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Abstract
Quantum collision models allow for the dynamics of open quantum systems to be described by
breaking the environment into small segments, typically consisting of non-interacting harmonic
oscillators or two-level systems. This work introduces structure within these environmental units
via spring-like interactions between N coupled oscillators in a ring structure, initially prepared in a
thermal state. Two models of interest are examined. The first highlights a case in which a
continuous time evolution can be obtained, wherein the system interacts with the environment via
a beam-splitter-like, energy-preserving, interaction. The resulting dynamics are analogous to those
due to interactions with unstructured units prepared as squeezed thermal states. The second model
highlights a case in which the continuous time limit for the evolution cannot be taken generally,
requiring instead discrete-time propagation. Special cases in which the continuous time limit can
be taken are also investigated, alongside the addition of a secondary environment to induce a
steady state. The first and second laws of thermodynamics are verified for both examples.

1. Introduction

The study of open quantum systems [1, 2], i.e. systems that exchange energy, information and particles with
their surrounding environments, plays a crucial role in the description of realistic quantum systems, as it is
often impractical, or impossible, to neglect the effects of the environment. These environments typically
contain a large number of degrees of freedom, making an exact analysis of such dynamics at best
computationally difficult, and at worst impossible.

Quantum collision models [3–6] offer a method of simulating open dynamics by segmenting the large
environment into smaller environmental units. These units then interact with the system sequentially for
short timesteps, before being discarded post-interaction. These models allow for the dynamics of a large
compilation of physical systems and environments to be examined while maintaining a small number of
degrees of freedom.

Due to their versatility, collision models have become a popular method of investigating a wide variety of
phenomena in both Markovian [3, 5, 7, 8] and non-Markovian regimes [9–12], including quantum thermal
machines [13–21] and the behavior of time crystals [22, 23]. Applications of such models can be found in the
field of quantum optics [24–27], quantum resources and information [28–31], and many others [32–36].

A key advantage of these models is the ability to study the thermodynamic properties of open
systems [37–44], allowing for the investigation of the flow of the system’s internal energy, alongside the
corresponding thermodynamic heat and work flows. Furthermore, the entropy and entropy production are
readily available [45, 46], allowing for the verification of the laws of thermodynamics.

In a typical collision model, the system and environmental units are considered to be composed of
independent objects, such as harmonic oscillators or two-level systems. Recently, however, focus has been
drawn to the idea of structured collision models, wherein interactions within the system or environment are
included [47]. In this work, we present the case of a structured continuous-variable environment, studying
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the dynamics of a system of harmonic oscillators interacting with environmental units composed of an
arbitrary number of interacting harmonic oscillators.

We examine two examples of interest in this work. In both, the environmental units consist of NE

harmonic oscillators coupled via spring-like interactions in a ring structure (see figure 1). The first example
investigates the effects of coupling the system and environment through beamsplitter-like interactions. In
this example, the continuous time limit for the evolution of the reduced state of the system can be taken,
allowing for the corresponding Lyapunov equation for the covariance matrix to be derived. We find that
preparing the structured environmental units in a thermal state leads to dynamics analogous to those
produced through interactions with an unstructured environment initially prepared in a squeezed thermal
state, with a modified effective temperature.

The second example considers spring-like interactions between the system and environment, which may
result in divergences when taking the continuous time limit. We find that discrete time propagation must be
used in the general case, with the continuous time limit only possible in special cases. We emphasise,
however, that these cases are not achievable without the use of environmental units composed of a minimum
of two oscillators. While this example does not result in a steady state, a method of inducing a steady state
through the inclusion of a secondary unstructured environment interacting with the system via a
beamsplitter-like interaction is also presented.

This work is organized such that the general model is derived in section 2, including the structure of the
collision model, the corresponding dynamics and the methods of deriving the relevant thermodynamic
quantities. Section 3 introduces the physical examples, with section 3.2 presenting the beamsplitter-like
system-environment interactions. Section 3.3 then presents the spring-like system-environment interactions,
including the general discrete time propagation and continuous time special cases. Outlooks on future work,
alongside the conclusions drawn from the models, will be presented in section 4. Some details on the analysis
and notation used can be found in the appendices.

2. General model

Collision models, in general, allow for the study of the dynamics of a system S interacting with an
environment E . As the environment is typically large and complicated, tracking the interactions with the total
environment may be conceptually difficult and computationally expensive. To combat this, collision models
treat the environment as an infinitely large collection of, generally identically prepared, environmental units
Ei. In the Markovian regime, the system interacts with each unit sequentially for a time δt, and the unit is
discarded after the interaction to ensure the system’s evolution is Markovian, see figure 1. Often, it then
becomes possible to derive a continuous Lyapunov equation for the system by taking the continuous limit of
δt→ 0 after imposing some conditions on the interaction between the system and the environment.

2.1. System and environment structure
As a general case, we will consider a system of NS oscillators and an environment made of an infinite number
of units, each composed of NE coupled oscillators. The system then interacts with each of these units
sequentially for a time δt. The total HamiltonianHtot of such a model is composed of the free Hamiltonian of
the system oscillators,HS, the Hamiltonian of the environmental unit,HE, which includes the coupling terms
present within the environment, and the system-environment interaction Hamiltonian, HSE, such that

Htot =HS +HE +HSE. (1)

The Hamiltonian of the system can be described in terms of the position and momentum operators of each
oscillator i, namely xSi and pSi respectively, such that

HS =
1

2

NS∑
i=1

(
ω2
Six

2
Si + p2Si

)
. (2)

For simplicity, in this work we consider uncoupled system oscillators of unit massm, with h̄=m= 1.
Furthermore, the position and momentum operators obey the standard commutation relation [xSi ,pSj ] = iδij.
Equation (2) can be expressed in matrix notation as

HS =
1

2
R⊺
SMSRS, (3)

2
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Figure 1. A system composed of a harmonic oscillator interacting with an environment composed of structured units, each
containing NE interacting oscillators arranged in a ring, via a collision model. Each environmental unit interacts with the system
for a timestep δt before being replaced by an identical unit.

with RS denoting a column vector containing the position and momentum operators such that
R⊺
S =

(
xS1 ,pS1 ,xS2 ,pS2 , . . .,xSNS ,pSNS

)
, and

MS =

NS⊕
i=1

(
ω2
si 0
0 1

)
. (4)

The Hamiltonian for each of the environmental units can be separated into two terms, namely the free
Hamiltonian HF

E and the interaction Hamiltonian describing the internal interactions within the unit HI
E,

where the total HE is

HE =HF
E +HI

E. (5)

The free Hamiltonian of each environmental unit can be written in a form analogous to equation (2):

HF
E =

1

2

NE∑
i=1

(
ω2
Eix

2
Ei + p2Ei

)
. (6)

with xEi denoting the position operator of each environmental oscillator i, and pEi the corresponding
momentum operator obeying the analogous commutation relations, [xEi ,pEj ] = iδij. The Hamiltonians HI

E

and HSE are then dependent on the choice of internal environmental interactions and system-environment
interactions, respectively. The environmental Hamiltonian can also be cast in matrix form, with

HE =
1

2
R⊺
EMERE, (7)

where R⊺
E =

(
xE1 ,pE1 ,xE2 ,pE2 , . . .,xENE ,pENE

)
, andME as the corresponding matrix of coefficients.

In this work, we assume each environmental unit to be prepared initially in a thermal state of the form
ρE = exp(−βEHE)/ZE where ZE = Tr[exp(−βEHE)] and βE = 1/TE. For simplicity, units have been chosen
such that kB = 1, where kB is the Boltzmann constant. As only Gaussian states will be considered, it is
convenient to introduce the covariance matrix, σ, defined through

σij =
1

2
⟨RiRj +RjRi⟩− ⟨Ri ⟩⟨Rj⟩. (8)

Here, Ri refers to the system or environment’s operators, while the notation ⟨Ri ⟩= Tr[ρRi] denotes the
average value of an operator, where ρ is the relevant density matrix of the system, ρS, environmental unit ρE,
or the combination of the system and environmental unit ρtot.

AsME is necessarily non-diagonal in the basis of RE, due to the internal environmental interactions, the
covariance matrix of the environment σE in the thermal state is not diagonal. It is possible, however, to
define a normal-mode coordinate system Q⊺

E =
(
x̃E1 , p̃E1 , x̃E2 , p̃E2 , . . ., x̃ENE , p̃ENE

)
, through a transformation G

such that QE = GRE, for which the covariance matrix is diagonal. The corresponding Hamiltonian can be
expressed as

HE =
1

2
Q⊺

EM̃EQE, (9)

3
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where M̃E is a diagonal matrix defined by

M̃E = GMEG
⊺. (10)

This transformation matrix Gmust be symplectic to ensure the commutation relations are preserved under
the change of basis, i.e. G⊺ΩNEG=ΩNE , where

ΩNE =

NE⊕
i=1

(
0 1
−1 0

)
. (11)

In general, M̃E takes the form

M̃E =

NE⊕
m=1

(
ω̃Em 0
0 1

)
, (12)

where ω̃Em denotes the normal mode frequencies of the environmental unit. For the interactions considered
in this work, we find G⊺G= 12NE , with 12NE as the identity matrix of dimension 2NE, where the columns of
G correspond to the orthogonal eigenvectors ofME. One can then recover the basis of RE through

σE = G⊺σ̃EG. (13)

The total state of the system at time t and an environmental unit can then be described through the
covariance matrix σtot(t),

σtot (t) = σS (t)⊕σE, (14)

where σS(t) is the covariance matrix corresponding to the system at a time t. In equation (14), we employed
the direct sum as a consequence of assuming no initial correlations between the system and the unit.

For completeness, one can also recast the system-environment interaction Hamiltonian, HSE into its
matrix form, producing

HSE =
1

2
R⊺
totMSERtot, (15)

where Rtot = RS ⊕RE.

2.2. System dynamics
The Markovian collision model framework describes the system’s interaction with an environment through a
series of short interactions of duration δt with the units of the environment. Each unit is discarded after the
collision to ensure Markovianity. As in this work we consider the dynamics of Gaussian states, we are
interested in the propagation of the system’s first and second moments. The evolution of the second
moments can be described through a symplectic operator U such that

σtot (t+ δt) = Uσtot (t)U
† (16)

where σtot(t) is defined in equation (14). The time evolution operator U is described as

U= eδtDtot , (17)

where the propagation matrix Dtot satisfies

⟨Ṙ⟩tot = Dtot⟨R⟩tot (18)

with ⟨Ṙ⟩tot = d
dt ⟨R⟩tot. The elements of this propagation matrix Dtot can be found directly using the

Heisenberg equation for the system and environment position and momentum operators, or equivalently
through Dtot =ΩNtotMtot, where

Htot =
1

2
R⊺
totMtotRtot (19)

and Ntot = NS +NE.

4
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Expanding equation (16) through the Taylor expansion to second order in δt produces three
superoperators:

Uσtot (t)U
† ≃ U0 [σtot (t)]+U1 [σtot (t)]+U2 [σtot (t)] . (20)

The superoperator Ui[σtot(t)] describes the ith order contributions from the Taylor expansion, with

U0 [σtot (t)] = σtot (t) , (21)

U1 [σtot (t)] = δt [Dtotσtot (t)+σtot (t)D
⊺
tot] , (22)

U2 [σtot (t)] =
δt2

2

[
2Dtotσtot (t)D

⊺
tot +D2

totσtot (t)+σtot (t)D
⊺2
tot

]
. (23)

As the environmental units are replaced between collisions, it is only necessary to retain the effect these
superoperators have on the block of the covariance matrix that describes the system, i.e. σS(t). This is
mathematically equivalent to tracing out the degrees of freedom of the relevant environmental unit after
each collision. By discarding the components outside of this block, these superoperators can be simplified to
retain only the required matrices of dimensions 2NS. The dynamics of the system can then be described
through σS(t+ δt) = L [σtot(t)] where L ≃ L0 +L1 +L2 to second order in δt, where

L0 [σS (t)] = σS (t) , (24)

L1 [σS (t)] = δt
{
DSσS (t)+σS (t)D

⊺
S + [DSEσtot (t)]S + [σtot (t)D

⊺
SE]S
}
, (25)

L2 [σS (t)] =
δt2

2

{
LS
2 [σS (t)]+LSE

2 [σS (t)]+LS/SE
2 [σS (t)]

}
. (26)

The detailed derivation of these superoperators, along with the explicit expressions of LS
2,LSE

2 and LS/SE
2 ,

can be found in appendix A. We have introduced the notation [A]S to denote the partial trace of the
environment through the discarding of elements of the covariance matrix outside of those corresponding to
the system, retaining only matrix elements Aij for which 1⩽ i ⩽ 2NS and 1⩽ j ⩽ 2NS. Here, DS is a matrix
of dimension 2NS describing the dynamics of the free Hamiltonian of the system such that DS =ΩNSMS. DSE

is then a matrix of dimension 2Ntot, such that DSE =ΩNtotMSE.
As we will see throughout the examples in section 3, DSE is dependent on the choice of

system-environment interaction Hamiltonian. The terms relating to the free evolution of the environment
do not survive the tracing out of the environmental unit; instead the internal environmental couplings only
affect the system through the initial state σtot(t) and the DSE terms.

The discrete propagation of the system can then be described through

σS (t+ δt)−σS (t)

δt
=

L1 (σtot (t))+L2 (σtot (t))

δt
. (27)

The continuous time limit of this propagation is obtained by rescaling the coupling constants gEi within DSE

before taking the limit of δt→ 0, as shown in section 3.2, to form a Lyapunov equation. This is not always
possible without divergences, however the following conditions are sufficient to ensure a finite Lyapunov
equation:

(i) The second order term L2 must be a homogeneous function of the coupling constants gEi , where gEi
represents the coupling strength between the system and each oscillator i within the environmental unit.

(ii) The first order corrections to the system’s free evolution appearing in L1 (see equation (25)) must be
zero: [DSEσtot(t)]S = [σtot(t)D

⊺
SE]S = 0.

In this work, we consider quadratic coupling Hamiltonians for which condition (i) is always satisfied. In
cases for which condition (ii) is satisfied, we find that the terms corresponding to the first order expansion in
δt, L1(σtot(t)), describe the free evolution of the system, while the second order terms, L2(σtot(t)), result
from the interaction of the system with the environment.

2.3. Thermodynamic quantities
The change in the system’s internal energy∆U(t), the heat∆Q(t) exchanged with the environment and the
associated thermodynamic work∆W(t) are natural quantities of interest [16, 37, 46–49] that can be
extracted from the dynamics described in section 2.2. These can be expressed through

∆U(t) =
1

2
Tr [∆σtot (t)(MS ⊕O2NE)] , (28)

5
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∆Q(t) =−1

2
Tr [∆σtot (t)(O2NS ⊕ME)] , (29)

∆W(t) =
1

2
Tr [∆σtot (t)(MS ⊕ME)] , (30)

where∆σtot(t) = σtot(t+ δt)−σtot(t) and ON denotes the zero matrix of dimension N. These quantities
satisfy the first law of thermodynamics by construction, i.e.

∆U(t) = ∆Q(t)+∆W(t) . (31)

One can also consider the von Neumann entropy of the system

SVN (ρS) =−Tr [ρS lnρS] , (32)

where ρS is the reduced density operator of the system. To remain consistent with the covariance matrix
formalism described in section 2.1, it is instructive to cast equation (32) in terms of the symplectic
eigenvalues νk of σS(t), where νk are defined as the absolute value of the eigenvalues of iΩNSσS(t). As the
eigenvalues of σS are paired such that each νk is 2-fold degenerate, we consider only the NS/2 unique
elements. This allows for the entropy to be calculated as [50]

SVN (ρS (t)) =

NS/2∑
k=1

Se (νk) . (33)

Se(νk) takes the form

Se (νk) =

(
νk +

1

2

)
ln

(
νk +

1

2

)
−
(
νk −

1

2

)
ln

(
νk −

1

2

)
. (34)

As information is lost between collisions due to the discarding and replacing of the environmental units,
it is important to focus the analysis on the entropy production per collision, defined as

Σ(t) = ∆SVN (t)−
∆Q(t)

TE
. (35)

The entropy production then allows for the verification of the second law of thermodynamics,

Σ(t)⩾ 0, (36)

namely that the entropy production must be non-negative during time evolution.

3. Examples

In order to examine the effects of the interactions present within the environment, two key examples will be
discussed in detail here. For each example, the results presented will consider a system consisting of a single
harmonic oscillator of frequency ωS (thus NS = 1), initially prepared in a thermal state of temperature TS.
The environmental units shall consist of NE oscillators, each of frequency ωE, coupled in a ring structure
through spring-like interactions. Each unit as a whole is considered to be prepared in a thermal state at
temperature TE. The system-environment interactions will then be described as beamsplitter-like in
section 3.2, and spring-like in section 3.3.

3.1. Initial states
In both examples, we consider the same initial covariance matrix describing the system and environment
σtot(0). The system, described by the Hamiltonian defined in equation (2), is initially prepared in a thermal
state of the form ρS,th = exp(−βSHS)/ZS, where ZS = Tr[exp(−βSHS)] and βS = 1/TS. The corresponding
initial covariance matrix for the single oscillator system can then be written as

σS (0) =

 1
2ωS

coth
(

ωS
2TS

)
0

0 ωS
2 coth

(
ωS
2TS

) , (37)

where the terms proportional to coth( ωS
2TS

) relate to the thermal population of the system.

6
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We assume the environmental units to be arranged along a linear chain with nearest-neighbor
interactions and periodic boundary conditions, i.e. a ring-like structure. The corresponding Hamiltonian HE

can be described by equations (5) and (6), where

HI
E = λI

NE∑
i=1

(
xEi − xEi+1

)2
. (38)

Here, λI is the coupling constant controlling the strength of the interactions within the environment. We also
take xNE+1 ≡ x1 to satisfy the periodicity of the boundary conditions. Following the steps outlined in
section 2.1, this can be recast in matrix form akin to equation (10).

The covariance matrix σE of the environmental unit before each collision can then be written as

σE = G⊺
(

NE⊕
m=1

σ̃Em

)
G, (39)

where

σ̃Em =

 1
2ω̃Em

coth
(

ω̃Em
2TE

)
0

0 ω̃Em
2 coth

(
ω̃Em
2TE

) , (40)

As each unit is replaced between collisions, we can neglect the time dependence of σE. The frequencies ω̃Em

correspond to the normal mode frequencies of the environmental unit, taking values of

ω̃Em =

√
ω2
E + 8λI sin

2

[
π

NE
(m− 1)

]
, (41)

withm= 1,2, . . .,NE. The full derivation of this can be found in appendix B. These normal mode frequencies
can be understood as the frequencies ω̃Em that satisfy

HE =
1

2

∑
m

(
ω̃2
Em x̃

2
Em + p̃2Em

)
. (42)

Due to the thermal nature of the environmental units and the system’s initial state, each element of ⟨R⟩tot
is identically zero and remains zero throughout the propagation as ⟨Ṙ⟩tot is described through equation (18),
i.e. as a linear combination of the elements of ⟨R⟩tot. The dynamics of the system can therefore be fully
described through the dynamics of its corresponding covariance matrix.

3.2. Example I: beamsplitter interactions
As a first example, we consider the interactions between the system and environment to be beamsplitter-like,
such that the interaction Hamiltonian HSE takes the form

HSE =

NE∑
i=1

gEi

(
√
ωSωExSxEi +

pSpEi√
ωSωE

)
, (43)

where gEi are the coupling constants controlling the strength of the beamsplitter interaction between the
system and each environmental oscillator Ei. The propagation matrix Dtot can then be described through
Dtot =ΩNtotMtot [51].

Equation (43) can be recast in terms of the normal mode coordinate system QE, defined in section 2.1,
such that

HSE =

NE∑
m=1

g̃Em

(
√
ωSωExSx̃Em +

pSp̃Em√
ωSωE

)
. (44)

Here, we have defined new coupling constants g̃Em through

g̃Em =

NE∑
i=1

GmigEi . (45)

7
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The corresponding Lyapunov equation can then be derived via equation (27), leading to a differential
equation in the continuous time limit, i.e. δt→ 0,

σ̇S (t) = DBSσS +σSD
⊺
BS +VBS, (46)

with

DBS = DS −
γÊ
2
12 (47)

and

VBS =

NE∑
m=1

γ̃Em

2
coth

(
ω̃Em

2TE

)( ω̃Em
ωS ωE

0
0 ωS ωE

ω̃Em

)
. (48)

Here, γ̃Em denotes a rescaled coupling constant such that g̃2Emδt→ γ̃Em as δt→ 0, corresponding to the
strength of the interactions with an individual, uncoupled normal modem in the continuous time limit. The
effective dissipation rate γÊ is defined through

γÊ =
N∑

m=1

γ̃Em . (49)

Following the derivations outlined in section 2.3, we obtain expressions for the transient thermodynamic
quantities of interest, namely the flow of internal energy U̇(t), heat Q̇(t) and work Ẇ(t), described through

U̇(t) =
NE∑
m=1

γ̃Em

4

((
ω2
E + ω̃2

Em

)
ωS

ωE ω̃Em

coth

(
ω̃Em

2TE

)
− 2ω2

Sσxx (t)− 2σpp (t)

)
, (50)

Q̇(t) =
NE∑
m=1

γ̃Em

2

(
ω̃Em coth

(
ω̃Em

2TE

)
−ωS ωEσxx (t)−

ω̃2
Em

ωS ωE
σpp (t)

)
, (51)

and

Ẇ(t) = U̇(t)− Q̇(t) . (52)

The dynamics of the system are found to be analogous to an effective setup in which the system interacts
through a beamsplitter-like interaction via a collision model, with environmental units composed of a single
oscillator prepared in a squeezed thermal state with squeezing rate r, such that

⟨x2
Ê
⟩sq =

1

2e2rωE
coth

(
ωE

2TÊ

)
(53)

and

⟨p2
Ê
⟩sq =

e2rωE

2
coth

(
ωE

2TÊ

)
, (54)

where the subscript Ê denotes the single oscillator effective environment and ⟨A⟩sq denotes the expectation
value of an operator A prepared in the squeezed state. We find a squeezing parameter of

r=
1

4
ln

(
αp

αx

)
, (55)

where

αp =

NE∑
m=1

γ̃Em ω̃Em

ωE
coth

(
ω̃Em

2TE

)
(56)

and

αx =

NE∑
m=1

γ̃EmωE

ω̃Em

coth

(
ω̃Em

2TE

)
. (57)

8
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As r> 0 for ωE > ω̃Em and r< 0 for ωE < ω̃Em whenm ̸= 1, it is clear that this squeezing decreases the
variance of the x quadrature for λI < 0, while λI > 0 decreases the variance of the p quadrature.

The effective temperature TÊ can be shown to be

TÊ =
ωE

2coth−1
(√

αxαp

γÊ

) . (58)

This effective temperature TÊ is then controlled by λI , allowing it to be greater than, less than or equal to TE.
These dynamics then follow an effective Lyapunov equation for the system’s covariance matrix of

σ̇S = DeffσS +σSD
⊺
eff +Veff, (59)

where

Deff = DBS, (60)

and

Veff =
γÊ
2
coth

(
ωE

2TÊ

)(
e2r

ωS
0

0 ωS
e2r

)
. (61)

We consider the steady state of the system that satisfies the equation σ̇S = 0. The corresponding steady
state energy of the system ⟨HS⟩Steady reads

⟨HS⟩Steady =
ωS

2
coth

(
ωE

2TÊ

)
cosh(2r) . (62)

As with the effective temperature, the steady state energy is controlled by the choice of λI , and is independent
of the initial state of the system.

Although we have assumed a generic model so far, in which the system is potentially coupled to all
normal modes of the environmental unit, it is also possible to choose the couplings gEi in equation (43) such
that the system interacts solely with one specific mode with frequency ω̃Em′ . This is achieved by choosing
gEi = gGm′i, where g is the overall coupling strength. With this choice, the system-environment interaction of
equation (43) becomes:

HSE = g

(
√
ωSωExSx̃Em′ +

pSp̃Em′√
ωSωE

)
. (63)

In this case, the expressions for the effective squeezing rate and temperature simplify to

r=
1

2
ln

(
ω̃Em′

ωE

)
(64)

and

TÊ =
ωE

ω̃m′
TE. (65)

We shall consider two examples in the following sections: one in which the system interacts exclusively
with the center of mass mode frequency ω̃CoM = ωE, and one in which it interacts with the normal mode
frequency corresponding to the largest wavevector within the Brillouin zone and the shortest wavelength
supported by the environmental unit.

3.2.1. Center of mass
The first case of interest is when the system interacts exclusively with the center of mass of each
environmental unit, with frequency ω̃CoM = ωE, obtained from equation (41) withm= 1. In this scheme, the
system’s covariance matrix follows equation (59), with a squeezing parameter of r= 0 (since αp = αx). The
resulting dynamics are equivalent to that of a system interacting with units consisting of a single oscillator of
frequency ωE prepared in a thermal state at temperature TE via a collision model through a beamsplitter-like
interaction, see for example reference [14].

The flow of heat, work and the internal energy are found to be

U̇(t) = ωSf(t) , (66)

9
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Q̇(t) =−ωEf(t) , (67)

and

Ẇ(t) = (ωS −ωE) f(t) , (68)

where

f(t) = γ̃E1

[
ωSσxx (t)+

1

ωS
σpp (t)− coth

(
ωE

2TE

)]
. (69)

Immediately, one can see agreement with the first law of thermodynamics (see equation (31)). For the
case of ωS = ωE, one can recognize an inability to produce or absorb work in the center of mass case,
explained through the commutator [HS +HE,HSE]. Following reference [37], the condition
[HS +HE,HSE] = 0 is sufficient to ensure Ẇ(t) = 0. The fact that U̇(t), Q̇(t) and Ẇ(t) can be expressed as the
product of a common function f (t) and the frequencies ωS and ωE is reminiscent of similar results for a
continuously operated Otto cycle (see for instance reference [14]). This is a consequence of the linearity of
the coupling between the harmonic oscillators in the environment and the system. For the ωS = ωE case, one
finds in the steady state

U̇= 0, (70)

Q̇= 0, (71)

Ẇ= 0. (72)

Since, in this case, the steady state of the system is a thermal state at temperature TE, it follows that for
long times f(t)→ 0 because the detailed balance condition is satisfied. Under these conditions U̇(t), Q̇(t) and
Ẇ(t) vanish as expected for an equilibrium state.

Due to the lack of squeezing or change in the effective temperature, for ωS = ωE the dynamics of the
system follows the intuitive path: TE > TS leads to the system heating until a steady state at temperature TE is
reached; TE < TS leads to the system cooling until a steady state at temperature TE and the TE = TS case
produces no changes within the system. As there is no contribution from any other normal mode
frequencies, and ω̃ECoM does not depend on λI , it is clear in this case that the structure within the
environment does not affect the dynamics or steady state of the system.

Following section 2.3, one also finds Σ(t)⩾ 0, showing agreement with the second law of
thermodynamics.

3.2.2. Largest wavevector within the Brillouin zone
The second case of interest is when the system interacts solely with the normal mode frequency ω̃Max

corresponding to the largest wavevector within the Brillouin zone. This corresponds to the shortest
wavelength mode with the frequency ω̃Em′ , wherem

′ is chosen to be the value ofm for which the

sin2
[

π
NE
(m− 1)

]
term in equation (41) is maximized. This frequency is found to be

ω̃Max =


√
ω2
E + 8λI, for even NE√

ω2
E + 8λI cos2

(
π
2NE

)
, for odd NE.

(73)

One must take care to choose appropriate values of λI such that ω̃Max remains real-valued.
In this regime, the system’s dynamics can be mapped to that of a quantum harmonic oscillator

interacting with environmental units prepared in a squeezed thermal state with effective temperature TÊ (see
equation (58)) and squeezing parameter r (see equation (55)). This is chosen as a case of particular interest
as it allows for control over the effective temperature of the environment. We plot the dependence of the
effective temperature TÊ on the environment’s internal coupling strength λI for NE = 3,4,5 in figure 2. The
temperature TÊ is always monotonically decreasing with λI , such that TÊ > TE for λI < 0 and TÊ ≤ TE for
λI ≤ 0. The dependence of the effective temperature on NE is very small as ω̃Max depends only weakly on the
number of environment oscillators. In the absence of internal interactions within the environment, i.e.
λI → 0, one recovers the center of mass dynamics with TÊ = TE, analogous to those for beamsplitter-like
interactions via a collision model between the system and single oscillator environmental units prepared in a
thermal state.

10



Quantum Sci. Technol. 10 (2025) 045056 A Corr et al

Figure 2. Effective temperature of the environmental units TÊ interacting with the system as a function of the internal coupling
strength λI within the environment. The blue (solid), red (dashed) and green(dotted) lines represent the effective temperature of
an environmental unit composed of 3, 4 and 5 oscillators respectively, where the system interacts solely with the normal mode
frequency of the environmental units ω̃EMax corresponding to the largest wavevector within the Brillouin zone. Parameters:
ωE = 1, TE = 1, γ̃E

m′ = 0.5.

Figure 3. The steady-state energy HSteady (left) and work Ẇ (right) applied to a system interacting with the normal mode
frequency of the environmental units ω̃EMax corresponding to the largest wavevector within the Brillouin zone. Each unit is
composed of 4 oscillators prepared in a thermal state at a temperature TE as a function of the internal coupling strength λI (solid
line). The horizontal dashed line represents the energy of a thermal state Eeq. The vertical lines act as a guide to the eye, with the
dashed line at λI = 0 and the dotted line at λI = λIC . The steady state internal energy is independent of internal coupling, such
that U̇= 0 for all λI , while the heat flow can be found through Q̇=−Ẇ. Parameters: ωS = ωE = 1, TE = 1, γ̃E

m′ = 0.5.

The steady-state energy, ⟨HS⟩Steady, can be obtained through equation (62) and compared to the thermal
energy Eeq = ωS coth[ωE/2TE]/2 of a quantum harmonic oscillator in equilibrium with an unstructured
environment (λI = 0). The plot of figure 3 shows three different regions of interest. The first of these, in
which λI < 0, produces a steady-state energy larger than Eeq, with small changes in λI leading to large
changes in the steady-state energy. The second region, where 0< λI < λIC , produces a steady-state energy
lower than the unstructured environment or the center of mass cases. The quantity λIC is the value λI ̸= 0 for
which ⟨HS⟩Steady is equal to Eeq. In this region the system is effectively cooled to a temperature lower than that
of the environment thanks to the internal structure of the environmental units and their thermal coherences.
The third region, with λI > λIC , again produces a steady-state energy larger than the unstructured case,
however the magnitude of the change of the steady state energy with respect to changes in λI is much smaller
than that of first region.

Following the derivations outlined in section 2.3, one can obtain expressions for particular
thermodynamic quantities of interest, namely the internal energy U̇(t), heat Q̇(t) and work Ẇ(t) flows
involved in this process. Focusing on the steady state, these quantities can be examined as a function of
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internal coupling within the environment, λI , with U̇= 0, Q̇=−Ẇ and

Ẇ=
γÊ ω

2
S

(
ω2
E − ω̃2

EMax

)2
2 ω2

E ω̃EMax (γ
2
E + 4ω2

S)
coth

(
ω̃EMax

2TE

)
. (74)

One finds consistently that Ẇ⩾ 0, with the equality holding for λI = 0, wherein the dynamics reduce to
those of the center of mass regime. Work is therefore always injected into the system for λI ̸= 0 (see figure 3).
Power always increases monotonically with |λI| due to the resulting larger frequency detuning ωE − ω̃EMax .
Similarly, one finds Q̇⩽ 0, with the same conditions on the equality, such that for λI ̸= 0, heat is always
extracted from the system and damped into the environment and the first law of thermodynamics is always
satisfied. One can contextualize this into the framework of quantum thermodynamic machine cycles by
adding a second environment, interacting with the system through beamsplitter-like interactions via a
collision model, with each unit consisting of a single harmonic oscillator. With the inclusion of this
secondary environment, one can construct a regime with ωS ̸= ωE in which this model acts as a refrigerator,
consuming work for heat to flow from a cold to a hot reservoir.

Following the procedure outlined in section 2.3, one finds that while the entropy may increase or
decrease to a steady state depending on the choice of λI , the entropy production is always positive, ensuring
the second law of thermodynamics is consistently satisfied.

This scheme lends itself well to physical implementation, such as through trapped ion platforms using
Coulomb crystals [52]. One can see from equation (73) that this model is identical for all even NE, with the
exception of the special case NE = 2. Therefore, one only requires NE = 4 to achieve the maximum deviation
from ωE for a given λI . Experimentally, this can be achieved by ‘resetting’ an environmental unit of 4
oscillators to the initial state between interactions to avoid preparing a large number of units, provided the
reset time τReset is faster than the relaxation time of the system τRelax, i.e. τReset ≪ τRelax. We emphasize,
however, that precise engineering of the environmental units is not crucial to mimic a squeezed bath and that
a high-frequency mode coupled to the system’s degrees of freedom would be sufficient.

3.3. Example II: spring-like interactions
The second example presented in this work considers spring-like system-environment interactions, such that
HSE takes the form

HSE =

NE∑
i=1

λEi (xS − xEi)
2
, (75)

where λEi are the coupling constants controlling the strength of the spring-like interaction between the
system and each environmental oscillator Ei.

This can be recast in terms of the normal mode coordinate system QE defined in section 2.1, as with the
beamsplitter example, to produce

HSE =H(SE)
S +H(SE)

E +H(SE)
SE , (76)

where H(SE)
S =

∑NE

i=1λEix
2
S and gives rise to a renormalized system’s frequency ω̄2

S = ω2
S + 2

∑NE

i=1λEi . The

term H(SE)
E is then given by

H(SE)
E =

NE∑
m,m ′=1

λ̃Emm′ x̃Em x̃Em′ , (77)

where λ̃Emm′ =
∑NE

i=1λEiGmiGm′i is an effective coupling strength between normal modes, while

H(SE)
SE =−2

NE∑
m=1

λ̃EmxSx̃Em (78)

with

λ̃Em =

NE∑
i=1

λEiGmi. (79)
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The dynamics of the system can then be described in the form of equation (27). We consider two
approaches to study these dynamics. The first is by propagation through discrete time steps wherein δt is
kept finite. One can begin with

σS (t+ δt)−σS (t)

δt
= DSpσS (t)+σS (t)D

⊺
Sp + δtDRN

S σS (t)D
⊺RN
S +VSp +O

(
δt2
)
, (80)

with

DSp = DRN
S − ω̄2

Sδt

2
12, (81)

where DRN
S represents the free evolution of the system’s oscillator with the renormalized frequency ω̄S, which

depends on the coupling constants λEi . The matrix VSp reads

VSp = 2δt
NE∑
m=1

λ̃2
Em

(
0 0

0 1
ω̃Em

coth
(

ω̃Em
2TE

)) . (82)

Some of the terms in equation (80) may lead to difficulties in taking the continuous limit, as the method
of rescaling used in section 3.2 may lead to divergences. In this model, the rescaling method would require
taking λ̃2

Emδt→ const. as δt→ 0. However when doing so, the term DRN
S would diverge through its

dependence on ω̄S, due to the divergence of λ̃Em . We remark, however, that using a finite δt, as in the discrete
evolution, would not lead to any mathematical issue. As the continuous time limit is not possible in the
general case, we instead propagate the system through equation (16) to avoid the approximation due to the
Taylor expansion in δt.

While the discrete propagation model has been presented as generic so far, we shall focus on interactions
with the center of mass frequency, as this case requires discrete propagation. Such interactions, i.e. those with
an individual chosen normal mode frequency ω̃Em′ , can be achieved by choosing couplings λEi = λEGm′i,
where λE is the overall coupling strength.

For the second approach, we will consider the continuous limit δt→ 0 in the specific case
∑NE

i λEi = 0
which leaves the system’s frequency unaltered, i.e. ω̄S = ωS, avoiding any divergence.

3.3.1. Discrete time
As discussed above, for generic λEi in the spring-like interaction model, it is not possible to derive a
continuous Lyapunov equation for the covariance matrix akin to equation (59). However, one can still
propagate the system through discrete time steps δt according to equation (16). Here, we present this
discrete-time evolution resulting from interactions between a single oscillator system, prepared initially in a
thermal state at temperature TS and frequency ωS, and the center of mass mode of the environmental units,
each composed of NE = 4 oscillators, i.e. we choose homogeneous interaction couplings λEi = λEGm′i with
m ′ = 1. Furthermore we assume each environmental unit to be initially prepared in a thermal state at a
temperature TE.

We propagate the system’s covariance matrix numerically using equation (16), with the corresponding
results for the system’s energy shown in figure 4. We observe that, unlike the beamsplitter case, the system
does not tend to a steady state. Instead, the energy oscillates around a linearly increasing average. This
originates from a persistent injection of energy from the environment to the system due to the spring-like
form of interaction.

This is confirmed by looking at the heat,∆Q(t), and work,∆W(t), per collision computed using the
methods outlined in section 2.3. As shown in figure 5, work is periodically injected and extracted from the
system, with a net positive injection over long time frames, accounting for the increase in the systems energy
between each period. One also finds dissipation through the heat∆Q, which remains negative throughout
the propagation.

The entropy of the system S(t) also increases as one would expect, as the system’s energy increases
throughout the process. Once again, the second law of thermodynamics can be verified by examining the
entropy production Σ(t), where one requires Σ(t)⩾ 0.

3.3.2. Continuous time
It is possible to choose interaction constants λEi such that divergences do not appear, allowing for the
continuous-time limit to be taken [53]. Applying the rescaling λEiλEjδt→ ΛEij as δt→ 0, can in general

produce L1(σtot)→∞ however this can be avoided provided
∑NE

i=1λEi = 0.

13



Quantum Sci. Technol. 10 (2025) 045056 A Corr et al

Figure 4. Dynamics of the energy of a single oscillator system prepared in the thermal state as a function of time, with discrete
time-steps δt= 0.01, interacting with the center of mass frequency of environmental units composed of NE = 4 oscillators.
Parameters: ωS = ωE = 1, TS = TE = 1, λI = 0.67, λ̃E1 = 15.

Figure 5. The heat current∆Q (left) and work∆W (right) applied to the system the system with same parameters as figure 4.
The change in the internal energy of the system∆U can be found as the sum∆Q and∆W.

The resulting Lyapunov equation can then be stated as

σ̇S = DSσS +σSD
⊺
S +VSp, (83)

where VSp is given by equation (82) after replacing λ̃2
Emδt→ Λ̃Em and taking the continuous limit δt→ 0.

Notice that the trick we employed to obtain an effective continuous time dynamics would not be possible if
the environmental units consisted of only a single oscillator through solely spring-like interactions outside of
the trivial λEi = 0 case, as a minimum of two oscillators are necessary to fulfill the condition of

∑NE

i=1λEi = 0.
To maximize the effects of the environment, we present the dynamics due to interactions of the system

with the normal mode frequency ω̃EMax described in equation (73). In figure 6, we plot the second moments,
⟨x2S⟩ and ⟨p2S⟩, which oscillate around a linearly increasing average value. The almost linear increase in these
quantities is reminiscent of a diffusion model, in which the variances increase linearly with respect to time.
Similarly to the discrete case, this is due to a persistent energy injection from the environment.

One can again calculate the thermodynamic quantities described in section 2.3 to find that work must
always be injected into the system, as Ẇ(t)> 0, while heat consistently flows out of the system, as Q̇(t)< 0,
also shown in figure 6. The internal energy increases linearly over time, with U̇(t) equal to a positive constant
(whose expression can be found but it does not give additional information). Because of this linear increase in
the internal energy, it is clear that a model using solely spring-like interactions does not admit a steady state.

One may investigate the entropy and entropy production of the system in this case, resulting again in the
verification of the second law of thermodynamics, wherein the change in both the entropy S(t) and entropy
production Σ(t) between collisions is positive.
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Figure 6. Dynamics of a system interacting with the normal mode frequency ω̃EMax corresponding to the largest wavevector within
the Brillouin zone in the continuous-time limit. The second moments (left) and thermodynamic quantities (right) are plotted as a
function of time t. The second moments are described by the elements of the covariance matrix, particularly ⟨x2S⟩ (blue, solid),
⟨p2S⟩ (red, dashed)) and ⟨xSpS + pSxS⟩ (green, dotted). The thermodynamic quantities presented are the flow of internal energy

U̇(t) (blue, solid), heat Q̇(t) (red, dashed) and work Ẇ(t) (green, dotted). Parameters: ωS = ωE = 1, TS = TE = 1, λI = 0.67,
Λ̃E

m′ = 0.5.

It is possible to induce a steady state through the use of a secondary environment. As a simple example,
we assume this additional environment to consist of units composed of a single oscillator in a thermal state,
with frequency ωB and temperature TB interacting with the system through beamsplitter-like interactions via
a collision model, as in section 3.2 (NE = 1 and λI = 0), see equations (46)–(48).

The total propagation takes the form of

σ̇S (t) = DLσS (t)+σS (t)D
⊺
L +VSp +VB, (84)

with

DL = DS −
γB
2
12, (85)

and

VB =
1

2

 γB

ωS
coth

(
ωB
2TB

)
0

0 γBωS coth
(

ωB
2TB

) , (86)

where γB is related to the coupling of this secondary environment to the system.
In this case, the system tends to a steady state described through

⟨HS⟩Steady =
NE∑
m=2

Λ̃Em

γBω̃Em

coth

(
ω̃Em

2TE

)
+

ωS

2
coth

(
ωB

2TB

)
. (87)

From figure 7, one can see that the primary environment interacting with the system via spring-like
interactions injects a constant amount of energy into the system with each collision. For the secondary
environment interacting via beamsplitter-like interactions, the amount of energy injected or extracted by
each unit is dependent on the energy of the system at the time of collision. The steady state then occurs when
the rate at which energy is drained by the secondary environment is equal to the constant amount of energy
injected by the primary environment. When both the primary and secondary environment are initially at the
same temperature with oscillators of equal frequency, taking λI = 0 still results in an increase to the system’s
steady-state energy. The coupling λI therefore does not initiate the change, but rather allows for control of its
magnitude, where λI < 0 allows for an increase in the steady-state energy that is large in magnitude, while
λI > 0 allows for an increase that is small and controlled.

In the steady state, one finds a dissipator-like behavior, where work is constantly injected into the system,
as Ẇ> 0, while heat flows out of the system, as Q̇< 0. In such a steady state, one finds the internal energy is
constant, i.e. U̇= 0.
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Figure 7. The steady state energy HSteady (left) and work Ẇ (right) as a function of the internal environmental coupling strength
λI of a structured primary environment. The system also interacts with a secondary ‘drain’ environment. Each unit of the primary
environment is composed of NE = 4 oscillators interacting with the system via spring-like interactions. The units of the
secondary environment are composed of NE = 1 oscillator interacting with the system via beamsplitter-like interactions. In the
steady-state, U̇= 0 for all λI , and the heat flow can be found through Q̇=−Ẇ. The initial energy (dashed, red) of the system
with these parameters is also plotted. Parameters: ωS = ωE = ωB = 1, TS = TE = TB = 1, Λ̃E

m′ = 0.5, γB = 0.5.

4. Conclusions and outlook

This work presents a general method of designing a collision model that includes structure within the
environmental units using continuous-variable quantum systems, namely harmonic oscillators. In some
cases, it is possible to construct a Lyapunov equation for the continuous-time evolution of the system’s
covariance matrix. We demonstrated the effect of an internal structure within the environment may have
over the system’s dynamics and thermodynamics, particularly with respect to the effective temperature of the
environmental units as a function of their internal coupling strength λI . The dynamics of a system
interacting through beamsplitter-like interactions via a collision model with units composed of spring-like
coupled oscillators, initially prepared in a thermal state, were found to be analogous to the dynamics due to
interactions with single oscillator environmental units prepared in a squeezed thermal state. The magnitude
of this squeezing also corresponded to a function of the internal coupling strength. This effective squeezing
arises naturally from environmental units prepared in thermal equilibrium, thus considered free within the
resource theory of quantum thermodynamics. This is in stark contrast to previous works which considered
environmental units which are artificially prepared in squeezed states [32, 53, 54], thus necessarily employing
additional thermodynamic resources.

In other cases, in which the system interacts with the environment through spring-like interactions, we
found that discrete time propagation is necessary, as taking the continuous-time limit leads to divergences. In
this example, the system does not inherently reach a steady state due to constant injections of energy from
the environment with each collision. Nevertheless, we showed that one can include a secondary thermal
environment (corresponding to a collision model whose units are made of a single oscillator and interacting
with the system via beamsplitter-like interactions) to lead the system to a steady state.

In all cases, we proved that the first and second laws of thermodynamics are fulfilled. This shows once
more that structured collision models can play an important role in the context of thermodynamic
investigations, as they allow for a thermodynamically consistent description even in presence of coherence, in
contrast with other models where thermodynamic consistence must be enforced.

Verification of these results may be currently achievable through various experimental methods, such as
through trapped ions [55–57] or photonic systems [58, 59]. The effect of the topology of the structure within
the environmental units would be of keen interest for further study, alongside the effects of varying the initial
states, interactions between the system and environment, and of course the internal interactions within the
environmental units. Finally, it would be of practical interest to examine the effects of a structured
environment to the performances of heat engines and refrigerators, as well as in the charging process of
quantum batteries.
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Appendix A. Superoperator derivation

The derivation of the superoperators relating the total dynamics of the system and environment to the
reduced dynamics of solely the system, L0(σtot(t)), L1(σtot(t)), L2(σtot(t)) can be found by considering the
set of elements i, j of the matrices produced by the total dynamic operators U0(σtot(t)), U1(σtot(t)),
U2(σtot(t)), for which i = 1,2. . .,2NS and j = 1,2. . .,2NS. More intuitively, one can consider this as selecting
only the ‘top-left’ 2NS × 2NS block of the total system-environment covariance matrix after applying the
total evolution operators. The action of extracting the properties and dynamics of solely the system will be
denoted here as [·]S, such that Li(σtot(t)) = [Ui(σtot(t))]S.

To find L0(σtot(t)), one can recognize that the corresponding operator U0(σtot(t)) can be described
simply as the application of the identity 12Ntot to σtot(t), hence,

L0 (σS (t)) = σS (t) . (A.1)

The behavior due to L1(σS(t)) can be found by separating the propagation matrix Dtot into interactions
due the the system, D ′

S = DS ⊕O2NE , the environment, D ′
E = O2NS ⊕DE and the system-environment

interactions, DSE, each of dimension 2Ntot, such that

Dtot = D ′
S +D ′

E +DSE, (A.2)

with ON denoting the zero matrix of dimension N.
In order to describe the system’s dynamics due to U1(σtot(t)), we consider the contributions from each of

these terms separately. First, we see the DE terms do not contribute to the system’s dynamics by recognizing
D ′
Eij = 0 for all i = 1,2, . . .,2NS, and for j = 1,2, . . .,NS, and therefore∑

k

D ′
Eikσtotkj (t) = 0; 1⩽ i ⩽ 2NS, (A.3)∑

k

σtotik (t)D
′⊺
Ekj = 0; 1⩽ j ⩽ 2NS. (A.4)

One can treat the DSE terms using the notation of [·]S, retaining only the [DSEσtot(t)]S and [σtot(t)D
⊺
SE]S

contributions. Similarly, applying this operation on the D ′
S terms produces [D ′

SσS(t)]S = DSσS(t) and
[σtot(t)D ′

S⊺]S = σS(t)D
⊺
S . The dynamics of the system due to the first order δt terms can then be written as

L1 (σS (t)) = δt
{
DSσS (t)+σS (t)D

⊺
S + [DSEσtot (t)]S + [σtot (t)D

⊺
SE]S
}
. (A.5)

The second-order terms can be treated through the expansion of Dtot described in equation (A.2). The
terms involving solely the environmental dynamicsDE and the system once again provide no contribution, as∑

kl

D ′
EikD

′
Eklσtotlj (t) = 0; 1⩽ i ⩽ 2NS, (A.6)∑

kl

σtotik (t)D
′⊺
EklD

′⊺
Elj = 0; 1⩽ j ⩽ 2NS, (A.7)∑

kl

D ′
Eikσtotkl (t)D

′⊺
Elj = 0; 1⩽ i ⩽ 2NS. (A.8)

One also finds no contribution from terms consisting solely of DS and DE terms, as D ′
SD

′
E = D ′

ED
′
S = O2Ntot ,

and ∑
kl

D ′
Sikσtotkl (t)D

′⊺
Elj = 0; 1⩽ i ⩽ 2NS, (A.9)∑

kl

D ′
Eikσtotkl (t)D

′⊺
Slj = 0; 1⩽ j ⩽ 2NS. (A.10)
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Finally, there are no contributions from the terms containing solely DSE and D ′
E, as∑

kl

D ′
EikDSEklσtotlj (t) = 0; 1⩽ i ⩽ 2NS, (A.11)∑

kl

σtotik (t)D
′⊺
EklD

⊺
SElj

= 0; 1⩽ i ⩽ 2NS, (A.12)∑
kl

D ′
Eikσtotkl (t)D

⊺
SElj

= 0; 1⩽ i ⩽ 2NS, (A.13)∑
kl

DSEikD
′
Eklσtotlj (t) = 0; 1⩽ j ⩽ 2NS, (A.14)∑

kl

σtotik (t)D
⊺
SEkl

D ′⊺
Elj = 0; 1⩽ j ⩽ 2NS, (A.15)∑

kl

DSEikσtotkl (t)D
′⊺
Elj = 0; 1⩽ j ⩽ 2NS. (A.16)

The remaining nonzero terms are those related to the unitary dynamics of the system, terms involving the
system dynamics and the system-environment interaction, and terms solely involving the
system-environment interaction. The second order terms of the system’s dynamics with respect to δt are then
given by

L2 (σS (t)) =
δt2

2

(
LS
2 (σS (t))+LSE

2 (σS (t))+LS/SE
2 (σS (t))

)
, (A.17)

with

LS
2 (σS (t)) = 2DSσS (t)D

⊺
S +D2

SσS (t)+σS (t)D
⊺2
S , (A.18)

LSE
2 (σS (t)) = 2 [DSEσtot (t)D

⊺
SE]S +

[
D2
SEσtot (t)

]
S
+
[
σtot (t)D

⊺2
SE

]
S
, (A.19)

and

LS/SE
2 (σS (t)) = 2 [D ′

Sσtot (t)D
⊺
SE]S + 2

[
DSEσtot (t)D

′⊺
S

]
S
+ [D ′

SDSEσtot (t)]S

+ [DSED
′
Sσtot (t)]S +

[
σtot (t)D

′⊺
SD

⊺
SE

]
S
+
[
σtot (t)D

⊺
SED

′⊺
S

]
S

(A.20)

Appendix B. Environmental unit normal-mode decomposition

Decomposing the structured environmental units into their corresponding normal modes greatly simplifies
the derivation of the system’s dynamics. Here, we consider an environmental unit of NE oscillators arranged
in a ring, coupled via spring-like interactions, with a total Hamiltonian HE described by equation (5), (6)
and (38), such that

HE =

NE∑
n=1

[
1

2

(
ω2
Ex

2
En + p2En

)
+λI

(
xEn − xEn+1

)2]
, (B.1)

with periodic boundary conditions (NE + 1≡ 1). Furthermore, since the kinetic-energy terms are already
non-interacting (and the environmental oscillators have all the same mass), we can look for a transformation
to a basis in which the position operators are non-interacting, i.e. focusing only on the terms of the
Hamiltonian corresponding to the potential energy,

HEx =

NE∑
n=1

[
1

2
ω2
Ex

2
En +λI

(
xEn − xEn+1

)2]
.

This simplifies the search for a description of the normal modes, leaving only the constraints that the
transformation must be symplectic, without inducing interactions between the momentum operators.

We can obtain the normal modes via a Fourier decomposition described by

xj =
1√
NE

NE−1∑
m=0

e−ijkm x̃m, (B.2)
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where km = 2π
NE
m form= 0,1,2, . . . ,NE − 1 and x̃m denotes the normal mode coordinates. As all operators in

this appendix refer to the environment, the subscripts E have been dropped for brevity.
The potential-energy Hamiltonian HEx can then be rewritten in terms of the normal mode coordinates

through equation (B.2), producing

HEx =
1

NE

∑
j,m,m ′

e−ij(km+km′ )

[
ω2
E

2
x̃mx̃m′ +λI

(
1+ e−i(km+km′ ) − e−ikm − e−ikm′

)
x̃mx̃m′

]
. (B.3)

This can be simplified further through the standard result

NE∑
j=1

e−ij(km+km′ ) = NEδkm,−km′ , (B.4)

to obtain

HEx =

NE−1∑
m=0

(
ω2
E

2
+ 2λI −λI

(
eikm + e−ikm

))
x̃mx̃−m. (B.5)

Finally, using trigonometric relations and noting both x̃−m = x̃†m and x̃†m = x̃m, HEx can be rewritten as

HEx =

NE∑
m=1

[
ω2
E

2
+ 4λI sin

2

(
π

NE
(m− 1)

)]
x̃2m. (B.6)

One can compare this to the potential-energy Hamiltonian of a set of uncoupled oscillators of frequency ω̃Em

to find the frequency of the normal modes, i.e.

ω̃2
Em

2
=

ω2
E

2
+ 4λI sin

2

(
π

NE
(m− 1)

)
, (B.7)

such that equation (41) is satisfied.
Equation (B.7) is valid for all NE > 2, however it is important to note the special case of NE = 2.

Typically, one does not impose ring-like periodic boundary conditions in this case, but rather the oscillators
are arranged in a line structure. There are therefore NE − 1 interactions in this case (just 1), rather than NE,
resulting in a center of mass frequency ω̃CoM = ωE and a relative motion frequency of ω̃RM =

√
4λI +ω2

E.
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[11] Şenyaşa H T, Kesgin Ş, Karpat G and Çakmak B 2022 Entropy 24 824
[12] Ciccarello F and Giovannetti V 2013 Phys. Scr. T153 014010
[13] De Chiara G and Antezza M 2020 Phys. Rev. Res. 2 033315
[14] Leitch H, Piccione N, Bellomo B and De Chiara G 2022 AVS Quantum Sci. 4 012001
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