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We consider an infinite-range interacting
quantum spin-1/2 model, undergoing periodic
kicking and dissipatively coupled with an en-
vironment. In the thermodynamic limit, it
is described by classical mean-field equations
that can show regular and chaotic regimes.
At finite size, we describe the system dy-
namics using stochastic quantum trajectories.
We find that the asymptotic nonstabilizerness
(alias the magic, a measure of quantum com-
plexity), averaged over trajectories, mirrors
to some extent the classical chaotic behavior,
while the entanglement entropy has no relation
with chaos in the thermodynamic limit.

1 Introduction
A deterministic dynamics may give rise to chaos: an
aperiodic dynamics that strongly depends on the ini-
tial conditions [1, 2, 3, 4]. In Hamiltonian many-
body systems, this phenomenon is crucial to de-
velop thermalization [5, 6] and has been extended
to the quantum domain [7, 8]. Pretty much dif-
ferent from the Hamiltonian chaos is the dissipative
one, where dynamical structures as strange attrac-
tors [3] appear, as well as universal routes to chaos,
like the period-doubling cascade [9]. Quantum dis-
sipative systems with a well defined classical limit
governed by a chaotic dynamics have been also stud-
ied [10, 11, 12, 13, 14, 15, 16, 17].

In this manuscript, we consider an infinite-range
interacting quantum spin-1/2 system undergoing pe-
riodic driving and coupled to an external environ-
ment, which we dub the dissipative kicked top1. In
its bosonic representation, a similar model has been
addressed in Refs. [21, 22]: its quantum properties
have been considered at the level of the density ma-
trix and related to the classical chaos in the ther-
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1The emergence of chaos in the mean-field limit of a strictly
similar classical model, bearing the same name, has been ad-
dressed in Ref. [18]. The corresponding finite-size quantum
model has been studied using quantum-state-diffusion trajec-
tories [19, 20], with a focus on expectations averaged over ran-
domness, which is very different from ours.

modynamic limit. It is even possible to characterize
the environment inducing dissipation as a device per-
forming random measurements on a pure state. In
such perspective, one can look at the properties of
quantum states along the single quantum trajecto-
ries, thus manipulating a stochastically evolving state
vector [23, 24, 20, 19], rather than solving the full
master equation for the reduced density matrix. In
the context of dissipative quantum chaos, the trajec-
tory approach has been already employed on a single-
degree-of-freedom quantum system [13, 14].

Here we address a rather different scenario, since,
in the thermodynamic limit, our model is exactly de-
scribed by a classical mean-field dynamics, while at
finite size it is a quantum many-body spin system.
We study the properties of finite-size quantum states
along the trajectories and compare them with the cor-
responding infinite-size classical mean-field dynamics.
We focus on the behavior of quantities assessing the
many-body quantum complexity, such as the nonsta-
bilizerness and the entanglement entropy.

The nonstabilizerness, also called the magic, has
been recently introduced as a quantifier of complexity
of a quantum state, complementary to the entangle-
ment [25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36,
37, 38, 39, 40, 41, 42]. It measures the distance from
the set of stabilizer states, i. e., “easy” states which
can be prepared using a specific class of quantum cir-
cuits that are efficiently simulatable with classical al-
gorithms (the Clifford circuits) [29, 43, 44, 45, 46, 47,
48, 49, 50, 51, 52]. We compute it through the sta-
bilizer Rényi entropy [34, 35] averaged over quantum
trajectories and using the methods of Ref. [53] for a
permutationally invariant system.

We find that the magic reaches an asymptotic long-
time value displaying a scaling behavior with the sys-
tem size that is related to the properties of the clas-
sical mean-field dynamics. In correspondence of a
mean-field chaotic dynamics and in the absence of dis-
sipation, such scaling is logarithmic (i. e., logarithmic
with the accessible Hilbert-space dimension). This
numerical finding supports a theoretical statement
recently put forward in Ref. [54]. Adding dissipa-
tion, the scaling becomes power-law, with an expo-
nent showing plateaus for the parameter ranges cor-
responding to a mean-field chaotic dynamics. The
value of the exponent in these plateaus increases with
the dissipation strength, while it approaches the zero
value (i. e., near to logarithmic scaling) for small dis-
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sipation strengths. Thus, for small decay rate, the
prediction of Ref. [54] seems to be robust.

On different grounds, the entanglement entropy is
known to play a crucial role in the study of many-body
dissipative quantum systems evolving along stochas-
tic trajectories. In fact, a flourishing number of re-
cent works has been focusing on local measurements
(either discrete or continuous in time) performed in
monitored quantum circuits [55, 56, 57, 58, 59, 60,
61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74],
as well as in non-interacting [75, 61, 76, 77, 78, 79,
80, 81, 82, 83, 84, 85, 86, 87, 88, 89, 90, 91, 92]
and interacting [93, 94, 95, 96, 97, 98, 99, 100, 101]
Hamiltonian systems. Moreover, a deep connection
between measurement-induced phases and the encod-
ing/decoding properties of a quantum channel has
been put forward [102, 103, 104, 105, 106, 107, 108,
109, 110, 111, 112]. Situations where the dynamics is
only induced by random measurements of non-local
string operators have been also considered [113, 114].
In our system we find that, quite unusually, the
asymptotic long-time entanglement entropy averaged
over trajectories behaves nonmonotonically with the
system size: it increases up to a critical size and then
starts decreasing. The maximum does not develop
any discontinuity or peculiarity at the transition be-
tween regular and chaotic behaviors in the classical
limit. Thus the entanglement entropy appears to be
insensitive to classical chaos in the thermodynamic
limit.

Other properties of the state along the trajectories
may provide further indication on the classical chaotic
behavior. One of them is the variance, over and along
the trajectories, of the expectation value of a magne-
tization component on the evolving state [100]. In the
presence of chaos, the dependence of this variance on
the system size develops an upper concavity, while in
case of regular dynamics it shows a lower concavity.
Focusing on the behavior of the full distribution of
this expectation [89, 115, 116], we see that the chaos
transition corresponds to a discontinuity of its global
maximum.

Summarizing, the main message of this work is that,
while the entanglement is rather insensitive to the dy-
namic behavior in the classical mean-field limit of the
dissipative quantum kicked top, the magic seems to
be a good indicator of the underlying classical chaos.

The paper is organized as follows. In Sec. 2 we in-
troduce the model. In Sec. 3 we study its classical
mean-field behavior reached in the thermodynamic
limit, describing the chaotic and regular regimes by
means of different classical chaos probes (more details
can be found in Appendix A). In Sec. 4 we study the
properties of quantum states along trajectories at fi-
nite size, focusing on the nonstabilizerness (Sec. 4.1),
the entanglement entropy (Sec. 4.2), and the statistics
of quantum trajectories (Sec. 4.3). Finally, in Sec. 5
we draw our conclusions.

2 Model
We consider a quantum kicked-top model [117], de-
scribed by the Hamiltonian

Ĥ(t)
J

= −2h Ŝx + 2
N
Ŝ2

z + 2K
N

Ŝ2
z

∑
n

δ(t− tn)

≡ Ĥ0 + ĤK(t), (1)

where Ŝα = 1
2

∑N
i=1 σ̂

α
i are collective spin operators

(α = x, y, z), N is the number of spins, while h and K
respectively denote the strength of the transverse field
and of the periodic kick. This ensemble of particles
is described by the total spin S = N/2. In Eq. (1),
the term Ĥ0 = −2h Ŝx + (2/N) Ŝ2

z corresponds to the
Lipkin-Meshkov-Glick (LMG) model [118], which is
periodically kicked by ĤK(t) at times tn = n τ , where
τ is the driving period. In the following we fix τ = 1
and omit it from the discussion; we also set the energy
scale by fixing J = 1 and work in units of ℏ = 1.

Since the Hamiltonian (1) is periodic, it is useful to
define the corresponding Floquet operator

ÛF (τ) = ÛKe
−i Ĥ0τ , (2)

where
ÛK = e−i 2KŜ2

z /N (3)

is the unitary operator responsible for the kicks. This
choice of ÛK is known to induce quantum chaos
for large enough values of K, as one can see from
the properties of the eigenvalues and eigenstates of
ÛF (τ) [117, 119]. Classical and quantum chaos with
a different driving have been studied in Ref. [120].
Quantum chaos strictly corresponds to classical chaos
appearing in the mean-field limit. This limit is ex-
act for N → ∞, since the components of the spin
magnetization, m̂α = Ŝα/S, commute for large N :
[m̂α, m̂β ] = i ϵαβγ m̂γ/S

N→∞−−−−→ 0, with ϵα,βγ being
the Levi-Civita symbol. The classical limit can dis-
play both regular and chaotic dynamics, closely mir-
rored by the properties of ÛF (τ) at large N [117].

Our goal is to go beyond the unitary dynamics,
adding dissipation to the above model. We study it
by means of the Lindblad master equation

∂tρ̂ = −i [Ĥ(t), ρ̂] + γ

S

(
Ŝ−ρ̂Ŝ+ − 1

2 {Ŝ+Ŝ−, ρ̂}
)
, (4)

where L̂ =
√
γ/S Ŝ− is the jump operator and γ

the decay rate, renormalized by the factor S to have
a well-defined thermodynamic limit. The collective
Lindblad operators are the same used in Refs. [100,
121], in a case without periodic driving.

3 Mean-field theory
In this section, we review some known results of
the semiclassical mean-field limit of the model under
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study. We use the methods of Refs. [121, 122]. We
start by computing the Heisenberg equations of mo-
tion for the total spin components. First of all, we
consider the dynamics between two subsequent kicks,
where the Dirac delta in Eq. (1) is zero. We obtain the
following equations, omitting the time dependence of
the operators in the Heisenberg picture for brevity:

∂tŜx = 1
S

(
ŜzŜy + ŜyŜz

)
+ γ

S

(
ŜzŜx + ŜxŜz − Ŝx

)
,

(5a)

∂tŜy = − 1
S

(
ŜzŜx + ŜxŜz

)
+ 2h Ŝz

+ γ

S

(
ŜzŜy + ŜyŜz − Ŝy

)
, (5b)

∂tŜz = − 2h Ŝy − 2γ
S

(
Ŝ2

x + Ŝ2
y

)
. (5c)

Recalling the definition of m̂α and defining mα =
⟨m̂α⟩, we obtain the following equations, valid up to
terms of order O(1/N):

∂tmx = 2mymz + 2γ mxmz, (6a)
∂tmy = −2mxmz + 2hmz + 2γ mymz, (6b)
∂tmz = −2hmy − 2γ

(
m2

x +m2
y

)
. (6c)

We notice that, at the mean-field level, the norm
∥m⃗∥ =

√
m⃗ · m⃗ of m⃗ = (mx,my,mz) is conserved.

Thus, we can always consider ∥m⃗∥ = 1. This allows
us to reduce the number of degrees of freedom from
three to two and to express the magnetization com-
ponents in terms of just two variables, Q and P , with
the change of variables [123]

mx =
√

1 −Q2 cos 2P, (7a)

my =
√

1 −Q2 sin 2P, (7b)
mz = Q, (7c)

where Q ∈ [−1, 1] and P ∈ [−π/2, π/2). The inverse
relations are Q = mz and P = arctan(my/mx), ex-
cept when Q = 1, where one can consider P = 0.
The variables (Q,P ) define the Poincaré section and
allow for a direct representation of the magnetization
dynamics in a two-dimensional space (cf. Fig. 1).

Secondly, we write down the equations describing
the action of a kick on a given magnetization m⃗. To do
so, we notice that, by the mean-field approximation,
we can write

Ŝ2
z ≈ S2

z + 2Sz (Ŝz − Sz) = 2SzŜz − S2
z , (8)

where Sz denotes the expectation value of the oper-
ator Ŝz. Thus, the unitary operator representing the
action of the kick becomes

ÛK = e−i KŜ2
z /S ≈ eiKS2

z /Se−2iKSzŜz/S

≡ eiθR̂z(2Kmz), (9)

where θ is an inessential phase and R̂z(ϕ) is the ro-
tation operator around the z axis by an angle ϕ =

2Kmz. Therefore, at the mean-field level, the action
of the kick is to change the magnetization m⃗ to m⃗′

such that

m′
x = mx cos(2Kmz) −my sin(2Kmz), (10a)

m′
y = mx sin(2Kmz) +my cos(2Kmz), (10b)

m′
z = mz. (10c)

3.1 Phase portraits
Equations (6) and (10) allow us to study the system
dynamics at stroboscopic times (i. e., at integer mul-
tiples of τ) in a way similar to Poincaré sections [6]2.
A selection of typical phase-space portraits is shown
in Fig. 1, for h = 0.5 and several choices of K (differ-
ent columns) and γ (different rows). In all panels, the
red dots represent the trajectory of the initial state
m⃗(0) = (0, 0, 1), corresponding to (Q0, P0) = (1, 0).
The first column corresponds to K = 0, that is, to the
boundary time crystal model [121]. In this case, when
γ = 0, the initial states evolve following closed orbits
and the dynamics is always regular. By increasing γ,
we see that one of the fixed points becomes attrac-
tive and there is a coexistence of closed orbits and
the stable fixed point. When the decay rate increases
further [panel (i), for γ = 0.5], closed orbits disappear
and there is only one stable fixed point.

Moving along the next columns, we show results
for increasing values of the kick strength K. When
K = 1 (second column), the phase-space portrait still
shows closed orbits and regular dynamics in the uni-
tary limit (γ = 0), and the appearance of a stable
fixed point for larger γ. For larger values of K phase
portraits start showing chaotic regions. In particular,
for intermediate values of the decay rate γ (panel h)
we observe strange attractors, that are a signature of
dissipative chaos [the phase-space portrait for K = 5
in panel (h) is similar to the Zaslavski map [124]].
Stronger decay rates (bottom column) destroy these
features and the resulting dynamics is always regular.
However, there is a finite window of parameters in
which the system displays peculiar chaotic behaviors
as a result of the interplay between the driving (the
kick) and the dissipation.

3.2 Largest Lyapunov exponent λ

To make more quantitative statements, we evalu-
ate the largest Lyapunov exponent λ, which mea-
sures the exponential divergence of nearby trajecto-

2We consider a set of different initial configurations of values
(Q0, P0) that are randomly extracted from uniform distribu-
tions covering their respective domains. We consider Nτ = 103

periods; in each period, we first evolve the magnetization using
Eqs. (6), then apply the kick following Eqs. (10). We store the
values (Q(t+

n ), P (t+
n )) right after the kick and use them to set

the new initial condition for the following period. We repeat
this simulation for M0 = 300 initial configurations.
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Figure 1: The Poincaré sections resulting from the mean-field equations for h = 0.5 and different choices of K and γ
[see Eqs. (6) and (10)]. Red dots show the stroboscopic evolution of the initial state (Q0, P0) = (1, 0), corresponding to
m⃗(0) = (0, 0, 1). Columns from left to right: K = 0, 1, 2, 5. Rows from top to bottom: γ = 0, 0.2, 0.5.

ries [125]. Given two trajectories whose initial dis-
tance is d0 = |m⃗1(0) − m⃗2(0)|, this is defined as

λ = lim
d0→0

lim
t→∞

d(t)
d0

, (11)

where d(t) is the distance between the trajectories at
time t and d0 ≡ d(0)3. We scan the parameter inter-
vals γ ∈ [0, 1] andK ∈ [0, 10] (using a grid of 400×400
points). Our results are shown in the heat maps of
Fig. 2 for two values of the transverse field h. White
(λ = 0) and blue (λ < 0) colors mark the regions
where the dynamics is regular. More precisely, white

3We evaluate λ as explained in Ref. [126]. More pre-
cisely, we start from two nearby initial conditions at distance
d0, evolve them for one period and measure their distance
d1. Then we move one of the two points along the line
joining them to restore the distance to the value d0 and re-
peat, at each period k storing the distance between the fi-
nal points of the trajectories dk. The largest Lyapunov ex-
ponent is then estimated as λ = (1/Nτ τ)

∑Nτ

k=1 ln(dk/d0).
We consider the two initial conditions m⃗1(0) = (0, 0, 1) and
m⃗2(0) = (

√
d0/2,

√
d0/2,

√
1 − d2

0) with d0 = 10−10, evolv-
ing the system for Nτ = 1000 periods.

regions correspond to the existence of closed orbits in
the Poincaré sections of Fig. 1, whereas blue regions
are a footprint of the existence of a stable fixed point
or cycle in the dynamics.

In contrast, red regions (λ > 0) are chaotic: these
show up when the kick strength is sufficiently large
and tends to disappear by increasing the decay rate
γ. Nonetheless, there exist regions of this phase di-
agram where the chaotic behavior survives even for
finite decay rates, in agreement with our previous ob-
servations. We also notice that chaotic regions be-
come prominent for larger values of h (compare the
right panel of Fig. 2 with the left one), in the sense
that, for a given kick strength K, a stronger decay
rate γ is needed to regularize the dynamics. Apart
from this quantitative difference, we do not observe
any other significant dependence on the value of h,
thus, unless differently specified, in the following we
always focus on h = 0.5 (left panel). We remark that,
for this choice of h, chaotic regions can extend up to
γ ≈ 0.6; above this threshold, the dynamics is always
regular for all the considered values of K.

The analysis of other probes for classical chaos
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Figure 2: The largest Lyapunov exponent λ as a function of
the kick strength K and the decay rate γ. (a), left panel:
h = 0.5. (b), right panel: h = 1.0. The value h = 0.5
corresponds to the Poincaré sections shown in Fig. 1.

(such as the bifurcation plot and the Hausdorff di-
mension) is reported in Appendix A. In the following,
we rather concentrate on the description of the be-
havior of the quantum system at finite size along the
stochastic quantum trajectories, which constitutes the
main part of this work.

4 Finite-size dynamics along quantum
trajectories
We now consider the same system at finite size, where
the dynamics is genuinely quantum. Our goal is to
see whether the different dynamic regimes emerging
in the (classical) thermodynamic limit (cf. Sec. 3) re-
flect on the behavior of some functions of the quantum
states4. Since the Hamiltonian (1) commutes with the

total spin operator Ŝ2 = ˆ⃗
S · ˆ⃗
S and the Lindblad oper-

ator preserves this symmetry, we can restrict our at-
tention to the permutationally invariant (maximum
spin) sector, where S = N/2 and the Hilbert space
dimension is D = N + 1. In fact, the symmetry un-
der permutations allows us to work in the subspace
spanned by the Dicke states, defined as∣∣∣∣N2 , N2 − k

〉
=

(
N

k

)−1/2
Ŝ

(
|↑⟩⊗(N−k) ⊗ |↓⟩⊗k

)
,

(12)
where Ŝ is the symmetrization operator and k ∈
{0, 1, . . . , N}.

As probes of quantum chaos, we use two
information-theoretic quantities, (i) the stabilizer 2-
Rényi entropy (SRE) M2 and (ii) the von Neumann
bipartite entanglement entropy (EE) E . We evalu-
ate both quantities for pure states along the quan-
tum trajectories, randomly generated in such a way
that, on average, they describe the dynamics of the

4En passant, we recall that expectations of collective mag-
netization components follow the mean-field values up to a time
that scales with N . The scaling is different in the two regimes,
being O(N) for a regular dynamics and O(ln N) for a chaotic
one [127, 128].

Lindblad equation [Eq. (4)]. In particular, we adopt
a quantum-jump unraveling [23] of the Lindbladian.
This unraveling protocol works as follows.

First of all, the kicks act at times t = tn, by apply-
ing to the quantum state the operator ÛK defined in
Eq. (3). Between two consecutive kicks, the quantum-
jump protocol is the same used in Ref. [100]. We dis-
cretize the time in intervals of length δt. Here the
unraveling works by defining the non-Hermitian (nH)
Hamiltonian

ĤnH = Ĥ0 − i
γ

2S Ŝ+Ŝ− . (13)

At each infinitesimal time step δt, the state |ψt⟩ can
either undergo a “no-jump” evolution generated by
ĤnH, with probability 1 − (γ/S) ⟨ψt|Ŝ+Ŝ−|ψt⟩ δt, or
it can instantaneously “jump” to

|ψ(t+ δt)⟩ = Ŝ− |ψ(t)⟩
∥Ŝ− |ψ(t)⟩∥

. (14)

Averaging over randomness and performing the
limit δt → 0, one recovers the Lindblad equation
Eq. (4) [23, 24]. In particular, the average state of
an ensemble of Ntraj quantum trajectories character-
ized by pure states |ψk⟩ is given by

ρ̂ = lim
Ntraj→∞

1
Ntraj

Ntraj∑
k=1

|ψk⟩⟨ψk| . (15)

The expectation value of any operator Ô, which we
denote by angular brackets ⟨Ô⟩, can be computed by
averaging its expectation values over the individual
trajectories:

Tr(ρ̂ Ô) = lim
Ntraj→∞

1
Ntraj

Ntraj∑
k=1

⟨ψk|Ô|ψk⟩ ≡ ⟨Ô⟩. (16)

While averaging over pure-state trajectories is not
essential to get expectation values of observables, this
procedure becomes crucial whenever evaluating a non-
linear function of the quantum state, such as for the
SRE or the EE (their definitions are provided in the
following subsections). For instance, the bipartite von
Neumann entropy of the average state ρ̂ is not a good
entanglement indicator, as it includes classical cor-
relations as well. In fact, given a generic nonlinear
functional F of ρ̂, such as E or M2, one can define its
average value over the ensemble of pure-state trajec-
tories as

⟨F⟩ = 1
Ntraj

Ntraj∑
k=1

F(|ψk⟩⟨ψk|), (17)

which, in general, does not coincide with the evalua-
tion of F on the state ρ̂ itself. That is, contrary to
expectations of observables, ⟨F⟩ ̸= F(ρ̂).

From a numerical point of view, one is forced to
consider a finite number of trajectories Ntraj. This
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gives rise to an error bar in the average value that
is the root mean square deviation divided by

√
Ntraj.

In the following, when studying dissipative evolutions,
we fix Ntraj = 1024, in such a way that the resulting
error bars are always of the order of the line width
of our plots. As for the initial state, we consider the
fully polarized eigenstate |ψ(0)⟩ = |N/2, N/2⟩ of the
Ŝz total spin component.

Sometimes we are also interested in the asymptotic
(long-time) values of such quantities. We estimate
them by evolving the system up to long times, until a
plateau is reached. In our investigations we find that
this saturation is achieved quickly, so that we can stop
the dynamics after Nτ = 1000 periods for the entan-
glement entropy and Nτ = 100 for the magic. The
value at the plateau always fluctuates, due to the fact
that we are considering a finite ensemble of quantum
trajectories. Thus, to extract the steady-state behav-
ior, we average over the last k0 points, with k0 large
enough that all transient features have disappeared
(specifically, we set k0 = 500 for the EE and k0 = 50
for the SRE). We denote this long-time average by
⟨. . . ⟩ such that, given any nonlinear functional F ,

⟨F⟩ = 1
Nτ − k0

Nτ∑
k=k0

⟨F(tk)⟩, (18)

where ⟨F(tk)⟩ is the average of F over the states of
the ensemble at time tk. We also compare dissipative
evolutions (γ > 0) with the unitary dynamics case
(γ = 0). Unitary results are averaged over M0 =
300 initial random spin coherent states [129]. In fact,
the dynamics of a single trajectory entails a source of
randomness (the jumps) that is absent in the unitary
case. Thus, in the presence of dissipation, the system
is able to explore more efficiently the Hilbert space
and there is no need for averaging over the different
initial conditions.

4.1 Nonstabilizerness
We now focus on the connection between chaos and
nonstabilizerness. To define the latter, we first con-
sider the Clifford group CN : this is spanned by the
single-qubit Hadamard (H) and phase (S) operators,
and the two-qubit CNOT gate. In quantum computa-
tion, universality is obtained by adding the T-phase
gate to the above Clifford group. Nonstabilizerness,
or quantum magic, expresses how far the state is from
the set of stabilizers, i. e., the set of states that can
be prepared by only using quantum gates from CN .
There exist efficient classical algorithms to manipu-
late stabilizer states [130, 131], whereas states beyond
the stabilizer formalism are hard to study classically.
Thus, when combined with the right amount of entan-
glement, nonstabilizer states are a necessary ingredi-
ent to unlock quantum advantage [132, 48].

In recent years, several measures of nonstabilizer-
ness have been proposed [29, 43, 44, 45, 46, 47, 48, 49,
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Figure 3: The quantity δMN versus the kick strength K,
for several combinations of γ, h (see the headers of the pan-
els). The various curves, with different color scale, refer to
N ∈ {20, 40, 80, 160}, from N = 20 (darkest) to N = 160
(lightest). The background color is related to the value of
the largest Lyapunov exponent λ, following the same color
code as in Fig. 2.

50, 51, 52, 132, 133, 134]. Among them, we choose the
SRE of the Pauli spectrum, defined as [34]

M2(|ψ⟩⟨ψ|) = − ln
[ ∑

P̂ ∈PN

⟨ψ|P̂ |ψ⟩
4

22N

]
−N ln 2, (19)

where P̂ = σ̂α1
1 ⊗· · ·⊗ σ̂αN

N (with αj ∈ {0, x, y, z}) are
the Pauli strings and PN is the Pauli group. The SRE
is zero for stabilizer states and positive otherwise; it is
generally an extensive quantity and is upper-bounded
by N ln 2. Evaluating it for general systems is expo-
nentially hard, since both the state dimension and the
number of Pauli strings grow exponentially with the
number N of two-level systems. Luckily, the permuta-
tion symmetry yields an exponential advantage in this
respect, since it exploits the fact that Pauli strings dif-
fering by permutations have the same expectation val-
ues on a permutationally-symmetric quantum state,
thus allowing us to study systems otherwise out of
reach for numerical analysis [53].

By looking at the stroboscopic evolution of ⟨M2⟩
averaged over the randomness, we notice that the dy-
namics converges to plateaus for all N in a short time
scale. Interestingly, the magic value at the plateaus
seems to scale differently with the system size, de-
pending on the value of K. When the kick strength
K is small and the dynamics is regular, the asymp-
totic value seems to grow extensively with N . On the
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Parameters α β

K = 1, γ = 0.1 0.89 ± 0.05 0.80 ± 0.13
K = 5, γ = 0.1 0.359 ± 0.003 0.08 ± 0.05
K = 2, γ = 0.5 1.028 ± 0.004 1.061 ± 0.002

Table 1: Exponent of the scaling laws ⟨M2⟩ ∼ Nα and
δMN ∼ Nβ for the parameters shown in Fig. 4.

other hand, for larger kick strengths, the dynamics
becomes chaotic and the asymptotic value increases
more slowly, possibly as lnN . These data are shown
in Appendix B. To quantitatively clarify this point,
here we define the difference between the asymptotic
SRE for a system of size N and that for a system of
size N/2:

δMN = ⟨M2⟩N − ⟨M2⟩N/2 . (20)

This quantity tends to a constant for increasing N ,
if the SRE increases logarithmically with N , while it
keeps increasing for a super-logarithmic dependence
of the SRE with N . In Fig. 3 we plot δMN versus K,
for different choices of the parameters γ, h and for var-
ious sizes N . In the background of each panel, we also
show the corresponding value of the largest Lyapunov
exponent λ in the classical limit, using the same chro-
matic scale adopted in Fig. 2 (red regions are chaotic,
blue regions are regular). In the classically chaotic re-
gions and when γ = 0 [panels (a) and (b)], we clearly
see that δMN saturates with N . This saturation per-
sists, yet less distinctly, for γ = 0.15 [panels (c), (d)]
while it seems to fade away for γ = 0.5 [panels (e),
(f)] (although, in this latter case and for the chaotic
regions we observe an increase with N , this is much
slower than in the regular regions). We also see that,
in the classically chaotic regions, δMN is almost in-
dependent of K (the same occurs for ⟨M2⟩N , see Ap-
pendix B), in contrast with a strong dependence on K
that emerges in the classically regular regions. This
is especially true for smaller values of γ, see panels
(a-d).5

In Fig. 4, we plot δMN versus the system size N ,
for some choices of K, γ, and h. We see that, for
the parameters that correspond to a regular mean-
field dynamics, δMN strongly depends on N , whereas
this dependence becomes much weaker when the dy-
namics is chaotic. We fit these curves with power-
law functions δMN ∼ Nβ (in this double-logarithmic
scale, they appear as straight lines) and the values of
β resulting from the fit are reported in Tab. 1, to-
gether with the scaling exponents α of the fitting law
⟨M2⟩ ∼ Nα.

In addition to this, Fig. 5 reports the behavior of
β versus K, for various and fixed values of γ, h.

5Results for γ = 0 are more noisy than those for γ > 0 since,
as already mentioned, in the unitary case we average over M0 =
300 initial spin-coherent states instead of the Ntraj = 1024
trajectories of the dissipative case.

20 40 80 160
N

100

101

N

K = 1, = 0.1 ( 0)
K = 5, = 0.1 ( > 0)
K = 2, = 0.5 ( < 0)

Figure 4: The quantity δMN versus N . Dotted lines are the
fitting functions δMN ∼ Nβ .

Let us first focus on the classically chaotic regions
(λ > 0, red background). We see that, for the uni-
tary case [panels (a) and (b)], β vanishes, meaning
a logarithmic scaling of M2 with N6. Since the di-
mension of the available Hilbert space is D = N + 1,
this implies M2 ∼ lnD. This finding confirms the
prediction of Ref. [54]. In that reference, a scaling
M2 ∼ lnD is shown to emerge for chaotic quantum
systems under unitary dynamics, but the focus is on
non-symmetric systems made up of N two-level sys-
tems, so D = 2N , thus implying an extensive scaling
of M2 with N . In contrast, in our case the dimen-
sion of the available Hilbert space is D = N + 1, thus
we have M2 ∼ lnN . This observation may make
stabilizer-based simulations of such states more fea-
sible, likely due to the unique properties of chaotic
states in reduced-dimensional spaces.

At this stage, it is important to stress that per-
mutational invariance does not inherently constrain
the maximum achievable SRE, as M(max)

2 = N ln 2
could still be reached even with permutationally in-
variant states. This bound arises from a flat Pauli
spectrum where each Pauli string has an exponen-
tially small weight of 2−N over the quantum state—
a condition achievable in permutationally invariant
states. In fact, in the regular regime, we observe that
M2 can scale extensively with N [see, e.g., Fig. 5(e)],
demonstrating that this scaling is allowed with per-
mutational invariance as well. That said, our results
indicate that, in the chaotic regime, the N -scaling of
its ensemble average over initial states becomes log-
arithmic in case of unitary dynamics with a classical
chaotic limit [see Fig. 5(a,b)].

Switching on the coupling to the environment (γ ̸=
0), we find β ≃ 0 when γ ≪ h [Fig. 5(d)], otherwise it

6In the chaotic regime of the unitary case γ = 0, the expo-
nent β evaluated numerically only appears (slightly) negative
due to noise in the curves shown in Fig. 4.
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Figure 5: Exponent β of the scaling law δMN ∼ Nβ versus
K, for different values of the decay rate γ and transverse
field h, see captions. The background color is related to the
value of the largest Lyapunov exponent λ, following the same
color code as in Fig. 2.

displays a positive plateau in K which is significantly
smaller than one. Notice that one gets δMN ∼ Nβ

with β > 0 when also ⟨M2⟩N ∼ Nβ , so in these
chaotic regions the SRE behaves subextensively. On
the other hand, when the mean-field dynamics is reg-
ular, β does not show plateaus, but rather a nontrivial
dependence on K. In particular, it may increase and
become close to one, meaning an extensive behavior
of the SRE7. In certain regions that are characterized
by alternating regular and chaotic behaviors [see for
instance the rightmost part of Fig. 5(c)], the exponent
β can be sensitive to this pattern and develop a peak.

4.2 Entanglement entropy
We now study the bipartite EE [135], defined as

E(ρ̂) = −Tr(ρ̂A ln ρ̂A), (21)

where A and B are equal disjoint bipartitions of the
fully-connected model under study and ρ̂A = TrB(ρ̂)
is the reduced density matrix of subsystem A alone.
Due to permutational invariance, only the number of
spins in each partition matters; hereafter we consider
NA = NB = N/2. We carefully verified that our
results are robust to changes in the bipartition size.

7Due to finite-size effects, in certain regions a superextensive
scaling of the magic can be possible (β > 1). However, the
bound M2 < N ln 2 tells us that this apparent anomaly is
expected to disappear at large N .
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Figure 6: (a) ⟨E⟩ versus N for several values of γ and for
fixed h = 1, K = 2. The curves refer to different values of
γj = j δγ with δγ = 0.1, from j = 1 (darkest) to j = 10
(lightest). The largest Lyapunov exponent λ is positive for
γ ≲ 0.87 (curves with filled circles) and negative otherwise
(curves with empty squares). (b) Position N∗ of the maxi-
mum of ⟨E⟩ in panel (a) versus γ, log-log scale. (c) Maximum
⟨E⟩ divided by N∗ versus γ, linear scale.

As done in the previous section, we studied the en-
tanglement dynamics, averaged over the trajectories,
as a function of the stroboscopic time tn. In all cases,
we see that the entropy increases and then saturates
to an asymptotic value (see Appendix B). Further in-
sight can be obtained by focusing on the dependence
of the asymptotic value ⟨E⟩ on K and on the system
size N . This is reported in Appendix B, where we
show that, by increasing N , the values of ⟨E⟩ display
a tendency to saturate to a finite limit (area-law be-
havior) and even to decrease. To better understand
this point, in Fig. 6 panel (a) we report ⟨E⟩ versus
N , for fixed K and different values of γ. As a re-
sult of the competition between driving and dissipa-
tion, we observe a nonmonotonic behavior with the
size N . We fix K and h because, with this choice
of parameters, the maximum can be observed more
easily, but this is a general phenomenon. In fact, the
nonmonotonicity occurs both for an underlying classi-
cal chaotic (curves with circles) and a regular (curves
with squares) regime. However, our data suggest that
all the curves eventually follow an area-law behavior,
where ⟨E⟩ becomes independent of N .

Let us look more carefully to the maximum in N
of ⟨E⟩. The position N∗ of such maximum is plotted
versus γ in Fig. 6(b). For small decay rates, it fol-
lows a power-law scaling N∗ ∼ γ−α with α ≈ 0.69, to
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Figure 7: Variance of mz over time and randomness
[Eq. (22)] as a function of the size, up to N = 640. The
largest Lyapunov exponent is positive for γ ≲ 0.5 (curves
with filled circles) and negative otherwise (curves with empty
squares), as shown in Fig. 2(a). We fix K = 5 and h = 0.5.

eventually saturates when γ is close to one. Satura-
tion and transition of the mean-field dynamics from
chaotic to regular are uncorrelated. In fact, even the
maximum value ⟨E⟩

∗
over N∗ keeps linearly decreas-

ing with γ, irrespective of the dynamic features of the
classical limit [Fig. 6(c)]. In summary, the asymptotic
EE saturates towards an area-law behavior in a non-
monotonous way, showing a maximum for a given sys-
tem size. We are not able to find any relation between
EE and chaos/regularity properties of the mean-field
dynamics.

4.3 Magnetization fluctuations
Another quantity of interest, related to chaos, is the
variance, along and across the trajectories, of the
magnetization component mz over the ensemble of
quantum trajectories [100], defined as

σ2
mz

= ⟨m2
z⟩ − ⟨mz⟩

2
, (22)

where the average is over trajectories and time in the
steady state, as defined in Eqs. (17) and (18). We
fix the kick strength and study the scaling of these
fluctuations as a function of the system size, for dif-
ferent decay rates. We show some examples thereof
in Fig. 7. We can distinguish two different behaviors
for curves in which the mean-field dynamics is chaotic
(λ > 0, circles) and those in which it is regular (λ < 0,
squares). In the former case, curves start with a pos-
itive curvature and steadily increase with N , while in
the latter case they start with a negative curvature
and then tend to settle down to a small value.

To better understand this behavior, we have also
considered the full distribution of mz(tn) over ran-
domness and stroboscopic time, similarly to what has
been done in the absence of periodic driving [89, 115,
116]. We obtain the distributions as normalized hys-
tograms with bin size δmz = 0.01, as reported in
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Figure 8: Probability density distributions of mz over 1024
trajectories and 200 time points in the stationary state, for
different values of N and γ (see legend). We fix K = 5 and
h = 0.5. Red-like distributions correspond to a classically
chaotic dynamics, while blue-like distributions are for a clas-
sically regular dynamics.

Fig. 8. Here we fix K = 5 and consider the two val-
ues of γ = 0.1 (chaotic mean-field dynamics) and of
γ = 0.7 (regular mean-field dynamics, with λ < 0).
In the chaotic case (red-like histograms), the proba-
bility distribution shows a single peak located around
a value close to zero. Increasing the system size, the
distribution becomes skewed and develops a long tail
towards negative values of the magnetization. This
tail explains why, in the regime λ > 0, the vari-
ance in Fig. 7 increases with N . Conversely, in the
regular regime (blue-like histograms), the probability
distribution is bimodal and values become closer to
mz = −1. For small N we also observe a third peak
around mz = −0.5, which tends to disappear at larger
N , where the distribution converges to a purely bi-
modal shape. This finding is consistent with the fact
that, in this regime, the variance only depends on the
system size when N is small, and essentially saturates
for larger N .

We finally study how the single peak bifurcates as
the decay rate increases, for a fixed K. One example
is shown in Fig. 9, where we plot the magnetization
distributions obtained for N = 320 for γ ∈ [0.1, 1.0],
for K = 5. The inset reports the position of the
peaks of the probability distribution as a function of
the decay rate. The highlighted points surrounded
by squares correspond to the highest peak for that γ.
The vertical dashed line marks the transition between
the semiclassical chaotic regime (left of the line) and
the regular one (on the right). We see that the high-
est peak (global maximum) of the distributions shows
a discontinuity at the chaotic-to-regular transition.

5 Conclusions
We studied a dissipative quantum many-body system,
whose thermodynamic limit corresponds to a classical
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Figure 9: Same as in Fig. 8, but for fixed N = 320 and for
many values of γ (see the color bar on the right). The inset
shows the position of the peaks of the probability distribution
as a function of γ. The highlighted points correspond to the
absolute maximum for that γ.

mean-field dynamics and can show a chaotic behavior.
Thanks to the fact that the finite-size system along
quantum trajectories is in a pure many-body state,
we evaluated measures of entanglement and quan-
tum complexity, relating them with the properties of
chaos/regularity (according to the sign of the largest
Lyapunov exponent) in the thermodynamic limit.

Quantum magic is sensitive to the mean-field
chaotic properties of the system. This quantity mea-
sures the complexity of the state—meant as distance
from the set of stabilizer states—and its average
over the trajectories reaches an asymptotic value in
time, with clearly distinct behaviors in the classically
chaotic and classically regular regimes. In the chaotic
case, the asymptotic nonstabilizerness shows constant
plateaus in the system parameters, and without a cou-
pling to the environment (unitary case) its behavior
is compatible with a logarithmic scaling with the sys-
tem size (i. e., with the dimension of the accessible
Hilbert space), in agreement with the theoretical pre-
dictions [54]. Switching on the coupling with the envi-
ronment, there are still plateaus with the system pa-
rameters, but the behavior is consistent with a subex-
tensive power-law scaling with the system size. In the
regular regime, there is still a power-law behavior,
but with no plateaus. Differently from the chaotic
regime, the scaling exponent nontrivially depends on
the system parameters (there are also intervals where
the scaling exponent is near to one and the nonstabi-
lizerness is extensive).

We have also considered the half-system entangle-
ment entropy averaged over the trajectories. As the
nonstabilizerness, this quantity reaches an asymptotic
value, but its behavior has no apparent relation with
classical chaos/ergodicity properties. In particular,
we observed a peculiar non-monotonic dependence
with the system size, with a maximum reached at
a critical size that depends on the system parame-

ters and shows no discontinuities at the transitions
from regular to chaotic behaviors. Finally, we stud-
ied the expectation of the magnetization along z: its
variance along and across the trajectories reflects the
underlying classical behavior, in the scaling with the
system size. In fact, in the chaotic case, the vari-
ance increases with the system size, such that the
corresponding curves show an upper concavity with
N . Conversely, in the regular case, after an initial
transient the variance settles down to a finite value,
displaying a lower concavity with N . This change
of behavior reflects into a discontinuity in the global
maximum of the full distribution of the expectations.

What is most remarkable in this analysis is that
the thermodynamic-limit chaos is witnessed at finite
size by a complexity measure (the magic) and not by
an entanglement measure (the entanglement entropy).
To understand whether this is an instance of a more
general fact or not, future research may focus on the
behavior of such quantities in strongly chaotic systems
evolving along stochastic quantum trajectories.
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A Other probes of classical chaos

A.1 Bifurcation diagrams
Another way of studying the transition between
chaotic and regular behavior in the mean-field clas-
sical limit is by looking at bifurcation diagrams,
showing the stroboscopic values of the magnetiza-
tion components as a function of K. In particular,
when the dynamics converges to stationary points,
the stroboscopic values taken after a transient are
all equal to each other. When there is period dou-
bling, the stroboscopic values split, producing bifur-
cations. Through a bifurcation cascade, the system
may end up in a chaotic regime, where stroboscopic
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Figure 10: (top panels) Bifurcation diagrams: the last M = 250 stroboscopic values of my as a function K, at the end
of dynamics lasting Nτ = 104 periods, for h = 0.5 and four different values of γ (see the labels). The initial condition is
m⃗(0) = (0, 0, 1). (bottom panels) The largest Lyapunov exponent as a function of the kick strength. The background color
follows the same color scheme as in Fig. 2.

values cover dense ranges of possible values for mα;
this is a universal route to chaos [9].

We can observe the bifurcation cascade in Fig. 10,
where we plot the last M = 250 stroboscopic values
of my at the end of the dynamics lasting Nτ = 104

periods, as a function of K and for different γ. In
the bottom row, we report the corresponding largest
Lyapunov exponent λ. We see that the succession
of regular and chaotic behaviors can only be seen at
relatively small values of γ, see panels (b-c): when the
decay rate increases too much, the first bifurcation
cascade leading to chaos moves to higher and higher
values of K, until eventually it is no longer visible and
the dynamics is always regular and converging to a
stable fixed point, as confirmed by the fact that λ < 0
[see panel (d)]. Moreover, when λ = 0, the dense
region observed in the bifurcation plot corresponds to
a regular dynamics along the closed orbits displayed
in Fig. 1.

A.2 Hausdorff dimension
Consider the last column of Fig. 1, referring to the
kick strength K = 5. Increasing the decay rate, the
system goes from a situation where the dynamics is
fully ergodic and classical trajectories uniformly cover
the Poincaré section, to an opposite limit where clas-
sical trajectories sample a very narrow region of the
phase space, while they converge to the unique steady
state of the dynamical system. In a sense, the effective
dimension of the phase space section covered by the
classical trajectories is approximately two (a square)
in the first case and would be approximately one if all
the points were on a line. In between, we observe a
complicated scenario in which the points of the clas-
sical trajectories organize into fractal structures. The
Hausdorff dimension dH [2, 3] characterizes the effec-
tive dimension of these fractal structures.

In order to estimate dH , we divide the Poincaré

Figure 11: (Top) Estimated Hausdorff dimension dH of the
mean-field dynamics versus γ. (Bottom) Largest Lyapunov
exponent λ versus γ. The background color follows the same
color scheme as in Fig. 2. Parameters: K = 5, h = 0.5.

section into a grid of non-overlapping squares with
edges of length ϵ. We then count how many squares
N (ϵ) we need to fully cover the blue points in each
panel of Fig. 1. Notice that, if the points were uni-
formly distributed in the entire phase space, we would
need N (ϵ) ∼ 1/ϵ2 squares to cover them; instead, if
they were on a line, N (ϵ) ∼ 1/ϵ; therefore, in general,
N (ϵ) ∼ 1/ϵdH . The Hausdorff dimension dH is thus
defined as

dH ≡ − lim
ϵ→0

ln N (ϵ)
ln ϵ . (23)

In order to estimate it numerically, we consider M0 =
500 initial conditions and consider 10 square sizes ϵ ∈
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Figure 12: The stabilizer Rényi entropy ⟨M2(tn)⟩, averaged
over trajectories, versus the stroboscopic time tn. The var-
ious colors stand for different sizes, from N = 10 (darkest)
to N = 160 (lightest), as indicated in the legend. Left and
right columns are for K = 0 and K = 5, respectively. Rows
from top to bottom: γ = 0, 0.2, 0.5. We fix h = 0.5.

[2−10, 2−1].
In Fig. 11, we plot it versus γ, for K = 5. We

can see that the Hausdorff dimension decreases by
increasing γ and saturates to a plateau corresponding
to dH ≈ 1. This plateau starts to develop at γ ≈ 0.3;
the saturation is numerically complete (within error
bars) at γ ≈ 0.5. We also show the Poincaré sections
corresponding to some of the considered values of γ,
to make the trend easier to follow. Notice the drastic
change between the Poincaré section at γ = 0.25 and
the one at γ = 0.3, signaled by a large change in dH .

In the bottom part of the figure, we plot the Lya-
punov exponent λ as a function of γ. The dH ≈ 1
plateau corresponds to a negative value of λ, while
values of dH close to 2 are associated with a positive
λ. The region around the chaotic-to-regular transi-
tion point is not exactly captured by the Hausdorff
dimension, due to numerical instabilities in its esti-
mation through the box-counting algorithm.

B Additional numerical results
In this section, we provide additional numerical re-
sults concerning nonstabilizerness and entanglement
dynamics to accompany the results discussed in the
main text.

10 20 40 80 160 320
N

101

102

2

K = 1, = 0.1 ( 0)
K = 5, = 0.1 ( > 0)
K = 2, = 0.5 ( < 0)

Figure 13: Asymptotic SRE versus N , for various parame-
ters that corresponds to different regimes of the semiclas-
sical dynamics. Dotted lines denote the fitting functions
⟨M2⟩ ∼ Nα. In our fit we exclude the smallest size N = 10.
Notice the double-logarithmic scale. We fix h = 0.5.

B.1 Nonstabilizerness

Figure 12 reports the behavior of the nonstabilizer-
ness ⟨M2(tn)⟩ versus the stroboscopic time tn in the
dissipative quantum kicked top, after averaging over
the randomness of the quantum trajectories. We first
notice that the SRE as a function of time rapidly
tends to an asymptotic value. Moreover, when the
kick strength K is small and the dynamics is regular,
the asymptotic value seems to grow extensively with
N (left panels, for K = 0). On the other hand, for
larger kick strengths, the dynamics becomes chaotic
and the asymptotic value increases more slowly, pos-
sibly as lnN (right panels, for K = 5).

To be more quantitative, we first extrapolate the
asymptotic value of the SRE as discussed in Sec. 4.
We plot it versus the system size (up to N = 256) in
Fig. 13, for various combinations of the kick strength
K and the decay rate γ, corresponding to different
values of the Lyapunov exponents of the undarlying
semiclassical dynamics [see Fig. 2(a)]. We observe
that, for parameters that correspond to regular semi-
classical dynamics (λ ≤ 0), the asymptotic SRE is
extensive and grows as ⟨M2⟩ ∼ Nα, with α close to
one. On the other hand, in the chaotic regime, the
SRE grows more slowly. Indeed, a numerical fitting
returns an exponent that is appreciably smaller than
one (see Tab. 1). Given the relatively small available
sizes, by simply analyzing these data, we cannot rule
out the possibility that the scaling is sub-extensive
(but still power law), rather than logarithmic, which
is why, in the main text, we focus on the more inter-
esting scaling of δMN , see Sec. 4.1.
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Figure 14: The half-system entanglement entropy ⟨E(tn)⟩,
averaged over the trajectories, versus the stroboscopic time
tn. The colored curves are for different sizes, from N = 10
(darkest) to N = 320 (lightest). The values of K and γ
are indicated in the labels of the panels (same pattern as in
Fig. 12). We fix h = 0.5.

B.2 Entanglement entropy
In Fig. 14 we show some examples of the EE ⟨E(tn)⟩,
averaged over the trajectories, versus the stroboscopic
time tn. The top row corresponds to the unitary limit
γ = 0, for the two values of the kick strength K = 0
where the mean-field dynamics is regular [panel (a)],
and K = 5 where it is chaotic [(panel (b)]. All the
entropies increase and then saturate to the asymptotic
values. To be more quantitative, it is useful to focus
on the properties of the asymptotic value ⟨E⟩. In the
ergodic regime, we find ⟨E⟩ = α+β ln(N+1), with α =
−1.05 ± 0.07 and β = 0.974 ± 0.016 for K = 5. The
fact that β ≈ 1 agrees with the expectation that the
EE reaches its maximum value Emax = lnD (where
D = N + 1), for an ergodic dynamics. In contrast,
when K is smaller, we observe a slower growth with
the system size: using the same fitting function, for
K = 0 we get α = −0.17±0.07 and β = 0.477±0.016.

In the central and lower rows of Fig. 14, we show the
EE versus time in the presence of dissipation, being
it either weak (γ = 0.2, middle row) or strong (γ =
0.5, bottom row), for the same values of K considered
before. Panels (c),(e), and (f) correspond to a regular
mean-field dynamics (λ < 0), while panel (d) is for a
chaotic dynamics (λ > 0). We observe that, after a
transient, all curves converge to an asymptotic value.
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Figure 15: The asymptotic entanglement entropy ⟨E⟩ versus
K, for different sizes N ∈ {10, 20, 40, 80, 160, 320} (the leg-
end is the same as in Fig. 14), and for several combinations
of γ and h, as indicated in the labels of the panels. The
background color is related to the value of the largest Lya-
punov exponent λ, following the same color code as in Fig. 2.

Further insight can be obtained by focusing on the
dependence of the asymptotic value ⟨E⟩ on K.

In Fig. 15 we show the behavior of ⟨E⟩ versus K, for
the same values of γ and system sizes used in Fig. 14.
First of all, we notice a weak relation between such
curves and the sign of the largest Lyapunov exponent
λ (see the color code in the background, as in Fig. 3).
Furthermore, for increasing N , the values of ⟨E⟩ dis-
play a tendency to saturate to a finite limit (area-law
behavior) and even to decrease.

In the main text, we focus our attention on the
scaling of the asymptotic value of the EE with N .

References
[1] J. Gleick, Chaos: Making a New Science

(Viking, New York, 1987).
[2] H. G. Schuster and W. Just, Deterministic

Chaos: An Introduction, 4th ed. (Wiley, 2005).
[3] E. Ott, Chaos in Dynamical Systems, 2nd

ed. (Cambridge University Press, Cambridge,
2002).

[4] H. Nagashima and Y. Baba, Introduction to
Chaos: Physics and Mathematics of Chaotic
Phenomena (Institute of Physics Publishing,
Bristol and Philadelphia, 1999).

[5] A. Lichtenberg and M. Lieberman, Regular and

Accepted in Quantum 2025-02-26, click title to verify. Published under CC-BY 4.0. 13

https://doi.org/10.1017/CBO9780511803260
https://doi.org/10.1201/9780429187001
https://doi.org/10.1201/9780429187001
https://doi.org/10.1201/9780429187001
https://doi.org/10.1007/978-1-4757-2184-3
https://doi.org/10.1007/978-1-4757-2184-3


Chaotic Dynamics, 2nd ed., Applied Mathemat-
ical Sciences (Springer New York, 1992).

[6] M. V. Berry, in Topics in Nonlinear Mechanics,
Vol. 46, edited by S. Jorna (Am.Inst.Ph., 1978)
pp. 16–120.

[7] L. D’Alessio, Y. Kafri, A. Polkovnikov, and
M. Rigol, Adv. Phys. 65, 239 (2016).

[8] M. V. Berry, in Chaotic Behaviour of Deter-
ministic Systems, Les Houches, Session XXXVI,
1981, edited by R. S. G. Ioos, R. H. G. Helle-
mani, and R. Stora (North-Holland, Amster-
dam, 1983) p. 174–271.

[9] M. Feigenbaum, Universality in complex dis-
crete dynamics (1975-1976), Los Alamos The-
oretical Division Annual Report.

[10] T. Dittrich and R. Graham, Europhys. Lett. 7,
287 (1988).

[11] D. Braun, Dissipative Quantum Chaos and De-
coherence (Springer, 2001).

[12] G. Benenti and G. Casati, Phys. Rev. E 65,
066205 (2002).

[13] G. G. Carlo, G. Benenti, G. Casati, and
D. L. Shepelyansky, Phys. Rev. Lett. 94, 164101
(2005).

[14] G. G. Carlo, G. Benenti, and D. L. Shepelyan-
sky, Phys. Rev. Lett. 95, 164101 (2005).

[15] G. G. Carlo, L. Ermann, A. M. F. Rivas, and
M. E. Spina, Phys. Rev. E 96, 032202 (2017).

[16] P. D. Bergamasco, G. G. Carlo, and A. M. F.
Rivas, Phys. Rev. E 108, 024208 (2023).

[17] F. Ferrari, L. Gravina, D. Eeltink, P. Scarlino,
V. Savona, and F. Minganti, Steady-state quan-
tum chaos in open quantum systems (2023),
arXiv:2305.15479 [quant-ph] .

[18] P. Pepłowski and K. Stefański, Phys. Lett. A
132, 408 (1988).

[19] N. Gisin and I. C. Percival, J. Phys. A: Math.
Gen. 25, 5677 (1992).

[20] J. Iwaniszewski and P. Peplowski, J. Phys. A:
Math. Gen. 28, 2183 (1995).

[21] M. Hartmann, D. Poletti, M. Ivanchenko,
S. Denisov, and P. Hänggi, New J. Phys. 19,
083011 (2017).

[22] R. R. W. Wang, B. Xing, G. G. Carlo, and
D. Poletti, Phys. Rev. E 97, 020202 (2018).

[23] M. B. Plenio and P. L. Knight, Rev. Mod. Phys.
70, 101 (1998).

[24] A. J. Daley, Adv. Phys. 63, 77 (2014).
[25] D. Gottesman, Phys. Rev. A 57, 127 (1998).
[26] D. Gottesman, in 22nd International Collo-

quium on Group Theoretical Methods in Physics
(1998) pp. 32–43, arXiv:quant-ph/9807006 .

[27] S. Bravyi, Quantum Inf. Comput. 5, 216 (2005).
[28] M. Howard, J. Wallman, V. Veitch, and

J. Emerson, Nature 510, 351 (2014).
[29] V. Veitch, S. A. H. Mousavian, D. Gottes-

man, and J. Emerson, New J. Phys. 16, 013009
(2014).

[30] E. Chitambar and G. Gour, Rev. Mod. Phys.
91, 025001 (2019).

[31] J. R. Seddon and E. T. Campbell, Proc. Roy.
Soc. A (London) 475, 20190251 (2019).

[32] S. Zhou, Z.-C. Yang, A. Hamma, and C. Cha-
mon, SciPost Phys. 9, 087 (2020).

[33] Z.-W. Liu and A. Winter, PRX Quantum 3,
020333 (2022).

[34] L. Leone, S. F. E. Oliviero, and A. Hamma,
Phys. Rev. Lett. 128, 050402 (2022).

[35] S. F. E. Oliviero, L. Leone, and A. Hamma,
Phys. Rev. A 106, 042426 (2022).

[36] L. Leone, S. F. E. Oliviero, and A. Hamma,
Phys. Rev. A 107, 022429 (2023).

[37] D. Rattacaso, L. Leone, S. F. E. Oliviero, and
A. Hamma, Phys. Rev. A 108, 042407 (2023).

[38] J. Odavić, T. Haug, G. Torre, A. Hamma,
F. Franchini, and S. M. Giampaolo, SciPost
Phys. 4, 131 (2023).

[39] L. Leone, S. F. E. Oliviero, G. Esposito, and
A. Hamma, Phys. Rev. A 109, 032403 (2024).

[40] G. E. Fux, E. Tirrito, M. Dalmonte, and
R. Fazio, Phys. Rev. Res. 6, L042030 (2024).

[41] M. Bejan, C. McLauchlan, and B. Béri, PRX
Quantum 5, 030332 (2024).

[42] A. Russomanno, G. Passarelli, D. Rossini, and
P. Lucignano, Efficient evaluation of the nonsta-
bilizerness in unitary and monitored quantum
many-body systems (2025), arXiv:2502.01431
[quant-ph] .

[43] M. Howard and E. Campbell, Phys. Rev. Lett.
118, 090501 (2017).

[44] S. Bravyi and D. Gosset, Phys. Rev. Lett. 116,
250501 (2016).

[45] S. Bravyi, G. Smith, and J. A. Smolin, Phys.
Rev. X 6, 021043 (2016).

[46] S. Bravyi, D. Browne, P. Calpin, E. Campbell,
D. Gosset, and M. Howard, Quantum 3, 181
(2019).

[47] M. Heinrich and D. Gross, Quantum 3, 132
(2019).

[48] X. Wang, M. M. Wilde, and Y. Su, New Journal
of Physics 21, 103002 (2019).

[49] X. Wang, M. M. Wilde, and Y. Su, Phys. Rev.
Lett. 124, 090505 (2020).

[50] A. Heimendahl, F. Montealegre-Mora, F. Val-
lentin, and D. Gross, Quantum 5, 400 (2021).

[51] J. Jiang and X. Wang, Phys. Rev. Appl. 19,
034052 (2023).

[52] T. Haug and M. Kim, PRX Quantum 4, 010301
(2023).

[53] G. Passarelli, R. Fazio, and P. Lucignano, Phys.
Rev. A 110, 022436 (2024).

[54] L. Leone, S. F. E. Oliviero, Y. Zhou, and
A. Hamma, Quantum 5, 453 (2021).

[55] Y. Li, X. Chen, and M. P. A. Fisher, Phys. Rev.
B 98, 205136 (2018).

Accepted in Quantum 2025-02-26, click title to verify. Published under CC-BY 4.0. 14

https://doi.org/10.1007/978-1-4757-2184-3
https://www.tandfonline.com/doi/abs/10.1080/00018732.2016.1198134
http://chaosbook.org/extras/mjf/LA-6816-PR.pdf
http://chaosbook.org/extras/mjf/LA-6816-PR.pdf
https://doi.org/10.1209/0295-5075/7/4/001
https://doi.org/10.1209/0295-5075/7/4/001
https://doi.org/10.1007/3-540-40916-5
https://doi.org/10.1007/3-540-40916-5
https://doi.org/10.1103/PhysRevE.65.066205
https://doi.org/10.1103/PhysRevE.65.066205
https://doi.org/10.1103/PhysRevLett.94.164101
https://doi.org/10.1103/PhysRevLett.94.164101
https://doi.org/10.1103/PhysRevLett.95.164101
https://doi.org/10.1103/physreve.96.032202
https://doi.org/10.1103/physreve.108.024208
https://arxiv.org/abs/2305.15479
https://doi.org/https://doi.org/10.1016/0375-9601(88)90503-8
https://doi.org/https://doi.org/10.1016/0375-9601(88)90503-8
https://doi.org/10.1088/0305-4470/25/21/023
https://doi.org/10.1088/0305-4470/25/21/023
https://doi.org/10.1088/0305-4470/28/8/012
https://doi.org/10.1088/0305-4470/28/8/012
https://doi.org/10.1088/1367-2630/aa7ceb
https://doi.org/10.1088/1367-2630/aa7ceb
https://doi.org/10.1103/PhysRevE.97.020202
https://doi.org/10.1103/RevModPhys.70.101
https://doi.org/10.1103/RevModPhys.70.101
https://doi.org/10.1080/00018732.2014.933502
https://doi.org/10.1103/PhysRevA.57.127
https://arxiv.org/abs/quant-ph/9807006
https://doi.org/10.5555/2011637.2011640
https://doi.org/10.1038/nature13460
https://doi.org/10.1088/1367-2630/16/1/013009
https://doi.org/10.1088/1367-2630/16/1/013009
https://doi.org/10.1103/RevModPhys.91.025001
https://doi.org/10.1103/RevModPhys.91.025001
https://doi.org/10.1098/rspa.2019.0251
https://doi.org/10.1098/rspa.2019.0251
https://doi.org/10.21468/SciPostPhys.9.6.087
https://doi.org/10.1103/PRXQuantum.3.020333
https://doi.org/10.1103/PRXQuantum.3.020333
https://doi.org/10.1103/PhysRevLett.128.050402
https://doi.org/10.1103/PhysRevA.106.042426
https://doi.org/10.1103/PhysRevA.107.022429
https://doi.org/10.1103/physreva.108.042407
https://doi.org/10.21468/SciPostPhys.15.4.131
https://doi.org/10.21468/SciPostPhys.15.4.131
https://doi.org/10.1103/PhysRevA.109.032403
https://doi.org/10.1103/PhysRevResearch.6.L042030
https://doi.org/10.1103/PRXQuantum.5.030332
https://doi.org/10.1103/PRXQuantum.5.030332
https://arxiv.org/abs/2502.01431
https://arxiv.org/abs/2502.01431
https://arxiv.org/abs/2502.01431
https://arxiv.org/abs/2502.01431
https://arxiv.org/abs/2502.01431
https://doi.org/10.1103/PhysRevLett.118.090501
https://doi.org/10.1103/PhysRevLett.118.090501
https://doi.org/10.1103/PhysRevLett.116.250501
https://doi.org/10.1103/PhysRevLett.116.250501
https://doi.org/10.1103/PhysRevX.6.021043
https://doi.org/10.1103/PhysRevX.6.021043
https://doi.org/10.22331/q-2019-09-02-181
https://doi.org/10.22331/q-2019-09-02-181
https://doi.org/10.22331/q-2019-04-08-132
https://doi.org/10.22331/q-2019-04-08-132
https://doi.org/10.1088/1367-2630/ab451d
https://doi.org/10.1088/1367-2630/ab451d
https://doi.org/10.1103/PhysRevLett.124.090505
https://doi.org/10.1103/PhysRevLett.124.090505
https://doi.org/10.22331/q-2021-02-24-400
https://doi.org/10.1103/PhysRevApplied.19.034052
https://doi.org/10.1103/PhysRevApplied.19.034052
https://doi.org/10.1103/PRXQuantum.4.010301
https://doi.org/10.1103/PRXQuantum.4.010301
https://doi.org/10.1103/PhysRevA.110.022436
https://doi.org/10.1103/PhysRevA.110.022436
https://doi.org/10.22331/q-2021-05-04-453
https://doi.org/10.1103/PhysRevB.98.205136
https://doi.org/10.1103/PhysRevB.98.205136


[56] A. Chan, R. M. Nandkishore, M. Pretko, and
G. Smith, Phys. Rev. B 99, 224307 (2019).

[57] B. Skinner, J. Ruhman, and A. Nahum, Phys.
Rev. X 9, 031009 (2019).

[58] M. Szyniszewski, A. Romito, and H. Schomerus,
Phys. Rev. B 100, 064204 (2019).

[59] A. C. Potter and R. Vasseur, in Quantum Sci-
ence and Technology (Springer International
Publishing, Cham, 2022) pp. 211–249.

[60] Y. Bao, S. Choi, and E. Altman, Ann. Phys.
435, 168618 (2021).

[61] A. Nahum and B. Skinner, Phys. Rev. Res. 2,
023288 (2020).

[62] X. Chen, Y. Li, M. P. A. Fisher, and A. Lucas,
Phys. Rev. Res. 2, 033017 (2020).

[63] Y. Li, X. Chen, and M. P. A. Fisher, Phys. Rev.
B 100, 134306 (2019).

[64] C.-M. Jian, Y.-Z. You, R. Vasseur, and
A. W. W. Ludwig, Phys. Rev. B 101, 104302
(2020).

[65] Y. Li, R. Vasseur, M. P. A. Fisher, and A. W.
W. Ludwig, Phys. Rev. B 109, 174307 (2024).

[66] M. Szyniszewski, A. Romito, and H. Schomerus,
Phys. Rev. Lett. 125, 210602 (2020).

[67] X. Turkeshi, R. Fazio, and M. Dalmonte, Phys.
Rev. B 102, 014315 (2020).

[68] O. Lunt, M. Szyniszewski, and A. Pal, Phys.
Rev. B 104, 155111 (2021).

[69] P. Sierant, M. Schirò, M. Lewenstein, and
X. Turkeshi, Phys. Rev. B 106, 214316 (2022).

[70] A. Nahum, S. Roy, B. Skinner, and J. Ruhman,
PRX Quantum 2, 010352 (2021).

[71] A. Zabalo, M. J. Gullans, J. H. Wilson,
S. Gopalakrishnan, D. A. Huse, and J. H. Pix-
ley, Phys. Rev. B 101, 060301 (2020).

[72] P. Sierant and X. Turkeshi, Phys. Rev. Lett.
128, 130605 (2022).

[73] G. Chiriacò, M. Tsitsishvili, D. Poletti, R. Fazio,
and M. Dalmonte, Phys. Rev. B 108, 075151
(2023).

[74] K. Klocke and M. Buchhold, Phys. Rev. X 13,
041028 (2023).

[75] X. Cao, A. Tilloy, and A. De Luca, SciPost
Phys. 7, 24 (2019).

[76] M. Buchhold, Y. Minoguchi, A. Altland, and
S. Diehl, Phys. Rev. X 11, 041004 (2021).

[77] C.-M. Jian, B. Bauer, A. Keselman, and
A. W. W. Ludwig, Phys. Rev. B 106, 134206
(2022).

[78] M. Coppola, E. Tirrito, D. Karevski, and
M. Collura, Phys. Rev. B 105, 094303 (2022).

[79] M. Fava, L. Piroli, T. Swann, D. Bernard, and
A. Nahum, Phys. Rev. X 13, 041045 (2023).

[80] I. Poboiko, P. Pöpperl, I. V. Gornyi, and A. D.
Mirlin, Phys. Rev. X 13, 041046 (2023).

[81] C.-M. Jian, H. Shapourian, B. Bauer, and
A. W. W. Ludwig, Measurement-induced entan-
glement transitions in quantum circuits of non-

interacting fermions: Born-rule versus forced
measurements (2023), preprint at: https://
arxiv.org/abs/2302.09094, arXiv:2302.09094
.

[82] J. Merritt and L. Fidkowski, Phys. Rev. B 107,
064303 (2023).

[83] O. Alberton, M. Buchhold, and S. Diehl, Phys.
Rev. Lett. 126, 170602 (2021).

[84] X. Turkeshi, A. Biella, R. Fazio, M. Dalmonte,
and M. Schirò, Phys. Rev. B 103, 224210 (2021).

[85] M. Szyniszewski, O. Lunt, and A. Pal, Phys.
Rev. B 108, 165126 (2023).

[86] X. Turkeshi, M. Dalmonte, R. Fazio, and
M. Schirò, Phys. Rev. B 105, L241114 (2021).

[87] G. Piccitto, A. Russomanno, and D. Rossini,
Phys. Rev. B 105, 064305 (2022).

[88] G. Piccitto, A. Russomanno, and D. Rossini,
Phys. Rev. B 106, 219901(E) (2022).

[89] E. Tirrito, A. Santini, R. Fazio, and M. Collura,
SciPost Phys. 15, 096 (2023).

[90] A. Paviglianiti and A. Silva, Phys. Rev. B 108,
184302 (2023).

[91] K. Chahine and M. Buchhold, Phys. Rev. B 110,
054313 (2024).

[92] G. Kells, D. Meidan, and A. Romito, SciPost
Phys. 14, 031 (2023).

[93] O. Lunt and A. Pal, Phys. Rev. Res. 2, 043072
(2020).

[94] D. Rossini and E. Vicari, Phys. Rev. B 102,
035119 (2020).

[95] Q. Tang and W. Zhu, Phys. Rev. Res. 2, 013022
(2020).

[96] Y. Fuji and Y. Ashida, Phys. Rev. B 102, 054302
(2020).

[97] P. Sierant, G. Chiriacò, F. M. Surace,
S. Sharma, X. Turkeshi, M. Dalmonte, R. Fazio,
and G. Pagano, Quantum 6, 638 (2022).

[98] E. V. H. Doggen, Y. Gefen, I. V. Gornyi, A. D.
Mirlin, and D. G. Polyakov, Phys. Rev. Res. 4,
023146 (2022).

[99] A. Altland, M. Buchhold, S. Diehl, and T. Mick-
litz, Phys. Rev. Res. 4, L022066 (2022).

[100] G. Passarelli, X. Turkeshi, A. Russomanno,
P. Lucignano, M. Schirò, and R. Fazio, Phys.
Rev. Lett. 132, 163401 (2024).

[101] A. Delmonte, Z. Li, G. Passarelli, E. Y.
Song, D. Barberena, A. M. Rey, and R. Fazio,
Measurement-induced phase transitions in mon-
itored infinite-range interacting systems (2024),
arXiv:2410.05394 [quant-ph] .

[102] M. J. Gullans and D. A. Huse, Phys. Rev. Lett.
125, 070606 (2020).

[103] M. J. Gullans and D. A. Huse, Phys. Rev. X 10,
041020 (2020).

[104] H. Lóio, A. De Luca, J. De Nardis, and
X. Turkeshi, Phys. Rev. B 108, L020306 (2023).

[105] S. Choi, Y. Bao, X.-L. Qi, and E. Altman, Phys.
Rev. Lett. 125, 030505 (2020).

Accepted in Quantum 2025-02-26, click title to verify. Published under CC-BY 4.0. 15

https://doi.org/10.1103/PhysRevB.99.224307
https://doi.org/10.1103/PhysRevX.9.031009
https://doi.org/10.1103/PhysRevX.9.031009
https://doi.org/10.1103/PhysRevB.100.064204
https://doi.org/10.1007/978-3-031-03998-0_9
https://doi.org/10.1007/978-3-031-03998-0_9
https://doi.org/10.1016/j.aop.2021.168618
https://doi.org/10.1016/j.aop.2021.168618
https://doi.org/10.1103/PhysRevResearch.2.023288
https://doi.org/10.1103/PhysRevResearch.2.023288
https://doi.org/10.1103/physrevresearch.2.033017
https://doi.org/10.1103/PhysRevB.100.134306
https://doi.org/10.1103/PhysRevB.100.134306
https://doi.org/10.1103/PhysRevB.101.104302
https://doi.org/10.1103/PhysRevB.101.104302
https://doi.org/10.1103/PhysRevB.109.174307
https://doi.org/10.1103/PhysRevLett.125.210602
https://doi.org/10.1103/PhysRevB.102.014315
https://doi.org/10.1103/PhysRevB.102.014315
https://doi.org/10.1103/PhysRevB.104.155111
https://doi.org/10.1103/PhysRevB.104.155111
https://doi.org/10.1103/PhysRevB.106.214316
https://doi.org/10.1103/PRXQuantum.2.010352
https://doi.org/10.1103/PhysRevB.101.060301
https://doi.org/10.1103/PhysRevLett.128.130605
https://doi.org/10.1103/PhysRevLett.128.130605
https://doi.org/10.1103/PhysRevB.108.075151
https://doi.org/10.1103/PhysRevB.108.075151
https://doi.org/10.1103/PhysRevX.13.041028
https://doi.org/10.1103/PhysRevX.13.041028
https://doi.org/10.21468/SciPostPhys.7.2.024
https://doi.org/10.21468/SciPostPhys.7.2.024
https://doi.org/10.1103/PhysRevX.11.041004
https://doi.org/10.1103/PhysRevB.106.134206
https://doi.org/10.1103/PhysRevB.106.134206
https://doi.org/10.1103/PhysRevB.105.094303
https://doi.org/10.1103/PhysRevX.13.041045
https://doi.org/10.1103/PhysRevX.13.041046
https://arxiv.org/abs/2302.09094
https://arxiv.org/abs/2302.09094
https://arxiv.org/abs/2302.09094
https://doi.org/10.1103/PhysRevB.107.064303
https://doi.org/10.1103/PhysRevB.107.064303
https://doi.org/10.1103/physrevlett.126.170602
https://doi.org/10.1103/physrevlett.126.170602
https://doi.org/10.1103/physrevb.103.224210
https://doi.org/10.1103/PhysRevB.108.165126
https://doi.org/10.1103/PhysRevB.108.165126
https://doi.org/10.1103/PhysRevB.105.L241114
https://doi.org/10.1103/PhysRevB.105.064305
https://doi.org/10.1103/PhysRevB.106.219901
https://doi.org/10.21468/SciPostPhys.15.3.096
https://doi.org/10.1103/PhysRevB.108.184302
https://doi.org/10.1103/PhysRevB.108.184302
https://doi.org/10.1103/PhysRevB.110.054313
https://doi.org/10.1103/PhysRevB.110.054313
https://doi.org/10.21468/scipostphys.14.3.031
https://doi.org/10.21468/scipostphys.14.3.031
https://doi.org/10.1103/PhysRevResearch.2.043072
https://doi.org/10.1103/PhysRevResearch.2.043072
https://doi.org/10.1103/PhysRevB.102.035119
https://doi.org/10.1103/PhysRevB.102.035119
https://doi.org/10.1103/PhysRevResearch.2.013022
https://doi.org/10.1103/PhysRevResearch.2.013022
https://doi.org/10.1103/PhysRevB.102.054302
https://doi.org/10.1103/PhysRevB.102.054302
https://doi.org/10.22331/q-2022-02-02-638
https://doi.org/10.1103/PhysRevResearch.4.023146
https://doi.org/10.1103/PhysRevResearch.4.023146
https://doi.org/10.1103/PhysRevResearch.4.L022066
https://doi.org/10.1103/PhysRevLett.132.163401
https://doi.org/10.1103/PhysRevLett.132.163401
https://arxiv.org/abs/2410.05394
https://arxiv.org/abs/2410.05394
https://arxiv.org/abs/2410.05394
https://doi.org/10.1103/PhysRevLett.125.070606
https://doi.org/10.1103/PhysRevLett.125.070606
https://doi.org/10.1103/PhysRevX.10.041020
https://doi.org/10.1103/PhysRevX.10.041020
https://doi.org/10.1103/PhysRevB.108.L020306
https://doi.org/10.1103/PhysRevLett.125.030505
https://doi.org/10.1103/PhysRevLett.125.030505


[106] Y. Bao, S. Choi, and E. Altman, Phys. Rev. B
101, 104301 (2020).

[107] Y. Bao, S. Choi, and E. Altman, Ann. Phys.
435, 168618 (2021).

[108] L. Fidkowski, J. Haah, and M. B. Hastings,
Quantum 5, 382 (2021).

[109] Y. Bao, M. Block, and E. Altman, Phys. Rev.
Lett. 132, 030401 (2024).

[110] F. Barratt, U. Agrawal, A. C. Potter,
S. Gopalakrishnan, and R. Vasseur, Phys. Rev.
Lett. 129, 200602 (2022).

[111] H. Dehghani, A. Lavasani, M. Hafezi, and M. J.
Gullans, Nat. Commun. 14, 2918 (2023).

[112] S. P. Kelly, U. Poschinger, F. Schmidt-Kaler,
M. P. A. Fisher, and J. Marino, SciPost Phys.
15, 250 (2023).

[113] M. Ippoliti, M. J. Gullans, S. Gopalakrishnan,
D. A. Huse, and V. Khemani, Phys. Rev. X 11,
011030 (2021).

[114] A. Sriram, T. Rakovszky, V. Khemani, and
M. Ippoliti, Phys. Rev. B 108, 094304 (2023).

[115] A. Russomanno, G. Piccitto, and D. Rossini,
Phys. Rev. B 108, 104313 (2023).

[116] G. Piccitto, D. Rossini, and A. Russomanno,
Eur. Phys. J. B 97, 90 (2024).

[117] F. Haake, M. Kuś, and R. Scharf, Z. Phys. B
Cond. Mat. 65, 381 (1987).

[118] H. Lipkin, N. Meshkov, and A. Glick, Nucl.
Phys. 62, 188 (1965).

[119] A. Russomanno, F. Iemini, M. Dalmonte, and
R. Fazio, Phys. Rev. B 95, 214307 (2017).

[120] A. Russomanno, R. Fazio, and G. E. Santoro,
Europhys. Lett. 110, 37005 (2015).

[121] F. Iemini, A. Russomanno, J. Keeling,
M. Schirò, M. Dalmonte, and R. Fazio, Phys.
Rev. Lett. 121, 035301 (2018).

[122] G. Passarelli, P. Lucignano, R. Fazio, and
A. Russomanno, Phys. Rev. B 106, 224308
(2022).

[123] B. Sciolla and G. Biroli, Phys. Rev. B 88,
201110(R) (2013).

[124] G. M. Zaslavsky, Phys. Lett. A 69, 145 (1978).
[125] A. Pikovsky and A. Politi, Lyapunov Exponents:

A Tool to Explore Complex Dynamics (Cam-
bridge University Press, Cambridge, 2016).

[126] G. Benettin, L. Galgani, and J.-M. Strelcyn,
Phys. Rev. A 14, 2338 (1976).

[127] R. Schubert, R. O. Vallejos, and F. Toscano, J.
Phys. A: Math. Theor. 45, 215307 (2012).

[128] S. Pappalardi, A. Russomanno, B. Žunkovič,
F. Iemini, A. Silva, and R. Fazio, Phys. Rev.
B 98, 134303 (2018).

[129] F. T. Arecchi, E. Courtens, R. Gilmore, and
H. Thomas, Phys. Rev. A 6, 2211 (1972).

[130] D. Gottesman, Stabilizer codes and quantum er-
ror correction, Ph.D. thesis, California Institute
of Technology (1997).

[131] S. Aaronson and D. Gottesman, Phys. Rev. A
70, 052328 (2004).

[132] M. Beverland, E. Campbell, M. Howard, and
V. Kliuchnikov, Quantum Sci. Technol. 5,
035009 (2020).

[133] X. Turkeshi, L. Piroli, and M. Schirò, Density
and current statistics in boundary-driven moni-
tored fermionic chains (2023), arXiv:2306.09893
[cond-mat.stat-mech] .

[134] E. Tirrito, P. S. Tarabunga, G. Lami,
T. Chanda, L. Leone, S. F. E. Oliviero, M. Dal-
monte, M. Collura, and A. Hamma, Phys. Rev.
A 109, L040401 (2024).

[135] M. A. Nielsen and I. L. Chuang, Quantum Com-
putation and Quantum Information: 10th An-
niversary Edition (Cambridge University Press,
Cambridge, UK, 2011).

Accepted in Quantum 2025-02-26, click title to verify. Published under CC-BY 4.0. 16

https://doi.org/10.1103/PhysRevB.101.104301
https://doi.org/10.1103/PhysRevB.101.104301
https://doi.org/10.1016/j.aop.2021.168618
https://doi.org/10.1016/j.aop.2021.168618
https://doi.org/10.22331/q-2021-01-17-382
https://doi.org/10.1103/PhysRevLett.132.030401
https://doi.org/10.1103/PhysRevLett.132.030401
https://doi.org/10.1103/PhysRevLett.129.200602
https://doi.org/10.1103/PhysRevLett.129.200602
https://doi.org/10.1038/s41467-023-37902-1
https://doi.org/10.21468/SciPostPhys.15.6.250
https://doi.org/10.21468/SciPostPhys.15.6.250
https://doi.org/10.1103/PhysRevX.11.011030
https://doi.org/10.1103/PhysRevX.11.011030
https://doi.org/10.1103/PhysRevB.108.094304
https://doi.org/10.1103/physrevb.108.104313
https://doi.org/10.1140/epjb/s10051-024-00725-0
https://doi.org/10.1007/BF01303727
https://doi.org/10.1007/BF01303727
https://doi.org/https://doi.org/10.1016/0029-5582(65)90862-X
https://doi.org/https://doi.org/10.1016/0029-5582(65)90862-X
https://doi.org/10.1103/PhysRevB.95.214307
https://doi.org/10.1209/0295-5075/110/37005
https://doi.org/10.1103/PhysRevLett.121.035301
https://doi.org/10.1103/PhysRevLett.121.035301
https://doi.org/10.1103/PhysRevB.106.224308
https://doi.org/10.1103/PhysRevB.106.224308
https://doi.org/10.1103/physrevb.88.201110
https://doi.org/10.1103/physrevb.88.201110
https://doi.org/10.1016/0375-9601(78)90195-0
https://doi.org/10.1017/CBO9781139343473
https://doi.org/10.1017/CBO9781139343473
https://doi.org/10.1103/PhysRevA.14.2338
https://doi.org/10.1088/1751-8113/45/21/215307
https://doi.org/10.1088/1751-8113/45/21/215307
https://doi.org/10.1103/PhysRevB.98.134303
https://doi.org/10.1103/PhysRevB.98.134303
https://doi.org/10.1103/PhysRevA.6.2211
https://doi.org/10.48550/arXiv.quant-ph/9705052
https://doi.org/10.1103/PhysRevA.70.052328
https://doi.org/10.1103/PhysRevA.70.052328
https://doi.org/10.1088/2058-9565/ab8963
https://doi.org/10.1088/2058-9565/ab8963
https://arxiv.org/abs/2306.09893
https://arxiv.org/abs/2306.09893
https://doi.org/10.1103/PhysRevA.109.L040401
https://doi.org/10.1103/PhysRevA.109.L040401

	Introduction
	Model
	Mean-field theory
	Phase portraits
	Largest Lyapunov exponent 

	Finite-size dynamics along quantum trajectories
	Nonstabilizerness
	Entanglement entropy
	Magnetization fluctuations

	Conclusions
	Acknowledgements
	Other probes of classical chaos
	Bifurcation diagrams
	Hausdorff dimension

	Additional numerical results
	Nonstabilizerness
	Entanglement entropy

	References

