setup32

BLK360_3503964_Setup18

BLK360_3503964_Setup16

BLK360_3503964_Setup15
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BLK360_3503964_Setup5

BLK360_3503964_Setup1
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BLK360_3503964_Setup20

BLK360_3503964_Setup7

BLK360_3503964_Setup14
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Figure 5. The distribution of some of the setups (a), which shows the positions within the point cloud
that correspond to the actual locations of the sensor while scanning, and a visualization of the overlap
matrix (b), which is a symmetric matrix whose entries express the percentage of overlapping of two
setup clouds. Due to this definition, the entries along the main diagonal represent the self-overlap of
the ith setup cloud, actually 1 (100 %), which it is not reported in the graph. The numbers around the
matrix represent the the setup labels in short form (e.g., 1 stands for BLK360_3503964_Setup1).
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Figure 6. A view of the point cloud obtained by combining data from 32 setups. Note that in order to
survey the façade, side walls and exterior of the apses, the laser scanner was placed at 11 locations
outside the church, thus leading to the acquisition of data on the fountain, square and bell tower as
well as some useless data on other surrounding buildings.

3.4. Solid Modeling

The bundle point cloud contained data representing the church from inside and
outside. Specifically, the interior was fully surveyed, while the exterior contained a partial
view of the church (façade and side walls, up to the gutter line), the square with the
fountain and bell tower, and the façades of surrounding buildings. The roof of the church
was missing, as the survey was made from the ground. Likewise, some parts of the church
remained in the shadow cone of others.

After the cloud was cleaned to remove unnecessary parts by using 3DF Zephyr
Free [46], the remaining points referred to a multiconnected three-dimensional domain
with the exterior boundary surface not fully documented. As a consequence, an automatic
reconstruction of the whole church appeared not possible, or at least not a very easy task.

However, from the point cloud measurements, it was recognized that most of the
church could be modeled by solids with easy-to-draw boundary surfaces, such as planes
for most of the façade (Figure 1a). In addition, the solid modeling of the church was not
affected by the lack of data in the cloud. In fact, as can be seen from the aerial photographs
(Figure 7), the missing part could be covered by flat patches, as in the case of the tiburium,
which is bounded by six planes, or by patches with zero curvature in one direction, as in
the case of the apses, which are bounded by portions of cylindrical surfaces (Figure 1b), or
the roof. The latter can be subdivided into several regions, each of which can be seen as a
neat, wavy surface in a predetermined direction, to roughly simulate the pattern of tiles,
neglecting irrelevant details (see the enlarged box in Figure 7).

In addition, the three apsidal lunettes and the dome covering the tiburium were easy to
model, being surfaces of almost perfect quarters of spheres and a half ellipsoid, respectively,
as was ascertained by appropriate sections of the point cloud.

Based on geometric compatibility arguments, the dimensions and slope of those
patches were easily estimated by combining measurements taken directly from the point
cloud (such as the height and length of the gutter line, just to cite a few) with the results
from typical tools of descriptive geometry, such as the rules of perspective and axonometry,
which are useful for making fast, affordable and reliable by-hand estimations, and are not
just out-of-date old-school techniques, even in the information technology era.
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Figure 7. An aerial photograph allowing the addition of information lacking from the point cloud,
such as the roof shape.

Descriptive geometry, in fact, provides insights into the spatial properties of 3D objects
through 2D views, with a scientific approach that is certainly helpful for improving the use
of modeling software as well [47].

This part of the work was performed using AutoCAD® software [48], for loading
the point cloud into the workspace. Using it as a reference template, it was possible to
reconstruct lines and section surfaces, and then obtain solids by extrusion. The resulting
3D solid model included almost all the details necessary to be used in documentation or
analysis, apart the system of vaults, whose management required more sophisticated tools,
as described in Section 4. We must, however, take into account that models are by definition
abstractions and simplifications, and as such, something is left out because it is unknown
or because it would provide unnecessary detail given the purpose of the model [49]. In the
present case, fine details, although still very important in historical and archeological terms,
were skipped if they were not relevant to the definition of the geometric properties of the
church or their size was below the adopted scanner resolution. In a survey taken from the
ground level, as in the present case, just increasing the resolution would not fix the problem:
it would allow the detection of more details, but would still leave some others shadowed,
at a price of making the point cloud uselessly large. Therefore, for a fully documented
set of raw data, the point cloud in the present contribution should be complemented with
higher resolution point clouds containing specific details, in a hierarchically multiresolution
fashion [50], possibly aggregating data from different techniques and technologies, such as,
for instance, using measurements from a robotized, lightweight, continuously rotating laser
scanner mounted on micro-aerial vehicles allowing a high resolution in the near vicinity of
the robot and a lower resolution with increasing distance from it [51].

With the already mentioned limits of the raw data, the 3D model with vaults but
stripped of fine details and without the rendering of surfaces was useful for our primary
research goal; that is, recognizing the geometric relationships among the parts to gain
insights about the various configurations the church had in the past which are largely lost.

Nevertheless, it did not provide a sufficiently realistic representation suitable for the
secondary goal; that is, dissemination to the general public. Indeed, the latter would
predictably judge any virtual reconstruction of Santa Sofia as very poor if it was untex-
tured and lacking in capitals, whose size were easily detected by the cloud, while their
refined geometry was not. This would indeed nullify the potentialities of the models in
the dissemination.

To overcome this drawback, the capitals were modeled using a reference-based ap-
proach, where overall measures (capital height and width) were taken from the point cloud,
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while the appearance came from photographs since we did not scan the capitals at an
adequate resolution because it was impossible from the ground.

To draw the capitals, taking advantage of the vertical planes of symmetry, it was
sufficient to work on a single eighth of the reference capital, then mirrored to form the
entire solid and appropriately scaled to fit the dimensions of the actual capitals in the
church. Therefore, the final 3D model of each capital was just an approximation.

In addition, textures built from pictures taken inside and outside the church were
applied to the solid by using manual unwrapping in SketchUp [52] (see Appendix A for
details), and picture-quality rendering and real-time animations were made with OneRay-
RT [53]. The animations were then combined and edited with the Animotica application [54]
to obtain a short movie which also contained background royalty free music [55] and a
narrator voice [56], explaining the history of Santa Sofia through its archeological phases,
going back from the present day to the foundation of the church. This product is actually
in line with the idea that short videos can be of help in presenting the relevant information
about a monument, in a communicative manner suitable for a nonexpert audience, both
adults and children [57]. In fact, a digital container allows new channels of knowledge to
be opened up, enabling data to be linked and corrected quickly and a given topic to be fully
and effectively communicated [58].

However, to avoid giving a false sense of reality, it is mandatory to warn the target
users of the limits of the models. Indeed, the realism that a visualization may achieve could
lead the users to perceive a virtual model as the truth instead of a perfectible model of
reality, the level of accuracy of which depends on the field data available at the time the
virtual reconstruction is made. This is true both for parts or objects that still exist and for
those that have been lost, so it is necessary to emphasize the fact that 3D reconstructions
may not reflect reality, instead being the result of interpretation.

Therefore, any virtual reconstruction should adequately state the level of authenticity
that allows one to distinguish what is real from what is approximated or interpreted. This
is a keenly felt issue, to the point that many archeologists have criticized the use of the term
“reconstruction” itself; 3D models are tools for a better understanding of the past and not
statements of reality [3,59].

However, these aspects, as well as the description of the part of the work that goes
beyond the analysis carried out to reconstruct the geometry of the church’s vaulting system,
which this paper is actually aimed at, are left out in what follows. Finally, for completeness,
a brief discussion on the reliability of 3D reconstructions is reported in Appendix B.

4. Approximation and Reconstruction of Vaults
4.1. Workflow of the Reconstruction of the System of Vaults

To reconstruct the 22 vaults covering the ambulacra of Santa Sofia, we considered a
precise workflow that involved the use of different tools and steps that can be summarized
as follows:

i. With 3DF Zephyr Free, the parts of the bundle point cloud containing only the vaults
were selected;

ii. Data were exported on an ASCII dat file as 22 lists, one for each vault, containing 3D
vectors (the coordinates of points);

iii. The dat file was loaded into Mathematica to compute the approximating surfaces;
iv. The resulting vaults were exported in a DXFTM file;
v. The file was inserted in the 3D models with AutoCAD®.

The core step in the process was the third one, and actually, it also involved a large num-
ber of operations, requiring the implementation of a trial-and-error loop-
based approach.

In Table 1, it is detailed as a meta-code, which is written as a merely straight structured
sequence of instructions, without reference to any specific programming language, for the
sake of readability and generality.
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To do this, general coding concepts are used, but the names of the instructions, i.e.,
COMPUTE, DO, END, IF, SET, WHILE written in teletype font (sometimes called typewriter font
or monospace), may or may not correspond to those actually used in a specific programming
language. However, the name and location of any instruction should make its meaning
clear in the meta-code. In addition, there are also some comments in quotation marks that
refer to the parts of the paper where more details can be read.

Table 1. The meta-code for the reconstruction of the vault surfaces.

Vault reconstruction from data

DATA
SET N; “number of vaults, is a positive integer”
SET δ, ε; “are positive real numbers”
SET u1, u2; “are real numbers”
IMPORT dat file; “the file of point coordinates is read here”

BEGIN

COMPUTE u = (u1, u2, 0)/
√

u2
1 + u2

2; “is a horizontal unit vector”
100 WHILE (j < N + 1) DO

COMPUTE SD
j ; “surface through Delaunay triangulation, see e.g., [60]”

CHECK the quality of SD
j ; “see e.g., [61]”

200 IF the quality check is satisfied THEN
S?j ← S

D
j ; “the jth vault is stored and the code jumps to label 700”

ELSE
COMPUTE the projection of the points of the jth vault on the floor;
COMPUTE δmax; “diameter of the circle containing the projected points”

300 WHILE (error > ε) DO “see Equation (13)”
COMPUTE M = δmax/δ; “the number of patches”

400 WHILE (k < M + 1) DO
COMPUTE SD

j ∩Πδ
k ; “Πδ

k : kth u–parallel vertical plane”
COMPUTE SD

j ∩Πδ
k+1; “Πδ

k+1 is δ–shifted w.r.t. Πδ
k”

COMPUTE the patch Pk(x, y); “see Sections 4.2 and 4.3”
500 END WHILE “this closes WHILE loop at label 400”

COMPUTE SC
j ←

⋃M
k=1 Pk; “this returns a surface of patches”

COMPUTE the error; “see Equation (12)”
δ← δ/2; “this halves δ to decrease the error in the next round”

600 END WHILE “this closes WHILE loop at label 300”
700 END IF “this closes IF at label 200”

COMPUTE S? ← S? ⋃ S?j ; “append the new vault to the list”
900 END WHILE “this closes WHILE loop at label 100”
END

As already stated, the actual code used to obtain the results that are shown in Section 5,
was implemented in Mathematica. By taking advantage of the possibilities of such a high-
level, general-purpose programming environment, the code was actually written with
slightly different and more compact coding, resulting in more efficiency, but, however,
being possibly less self-explanatory than the meta-code above.

4.2. Surface Approximation

As shown in Section 4.1, in terms of a meta-code, the Mathematica code is implemented
in such a way that it, at first, approximates the jth vault, j = {1, . . . , N}, in a system made
of N vaults, with the surface SD

j , which is a Delaunay triangulation (or mesh) [60–62]. Such

a mesh is computed by exploiting built-in functions. Only in the case where SD
j fails to

satisfy the mesh quality checks [63], an iterative procedure is activated and M patches
Pk(x, y), k = 1, . . . , M, are constructed to approximate M subsets of points of the jth vault.
The integer M is linked to both the overall dimensions of the vault projection, concisely
characterized through the diameter δmax of the circle circumscribing the projected points,
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and a given approximation length δ. Hence, the iterative procedure builds the surface
approximation SC

j joining M patches. To give further detail about the rules behind the
construction of a single patch in the simplest way possible, we assume here that δ = δmax
and M = 1. Therefore SC

j ≡ P1(x, y) = P(x, y).
Let us consider the surface of a quadrilateral vault and call the platform its projection

on the floor (or any plane orthogonal to the direction of gravity). The platform, which is a
general quadrangle, will be indicated with P from now on. Assigned a Cartesian frame of
reference with origin O and axes x, y and z, we call z = S(x, y), x, y ∈ P the surface to be
approximated. We assume S is sufficiently regular to admit a tangent plane everywhere.

As carried out above, let us call P(x, y) the surface approximating S(x, y), and require
that P exactly meets S at the boundary.

Therefore, if the four boundary curves, bi, i = {1, . . . , 4}, of the vault are known, they
can be exploited to build P. However, writing functions P(x, y) with x, y ∈ P can be a
complicated task, which is made simpler if P is remapped on a unit square.

To fix the ideas, we assume, without loss of generality, that a side of P lies on the axis
x (Figure 8a) and draw a reference grid, which is not conformal, in general. Such a grid is
used to establish a bijective mapping (x, y)↔ (u, v) [64] from P to the unit square in the
Cartesian reference frame O′uv (Figure 8b).

x

y

O u

v

O'

a b

Figure 8. Reference grids: on the platform of the real vault (a) and on the unit square (b).

In Figure 9, three examples, a concave vault (left column, a), a tapered vault (middle
column, b) and a saddle (right column, c), are shown.

In the mapping process (x, y)→ (u, v), the curves bi, i = {1, . . . , 4}, which we assume
to be the real edges of the vault (or surface) to be drawn (Figure 9, top panels), are remapped
on the curves b′i , i = {1, . . . , 4} (Figures 9, second line of panels from the top), which are
simpler to write and are used to build the function P(u, v) (Figure 9, second line of panels
from the bottom).

By exploiting the inverse mapping, (x, y) ← (u, v), P(x, y), which we assume to be
the graphics of the real vault (or surface), is finally obtained (Figure 9, bottom panels).
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real boundary

mapped boundary

mapped surface

real surface

a b c

Figure 9. Surfaces from boundary edges: a concave vault (column a), a tapered vault (column b) and
a saddle (column c).
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4.3. Patch Construction on the Unit Square Domain

The functions b′i , i = {1, . . . , 4} can be put in analytic form through selected shape
functions using as control parameters the ordinates hr (height parameters) and the local
derivatives sr (slope parameters), r = {0, 1}, of b′i evaluated at the boundaries of their
domain spanning from 0 to 1. Assigned a certain dummy variable 0 ≤ t ≤ 1 and choosing
the Hermite cubics, Hn(t), n = {1, . . . , 4}, as shape functions, b′i(t) takes the form

b′i(t) = hi
0H1(t) + hi

1H2(t) + si
0H3(t) + si

1H4(t) , (1)

where

H1(t) = f (t) , (2)

H2(t) = f (1− t) , (3)

H3(t) = g(t) , (4)

H4(t) = −g(1− t) , (5)

with f (t) and g(t) third-degree polynomials defined as

f (t) = (1 + 2t)(1− t)2 , (6)

g(t) = t(1− t)2 . (7)

The graphs of Hn(t), n = {1, . . . , 4}, are shown in Figure 10.
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Figure 10. Hermite functions H1(t) (solid black), H2(t) (dashed black), H3(t) (solid gray), H4(t)
(dot–dashed gray).

We note that the functions obtained by intersecting the approximating function P(u, v)
with the vertical planes passing through the sides of the unit square (v = 0, v = 1, u = 0,
and u = 1) are b′1 = P(u, 0), b′2 = P(u, 1), b′3 = P(0, v) and b′4 = P(1, v), and the values of
P(u, v) at the four corners coincide with the parameters appearing in Equation (1), i.e., the
height parameters such as, e.g., P(0, 0) = h1

0 = h3
0 , P(1, 0) = h1

1 = h4
0 , . . . , and the slope

parameters such as, e.g., P,u(0, 0) = s1
0 , P,v(0, 0) = s3

0 , . . . , where the comma notation for
partial derivatives

P,α(u?, v?) =
∂P
∂α

∣∣∣∣
v=v?
u=u?

(8)

is exploited for ease of notation. The choices made lead us to basically use bicubically
blended Coons patches [19] defined on the unit square (see also [65], for details on Coons
surfaces and their applications).
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By defining the vector F(t) as

F(t) = (H1(t), H2(t), H3(t), H4(t)) , (9)

with t being u or v, and the matrix P as

P =


P(0, 0) P(0, 1) P,v(0, 0) P,v(0, 1)
P(1, 0) P(1, 1) P,v(1, 0) P,v(1, 1)

P,u(0, 0) P,u(0, 1) P,uv(0, 0) P,uv(0, 1)
P,u(1, 0) P,u(1, 1) P,uv(1, 0) P,uv(1, 1)

 , (10)

the approximating surface is obtained as

P(u, v) = FT(u)PF(v) . (11)

Recalling what was stated above, the entries of Equation (10) P(i, j), P,u(i, j), P,v(i, j),
P,uv(i, j) stand for the values of P(u, v) and its first and mixed second partial derivatives
evaluate at u and v, which take values 0 or 1.

Hence, by assigning four edges that properly meet at the corners to approximate
the patch, only the mixed second derivatives of P(u, v), usually addressed as the twists,
are unknowns. Since we are not able to provide twists in advance, we assume in the
following that the twists at the corners are null. Such a choice automatically guarantees
the C1 continuity of a surface made with a network of patches, although it may present
drawbacks, as is emphasized in [19].

4.4. Error Estimate

The results obtained using any mathematical model designed to characterize certain
objects of interest will contain errors, independently of the appropriateness of the model
itself [66]. It is therefore mandatory to evaluate the quality of the calculated solutions. In
addition, the error estimate also allows for improved approximation in the iterative search
for solutions.

Recalling that the generic point p in the cloud can be expressed as a position vector
p = (xp, yp, zp) with zp = p(xp, yp), we assume here that the approximation error can
be related to an appropriate comparison of zp with the height of the patch P at the same
coordinates xp and yp, i.e., zP = P(xp, yp).

Therefore, neglecting subscripts for ease of notation, to evaluate the quality of the
approximation in a dimensionless way, we consider the absolute value of the relative error
(ARE), defined as

ARE(x, y) =
∣∣∣∣P(x, y)− p(x, y)

p(x, y)

∣∣∣∣ , (12)

and accept approximations satisfying the inequality

ARE(x, y) ≤ ε ∀(x, y) ∈ P , (13)

where ε is a positive real number to be chosen. The smaller ε is, the closer the approximate
surface is to the points of the cloud.

It is worth noting that Equation (12) is of course not the only possible formula for
error estimation. Indeed, many different a posteriori error estimates can be designed with
respect to user-defined quantities of interest, and virtually all available approaches give
useful information on the quality of computed solutions [67].

5. Results

Following the procedure shown in Section 4, the parts of the point cloud containing
only the vaults (Figure 11a) were meshed with a Delaunay triangulation (Figure 11b). While
the quality requirement of the triangulation produced polyhedral surfaces, which were
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satisfactory on the most part of the vault domains, the noise in data produced unsatisfactory
approximation close to the boundaries; therefore, the meshes did not pass the quality test,
and to overcome such a drawback, the smooth approximation of the polyhedral surfaces
through Coons patches was used.

As shown in Section 4.3, it is possible to construct a surface by writing the parametric
representation of the curves approximating the boundary data of an entire vault.

a b

c d

Figure 11. Point cloud of the system of vaults (a); Delaunay triangulation of the point cloud (b);
superimposition of section lines to the triangulated surface (c); smoothed vault surface (d).

However, in the general case, this does not guarantee that the obtained patch will be a
good approximation of the vaults itself. Therefore, the slicing of the vaults (Figure 11c),
following the strategy shown in the meta-code reported in Table 1, improved the approxi-
mation (Figure 11d). In addition, with the way that real vaults are made, choosing on the
domain of the platforms strips thin enough to have both the curves on the long edges and
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the curves on the short edges almost parallel to each other, any approximating function
would resemble a translational surface. As these kinds of surfaces are characterized by
the vanishing twist everywhere, problems associated with our choice of zero twist at the
corners of the unit square were mitigated.

The values of the adopted estimator ARE(x, y) given by Equation (12) are graphically
shown in Figure 12a, along with their distribution, ordered from the lowest to the largest
value, versus the dimension of the dataset (Figure 12b).
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Figure 12. Color map of ARE(x, y) (a) and its ordered distribution versus the dataset (b).

Indeed, it can be observed that the relative error remained low for the majority of the
reference domain. Specifically, Figure 12b demonstrates that the error took values below
2.64 % for 90 % of the data. However for 5 % of the data, it exceeded 4.40 %, and for only
1 % of the data, it surpassed 7.70 %, with a maximum value of 16.85 %.

Based on these results, the approximation shown in Figure 11d was judged satisfactory.
In agreement with the steps (iv) and (v) of the workflow reported in Section 4.1,

once the surface reconstruction process performed with Mathematica was completed, the
resulting vaults were exported as a DXFTM file to be managed in AutoCAD® and inserted
in the 3D model.

The remaining steps were briefly described in Section 3.4. However, further details on
them are beyond the scope of this contribution, as stated there.

Finally, in Figures 13 and 14, the rendered results are shown, mainly to enlighten
the complex geometry of the system of vaults of Santa Sofia and to emphasize that while
it certainly produces a meditative and prayerful environment in the real world, it also
offers mathematical and modeling complications that require the specifically tailored tools
adopted in the present study.

Some Remarks about the Approach

The availability of software that automatically produces a 3D model from a point cloud
via surface meshes could generate the mistaken belief that a certain model is the only logical
outcome of a survey. More properly, such a model would correspond to one among those
mathematically compatible with the points acquired in the scan. Consequently, meshing
with different algorithms may obviously yield different results [68].

Indeed, there are many software able to generate meshes, with arbitrary levels of
quality and accuracy, such as MeshLab [69,70], and also that are suitable to perform the
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so-called retopology, which is the process of simplifying the topology of a mesh (see, e.g.,
Blender [71], gSculpt [72], or ZBrush [73], to cite a few).

In particular, retopology could be applied to the Delaunay triangulation constructed
with Mathematica to make it smoother. However, retopology is a complex process, still
largely unsolved, that focuses on extracting quad meshes based on the shape of the in-
put mesh, rather than on what the input is and what uses will be made of it once it is
remeshed [74].

Figure 13. A rendered view of the interior of the church showing the complex structure of the vaults
covering the inner and outer ambulacra. Remains of early medieval frescoes are visible on the apsidal
basins [34].

Figure 14. A rendered view of the tiburium and its ellipsoidal dome, taken from below.

In addition, the rationale for the approach we consider here compared to directly
exploiting the built-in approximation functions in AutoCAD® (where Coons patches are
actually implemented as well) after the slicing process is performed, is based on the need to
keep the approximation error below a desired threshold, which we can decide in advance.
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Therefore, to maintain control of all the terms appearing in the approximation, the
solution proposed in Section 4 appears to be the most suitable for the scopes of the research
project we are dealing with. Furthermore, it enables us to directly extend the code by
using the typical tools of differential geometry [75], which as well as being important in
computational graphics, also play a relevant role in mechanics and structural analysis (for
instance, the components of the curvature tensor are relevant in the analysis of the folding
of surfaces under compression [76] or the equilibrium of vaults and domes [77]).

In fact, having full control also allows us to design steps in the direction of structural
analysis, which of course is equally important for heritage protection and, in particular, for
studying the behavior of masonry vaults through the development of appropriate finite
element meshes [18].

6. Conclusions

The present paper gives an account of the methodology used to analyze and virtually
reconstruct some archeological and architectural phases of Santa Sofia in Benevento. The re-
construction, in terms of 3D modeling, presented stages of very different levels of difficulty.
Indeed, some parts of the church present shapes that are very easy to draw, while others do
not resemble any basic primitive geometry and required specific analysis. Therefore, to
reconstruct the complex system of vaults covering the two ambulacra, a home-made code
based on remapping Coons patches was written.

The 3D model of Santa Sofia is an example of virtual heritage. By this designation,
which is widespread in the field of cultural heritage, the use of 3D digital representations
of monuments or archeological sites in the various configurations of the past is convention-
ally defined. Three-dimensional representations are the synthesis of research, expressed
visually, and can be considered the natural development of traditional graphic techniques
or plastic models, but unlike such reproductions, digital graphics are much more flexi-
ble because they allow for easy modifications. For example, as new data are discovered
through archeological campaigns, archeometric investigations of masonry or new exegesis
of sources, the new information can be added more easily, yielding naturally updated
results that can be implemented in or improve the reconstruction.

Finally, ease of transmission and communication distinguishes 3D graphics prod-
ucts because their digital nature inherently allows for replicability by facilitating their
dissemination to a nonexpert audience and sharing to the scientific community.
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Appendix A. SketchUp UV Mapping

The modeling process of projecting a certain surface of a 3D model to a 2D image
for texture mapping is known as UV mapping, where U and V denote the axes of the 2D
texture, while X, Y and Z are often used to denote the axes of the 3D object in model space.
In SketchUp, to display unfolded UV faces of the surface of the model, Edit UVs can be
used and the tools Move, Rotate and Scale allow the UV faces to be adjusted to match the
desired texture placement. To apply textures to the 3D models, the manual UV unwrapping
can be used through the steps summarized as follows:
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i. Select the model to apply a texture on;
ii. Select Position Texture, allowing to manually position and scale the texture on the

surface of the model;
iii. Select Apply button to map the texture onto the model.

Although more time-consuming if compared to the automatic unwrapping also avail-
able in SketchUp, the manual unwrapping offers more control and precision. Therefore, it
is suitable for complex models or for the placement of a specific texture.

Appendix B. Reliability of 3D Reconstructions

Here we present the methodology adopted to assess the reliability of the 3D recon-
structions of the five main archeological phases of the church of Santa Sofia; three of these
are represented in Figure 3.

The graph shown in Figure A1 summarizes, in a matrix fashion, the elements that
enabled the reconstructions, i.e., archeological evidences, information about architectural
elements and the methodologies for the interpretation and integration of missing data.

By grading the availability of information on a scale spanning from absent data to
fully available, one can obtain an overall assessment of the validity of the hypotheses and
reconstruction results.
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Figure A1. Reliability matrix of 3D reconstructions.

According to [78], the methodologies used in the integration of data for reconstructions
are commonly based on:

i. Interpolation: a process similar to gap filling, which allows two distant elements to be
reconnected through an “interpolation”;

ii. Anastylosis, which consists of recomposing the parts of a monument using software
in which the surveyed elements, preferably in 3D, have to be repositioned in their
original location;

iii. Analogy, which allows an apparatus that is coherent with the studied object to be
reconstructed, in terms of architectural and stylistic language, through similarity
matches between the attested and documented elements.

All these approaches were applied in the present study, with different levels of use.
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