Journal of Optimization Theory and Applications (2025) 207:32
https://doi.org/10.1007/s10957-025-02757-7

®

Check for
updates

Some isoperimetric inequalities involving the boundary
momentum

1

Domenico Angelo La Manna'® - Rossano Sannipoli?

Received: 14 February 2024 / Accepted: 10 June 2025
© The Author(s), under exclusive licence to Springer Science+Business Media, LLC, part of Springer Nature
2025

Abstract

The aim of this paper is twofold. In the first part we focus on a functional involving
a weighted curvature integral and the quermassintegrals. We prove upper and lower
bounds for this functional in the class of convex sets, which provide a stronger form
of the classical Aleksandrov-Fenchel inequality involving the (n — 1) and (n — 2)-
quermassintegrals, and consequently a stronger form of the classical isoperimetric
inequality in the planar case. Moreover, quantitative estimates are proved. In the second
part, we deal with a shape optimization problem for a functional involving the boundary
momentum. It is known that in dimension two the ball is a maximizer among simply
connected sets when the perimeter and centroid is fixed. We show that the result can
be extended to the class of indecomposable sets. In higher dimensions, the same result
does not hold and we consider a new scaling invariant functional that might be a good
candidate to generalize the planar case. For this functional, we prove that the ball is a
stable maximizer in the class of nearly spherical sets in any dimension.
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1 Introduction

In the last few years, weighted isoperimetric problems have attracted the attention of
many mathematicians, due to its intrinsic mathematical interest and mainly for its wide
class of applications, see [7, 8, 10, 24-26] for isoperimetric problem with densities
and [8, 15] for quantitative weighted isoperimetric inequalities. In this paper, we are
interested in weighted isoperimetric inequalities with density | - |2. For the weighted
boundary integral

M(E) = / Ix|>dH"!, 1)
0E

Brock (see [4]) proved that M (E) is minimized by the ball centered at the origin when
a volume constraint is imposed. Another proof of this fact can be found in [3], where
the authors prove isoperimetric inequalities for a larger class of integrals with radial
weights, both on the volume and the perimeter. The quantity introduced in (1) is known
as the boundary momentum of E. It is worth mentioning that the authors in [5] proved
an isoperimetric inequality for a functional involving the boundary momentum, the
perimeter and the measure, obtaining the Weinstock inequality in any dimension in
the class of convex sets.

In the first part of the paper, we study a shape optimization problem involving the
functional

1
H(E) = — inf / Gyglx — xo|> dH" !,
oE

n xpeR”

where Gy is the Gaussian curvature of E and E is a convex set with not empty
interior. Inequalities involving weighted curvature integrals have been studied in recent
years, due to the increasing interest in isoperimetric problems in manifolds. To name
some recent contributions, we mention [16], where the authors study the case where
the weight is the Gaussian density, and [21, 22, 29], where weighted quermassintegrals
have been studied. In fact, in [21], the authors prove that, for £ C R" convex and
ke {l,...,n—1},itholds

1 n+1—k
= / X2 Hyp o (x) dH" + Wi_1 (E) > c(n, k) Wi (E) "
0E

> @)

where c(n, k) is a constant depending only on n and k, W;(E) are the so called
quermassintegrals and Hyf ; are the the i-th elementary symmetric polynomials in
the n — 1 principal curvatures of d E (for the precise definition see subsection 2.2).

Our aim is to bound from below and above a slight modification of the left hand
side of (2). Given 8 > 0, we define the functional

Gp(E) = H(E) + BWy—2(E). 3

The main result of this first part is the following.
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Theorem 1.1 Let E C R” be an open, bounded convex set. [f0 < B < n — 1, then we
have

I+58)

n

B )
pWaa)+ o int [ —wPGreare = SR w @R @
0

Ifp=pBmn):=m-DHU+ )
(1+8)

n

Wut(E)2. (5)

1
BWn—2(E) + — inf / lx —x0l*Gop dH" ™! <
n R" JoE

i
X0€
Moreover, equality holds if and only if E = B (xq) for some xo € R" and r > 0.

Therefore, for 8 < n — 1, balls are minimizers of Gg among convex sets of fixed
(n — 1)-quermassintegral (hence the curvature term is the dominating one), while, for
B > B(n), the ball is a maximizer in the same class (the (n —2)-quermassintegral term
is the dominating one). We also show that in the planar case the thresholds § = 1 and
B = B(2) = 5/3 are sharp (see Corollary 3.8). We also provide a quantitative version
of Theorem 1.1. To be precise, we introduce the functional

1+8  Gs(E)
Wi (E)

I3(E) = ©)

and, in the spirit of [17], we prove the following quantitative inequality.

Theorem 1.2 Let n > 2. There exist § and two positive constants C1 = C1(B8), C, =
C2(B) such that, if E C R" is an open, bounded convex set with |.%g(E)| < &, then,
for B > B(n), it holds

I4(E) > Crg(An(E))3. %)

For B < n — 1, we have
~ 5
Ip(E) < —Cag(An(E))2.

The function g : Ry — Ry is defined as

52 ifn=2
g&) =1 f1sH ifn=3
s% ifn >4,

with f(t) =/t log (%),for 0<t<e ! and le(-) is the asymmetry index defined
in (12).

Some comments on the functional Gg(-) are in order here.

e To prove the lower bound (4), it is not necessary to be careful with respect to the
position of the set in the space. On the other hand, when one is interested in an
upper bound as in (5), it is necessary to understand where the set is positioned.
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This explains why we need to take the infimum in the definition of the functional
F(+). In particular, the infimum is attained at a privileged point, named curvature
centroid, defined in (24).

e As we point out in Remark 3.7, the inequality proven in Theorem 1.1 is stronger
than the classical Aleksandrov-Fenchel inequality with indices n — 1 and n — 2
(see section 2) in n dimensions for convex sets. In particular, it gives a stronger
form of the classical isoperimetric inequality in the plane for convex sets.

o In dimension 2, the functional Gg(-) becomes J7(-) 4 B |-| and we observe the
following. By the isoperimetric inequality, balls maximize the volume among sets
of fixed perimeter, while the functional .7 (-) does not admit a maximizer among
convex sets of fixed perimeter, as we highlight in Proposition 3.9. Furthermore,
balls are minimizers of 7 (-) when the perimeter is fixed.

Looking at the proof of Proposition 3.9, it is clear that the problem comes from the fact
that, to maximize .77 (-), it is convenient to lose mass. For this reason, we introduce the
functional Gg(-) defined in (3). In two dimensions, this corresponds to add a volume
penalization to the functional 72’(-). Thus, the functional Gg(-) resembles the famous
Gamov model for liquid drop, since there is a competition between two functionals
having opposite behavior on balls (see Corollary 3.8).

In the second part of the paper, we study the problem of bounding from above the
boundary momentum. As in two dimension it is possible to bound the diameter of a
sets by its perimeter, it is natural to ask if the problem

sup{M(E) | P(E) =m, xg = 0} (3)
EcA

admits a solution. In (8), A is a certain class of sets, P(E) stands for the perimeter of
E and xg is the centroid of E (see Definition 2.1). Clearly, a maximization problem
makes no sense in any class of sets that fix only the perimeter, as M (-) positively
diverges if we translate E far away from the origin. This leads to study the shape
optimization problem nailing the set in a specific point.

Our first Theorem, in this second part, is a generalization of an already known result
proved in the class of simply connected sets (see [19, Pages 396-397]). We extend it
to the class of indecomposable sets of finite perimeter (see Definition 2.2).

Theorem 1.3 Let E C R? be an indecomposable set of finite perimeter. Then,

P(E)}

inf/ Ix — xol2dH? < )
9*E (27)?

X()ERZ

The assumption of E being indecomposable is necessary. Indeed, if { £, } is a sequence
given by the union of two disjoint balls with the same perimeter and symmetrical with
respect to the origin that move away from each other, then the centroid remains fixed at
the origin, but M (E,) — 0. So, necessarily A is the class of connected and bounded
open set in R?. We mention that a related problem has been studied in [11], where
the authors prove (33) for almost every inner parallel curve of smooth bounded and
simply connected sets. This result is relevant to prove an isoperimetric inequality for
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the first eigenvalue of the magnetic Laplacian with negative Robin boundary condition
(see [20]).

In the last part of this paper, we try to generalize Theorem 1.3 to higher dimensions.
Note that we can construct a sequence of bounded cylinders with fixed perimeter but
second momentum as large as we wish (see the counterexample 4.3).

The problem arises because the assumption equibounded perimeter does not guar-
antee that the diameters of a maximizing sequence are equibounded. For this reason,
we introduce the following scaling and translations invariant functional

|E|(n—2)(n+1)

F(E) = f/ Ix — xo|>dH" . )
oE

—— in
P(E)”z_l xo€RN

In Proposition 4.5, we prove the existence of a maximizer for (9) in the class of open,
bounded and convex sets, and we prove that the ball is the unique maximizer in the
class of nearly spherical sets (see Subsection 2.3 for the precise definition).

We also prove a quantitative isoperimetric inequality for the quantity defined in (9).

Theorem 1.4 Let E C R" be an open, bounded convex set. There exists ¢ > O such
that if Ay (E) < &, then

1 B |E|(n+1)(n—2) inf v cpe fBE Ix — x0|2 dH!
(nwy)™ =2 P(Ey*!

> C(n)g (An(E)),

where Ay (E) is an asymmetry index defined in (11) and g defined in Theorem 1.2.

As a corollary of this fact, we immediately find a quantitative version of (33) in two
dimensions for convex sets.

Corollary 1.5 There exists ¢ > 0 such that, for any open bounded convex set E, it
holds
1 infyepe fyp Ix — xol? dH!

Qn)? P(E)3

> CAy(E)*.

The proof of Theorem 1.4 comes from a standard argument, introduced in [13], and
successfully adapted to weighted isoperimetric inequalities in presence of a perimeter
constraint (see [9, 18]) to prove the stability of some spectral inequalities.

The paper is organized as follows. In Section 2, we fix the notation and report some
classical definitions and results that are used in the manuscript. In Section 3, we deal
with the weighted curvature integral, proving the aforementioned upper and lower
bounds as well as the quantitative results contained in Theorem 1.2. In Section 4, we
study of the isoperimetric inequality involving the boundary momentum and prove
Theorems 1.3, 1.4 and Corollary 1.5. We conclude the paper with Section 5, where
we provide some comments and list some open problems.
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2 Preliminary results and Definitions
2.1 Basic notions and definitions

Throughout this paper, we denote by Br(xo) and Bg the balls in R" of radius R > 0
centered at xg € R" and at the origin, respectively. Moreover, the (n — 1)-dimensional
Hausdorff measure in R” will be denoted by H"~! and the Euclidean scalar product
in R" is denoted by (-, -).

Let D € R” be an open bounded set and let £ C R” be a measurable set. For the
sake of completeness, we recall here the definition of the perimeter of E in D (see for
instance [2, 23]), that is

P(E; D)=Sup{/ divpdx : ¢ € C(D;R"), |lglloc = l}.
E

The perimeter of E in R” will be denoted by P(E) and, if P(E) < oo, we say that E
is a set of finite perimeter. We denote by 0* E the reduced boundary of E. Moreover,
if E has Lipschitz boundary, it holds

P(E) = H"'JE).
The Lebesgue measure of a measurable set E C R” will be denoted by |E|. We also

give the definition of centroid.

Definition 2.1 Let E C R” be a set with finite perimeter. We define the centroid of E
as the barycenter of its boundary, i.e.,

Xg = ; xdH" L.
P(E) JoE

We also recall the definition of decomposable set and indecomposable set.

Definition 2.2 A set E C R” is said a decomposable set of finite perimeter if there
exists a partition of E in two measurable sets E1 and E», with strictly positive measure,
such that

P(E) = P(E1) + P(Ey).

A set is said to be indecomposable if it is not decomposable.

In two dimensions, decomposable sets of finite perimeter have a strict structure, as
explained by the following theorem (see [1, Corollary 1]).

Theorem 2.3 Let E be a indecomposable set of finite perimeter in R?. There exists a
unique decomposition (mod(H')) of 3*E into a finite or countable number of Jordan
curves Co, Ci, i € I, suchthatint(C;) C int(Cy), the sets int(C;) are pairwise disjoint
and P(E) = H'(Co) + Y_; H'(C)).

We define the circumradius of £ C R" as

Rp =inf{r >0: E C B,(x),x € R"}.
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We recall the following useful inequality valid for any convex set in dimension two
(see [28])

Rp < ——. (10)
The diameter of E is

diam(E) = sup [x — y|.
x,yeE

In order to define the mean curvature, we now introduce some basic tools of differ-
ential geometry, such as the tangential gradient and the tangential divergence.

Let E be a set with C2 boundary. A vector field X € C L(3E, R™) can be extended
in a tubular neighborhood of dE and such an extension can be used to define the
tangential divergence of X as

div; X =divX — (DXvyg, vyE).

Note that this definition does not depend on the chosen extension. In the same way, a
function u € C'(9E) can be extended in a tubular neighborhood of d £ and such an
extension can be used to define the tangential gradient of u at a point x € dFE as

Veu = Vu — (Vu(x), vae)vyE.

For x € 0 E, the normalized mean curvature of d E is defined as

Hyp(x) =

div; vy (x).
n—1

Observe that with this definition the curvature of the unit ball in R" is 1. The divergence
theorem on manifold reads as follows.

Theorem 2.4 Let M be a C? surface in R" and V € CC1 R™, R™). Then we get
/ divy VdH"™ = (n — 1)/ V- HydH"!,
M M

where Hyy = Hpgvy, is the vectorial normalized mean curvature, which is the scalar
mean curvature Hyy in the direction of the outer unit normal vy.

2.2 Hausdorff distance and curvature measure

We also need to define the Hausdorff distance between two sets.

Definition 2.5 The Hausdorff distance between two non-empty compact sets E, F C
R" is defined by:

d"(E,F)=inf{e >0 : EC F+B,, FCE+B,}.
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If D C R" is a compact set and E, F' C D are two bounded open sets, we define the
Hausdorff distance between the two open sets E and F by

dy(E,F):=d""(D\ E, D\ F).
This last definition is independent of the “big compact box" D. We say that a sequence
of compact set (respectively, bounded open sets) (E;); converges to the compact set

(respectively, bounded open set) E in the sense of Hausdorff if dH(E i»E) — 0
(respectively, di(Ej, E) — 0).

If E and F are open convex sets, we have
dy(E, F) =d"(E,F) =d"E,dF)
and the following rescaling property holds

dy(tEtF)=tdy(E, F), t>0.

We define I (E B
Az = min {M P(E) = P(B,)} (11)
xeR® r
and I(E B
Ay = min {M W1 (E) = Wn_1<Br)}, (12)

so that it is invariant under rigid motion and dilatation.

The Hausdorff convergence is a very important tool to introduce the concept of
curvature measure of a generic convex set. Without aiming for completeness, we just
introduce the concept and refer to [27, Section 1.8] for an exhaustive dissertation.
For convex sets £ C R”", the mean curvature and the Gaussian curvature can be
defined also if E is not smooth and they are Radon measure. For this reason, they
are also called curvature measures. We will denote the mean curvature measure and
the Gaussian curvature measure, respectively, by Mg and Mg- Note that when E is a
smooth convex set, ,ug = HypH" 'L 9E, with Hyg defined above. We recall the
following result, whose proof (actually, of a more general result regarding curvature
measures) can be found in [27, Section 4.2].

Theorem 2.6 Let {Kp,}pen be a sequence of convex bodies in R and assume that there
exists a convex set K C R", such that K;, — K in the Hausdorff sense. Then, the
curvature measure [Lx, — [k weakly* in the sense of measures.

2.3 Nearly spherical sets

Here we recall the notion of a nearly spherical set and state some useful results.
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Definition 2.7 Let n > 2 and &g a positive small real number. We say that a set E is
nearly spherical of mass m if |E| = m and

= {rx(1 + u(x)), x € "1},

with ”M”Wl,oo(Sn—l) < &Q.

Notice that ||u||", 100 (S" = = dn(E, B,), where B, is the ball centered at the origin
with the same measure as E. The Lebesgue measure, perimeter and the boundary
momentum can be written in the following way (see [14])

1
|E| = —/ (14 u(x)"dH" !,
n Sn—l

P(E) = f a4+ u(x))"‘%/(l +u(x)? + | Deu(x) P dH" (13)
Sn=

[l aret = [ s uyryasuemy + Do are.
E Sn=

In next section, it will be useful the following lemma (see [13] for a proof).

Lemma2.8 Ifv e W1 and/ vdH"' =0, then

sn—1
7'[||VSn—lv”L2 Sn—l) n :2
8e||Van—1vI1"5 i
v < {14||Vgn1v lo L(S b on=3 14
o117k, < 411¥or1012 6,1 Tog T (1
Cm)[Vgr-10]17gu 1,1 Ven- 1v||LOO(Sn n nz4

2.4 Some basic notions on convex bodies

What follows is contained in [27, Secions 4 and 8].

2.4.1 Support functions and curvatures of uniformly convex sets

Let E € R" be a convex body, which is a compact convex set with nonempty interior
in R". The support function of a convex body £ C R”" is the 1-homogeneous function
hg : R" — R defined as

hE(y) = sup{(p, y)}.
peE
The regularity of the support function is strictly related to the regularity of the boundary
of E. We say that a convex body E € R" is of class C¥, k € N, if its boundary is a
k—differentiable hypersurface in the sense of differential geometry. If E is of class C2,
we can define the Gauss map as the C! function v g :0E — S"=! ¢ R", which maps
every point x € d E to its unique outer unit normal v(x). Its differential W, := d,vg :
T.E — T, E, that maps the tangent space 7, E into itself, is a linear map, known as
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the Weingarten map, and its eigenvalues are, by definition, the principal curvatures
K1, ..., kn—1. We denote by Hyg ; the k-th elementary symmetric polynomial in the
n — 1 principal curvatures (1, ..., k,—1) of dE, as

—1
n—1
H;,E,k=< L ) > Kiy -k, k=1,..n—1, Hy=1.

1<iy<ip------ ir<n—1
(15)

In particular, Hyg := Hyg,1 and Gy := Hyg ,—1 are the normalized mean curvature
and the Gaussian curvature of E, respectively.

The inverse of the Gauss map plays a key role in this paper. In order to define it, we
need some extra regularity assumption.

Definition 2.9 We say that the convex body E is of class Ci if it is of class C2
and all the principal curvatures are different from zero at any point (or, equivalently,
Gye #0).

IfE € C_2~_, the inverse of the Gauss map x3g = UEI - S"1 — 3E is well defined
and of class C'. It is known as reverse Gauss map and we have

he() = (v, xE(), yeS"™.

This shows that i g is differentiable on S"=! hence on R” \ {0}. In particular, x € 0E
can be characterized as the only one point of d E such that

VE(E(Y)) = .

[yl

Since the map y : R" \ {0} — x3g(y) € 9 E is 0—homogeneous, we have

Vhe(y) = x3e(y),

proving that actually /¢ is of class C2. Moreover, by the homogeneity of /1 ¢, we have
that

XoE(¥) = Vau-thg(y) + he(y)y. (16)

The differential of the inverse of the Gauss map Wy, := dyxyg : T,S" ! — T,§"is
alinear map, known as the reverse Weingarten map, and its eigenvalues ry, ..., r,—1 are
the principal radii of curvature of E at y. Analogously, we denote by sy x the k-th ele-
mentary symmetric polynomial in the n — 1 principal radii of curvatures (r1, ..., ¥,—1)
of 0F, i.e.,

n—1\""
= ("1 S e k=Ll

HjE i and sy  are connected by the following relationships

SYE,n—1—k
Hypr(op(y) = ~2"1K (), k=1,..,n—1, (17)

SOE,.n—1
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and
Hyg n—1-«k

X , k=1,...n—1. 18
() (s)

spEk(y) =

We also recall the following fact (see [27, Corollary 2.5.3]).

Corollary 2.10 Let E be a convex body of class CZ, so that hg is of class C?. For
k =1,..,n — 1, we have that (”;])sag,k(y) is equal to the sum of the principal
minors of order k of the Hessian matrix (with respect to an orthonormal basis in R")
of hg at y.

In particular, we get
Ahg
s9E1(y) = ;
n—1

where A denotes the Laplace operator in R”. While if we choose an orthonormal basis
{e1, ...,e,} iInR" suchthate, = y € sl (i.e., {e1, ..., en,_1} is an orthonormal basis
in 7,§"~1), then

soEn—1(y) = det(Vhg ().

Equivalently, if we consider the restriction of the support function 4z of E to §"~!
(always denoted by i g), we have

ASn—] hE(y)

— +he(y)

spE1(y) =
and, by (16), we also get

$oEn—1(y) = det(Vgu-1hp(y) + he(0)1),

where Vg,—1hg and [ are the Jacobian of /&g and the identity matrix.
In this case, for k = n — 2, equation (17) has the nice form

Agi-1thg(y) + (n — Dhg(y)
(n — 1) det(Vgu-1hg(y) + hp(y)I) ’

HBE,n—Z(x(y)) =

Hyg i and 55« are useful tools for treating surface integrals. In particular (see [27,
equations 2.61-2.62]), for any integrable function f on d E we have

/ fEdH ™ ) = / FEEOSaEA-1dH"™ (7).
IE sn-
and for every integrable function g on §"~!,

/ g(y)dH””(y):/ gWE)) Hyp pe1 dH" 1 (x).
gr-1 IE
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2.4.2 Quermassintegrals: definition and properties

Let ¥ # E C R” be an open, bounded convex set and let p > 0 be a positive real
number. We consider the outer parallel set £, defined as

E,=E+B,={x+py : x € E,y € B},

where “4” is the Minkowski sum of two sets and Bj is the unit ball centered at
the origin. In particular, by Steiner formula, we can write the measure of E, as a
polynomial in p as follows

n

Ep| =" (’Z)Wi(E)pi,

i=0
where the coefficients W; (E) are known as quermassintegrals. It is well known that
these coefficients have an immediate geometrical interpretation when E is C i Indeed,

Wo(E) = |E|. nWi(E)=/ Hop i1 dH'™, i =1,.om,
oE

where Hyg ;1 is defined in (15). Hence, in this case

nWi(E) = P(E), n(n—l)Wz(E)=/ Hyp dH"™ ', ... ,an(E)=/ Gyp dH" 1,
E oE

where Hy g and G are, respectively, the normalized mean curvature and the Gaussian
curvature of d E. Another useful integral representation is given by (see [27, Section
5.3)

1
Wiy = [ heIsagami ) a0,
or, using (18), by

Hyg i (xg(y))

—a"H"*1 . 19
Hypn1(x£(Y)) ») (19

1
WiE) = fS hE®)

In the particular case i = n — 1, (19) gives, up to a multiplicative constant, the mean
width of €2 and when i = n — 2 takes the nice form

1
IASHhay»dH"”(y). (20)

n—

1
Waa@ = [ he)he) +

Lastly, we recall the well known Aleksandrov-Fenchel inequalities: for any 0 < i <

Jj <n—1itholds
<Wj<E)>w . (WI(E)> e

wWn wWn
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and equality holds if and only if E is a ball. We stress that for j = 1 andi = 0, (21)
is the classical isoperimetric inequality.

3 Isoperimetric inequalities involving curvature and boundary
momentum

In this section, we prove an upper and a lower bound for a weighted curvature inte-
gral for convex sets. We remark that Proposition 3.1 still holds in higher dimension,
provided that we restrain ourselves to the class of convex sets (see Proposition 3.3).
We start with the lower bound, which is easier as it comes just from an integration by
parts, after writing the functional 7#°(-) in polar coordinates.

3.1 Lower bounds on the weigthed curvature

To prove the lower bound, no assumptions on the position of the set are needed, as it
will be clear in Corollary 3.2.

Proposition 3.1 Let r > 0 and E C R? be an open, starshaped C'! set with respect
to the origin, such that |E| = |B;|. Then

/ Hye|x|? dH! z/ Hyp, |x|> dH' = 2|E|. (22)
E JdB,

Moreover, equality holds if and only if E = B,.

Proof We parameterize the boundary of E by means of the radial function p, i.e.,
let p : [0,27] — Ry be such that 9E = {p(0)(cosf,sin0), 6 € [0,2x]}. The
formulas expressing the area the perimeter and the mean curvature are

1 2
|E|=—/ p*(0)do,
2 Jo

2
P(E) = Vp2(0) + p(0)*do
0

and s )
P~ +206° — pp
Hyp=—"5—.
(0 + p?)2

Hence, a simple integration by parts allows to arrive to the conclusion
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Hye|x|> dH"!
oE
2 2 2'2_ . 2 2 22
:[ pszzp—,zppd@:/ pzd9+/ P22 PP 4
0 pe+p 0 0 pe+p

2 ;
=2|E| —f ,02i arctan (£> deo
0 do o
2 /0
=2|E|+2/ pp arctan <—) > 2|E| =/ Hag,_|x|2d’H1,
0 p 3B,

where we used that ¢ arctan t > 0 for all ¢ € R. If the equality sign holds, then it must

be
2w ,0
/ pp arctan <—> =0,
0 P

which in turn implies p = 0 a.e. and consequently p = const. O

As we said before, in higher dimensions Proposition 3.1 remains valid for generic
convex sets.

Corollary 3.2 Let E C R? be an open, bounded convex set. Then

/ xPdputl > / Hyp, | dH".
oE JdB,

Proof We start observing that (22) holds for C L1 convex sets (hence, we start removing
the constraint on the position of the set). If the origin belongs to the interior of E, then
Proposition 3.1 holds and, by continuity, it is clear that it also holds when the origin
belongs to the boundary of E. In the case 0 € E€, we let xg be the nearest point of E
from the origin, hence |xo| = min % |x|. By convexity, we have that E is contained
in the half plane tangent to E in xo, which means that (x — xg, xo) > 0, or equivalently,
[x0? < (x, xo), for all x € E. Thus, we find

2 2 2 2 2 2
|x — xol” = [x]” + |xol” — 2(x, x0) < [x|" — |x0l” = |x|".

Therefore,

/ x> Hyg (x) dH' > / lx—x0l* Hyp (x) dH' = %12 Hy (xg+E) (x) dH".
dE AF d(xo+E)

Observing that 0 € xo 4+ E, then inequality (22) holds, and we have the result for C!
convex sets. To prove the result in the general case, we recall that for a generic open,
bounded convex set E, there exists a curvature measure p g with supp ug C 9E, such
that for any sequence of smooth convex sets {Ej},en converging in the Hausdorff
sense to E, we have Hyg, LOE—~puE. O

We note that in higher dimension the same lower bound continues to hold.
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Proposition 3.3 Let E C R" be a convex body. Then
[ wPautl = nen = iEL
R}’l

Proof The proof of this inequality is just a consequence of the divergence theorem.
First, we observe that if E is a smooth open convex set and x € 9 E, we get

X X X
Voelx| = — vy @ V9E) — = — — { —, VoE ) VOE,

x| fxl o \lx

which in turn implies
1 2 2
(x, Vaglx]) = m(le — (x,1E)7) = 0.
The convexity of E implies Hyg > 0 and this leads to
Hyplx? dH"™" = f Hyglx|(x, v)dH"™ = / divyp (xlxdH" ™!
IE IE dE

=(n- 1)/ x| dH"! +/ (x, Vaglx|)dH" ' = (n = 1) (23)
IE oE

/ x| dH" .
E

By applying the divergence theorem, we have

/ x| dH" ! z/ (x,vop)dH"~" = n|E|.
E oE

The result thus follows from the last inequality and (23). For a generic convex set, the
proof follows verbatim the arguments of Corollary 3.2. O

3.2 Upper bound for the weighted curvature

The proof of the second inequality of this section is a bit more delicate. In fact, we are
going to prove a sharp upper bound for the functional J7(-).

Before proving it, we first define the curvature centroid of a set and prove some
elementary properties. For a convex set E, we denote by ug the Gaussian curvature
measure associated with E.

Definition 3.4 Let £ C R” be an open, bounded set. We define the Gaussian curvature
centroid of E the following point

1
xg = /aEdeg. (24)

nwy,
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Of course, when E is smooth enough, say cl! we have

1
xg = /;ExGaEdH"_l.

nwy

Using Theorem 2.6, it is immediate to check that the curvature centroid is continuous
with respect to the Hausdorff convergence. With this observation in mind, we now
prove the next Lemmata.

Lemma 3.5 Let E C R" be an open, bounded convex set. Then

inff |x—y|2dug=/ Ix —x8?dus.
yeR" JHE OE

Proof Define the functional
L(y) = / lx — yI* duf.
oE
Fory # xg, we get

L(y) =/ (x —x8P+ 1y —x8P =20y — xS, x —x&) duf
0E

/ax—x 1y — xSP)duS.

where in the last equality we used (24). The result easily follows as L(y) > f 9 1X —
G124 M(E;, with the equality sign if and only if y = xg. O

When E is convex xg lies inside E, as shown in the next Lemma.

Lemma3.6 Let E C R” be an open, bounded convex set. Then xg e E.

Proof By contradiction, assume that xg ¢ E. Then, we can find a positive real number
§ > 0, such that B (xg) NE = @. Thus, by Hahn-Banach separation theorem, E and

Bs (xg) are strictly separated. This means that there exist a linear map f : R” — R
and a real number ¢ € R, such that

fx) <t < f(y), Vx € E, yeBg(xE)

Therefore, using the Gauss-Bonnet Theorem together with the linearity of f, we get

/xd,u%):
n JOE

which is clearly a contradiction. To prove that xg is in fact an interior point, we assume
that xg € d0F and let be a supporting hyperplane for E at xg, i.e., a hyperplane such

G<t,

1
fx$) = f(m
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that E lies on one side of it. Since .77 (-) is invariant under rotation, without loss of
generality, we can assume that xg =(x0,0,...,0),l ={x=(x,x) e Rx R
x1 = xo} for some xg € Rand E C {x; > xg}. Since E is convex and bounded, we
have that u% ({x; > xo}) > 0. Therefore, [, (x| —x0)du$ > 0, which implies that
(x0, 0, ..., 0) does not satisfy (24). O

3.3 Proof of Theorem 1.1 and consequences.

Proof of Theorem 1.1 First, we prove the result for a smooth uniformly convex set and
then we obtain the general case by approximation. Without loss of generality, we
assume that

inf/ |x—xo|2GaEdH”_1=/ Ix|?Gye dH"".
x0€R" JoE OE

Therefore, we have that the origin belongs to E by Lemma 3.6. Let  : S*~! — R,
be the support function of E. Recalling (16), the map

x: 8" — JE, x(w) = Vgi-1h(w) + oh(w)

is the inverse of the Gauss map x € dE — v(x) € S"~!. Note that the Gaussian
curvature is the Jacobian of the Gauss map. Therefore, the area formula implies

f |x|zGaEdH”_‘:/S 1|VSn71h(w)|2+h(w)2dH"_1, (25)
oE =

where we used that (@, Vgi—1h(w)) = 0. Thus, by (20) and (25), we have

1+5

n(BWn—2(E) + /BE Ix2Gyp dH" ™' — —Lw,_1(E)?)

__P
n—1 Sn

1 2
+/ (h* + \Vguor |}y a1 - +h (/ h)
sn—1 nwpy sn—1

—1- 1 2
:uf IVana1 A2 dH"™ 1 4+ (1 4 B) (/ h?aH" ! — (/ h) )
n—1 sn-1 sn—1 nowy \Jsn-1

where in the last line we integrated by parts and rearranged terms.
For 0 < B < n — 1, the desired inequality (4) follows immediately by applying
Jensen’s inequality in the last line above:

(= Dh + Aguih) dH" !

1+ n—1-—
P, gy ="—1=F
nwy n—1

BWu_2(E) + f Ix[?Gag dH" " —
E

/ |Vgnoth|> dH"™! > 0.
Snfl
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Recall that the space Lz(S"’l) admits the set of spherical harmonics {Y; ;, 1 <i <
Ni, k € N}, i.e., the restriction to S"~! of homogeneous harmonic polynomials in R”,
as an orthonormal basis. For k € N and i < Ny, we have

—Agn-1 Y i =k(n+k—=2)Yg ;.

Hence, we can write & as
oo Ni

h=Y "> ariYei,

k=1 i=1

where a; ; = fS"*l hYg.i dH"!. Since {Yk.i» 1 <i < Ni, k € N} is an orthonormal

basis, we have
oo N

2 2 2
WAl gy = a3+ ai s,

k=0 i=1

and, using the properties of Y% ;, it holds
oo Ng

VA 2 gury = 9 9 k(1 +k —2)af,.

k=1i=1

1 2
ai = / hdH'™ ') .
0 nwy sn—1

Note that

Moreover, since

inf/ |x—x0|2GaEdH”_1=/ IxI>Gyp dH"",
0E oE

xoeR”
we get
0= / xGypdH" ' = / wh(w) 4 Va1 h(w) dH" L. (26)
OE Sn—]
Fori = 1,...,n, we let ¢; the standard orthonormal basis of R” and denote by

(Vgn-1) ju(w) = (Vgn-1u, ¢;). It is quickly checked that (Vgu-1) ju(w) = divgn-1 U;,
where U; is the vector field such that (U;, e;) = §;;u. Therefore, the divergence
theorem on S"~! yields

/ VathdH"™' = (n— 1) h(w)wdH"™".
sn—1 sn—1

Hence, substituting the above equality in (26), we find

0=n/ wh(w) dH" .
sn—1
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Recalling that Y7 ; (w) = cyw;, we have a;; = 0fori € {1, ..., n}. Therefore,
1+
BWa a(E) + / wlPGararet - Sy ey
nwy,
_ZZ((1+/3)+ 'Bk(n+k 2)ag ;.
k=2 i=1
If B > B(n), using k > 2, we have
_ 1+
BWu_2(E) + / x[*Gop dH" ' — (n—ﬁ)wnfl(mz
C n

_ZZ(Hﬁ i_lﬂ)k(n—}—k—Z)a,%’i 27)

k>2 i=1
=+ DB = PIVAIZ ).

For the general case, we can proceed by approximation: given an open convex set E,
there exists a sequence of smooth strictly convex sets E, C E such that E,, — E
in the Hausdorff sense. This fact can be proved by using the result in [6], which
states that for any bounded convex set £ C R” (actually the result works in every
dimension), there exists a smooth strictly convex exhaustion, i.e., a strictly convex
function v : E — R, such that v € C®(E) N C(E) and v(x) = 0 for x € 9.
Therefore, defining Ex = {x € E : v(x) < —%}, we have that Ey is a sequence of
smooth strictly convex sets. The continuity of all the quantities involved and the weak
convergence of the curvature measures with respect to the Hausdorff convergence
imply the result for a generic convex set. O

Remark 3.7 We remark that Theorem 1.1 implies the classical Aleksandrov-Fenchel
inequality (21), when j = n — 1 and i = n — 2. Indeed, by taking 8 = 0, Theorem
1.1 gives

W2 (E
inf/ lx — x0*Gop dH""' = Wi &) (28)
oE

X0 Wy

Moreover, for 8 > B(n), we have

1+8

n

inf/ Ix — x0|?GypdH"! < W 1(E)? — BWu_2(E),
X0 JoE

which, together with (28), gives

We 1 (E)

Wy

= Wy—2(E).
Inparticular, whenn = 2, the above inequality is precisely the isoperimetric inequality.
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3.4 Special cases: two and three dimension

In low dimensions,
The functional G (-) has an immediate interpretation. We start with the planar case.

Corollary 3.8 Let 8 > 0 and E C R? an open, bounded convex set. For g < 1 it holds

2,6 P*(E)
Ix|"dpg +2B|El = (1+ B) . (29)
R2 2w
while, for > %, we have
, 2. G P*(E)
inf lx —xol"duy +2BlEl < (14 B) . (30)
x0€R? JoE 27

The equality sign in (29) and (30) holds if and only if E = B, (X) for some r > 0 and
* € R%. Moreover, the thresholds f = % and B = 1 are sharp.

Proof We just need to prove the sharpness of the thresholds.
Sharpness of the maximality threshold: For ¢ > 0 small enough, we denote by £ the
ellipse of semiaxes 1+ ¢ and 1 — ¢, whose boundary is parameterized, for 6 € [0, 2],
by

x(@) =(1+¢&)cosb

y(@) = (1 —¢)sinb.

The measure and the curvature of £ are given respectively by

€] = (1 — &%),

1—¢&?

Hag = K 3 .
[(14&)2sin20 4+ (1 — &)2cos?20]2

Regarding the perimeter of £, we use Taylor expansion, with respect to the parameter
g, to find

2 2
P(é‘):/ \/(1+s)2sin29+(1—8)2c0s29d9= V1 —2cos20e + £2 do
0 0

2 1 1
= / (1 + 5(—2 cos20e + &%) — §(_2 cos20e + 82)2 + 0(82)) deo
0
=2 + %82 + 0(82).

Therefore, we get
P (&)

=27 + e + 0(82).
2
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Moreover, we compute

/ Hog |x|2 dH — 2) /2” (1 +6)2cos?0 + (1 —¢)?sin 0
(14 £)25sin260 + (1 —&)2 cos2 6
_(1_82)/2” 1 +2co0s20¢ + &2
1—2005298+82

2
= (1—¢% / (1 +2cos20e + £2)(1 + 208 20¢ + (4cos? 26 — 1)e? + o(e?)) db
0
2
= (1—¢%) / (1 +8cos220e2 + 0(e2))dO = 27 + 6782 + 0(£2).
0
If B is the ball centered at the origin such that P(B) = P (&), then

p2(3>

/ Hyglx > dH' +28B| — (1 + B) 0,

while, for ¢ > 0 small enough and 8 < 5/3, it holds

2<5)

/ Hyelx|? dH' +2BIE] — (1 + B)

=27 + 67&? +27B8(1 —¢ )
—27(1+ B)(EX/2+ 1) + 0(e?) = (5 — 3B)e* + o(e?) > 0,

proving the sharpness of the threshold g = 5/3.

Sharpness of the minimality threshold. The sharpness of 8 = 1 comes directly from
the proof. In fact, for g > 1, let k2 L(1 4+ B)/(B—1)] + 1, where |-]| denotes the
integer part, and set p1(9) = 1 + & iz sin(kgf®) > 0. It is immediate to check that, for e

small enough, p; + p; > 0. Thus, let E| the convex set having p; as support function.
We have

P2<E )

Hyp, x> dH' +2B|E1| — (1 + B)
JIE

= (14 B)+ (1 = pkg)me? < 0.

O

The next proposition shows that the functional .7#°(-) in two dimensions does not attain
a maximizer among open convex sets.

Proposition 3.9 Let! > 0 and E C R? be a convex set with P(E) = L. It holds
H(E) < %12 31)
and the inequality is sharp.
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Proof Let E be an open bounded convex set and let Ry denote its circumradius. Since
S is invariant under translations, we may assume without loss of generality that the
smallest ball containing E is centered at the origin. We have

H(E) < / Ix2du8 <27 R: < %Pz(E) — %12, (32)
]RZ

where we used inequality (10): Rg < P(E)/4. To prove the sharpness of (31), we
now construct a sequence of convex sets E,, with P(E,) = [ and J7(E,) — 7112/8.
Let @ € (0, ) and consider the rhombus centered at the origin R; , of perimeter /,
with vertices Py, P, P3 = —P; and P4 = — P, and angles ¢ = « at the vertices
P; (and P3 = —P)) and oo = 7 — « at vertices P, (and P4 = — P»). The curvature
measure (LR, , associated with R; 4 is

4
MR, = Z(JT —a;)dp;,
i=1

where 8 p, is the Dirac delta centered at P;. Therefore, by symmetry
4
H(Ria) =Y |IPiP(r — )
i=1

=2(IP11* (7 — @) + (1 — )| P2|* = 2(|P1 [*(r — @) + | P2?).

Since the rhombus has perimeter equal to /, we get

P ="Lcos® and |2l = Lsin®
= —CcoS— an = —sin —,
=53 S R}

which gives

12 s o Lo 12
(R o) = 3 ((n — ) cos 3 + a sin 5) = gf(oz).

It is straightforward to show that @ = % is minimum of f when « € [0, 7] and

f(a) < f(0) = f(r) = m. Therefore, we have constructed a sequence of sets R; 4
such that 77 (R;) — %12, as o — 0, which, together with (32), proves that the upper
bound is sharp and is not attained. O

To conclude this section, we state the result in dimension three, because of the natural
interpretation of the geometric quantities involved in (4) and (5).

Corollary 3.10 Let B > 0 and E C R? an open, bounded convex set. For B < 2 it

holds
(o A2

/ﬂ; 2 dp + BPE) = (1 + B) = —

’
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while, for > %, we have

d H\2
f xPdpl 1 pP(E) < (14 py Y2 IHE)
R3 4
Moreover, equality holds if and only if E = B, (X) for some r > 0 and x € R3.

3.5 Quantitative version

In this subsection, we prove a quantitative version of the inequality contained in
Theorem 1.1. To this aim, we recall the scaling invariant functional introduced in (6).
The proof of Theorem 1.1 leads to a quantitative inequality for .#(-).

Proof of Theorem 1.2 'We prove only (7), since the proof of the second statement fol-
lows without modifications. We use (27) and Lemma 2.8, applied to the function
h=h— = [g 1 hdH"™", to find

IB(E) < (B(n) — B)IIVsn-1hl p2sn-1y
< Cm)(Bn) — B)(n — Dg(|hll=) = Cm)(B(n) — B)(n — DNg(A(E)).

O

4 Boundary momentum inequalities

The aim of this section is to provide upper bounds for the boundary momentum. The
next proposition is essentially Theorem 1.3 in a very particular case. In fact, we now
prove that the thesis Theorem 1.3 is true when the set E is assumed to be a kind of
combination of polygons touching in a finite number of points. We refer to Figure 1
for a better visualization of the assumptions.

Proposition 4.1 Let £, m > 0 a natural number, E, ... E, and Fy ... F; open poly-
gons such that

o FiCc UL Eiforallje{l,.. yand FFNFj =@ forl <i < j<4

e E,NE;=WPforalll <i < j<m;

o ming; {dist(0E;, 0Ey)} = 0 foralli € {1,...,m}, and HYQE; N9E) = 0 for
all1 <i <k <m;

e min; {dist(0E;, dF;)} =0 forall j € {1,..., £}, and H'(OE; N 0F;) =0 forall
ie{l,...mland j €{l,...,¢4};

o H'(DF; NoF;))=0foralli # j,i,je{l,..., ¢}

Let E = /-, E; \Uj_, F;. Then

P(E)?
inf/ Ix — xo|?dH' < (E) (33)
oE

xoeR? e
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Inequality (33) also holds if E is a simply connected open set with Lipschitz boundary.
Moreover; the equality sign holds ifand only E = B, (x1), forsomer > 0and x| € R2.

Proof We follow the proof in [19]. Without loss of generality, we assume xg = O.
Therefore,
inf / Ix —xo>dH' = / Ix|?dH".
x0eR2 JoE dE

We parameterize d E by the arc length. Hence, for s € [0, P(E)], we get

P(E)
/ WP dH! = / (x(5)? + y(5)?)ds.
oE 0

We now use the Fourier decomposition of periodic functions x (s), y(s) in the interval
[0, P(E)] to write

2 2
x(s) = agp + Zak cos <P(7;) ks) + by sin (P(z)ks)

k>1
and . .

y(s) = co+ ;ck cos (P(E)ks) + dj sin <P(E)ks> ,
with

2 P(E) 27
ap = —/ x(s) cos ks ) ds,
P(E) Jo (P(E) )
P(E)
b = L/ x(s) sin <2—nks> ds.
P(E) Jo P(E)

The same expression with y(s) in place of x(s) gives the formula of ¢; and di. Note
that the assumption that the centroid of E is at the origin implies agp = c¢o = 0. Next,
we note that

P(E)
/ X +y()ds =) af + b+ g +di <Y k@] + b +ci +d7)
0 k>1 k=1

_P(E? (PE o , P(E)?
= —(27_[)2 [) xX($) + y(s)ds = anE

Moreover, equality holds if and only if the coefficients ay, by, cx, di are equal to zero
for k > 1, hence if and only if

2 2 2
x(s) = aj cos (P(ZJ)S> + by sin (P(yé)s> = mcos (P(TE)S _ 91>

@ Springer




Journal of Optimization Theory and Applications (2025) 207:32 Page250f36 32

Fig.1 Theset E (in grey) is the set difference between the union of a finite number of open disjoint polygons
E;, for which each of them touches at least another one, and the union of a finite number of open disjoint
polygons F;, which are contained in | E; and must touch its boundary in a finite number of points

and

y(s) = ¢y cos <P2(71TZ)S> + d sin (P2(71T€)s> = msm( P& )s +92>

with 8 = arcsin —2— and #, = arccos . Eventually, since s is the arc length,
‘/af+b% ,/c%+d1

we must have \/a% +b? = \/ + d?, while the angles P(E)s + 6> and P(E) — 01
must be the same for any s. This immediately implies that E is a ball. O

Before proving Theorem 1.3, we give the following definition.

Definition 4.2 Let E C R? be an indecomposable set of finite perimeter and let 8* E =
Co U U;¢; Ci, where the parameter set / and the Jordan curves C; are the ones
provided by Theorem 2.3. For k € N, we say that E has k interior separate holes
if E = Go\ U, Gi, IGi| > 0,dist(G;,Gj) > Oforany 0 < i < j < k,
dist(G§, G;) > 0 and the boundary of G; can be represented by a continuous curve.

Proof of Theorem 1.3 Assume that xg is at the origin. By Theorem 2.3, the reduced
boundary of E can be written as the union of at most countable many Jordan curves,
ie.,

0*E=Coul JCi.

iel

Fori =0ori € I, we set G; = int(C;) and we denote by x; the centroid of G;.
Step one: G; is a polygon for all i > 0. We argue by induction on the number of
interior holes. We start with the basis of the induction, that is, the set £ contains one
separate interior hole, which means E = Go \ Gl. With an abuse of notation, we also
use the name C; for the curves obtained as the boundary of the interior hole G,-.
Case one: xo = 0. In this case, we have x; = 0, since xg = 0. In fact, it holds

0:/ de1=/ de1+/ xdH".
0E Co Cy
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Since Cy, Cy are Lipschitz curves, we are in position to apply Proposition 4.1 to the
sets Go and G, to get

1 C 3 1 C 3 P(E 3
/ x|?dH! :/ xlPar + [ xant < QY H; @ X )2 :
IE Co el (2m) (2m)
where we used the inequality a® 4+ b3 < (a + b)? and the fact P(E) = H(Cp) +
HI(C).
Case two: xo # 0. In this case we observe that, for i = 0, 1, it holds

/|x|2dHl=/ Ix — xi|?dH' + |x;i|PH (C)).
Ci Ci

Therefore,

/ xPdH' =) / Ix — x; 2 dH + |5 PHUCH.

OE i=0,17Ci

Now we show that we can slightly rotate the interior hole in such a way that Cy and
C1 do not have any parallel side. Indeed, since C; is a polygon, the set {N € S' :
H'(x € Cy : vc,(x) = N}) > 0} is at most countable. Observe that, if we rotate
C about its centroid, the value of the functional does not change. In fact, let D the
polygon such that 9 D1 = x1 + O(C1 — x1), where O is arotation matrix chosen such
that Co and d D; do not have parallels sides and dist(G{), D;) > 0. We have xp, = x;
and

/ Ix|? dH! =/ Ix — xp, 1> dH' + |xp, *H (@ Dy)
Dy aDy

= x—xiPdH' + |xiPH C) = | |x)PdH.
C Cy

Hence, setting E1 = Go \ D1, we have xg, = 0 and

/|x|2dH1=f x| dH".
OE AE;

Since xg, = xg = 0, we have Hl(Co)xo = —HY(@D})x;. Moreover, by using that
dist(Go, G1) > 0, for t > 0 small we consider the curves

Co:=Co+1txo and Ci; =0D; +1tx;

and set Gi,, = int(C; ;) and E; = GQV, \ CN;L,. Let 7 = sup{r : dist(Co,, C1,) > 0}.
Consider the set
F =int(Cy ;) \ int(C 7).
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Notice that F' is such that its boundary is a Lipschitz curve satisfying xr = 0 and
P(F) = P(E). Using |xc,;| = |xo| and |xc, ;| > |xi|, we infer

f|x|2dH1>f Ix|? dH!
oF E

and finally

P(F)} P(E)?
2 1 2 1 2 1

d == d d < = —
/aE'x' " faE Imdn S/aF'x' "= Ga? = eny

This proves the basis of the induction. The induction argument then follows by arguing
as above and we briefly explain it: if the centroid of all the curves is at the origin, we
apply (33) to each set G; and by using the inequality Y, P(G;)3 < (}; P(G))? we
are done. If there is i € {0, 1, ..., k} such that the centroid of é; is not at the origin,
then we eventually rotate the curve C; so that it does not have any side parallel with the
other curves and then use the translation argument provided before, so that the value
of the functional is increased, until they touch. With this procedure, we have decreased
by (at least) one the number of interior holes and we use the inductive assumption to
get the result.

We are left to show the validity of (33) when the number of holes is countable. To this

aim, we observe that P(E) = [ implies diam(E) < é, as we are in the plane. Since

xg = 0 we infer that
/ xdH!
Ci

Moreover, given ¢ > 0, there exists v € N such that Zi>v Hl(Ci) < e Set Fp =
int(Co) \ U}_, int(C;) and T = | J;., int(C;). We have E = F; \ T and

2
/ Ix|?dH! < l—e.
aT 4

_ 1
- HNG)

l

|x; | 5

=<

Finally, we get

inff |x—x0|2dH1§/ Ix — xp [*dH!
0E 0E

onRz
=/ |x—xp1|2dHl+/ Ix — xp |2 dH!
9F; T
P(F)? P(E)?
< (—1)+lza < (—)+lzg.
2 2

As the left hand side does not depend on ¢, sending ¢ to zero gives (33).
Step two: E is a indecomposable set of finite perimeter.

This follows by approximation, as the class of polygonal sets is dense in the class
of sets of finite perimeter (see [23, Theorem 13.8 and Remark 13.13]) and by semi-
continuity for the boundary momentum (see Lemma 3.5 in [18]). m|
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Inequality (33) does not hold in higher dimensions, even when the analysis is
restricted to convex set. This is illustrated by the following counterexample.

Counterexample 4.3 For any L > 0, we consider the cylinder C = Bf X
[-L/2,L/2] C R3, where Bg is the two-dimensional ball centered at the origin
of radius ¢. Given & > 0, we choose L = L(¢) so that P(C) = 2w Le + 2me? = 27,
hence L = ¢~ — &. The boundary of the cylinder C can be decomposed as C =
dC;UdC4+ UaC_, where dC is the lateral surface of 9C and 0C+ = B.(0, 0, £L/2)
the basis of C. Using cylindrical coordinates, we parametrize the lateral surface of dC
as
X] = ¢&cosf

X = ¢esinf

X3 =2,

with (0, z) € [0, 2] x [—L/2, L/2]. Recalling that L = e l—g,ase > 0, we get

2r pLJ2
/ Ix|> dH"' = / / & +ez2dzdd =21 |:83L + 8L3/3] — +00.
le 0 J-L)2

The basis can be parameterized as

X1 =rcos6
Xp =rsinf
x3 ==£L/2,

with (r, 0) € [0, ] x [0, 2 ]. We have

2 & T T
/ |x|2dH"! =/ / 4 rL?/4drdo = =t + L2 | —» =,
aCs o Jo 2 2

as ¢ — 0. In conclusion, as ¢ — 0, we find
/ Ix|?dH" ! > .
acC

This counterexample hints that some modifications of the functional are in order.
Otherwise, there is no hope even of proving that the functional is bounded from above.
Thus, we study the functional F(-), defined in (9). We recall that F(-) is defined as

|E|(n—2)(n+l) 5 o1
F(E)= —— inf x —xol"dH"".
(E) P(E)n—D0+D e /3E| ol

As an immediate consequence of its definition, the functional F(-) is invariant under
translation and dilation. The choice of exponents comes from the following lemma
(see [12, Lemma 4.1]).
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Lemma4.4 Let E C R" be any open convex set. Then, we have

P(E)nfl

diam(E) < —_—
iam(E) < c(n) EpT

(34)

where ¢ = c(n) is a positive dimensional constant.

As an application of Lemma 4.4, we prove that 7 : 2 C R” — R admits a maximizer.

Proposition 4.5 Let n > 3. There exists a convex set K such that

sup F(E) = F(K).

E convex

Proof We first show that the functional F is bounded among convex sets. Since the
functional is scaling and translation invariant, we may assume that |[E| = 1 and

inf/ |x—x0|2dH”_1=f Ix|2dH" !,
x€R" JoE OE

i.e., fixing the centroid of the set E at the origin. Now we use Lemma 4.4 to infer

diam(E)2P(E) C(n)
F(E) < 4P (E)n=Dn+1D) = P(E)n2—2n'

(35)

1 n—1
The isoperimetric inequality P(E) > (nwy)=|E| = implies that there exists a con-
stant, depending only on the dimension, such that

F(E) =C,

for all convex sets E. Let {Ey}ren be a a maximizing sequence, i.e., a sequence of
convex sets such that 1
F(Ey) > sup F(E)— -.
E convex k
Again, we assume that the sets Ej satisfy |Ex| = 1 and have centroids at the origin.
We apply the inequality (35) to Ej to infer

1 C(n)
sup F(E)— - < ————,
E convex k P(E)" —2n

which immediately implies that Ey is a sequence of convex sets with equibounded
perimeters and, by (34), the sets Ej are equibounded. This implies the existence of a

set E such that, up to a subsequence, |[EAE| — 0 and P(E;) — P(E). Moreover,
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this also implies the convergence of the Green measure relative to Ej to the Green
measure relative to E (see [2, Prop. 1.80]). Hence, we get

/ |x|2 danl — / |x|2 danl,
IE, E

which is the continuity of the second momentum with respect to the L'-convergence
of convex sets. As a consequence, we obtain

sup F(G) =< kEwa(Ek) = F(E),

G convex
which proves the existence of a maximizer among convex sets. O

We now provide a Fuglede-type argument, which guarantees that in any dimension
balls centered at the origin are stable local maximizers of F(-) among open convex
sets. Of course, this is the main tool to prove the stability result in dimension two.

Proposition 4.6 Letn > 2. There exists ey > 0 such that if E is a nearly spherical set
as in Definition 2.7 with centroid at the origin and if ||u | y1.00(gn-1) < €0, then

1 |E|(n+1)(n—2) ./BE |)C|2 dHn—l

> C(n)||Vh|?
(nwn)nz_z P(E)nz_l - ( )” ”LZ

(Sn—l)'

Proof Let E a convex set with |E| = 1 and having centroid at the origin. Let u the
height function with respect to the unit ball, i.e., dE = {y = x(1 +u(x)), x € S""1}.
Looking at (13), the three quantities involved in F(E) can be expressed in terms of
the height function as

/|x|2dH"_1:/ (14 )"V (1 +u)? + [Vul2dH"!
E sn—1

1
=nw, + (n+1) udH" ' + i+ D

h*dH"!
sn—1 2 sn—1

1 p—
+ 3 /Sn_l [Vul>dH"! +0(””||%vl,z(gn—1)),

P(E) =/ (1 +w)" /(1 +u)? + |Vul2 dH"!
sn—1

—1 ]
o+ =) [ waret CEDEED 2 e
sn—1 2 -1
1 —
+ E/SVH |Vu|?> dH"! +0(||u||€v1,2(8n71))’
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and

n|E| =/ (14 u)"dH"!
Sn—l

_ w1, 0 — 1) 2 1y 2
=nwy, +n /S'H udH" " + — - u dH" " + 0(||u||W1_2(S,1,1)).
(37
Since the functional is scaling invariant, we assume without loss of generality that
|E| = wy,. The assumption |E| = wy, together with (37), gives

n—1 2 2
/S warr =" /S A+ o(lula ). (38)

Now we use (36) and (38) to infer

2

P(E)" ! _1 s

%: 1+(n2_1)<n / udH"! +w W2dH !

(nawp)" -1 nwp Jsn—1 2nawy ot

v 2dH"*1) 2 )
2nwy _/én—l Vul +o(llullyy2gn-1))
— 2 n- 1 2 1 L ) - .
Sireeb < 2nwp /S"—l udHT 2nwy, ./sn—l Vul”dr > +olllullyzgn-1))-
(39)
Hence, using again (37), the boundary momentum becomes
Zan' ! = v+ 1) 2 g1 1‘/ 2 gam—1 2
/BE [x|“dH"™" =nowp + 2 Sn—1 u dH"" + 2 Jon [Vul“dH +0(”“”W1~2(sn71(£(-))

Since |E| = wy,, we just need to estimate

F(E) = F(B) _ fyp kPdH™! i
w;[n—Z)(n+1) P(E)"Z*‘ (nwn)nsz

(nwn)"272 fBE |x|2 danl _ P(E)nzfl
(neon)* =2 P(EY™? !

We use (39) and (40) to get

2

P(E)" ! 1 —1)? 1

/ |x|2 dHn—l _ ( ) R — <n + + (n ) (n + ))/ M2 dHn—l
dE (nwy,)"—2 2 2 -1

nr—-1-1 _
- Sflwmzd%" Y o(lullyagiry)-

(4D
Now, we exploit the assumption that the centroid of E coincides with the origin. We
decompose £ in terms of the spherical harmonics, already defined in the previous
section. Note that harmonic polynomials corresponding to k = 0 are constants, while
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Y1, = x; fori < n. Thus, (38) gives
laol® = o(llullF> 1))+

while, exploiting
0 :/ x; dH"! :/ xi(L+ )" WA +u)?+ | Vul2dH" !,
E Sn—1

we get a smallness condition on the coefficients corresponding to k = 1, which reads
as
2 2
|a1,i| = 0(”” ”WI,Z(Sn—l))-

Therefore, we arrive at

2nlul G,
oo Ni oo Ni
= o(lullfy12guor) #2100 Y ag; = D0 Yk k=2)ag; +ollullyigir)
k=2i=1 k=2i=1
=Vl gty + ol 2gno1)-
L2(S" 1) WI,Z(Sn 1)
(42)
A combination of (41) and (42) gives
2
P(E"!
/ P art = PE -
IE (nawy)"" =2
3 2
n’+n°c—4n -2 5
<—— \% d n-l n—
< " /S| ul> dH" + o(llullyr2gi1)
=—C | | IVul>dH"~" + o(llull 126011
which yields the result. O

Note that in dimension two, we have Cy = }1. We now prove the quantitative result
stated in Theorem 1.4.

Proof of Theorem 1.4 Since the functional is invariant under translations and dilations,
we assume that the centroid of E is at the origin and P(E) = P(B). Hence, we have

IE = {x(1 + u(x)), x € " 1}.

Let p be such that |B,| = | E|. Since E and B, have the same measure, we have

1
- /S’H(l + ) dH"" = w,p". (43)

n
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Formula (43) leads to

1 " /n
1—p"=——f < )ude"_l,
Wp Jsn-1 k; k

which implies |1 — p| < C(n)||u]lco- Let v = p(1 + u)" — 1. Then, it holds

Gsllvlleo < llulleo = Callvlioos

where C3 and Cy are constant depending only on the dimension. Moreover, the Leibniz
rule yields D;v = np"(1 + u)" "' D,u and thus

Cs||D-ull2 < [|1Drvl2 < CellD-ull2,

where Cs, C¢ depend on the dimension and on p. From (43), v has zero integral. Thus,
we can apply Lemma 2.8 to v and use the above inequality to infer

7||Drvli2 n=2

8el| D-v]| !
v < 4 D v 210 SRR
[V]]oo < | Dz vl log 1D vl 2

CMIIDlI311Dev]l55 = 4.

n —=

Recalling that ||u||ec = Ax(E), we get the result. O

Proof of Corollary 1.5 Since we are dealing with an isoperimetric problem involving
the boundary momentum with a perimeter constraint, the result can be proven by
following the argument of the main result in [18] (in higher dimension) and we just
highlight the main steps.

Step one: Continuity of the functional. The first thing we need to show is that given
a sequence of convex sets {E, },en C R?, with P(E,) = L, there exists a convex set
E such that E, — E, P(E) = L and

inf f Ix —xol>dH' = lim inf / Ix — xo)> dH'.
x0eR?2 JoE n—>+00 xoeR? JE,
This fact follows by reproducing the argument provided to conclude the proof Propo-
sition 4.5.

Step two: Qualitative result. As a byproduct of the continuity shown in step one
and Proposition 4.1 (the second part of the statement), it is easy to check that for every
& > 0 there exists § > 0, such that if P(E) = L and

1 inf cp2 [y 1 — x0l?
Qn)? P(E)3 =0 9

then Ay (E) <e.
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Step three: Conclusion. From step one and step two, we know that we can choose
8 > 0 small enough such that any convex set satisfying (44) also satisfies Ay (E) < &.
The conclusion follows directly from Theorem 1.4. O

5 Final comments and open problems

In this section, we offer some remarks and highlight open questions left by the present
manuscript.

(1) In Theorem 1.4, we prove that, in any dimension, the ball is a local maximizer
of the functional F(-) defined in (9). Is it true that balls are global maximizers of
JF(-) among convex sets?

(2) Letn = 2,1 > 0and B > 0. Consider the functional Gg defined in (3). Denote
by C; the class of convex sets of perimeter /, i.e.,

C ={F CR?>: Fisconvex and P(F) = [}.

In corollary 3.8, we proved that balls are extremal sets in C;, when 0 < 8 < 1 and
B > %, while in Proposition 3.9 we showed that there are no maximizers when
B =0.

Does there exist B1 € (0,5/3) such that the functional Gg does not attain a
maximizer in C; for B < B1? Does there exist B> € (1, oo) such that Gg does not
attain a maximizer in C; for 8 > ,?
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