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 A B S T R A C T

This paper presents an enhanced Reddy-type beam formulation for functionally graded materials, in which 
the mechanical properties vary continuously through the beam thickness. The proposed model extends the 
classical third-order shear deformation Reddy beam by introducing additional kinematic fields that allow for 
the transverse contractions and expansions of the beam cross section. The governing equations are derived 
in a variational form, from which the energetically conjugate generalised stresses, distributed loads and 
concentrated forces are consistently defined. The constitutive model for functionally graded materials is 
formulated by deriving analytical expressions for the entries of the local stiffness tensor, i.e. the higher-order 
elastic moments, employing an arbitrary polynomial variation of the Young modulus along the beam thickness. 
The elastic equilibrium equations are consistently derived and the analysis of the functionally graded beam 
is conducted by formulating a one-dimensional two-node finite element, with linear and cubic Hermite shape 
functions, for which the displacement and strain operators are explicitly derived and expressed in matrix 
form. Numerical investigations are carried out on both homogeneous and functionally graded beams. The 
proposed beam model successfully reproduces the nonlinear stress distributions along the thickness associated 
with the enriched kinematics and accurately captures localised boundary effects induced by external loads 
and constraints, yielding a richer and more physically consistent stress state compared to conventional beam 
models. Comparisons with two-dimensional continuum finite element analyses and benchmark results from 
the literature confirm the accuracy, robustness and predictive capabilities of the proposed model.

1. Introduction

Functionally graded materials (FGMs) are a class of advanced composite materials characterised by a smooth and continuous spatial variation 
of their microstructure and of their mechanical properties along one or more directions. Originally conceived in Japan in the 1980s to mitigate 
delamination problems in thermal barrier coatings for rocket engines (Hirai and Chen, 1999), FGMs have since evolved into a versatile solution 
for a wide range of structural applications.

The continuous variation of material properties along a preferred direction, which characterises FGMs, eliminates the abrupt material interfaces 
that are typical of laminated composites, thereby significantly reducing interfacial stress concentrations and enhancing structural integrity (Jin 
et al., 2019). This smooth gradation enables the tailoring of the material response during the design stage, allowing engineers to achieve desired 
distributions of stiffness, strength, thermal conductivity or even acoustic impedance within a single continuous medium (Chen et al., 2025).

Such unique characteristics make FGMs attractive for modern engineering systems that demand both structural performance and functional 
adaptability. In recent years, FGMs have found widespread applications as load-bearing or protective components across several fields, including 
civil engineering (Zhang et al., 2025), automotive design (Woodward and Kashtalyan, 2012), aerospace structures (Van Huong et al., 2025; Shao 
et al., 2025) and defence technologies (Zhang and Yuan, 2025; Liu et al., 2025). For instance, bamboo-inspired graded aluminum foams have 
demonstrated remarkable improvements in mechanical strength and thermal insulation (Zhang et al., 2025), while FGM-based aerospace panels 
and shells have exhibited superior thermal stability, vibration performance and impact resistance (Van Huong et al., 2025; Shao et al., 2025; Zhang 
and Yuan, 2025).

The mechanical behaviour of functionally graded beams has been extensively investigated over the past decades through various theories that 
can be generally classified into three main categories. The classical beam theory (CBT), also known as the Euler–Bernoulli beam theory, assumes 
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that plane cross sections normal to the mid-plane before deformation remain plane and normal after deformation (Love, 2013). Although simple, 
this beam theory becomes inaccurate for thick beams, as the model neglects transverse shear deformation. To address this limitation, the first-
order shear deformation theory (FSDT), commonly referred to as the Timoshenko beam theory, was introduced to account for shear deformation. 
However, in the FSDT, the transverse shear stress through the beam thickness is only represented as a constant. To account for the inaccuracy in 
predicting the transverse shear force magnitude, and not to correct the shear stress distribution itself to satisfy the stress-free boundary conditions, 
a shear correction factor must be introduced (Reddy, 2022).

To further enhance the accuracy, higher-order shear deformation theories (HSDTs) have been developed, in which the transverse shear stresses 
vary nonlinearly across the thickness without requiring shear correction factors (Ruocco and Reddy, 2023a). These models provide more realistic 
predictions of the beam kinematics and stress fields, particularly for moderately thick and functionally graded structures. Several analytical and 
numerical formulations have been proposed within in this context, employing classical solution techniques such as the Levy, Navier and Galerkin 
methods or finite element approaches. Notable examples include the trigonometric theories proposed by Touratier (1991), Nguyen et al. (2014) 
and Mantari et al. (2012); the hyperbolic models developed by Soldatos (1992), Mahi et al. (2015) and Grover et al. (2013); and the exponential 
shear deformation theory formulated by Karama et al. (2003). A unified formulation was later introduced by Carrera (2003) and further applied 
to FGM beams by Filippi et al. (2015). Among the various third-order theories, Reddy’s variationally consistent third-order shear deformation 
model (Reddy, 1984; Heyliger and Reddy, 1988; Reddy, 2022) remains one of the most widely used in the literature due to its balance between 
accuracy and analytical tractability.

Early contributions mainly addressed the static and dynamic response of linear FG beams, considering both homogeneous and graded 
materials (Aydogdu and Taskin, 2007; Kadoli et al., 2008; Ying et al., 2008). Specifically, Aydogdu and Taskin (2007) employed the Timoshenko 
beam theory to perform free vibration analyses of FG beams with simply supported boundaries, highlighting the influence of shear deformation and 
material gradation on natural frequencies. Kadoli et al. (2008) adopted a higher-order shear deformation beam model to study the static bending 
response under mechanical loading, while Ying et al. (2008) provided exact two-dimensional elasticity solutions for FG beams resting on elastic 
foundations, offering benchmark results for assessing the accuracy of one-dimensional formulations.

In recent years, the FEM has proven to be a highly versatile tool and has been extensively applied to analyse the complex mechanical, 
dynamic and stability behaviour of advanced functionally graded, porous and nanocomposite structures under various loading and boundary 
conditions (Bousmaha et al., 2025; Meftah et al., 2024; Tounsi et al., 2026; Belabed et al., 2024b; Lakhdar et al., 2024; Youzera et al., 2025; 
Belabed et al., 2024a). Subsequent studies expanded the analysis to include temperature-dependent effects, general boundary conditions, nonlocal 
integral elasticity and variations of material properties along the beam thickness (Mahi et al., 2010; Murin et al., 2010; Vaccaro et al., 2022; Simsek, 
2010).

Further contributions have compared the predictions of Euler–Bernoulli, Timoshenko and generalised Reddy-type theories, providing analytical 
or semi-analytical solutions for bending and vibration problems. For instance, the free vibration and buckling behaviour of FG Euler–Bernoulli 
columns subjected to axial compressive force have been analysed by Lee and Lee (2019). Pradhan and Chakraverty (2013) have investigated the 
free vibration behaviour of Euler–Bernoulli and Timoshenko FG beams by means of the Rayleigh–Ritz method, offering reference results for a 
wide range of boundary conditions. Fu et al. (2013) have examined the thermal buckling response of FG beams containing longitudinal cracks, 
highlighting the sensitivity of critical loads to the material gradation and crack depth. Li and Batra (2013) have established analytical relations 
between the buckling loads of FG Timoshenko and homogeneous Euler–Bernoulli beams, while Li et al. (2013) have derived closed-form bending 
solutions for FG Timoshenko beams from those of homogeneous counterparts, thus providing useful transformation formulas between different 
beam models. Ruocco et al. (2021) and Ruocco and Reddy (2022) have proposed a homogeneous five-parameter Timoshenko beam model to 
capture linear and nonlinear behaviour and Poisson-induced coupling mechanisms.

In the afore-cited papers, the effective material properties of FGMs are usually assumed to obey the Voigt model. Although the Voigt model 
has been adopted in most analyses of FGM structures (Shen, 2009), doubts remain regarding the accuracy of applying the Voigt model in bending, 
buckling and vibration analyses of structures made of FGMs (Shen and Wang, 2014).

Recently, Pellecchia et al. (2024) have derived analytical expressions for evaluating the inertia properties of functionally graded two-dimensional 
domains and axisymmetric solids along arbitrary directions. These solutions, obtained for polynomial, exponential and quadratic distributions of 
material properties, provide a general and flexible framework for the accurate computation of effective stiffness quantities. This analytical approach 
can be naturally extended to the case of functionally graded beams, allowing for the adoption of more general and physically consistent material 
gradations within the beam’s cross section.

The main novelties and original contributions of the present paper can be summarised as follows: we extend and develop in a consistent 
manner the enriched version of the classical homogeneous Reddy beam model (Reddy, 2022; Ruocco et al., 2025) in which additional kinematic 
fields are taken into account for the thickness stretch of the beam cross section. Specifically, the model is here further extended by formulating 
the constitutive model for functionally graded materials by deriving analytical expressions for the local stiffness tensor and its higher-order elastic 
moments, allowing for an arbitrary polynomial variation of the Young modulus along the beam thickness. Indeed, the inclusion of the thickness 
stretching effect becomes physically important, thereby justifying the adoption of this enhanced formulation over classical or standard higher-order 
theories, for instance for thick FG structures (Carrera et al., 2011; Thai and Kim, 2013; Vo et al., 2015; Akavci and Tanrikulu, 2015) where, as 
noted by Reddy (2017) Sec. 2.5.3, classical beam theory solutions ‘‘are in error compared with the plane elasticity solution (primarily because of 
the Poisson effect)’’. Finally, accounting for thickness stretching is critical in the presence of localised loads and constrained boundaries, where 
complex localised 3D stress states arise, making the evaluation of the transverse normal strain essential.

In summary, the primary advantages of the proposed model are twofold. First, it systematically overcomes the kinematic limitations associated 
with an undeformable cross-section assumption, accurately predicting transverse normal stresses and capturing the Poisson effect without 
requiring ad-hoc correction factors. Second, compared to full 3D solid models, this variationally consistent 1D formulation drastically reduces 
the computational effort while maintaining a comparable level of accuracy in evaluating complex, localised stress fields in functionally graded 
structures.

The corresponding elastic equilibrium equations are derived in a consistent manner by employing variational principle. The analysis of the FG 
beam is carried out using the finite element method using a one-dimensional two-node element, with linear and cubic Hermite shape functions. The 
displacement and strain operators are explicitly derived and expressed in matrix form, ensuring full compatibility with the variational formulation.

A comprehensive numerical assessment is carried out on both homogeneous and FG beams. The proposed model accurately reproduces the 
nonlinear stress distributions associated with material gradation and successfully captures local boundary effects induced by external loads and 
2 
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Fig. 1. Geometry of the Reddy beam model of length 𝐿 having rectangular cross section. The three-dimensional solid domain is denoted by 𝛴, while 𝛺 represents 
the two-dimensional cross section domain. The position vector 𝝆 identifies a generic point 𝑃  within the beam. The geometric centroid of the cross section is 
indicated by 𝐶𝐺.

constraints, resulting in a richer and more physically consistent stress field compared to conventional beam models. Comparisons with two-
dimensional continuum finite element analyses and benchmark results from the literature (Li et al., 2019; Ruocco and Reddy, 2023b; Müsevitoğlu 
et al., 2025) confirm the accuracy, robustness and predictive capability of the proposed formulation.

From a practical engineering standpoint, the proposed model provides a computationally efficient and accurate tool for the design and structural 
optimisation of advanced FGM components. Typical practical applications include aerospace engineering, e.g., thermal protection systems and 
rocket engine components and naval architecture.

The paper is organised as follows. A brief overview of the geometry and kinematic equations of the classical Reddy beam is presented in 
Section 2. Subsequently, the enriched kinematics of the enhanced Reddy beam model is shown in Section 3, where the local equilibrium equations 
and their corresponding boundary conditions are derived in a variationally consistent form. In Section 4, the constitutive equations for FGMs 
are formulated and analytical expressions are derived for the entries of the local stiffness tensor. Section 5 presents the derivation of the elastic 
equilibrium equations, while Section 6 details their finite element formulation based on one-dimensional beam elements. Lastly, Section 7 discusses 
several numerical examples illustrating the performance and accuracy of the proposed formulation while the main conclusions are summarised in 
Section 8.

2. Geometry and kinematics of the classical Reddy beam model

Let 𝝆 be the position vector that identifies an arbitrary point 𝑃  within the three-dimensional beam model having the shape of a right prism of 
length 𝐿 with a rectangular cross section modelled as a two-dimensional domain 𝛺. The overall domain of the solid is defined as 𝛴 = 𝛺×

[

−𝐿
2 ,

𝐿
2

]

. A 
Cartesian reference frame is adopted such that the 𝑥-axis, oriented along the longitudinal axis of the beam, is centred at the midspan and coincides 
with the locus of the geometric centroids of the cross sections, while the 𝑦- and 𝑧-axes belong to the cross section, see Fig.  1. The displacements 
vector field of the Reddy third-order beam 𝐮𝑅(𝝆) reads (Heyliger and Reddy, 1988) 

[𝐮𝑅(𝝆)] =
⎡

⎢

⎢

⎣

𝑢𝑅𝑥 (𝝆)
𝑢𝑅𝑦 (𝝆)
𝑢𝑅𝑧 (𝝆)

⎤

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

𝑤(𝑥) − 𝑦𝜙(𝑥) + 𝑦2 𝜁 (𝑥) + 𝑦3 𝜆(𝑥)
𝑣(𝑥)
0

⎤

⎥

⎥

⎦

, (1)

where 𝑤(𝑥) and 𝑣(𝑥) are the cross section displacements along the 𝑥 and 𝑦-axes, respectively, while 𝜙(𝑥), 𝜁 (𝑥) and 𝜆(𝑥) are defined as 

𝜙(𝑥) = −𝜕𝑦 (𝑢𝑅𝑥 )
|

|

|𝑦=0
, 𝜁 (𝑥) = 1

2! 𝜕
2
𝑦 (𝑢

𝑅
𝑥 )
|

|

|𝑦=0
and 𝜆(𝑥) = 1

3! 𝜕
3
𝑦 (𝑢

𝑅
𝑥 )
|

|

|𝑦=0
, (2)

in which 𝜕𝑛𝑗 (∙) = 𝜕𝑛(∙)∕𝜕𝑗𝑛. Notice that the displacement component 𝑢𝑅𝑧 (𝝆) in Eq. (1) is constrained to be zero in order to prevent bending in the 
𝑥 − 𝑧 plane.

The components of the infinitesimal strain tensor are obtained by invoking kinematic compatibility of the displacements field providing 

[𝜺𝑅(𝝆)] =
⎡

⎢

⎢

⎢

⎣

𝜀𝑅𝑥 (𝝆)

𝜀𝑅𝑦 (𝝆)

𝛾𝑅𝑦𝑥(𝝆)

⎤

⎥

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

𝑤′(𝑥) − 𝑦𝜙′(𝑥) + 𝑦2 𝜁 ′(𝑥) + 𝑦3 𝜆′(𝑥)
0

𝑣′(𝑥) − 𝜙(𝑥) + 2 𝑦 𝜁 (𝑥) + 3 𝑦2 𝜆(𝑥)

⎤

⎥

⎥

⎦

, (3)

where (∙)′ [(∙)′′] stands for first [second] derivative along the 𝑥-axis.
The quantities scaling the quadratic and cubic terms of 𝑢𝑅𝑥 (𝝆) in Eq. (1), namely 𝜁 (𝑥) and 𝜆(𝑥), are obtained by imposing the vanishing of shear 

strain at the top and bottom surfaces of the beam, i.e. 𝛾𝑅𝑥𝑦(±ℎ∕2) = 0, with ℎ the height of the cross section, yielding 

𝜁 (𝑥) = 0 and 𝜆(𝑥) = 𝛼
(

𝜙(𝑥) − 𝑣′(𝑥)
)

, (4)

where 𝛼 = 4∕(3ℎ2). Hence, enforcing the vanishing of the shear strain at the top and bottom surfaces of the cross section reduces the number of 
unknowns, since the variable 𝜁 (𝑥) disappears while 𝜆(𝑥) is expressed as function of 𝜙(𝑥) and 𝑣′(𝑥).

Consequently, unlike the Timoshenko beam theory that assumes a uniform shear strain distribution and thus requires the introduction of a shear 
correction factor, the third-order beam theory captures the correct shear strain profile, eliminating the need for such correction factor.
3 
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The displacements field (1) can be rewritten in the following way 

[𝐮𝑅(𝝆)] =
⎡

⎢

⎢

⎣

𝑤(𝑥) − 𝑦𝜙(𝑥) + 𝑦3 𝛼
(

𝜙(𝑥) − 𝑣′(𝑥)
)

𝑣(𝑥)
0

⎤

⎥

⎥

⎦

, (5)

and the strains field (3) as 

[𝜺𝑅(𝝆)] =
⎡

⎢

⎢

⎢

⎣

𝑤′(𝑥) − 𝑦𝜙′(𝑥) + 𝑦3 𝛼
(

𝜙′(𝑥) − 𝑣′′(𝑥)
)

0
(𝛽 𝑦2 − 1)

(

𝜙(𝑥) − 𝑣′(𝑥)
)

⎤

⎥

⎥

⎥

⎦

, (6)

where 𝛽 = 3 𝛼.
In the next Section, we introduce a novel third-order beam theory derived from the classical Reddy beam model, featuring an enriched kinematics 

capable of accounting for thickness stretch.

3. Kinematics and equilibrium equations of the proposed third-order beam model

In order to account for thickness stretch, the kinematics of the proposed model is obtained by supplementing the displacement field 𝐮𝑅(𝝆)
considered in the previous Section with two further addends 

[𝐮(𝝆)] =
⎡

⎢

⎢

⎣

𝑢𝑥(𝝆)
𝑢𝑦(𝝆)
𝑢𝑧(𝝆)

⎤

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

𝑤(𝑥) − 𝑦𝜙(𝑥) + 𝑦2 𝜁 (𝑥) + 𝑦3 𝜆(𝑥)
𝑣(𝑥) + 𝑦 𝜃(𝑥) + 𝑦2 𝜓(𝑥)

0

⎤

⎥

⎥

⎦

. (7)

Specifically, the linear and quadratic terms defined as 

𝜃(𝑥) = 𝜕𝑦 (𝑢𝑦)
|

|

|𝑦=0
and 𝜓(𝑥) = 1

2! 𝜕
2
𝑦 (𝑢𝑦)

|

|

|𝑦=0
, (8)

are responsible for the stretching of the beam cross section, thus allowing for expansion or contraction along the 𝑦-axis.
Hence, the components of the infinitesimal shear strain based on the displacement field in Eq. (7) are given by 

[𝜺(𝝆)] =
⎡

⎢

⎢

⎣

𝜀𝑥(𝝆)
𝜀𝑦(𝝆)
𝛾𝑦𝑥(𝝆)

⎤

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

𝑤′(𝑥) − 𝑦𝜙′(𝑥) + 𝑦2 𝜁 ′(𝑥) + 𝑦3 𝜆′(𝑥)
𝜃(𝑥) + 2 𝑦𝜓(𝑥)

(

𝑣′(𝑥) − 𝜙(𝑥)
)

+ 𝑦
(

2 𝜁 (𝑥) + 𝜃′(𝑥)
)

+ 𝑦2
(

3 𝜆(𝑥) + 𝜓 ′(𝑥)
)

⎤

⎥

⎥

⎦

. (9)

Analogously to the classical Reddy beam model, the parameters 𝜁 (𝑥) and 𝜆(𝑥) are obtained by imposing the vanishing of the shear strain 𝛾𝑦𝑥 at 
the boundary of the beam cross section; this yields 

𝜁 (𝑥) = −
𝜃′(𝑥)
2 and 𝜆(𝑥) = 𝛼

(

𝜙(𝑥) − 𝑣′(𝑥)
)

−
𝜓 ′(𝑥)
3 . (10)

so that, the displacement field (7) becomes 

[𝐮(𝝆)] =
⎡

⎢

⎢

⎢

⎣

𝑤(𝑥) − 𝑦𝜙(𝑥) − 𝑦2
𝜃′(𝑥)
2 + 𝑦3

(

𝛼
(

𝜙(𝑥) − 𝑣′(𝑥)
)

−
𝜓 ′(𝑥)
3

)

𝑣(𝑥) + 𝑦 𝜃(𝑥) + 𝑦2 𝜓(𝑥)
0

⎤

⎥

⎥

⎥

⎦

. (11)

By specialising the strain field (9) as 

[𝜺(𝝆)] =

⎡

⎢

⎢

⎢

⎢

⎣

𝑤′(𝑥) − 𝑦𝜙′(𝑥) − 𝑦2
𝜃′′(𝑥)
2 + 𝑦3

[

𝛼
(

𝜙′(𝑥) − 𝑣′′(𝑥)
)

−
𝜓 ′′(𝑥)
3

]

𝜃(𝑥) + 2 𝑦𝜓(𝑥)
(𝛽 𝑦2 − 1)

(

𝜙(𝑥) − 𝑣′(𝑥)
)

⎤

⎥

⎥

⎥

⎥

⎦

, (12)

and comparing it with that associated with the Reddy beam model in Eq. (6), we notice that the axial strain 𝜀𝑥 is enriched with new additional 
terms while 𝜀𝑦 is no longer zero. Conversely, 𝛾𝑦𝑥 remains the same for the two models, as the terms 𝜃′(𝑥) and 𝜓 ′(𝑥) exactly cancel out upon enforcing 
the zero-shear-strain boundary conditions at the top and bottom surfaces.

3.1. Derivation of the local equilibrium equations by variational principle

The local equilibrium equations and the associated boundary conditions are derived by invoking the variational equilibrium condition. To this 
end, we first establish the expressions for the internal and external work.

Assuming plane stress at each point of the beam, i.e. 

𝜎𝑧(𝝆) = 𝜏𝑥𝑧(𝝆) = 𝜏𝑦𝑧(𝝆) = 0, (13)

the non-zero components of the Cauchy stress tensor can be collected in a vector, e.g. [𝝈(𝝆)] = [𝜎𝑥(𝝆), 𝜎𝑦(𝝆), 𝜏𝑦𝑥(𝝆)]𝑇 .
The internal work 

𝑊𝐼 = ∫

𝐿
2

𝐿 ∫ 𝜎𝑥(𝝆) 𝜀𝑥(𝝆) d𝐴 d𝑥 + ∫

𝐿
2

𝐿 ∫ 𝜎𝑦(𝝆) 𝜀𝑦(𝝆) d𝐴 d𝑥 + ∫

𝐿
2

𝐿 ∫ 𝜏𝑦𝑥(𝝆) 𝛾𝑦𝑥(𝝆) d𝐴 d𝑥 (14)

− 2 𝛺 − 2 𝛺 − 2 𝛺

4 
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can be rewritten by expressing the strain components as function of the generalised displacement components of Eq. (12), furnishing 

𝑊𝐼 = ∫

𝐿
2

− 𝐿
2
∫𝛺

𝜎𝑥(𝝆) d𝐴𝑤′(𝑥) d𝑥 + ∫

𝐿
2

− 𝐿
2
∫𝛺

−𝜎𝑥(𝝆) 𝑦 d𝐴𝜙′(𝑥) d𝑥 + ∫

𝐿
2

− 𝐿
2
∫𝛺

−𝜎𝑥(𝝆) 𝑦2 d𝐴
𝜃′′(𝑥)
2 d𝑥

+ ∫

𝐿
2

− 𝐿
2
∫𝛺

𝜎𝑥(𝝆) 𝑦3 d𝐴
[

𝛼
(

𝜙′(𝑥) − 𝑣′′(𝑥)
)

−
𝜓 ′′(𝑥)
3

]

d𝑥

+ ∫

𝐿
2

− 𝐿
2
∫𝛺

𝜎𝑦(𝝆) d𝐴𝜃(𝑥) d𝑥 + ∫

𝐿
2

− 𝐿
2
∫𝛺

𝜎𝑦(𝝆) 𝑦 d𝐴2𝜓(𝑥) d𝑥

+ ∫

𝐿
2

− 𝐿
2
∫𝛺

−𝜏𝑦𝑥(𝝆) d𝐴
(

𝜙(𝑥) − 𝑣′(𝑥)
)

d𝑥 + ∫

𝐿
2

− 𝐿
2
∫𝛺

𝜏𝑦𝑥(𝝆) 𝑦2 d𝐴𝛽
(

𝜙(𝑥) − 𝑣′(𝑥)
)

d𝑥.

(15)

It is worth noting that the collection of the generalised displacement components in Eq. (15) is in accordance with the classical definitions of 
generalised strain and stress resultants in Euler–Bernoulli and Timoshenko beam theories. Specifically, each term in the internal work expression 
corresponds to the product of a section-level strain, i.e. axial strain, bending strain and shear strain, and the associated stress resultant, i.e. the 
integral of the stress distribution along the thickness coordinate 𝑦. This consistency underscores how the enhanced Reddy model naturally extends 
these classical and first-order beam theories while preserving their fundamental variational structure.

Hence, the resultant stresses and their kinematic duals may be stored in the following two vectors 

[𝝈𝛺(𝑥)] = ∫𝛺

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝜎𝑥(𝝆)
𝜎𝑥(𝝆) 𝑦
𝜎𝑥(𝝆) 𝑦2
𝜎𝑥(𝝆) 𝑦3
𝜎𝑦(𝝆)
𝜎𝑦(𝝆) 𝑦
𝜏𝑦𝑥(𝝆)
𝜏𝑦𝑥(𝝆) 𝑦2

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

d𝐴 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑀0(𝑥)
−𝑀1(𝑥)
−𝑀2(𝑥)
𝑀3(𝑥)
𝑀̂0(𝑥)
𝑀̂1(𝑥)
−𝑇0(𝑥)
𝑇2(𝑥)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, [𝜺𝛺(𝑥)] =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑤′(𝑥)
𝜙′(𝑥)
𝜃′′(𝑥)
2

𝛼
(

𝜙′(𝑥) − 𝑣′′(𝑥)
)

−
𝜓 ′′(𝑥)
3

𝜃(𝑥)
2𝜓(𝑥)

𝜙(𝑥) − 𝑣′(𝑥)
𝛽 (𝜙(𝑥) − 𝑣′(𝑥))

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝜀0(𝑥)
𝜀1(𝑥)
𝜀2(𝑥)
𝜀3(𝑥)
𝜀̂0(𝑥)
𝜀̂1(𝑥)
𝛾0(𝑥)
𝛾2(𝑥)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (16)

where 𝝈𝛺(𝑥) and 𝜺𝛺(𝑥) are the vectors of the generalised stress and strain, respectively.
Among these, 𝑀0, 𝑀1 and 𝑇0 correspond to the classical Timoshenko stress resultants, namely the axial force, bending moment and shear 

force, associated with the axial strain 𝜀0, bending curvature 𝜀1 and shear strain 𝛾0, respectively. The additional resultants 𝑀2, 𝑀3, 𝑀̂0, 𝑀̂1 and 
𝑇2, together with their kinematic duals, are novel contributions introduced by the present model. These arise from the enriched kinematics and 
the inclusion of the transverse normal stress 𝜎𝑦, which is typically neglected in the classical Reddy theory (Reddy, 2017).

Employing integration by parts in Eq. (15) and collecting the coefficients of the generalised displacements as well as 𝑣′(𝑥), 𝜃′(𝑥) and 𝜓 ′(𝑥), we 
obtain 

𝑊𝐼 = −∫

𝐿
2

− 𝐿
2

𝑀 ′
0(𝑥)𝑤(𝑥) d𝑥 +𝑀0(𝑥)𝑤(𝑥)

|

|

|

|

𝐿
2

− 𝐿
2

− ∫

𝐿
2

− 𝐿
2

(

𝛼𝑀 ′′
3 (𝑥) + 𝑇

′
0(𝑥) − 𝛽 𝑇

′
2(𝑥)

)

𝑣(𝑥) d𝑥 +
(

𝛼𝑀 ′
3(𝑥) + 𝑇0(𝑥) − 𝛽 𝑇2(𝑥)

)

𝑣(𝑥)
|

|

|

|

𝐿
2

− 𝐿
2

+ ∫

𝐿
2

− 𝐿
2

(

𝑀 ′
1(𝑥) − 𝛼𝑀

′
3(𝑥) − 𝑇0(𝑥) + 𝛽 𝑇2(𝑥)

)

𝜙(𝑥) d𝑥 +
(

−𝑀1(𝑥) + 𝛼𝑀3(𝑥)
)

𝜙(𝑥)
|

|

|

|

𝐿
2

− 𝐿
2

+ ∫

𝐿
2

− 𝐿
2

(

−
𝑀 ′′
2 (𝑥)
2 + 𝑀̂0(𝑥)

)

𝜃(𝑥) d𝑥 +
𝑀 ′
2(𝑥)
2 𝜃(𝑥)

|

|

|

|

𝐿
2

− 𝐿
2

− ∫

𝐿
2

− 𝐿
2

(

𝑀 ′′
3 (𝑥)
3 − 2 𝑀̂1(𝑥)

)

𝜓(𝑥) d𝑥 +
𝑀 ′
3(𝑥𝑖)
3 𝜓(𝑥)

|

|

|

|

𝐿
2

− 𝐿
2

− 𝛼𝑀3(𝑥) 𝑣′(𝑥)
|

|

|

|

𝐿
2

− 𝐿
2

−
𝑀2(𝑥)
2 𝜃′(𝑥)

|

|

|

|

𝐿
2

− 𝐿
2

−
𝑀3(𝑥)
3 𝜓 ′(𝑥)

|

|

|

|

𝐿
2

− 𝐿
2

.

(17)

The expression of the external work is obtained by first defining the concentrated forces F𝑤, F𝑣, F𝜙, F𝜃 , F𝜓 , F𝑣′ , F𝜃′  and F𝜓 ′  of the proposed 
model derived upon examining the boundary terms in Eq. (17). The subscripts of those forces identify the relevant duality pairs of the kinematic 
parameters.

Furthermore, let 𝑞𝑤(𝑥), 𝑞𝑣(𝑥), 𝑞𝜙(𝑥), 𝑞𝜃(𝑥) and 𝑞𝜓 (𝑥) be the distributed loads associated with the generalised displacement field. Finally, the 
external work is given by 

𝑊𝐸 = ∫

𝐿
2

− 𝐿
2

𝑞𝑤(𝑥)𝑤(𝑥) d𝑥 + ∫

𝐿
2

− 𝐿
2

𝑞𝑣(𝑥) 𝑣(𝑥) d𝑥 + ∫

𝐿
2

− 𝐿
2

𝑞𝜙(𝑥)𝜙(𝑥) d𝑥 + ∫

𝐿
2

− 𝐿
2

𝑞𝜃(𝑥) 𝜃(𝑥) d𝑥 + ∫

𝐿
2

− 𝐿
2

𝑞𝜓 (𝑥)𝜓(𝑥) d𝑥

+ F𝑤(𝑥𝑖)𝑤(𝑥𝑖) + F𝑣(𝑥𝑖) 𝑣(𝑥𝑖) + F𝜙(𝑥𝑖)𝜙(𝑥𝑖) + F𝜃(𝑥𝑖) 𝜃(𝑥𝑖) + F𝜓 (𝑥𝑖)𝜓(𝑥𝑖) + F𝑣′ (𝑥𝑖) 𝑣′(𝑥𝑖) + F𝜃′ (𝑥𝑖) 𝜃′(𝑥𝑖) + F𝜓 ′ (𝑥𝑖)𝜓 ′(𝑥𝑖),

(18)

where 𝑖 = {1,2 } with 𝑥1 = −𝐿∕2, 𝑥2 = 𝐿∕2.
5 
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Therefore, using the variational equilibrium condition and the fundamental lemma of the calculus of variations, we obtain the following local 
equilibrium equations 

𝑀 ′
0(𝑥) + 𝑞𝑤(𝑥) = 0, (19a)

𝛼𝑀 ′′
3 (𝑥) + 𝑇

′
0(𝑥) − 𝛽 𝑇

′
2(𝑥) + 𝑞𝑣(𝑥) = 0, (19b)

𝑀 ′
1(𝑥) − 𝛼𝑀

′
3(𝑥) − 𝑇0(𝑥) + 𝛽 𝑇2(𝑥) − 𝑞𝜙(𝑥) = 0, (19c)

𝑀 ′′
2 (𝑥)
2 − 𝑀̂0(𝑥) + 𝑞𝜃(𝑥) = 0, (19d)

−
𝑀 ′′
3 (𝑥)
3 + 2 𝑀̂1(𝑥) − 𝑞𝜓 (𝑥) = 0, (19e)

equipped with the following boundary conditions 

𝑀0(𝑥𝑖) = 𝑛𝑖 F𝑤(𝑥𝑖), (20a)

𝛼𝑀 ′
3(𝑥𝑖) + 𝑇0(𝑥𝑖) − 𝛽 𝑇2(𝑥𝑖) = 𝑛𝑖 F𝑣(𝑥𝑖), (20b)

−𝑀1(𝑥𝑖) + 𝛼𝑀3(𝑥𝑖) = 𝑛𝑖 F𝜙(𝑥𝑖), (20c)
𝑀 ′
2(𝑥𝑖)
2 = 𝑛𝑖 F𝜃(𝑥𝑖), (20d)

𝑀 ′
3(𝑥𝑖)
3 = 𝑛𝑖 F𝜓 (𝑥𝑖), (20e)

− 𝛼𝑀3(𝑥𝑖) = 𝑛𝑖 F𝑣′ (𝑥𝑖), (20f)

−
𝑀2(𝑥𝑖)
2 = 𝑛𝑖 F𝜃′ (𝑥𝑖), (20g)

−
𝑀3(𝑥𝑖)
3 = 𝑛𝑖 F𝜓 ′ (𝑥𝑖), (20h)

where 𝑛1 = −1, 𝑛2 = 1.

4. Constitutive equations for linear elasticity and functionally graded Young modulus

We assume that the beam is composed of a functionally graded material (FGM) characterised by a Young modulus 𝐸 that varies along the cross 
section thickness, identified by the 𝑦-axis, according to the following polynomial relationship (Shen, 2009): 

𝐸(𝑦) =
𝑚
∑

𝑞=0
𝐸𝑞 𝑦

𝑞 , (21)

where 𝐸0, 𝐸1, … , 𝐸𝑚 are real coefficients and 𝑚 is a non-negative integer. The assumption that the Young’s modulus varies solely along the 
𝑦-direction, i.e., across the thickness of the beam cross section, ensures that the bending of the beam is constrained to the 𝑥–𝑦 plane, preventing 
bending in the 𝑥 − 𝑧 plane.

It should be noted that the chosen functional form for the Young modulus is completely general, as many continuous functions can be very well 
approximated by a polynomial expansion.

Hence, the constitutive relation between the stress and strain fields for an isotropic and linear elastic material, reads 

𝝈(𝝆) = 𝐂(𝑦) 𝜺(𝝆), (22)

being 𝐂(𝑦) the elasticity tensor for plane stress state. Specifically, setting 𝐸̄(𝑦) = 𝐸(𝑦)∕(1 − 𝜈2) and 𝐺(𝑦) = 𝐸(𝑦)∕[2 (1 + 𝜈)], one has 

[𝐂(𝑦)] =
⎡

⎢

⎢

⎣

𝐸̄(𝑦) 𝜈 𝐸̄(𝑦) 0
𝜈 𝐸̄(𝑦) 𝐸̄(𝑦) 0
0 0 𝐺(𝑦)

⎤

⎥

⎥

⎦

, (23)

where 𝜈 is the Poisson’s ratio assumed to be a constant for the FGM.
Expressing the infinitesimal strains field 𝜺(𝝆) as a function of the generalised strain components 𝜺𝛺(𝑥), one has 

𝜺(𝝆) = 𝐄(𝑦) 𝜺𝛺(𝑥), (24)

where, based on Eq. (12), the matrix representation of 𝐄 is 

[𝐄(𝑦)] =
⎡

⎢

⎢

⎣

1 −𝑦 −𝑦2 𝑦3 0 0 0 0
0 0 0 0 1 𝑦 0 0
0 0 0 0 0 0 −1 𝑦2

⎤

⎥

⎥

⎦

. (25)

Hence, by virtue of Eqs. (22) and (24), the internal work is amenable to the following equivalent form 

𝑊𝐼 = ∫

𝐿
2

− 𝐿
2
∫𝛺

𝝈(𝝆) ⋅ 𝜺(𝝆) d𝐴 d𝑥 = ∫

𝐿
2

− 𝐿
2
∫𝛺

𝐄𝑇 (𝑦)𝐂(𝑦)𝐄(𝑦) d𝐴 𝜺𝛺(𝑥) ⋅ 𝜺𝛺(𝑥) d𝑥

= ∫

𝐿
2

𝐿
𝐊𝛺(𝑥) 𝜺𝛺(𝑥) ⋅ 𝜺𝛺(𝑥) d𝑥,

(26)
− 2

6 
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being 𝐊𝛺 the local stiffness tensor that establishes the relationship between the generalised stress components with the generalised strain ones by 
the following formula 𝝈𝛺(𝑥) = 𝐊𝛺(𝑥) 𝜺𝛺(𝑥). The matrix representation of the local stiffness tensor is the following 

[𝐊𝛺(𝑥)] =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐽 (0)
𝐸̄

−𝐽 (1)
𝐸̄

−𝐽 (2)
𝐸̄

𝐽 (3)
𝐸̄

𝜈 𝐽 (0)
𝐸̄

𝜈 𝐽 (1)
𝐸̄

0 0

−𝐽 (1)
𝐸̄

𝐽 (2)
𝐸̄

𝐽 (3)
𝐸̄

−𝐽 (4)
𝐸̄

−𝜈 𝐽 (1)
𝐸̄

−𝜈 𝐽 (2)
𝐸̄

0 0

−𝐽 (2)
𝐸̄

𝐽 (3)
𝐸̄

𝐽 (4)
𝐸̄

−𝐽 (5)
𝐸̄

−𝜈 𝐽 (2)
𝐸̄

−𝜈 𝐽 (3)
𝐸̄

0 0

𝐽 (3)
𝐸̄

−𝐽 (4)
𝐸̄

−𝐽 (5)
𝐸̄

𝐽 (6)
𝐸̄

𝜈 𝐽 (3)
𝐸̄

𝜈 𝐽 (4)
𝐸̄

0 0

𝜈 𝐽 (0)
𝐸̄

−𝜈 𝐽 (1)
𝐸̄

−𝜈 𝐽 (2)
𝐸̄

𝜈 𝐽 (3)
𝐸̄

𝐽 (0)
𝐸̄

𝐽 (1)
𝐸̄

0 0

𝜈 𝐽 (1)
𝐸̄

−𝜈 𝐽 (2)
𝐸̄

−𝜈 𝐽 (3)
𝐸̄

𝜈 𝐽 (4)
𝐸̄

𝐽 (1)
𝐸̄

𝐽 (2)
𝐸̄

0 0

0 0 0 0 0 0 𝐽 (0)
𝐺 −𝐽 (2)

𝐺

0 0 0 0 0 0 −𝐽 (2)
𝐺 𝐽 (4)

𝐺

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (27)

where the entries of 𝐊𝛺(𝑥) are defined as 

𝐽 (𝑘)
𝐸̄

= ∫𝛺
𝐸̄(𝑦) 𝑦𝑘 d𝐴 and 𝐽 (𝑘)

𝐺 = ∫𝛺
𝐺(𝑦) 𝑦𝑘 d𝐴, (28)

being the integer 𝑘 ≥ 0.
From a mechanical point of view, these entries represent characteristic quantities associated with both the cross section geometry and the 

material properties.

4.1. Analytical evaluation of the entries of the local stiffness tensor

Given a rectangular cross section having width 𝑏, the integrals (28) specialise as follows 

𝐽 (𝑘)
𝐸̄

= 1
1 − 𝜈2

𝐽 (𝑘)
𝐸 and 𝐽 (𝑘)

𝐺 = 1
2 (1 + 𝜈) 𝐽

(𝑘)
𝐸 , (29)

where 

𝐽 (𝑘)
𝐸 = 𝑏 ∫

ℎ
2

− ℎ
2

𝐸(𝑦) 𝑦𝑘 d𝑦, (30)

is the 𝑘-order elastic moments of area.
Invoking Eq. (21), the 𝑘-order elastic moment is amenable to the following equivalent form 

𝐽 (𝑘)
𝐸 = 𝑏

𝑚
∑

𝑞=0
𝐸𝑞 ∫

ℎ
2

− ℎ
2

𝑦𝑘+𝑞 d𝑦. (31)

where 𝐸𝑞 is defined in Eq. (21).
To provide an explicit expression of the previous integral, we express the function 𝑦𝑘+𝑞 as derivative of a suitable higher-order function so as 

to apply the fundamental theorem of calculus.
Accordingly, exploiting the following result 

𝜕𝑦
(

𝑦𝑘+𝑞+1
)

= (𝑘 + 𝑞 + 1) 𝑦𝑘+𝑞 , (32)

the integral (31) turns out to be 

𝐽 (𝑘)
𝐸 = 𝑏

𝑚
∑

𝑞=0

𝐸𝑞
𝑘 + 𝑞 + 1 ∫

ℎ
2

− ℎ
2

𝜕𝑦
(

𝑦𝑘+𝑞+1
)

d𝑦 = 𝑏
𝑚
∑

𝑞=0

𝐸𝑞
𝑘 + 𝑞 + 1 𝑦

𝑘+𝑞+1|
|

|

|

ℎ
2

− ℎ
2

, (33)

where 

𝑦𝑞+𝑘+1
|

|

|

|

ℎ
2

− ℎ
2

=

⎧

⎪

⎨

⎪

⎩

0, if 𝑘 + 𝑞 + 1 is even,

ℎ𝑘+𝑞+1 2−(𝑘+𝑞), if 𝑘 + 𝑞 + 1 is odd.
(34)

For completeness, we specialise the integral (33) for the case of 𝑘 = 0, 1, 2, obtaining 

𝐽 (0)
𝐸 = 𝑏

𝑚
∑

𝑞=0

𝐸𝑞
𝑞 + 1 𝑦

𝑞+1|
|

|

|

ℎ
2

− ℎ
2

,

𝐽 (1)
𝐸 = 𝑏

𝑚
∑

𝑞=0

𝐸𝑞
𝑞 + 2 𝑦

𝑞+2|
|

|

|

ℎ
2

− ℎ
2

,

𝐽 (2)
𝐸 = 𝑏

𝑚
∑

𝑞=0

𝐸𝑞
𝑞 + 3 𝑦

𝑞+3|
|

|

|

ℎ
2

− ℎ
2

,

(35)

that represent, respectively, the zeroth-, first- and second-order elastic moments of area of the cross section, weighted by the polynomial distribution 
of the Young’s modulus 𝐸(𝑦). Their evaluation is fundamental in the formulation of the stiffness terms of the beam model, as they govern the 
mechanical response of the model.
7 
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5. Elastic equilibrium equations for functionally graded enhanced Reddy beam model having Poisson effect

Let us set the following functions, defined in terms of derivatives of the generalised displacement fields: 
𝛾 (𝑝)(𝑥) = 𝜙(𝑝)(𝑥) − 𝑣(𝑝+1)(𝑥),

𝛿(𝑝)(𝑥) = 𝛼 𝛾 (𝑝)(𝑥) −
𝜓 (𝑝+1)(𝑥)

3 ,

𝜂(𝑝)(𝑥) = 𝑤(𝑝+1)(𝑥) + 𝜈 𝜃(𝑝)(𝑥),

𝜂*(𝑝)(𝑥) = 𝜈 𝑤(𝑝+1)(𝑥) + 𝜃(𝑝)(𝑥),

𝜉(𝑝)(𝑥) = 2 𝜈 𝜓 (𝑝)(𝑥) − 𝜙(𝑝+1)(𝑥),

𝜉*(𝑝)(𝑥) = 2𝜓 (𝑝)(𝑥) − 𝜈 𝜙(𝑝+1)(𝑥),

(36)

being 𝑝 the order of differentiation. The elastostatic formulation of the functionally graded enhanced Reddy beam model accounting for thickness 
stretch is presented in the following 

𝐽 (0)
𝐸̄
𝜂′(𝑥) + 𝐽 (1)

𝐸̄
𝜉′(𝑥) − 1

2 𝐽
(2)
𝐸̄
𝜃′′′(𝑥) + 𝐽 (3)

𝐸̄
𝛿′′(𝑥) + 𝑞𝑤(𝑥) = 0, (37a)

(

−𝐽 (0)
𝐺 + 2 𝛽 𝐽 (2)

𝐺 − 𝛽2 𝐽 (4)
𝐺

)

𝛾 ′(𝑥) + 𝛼
(

𝐽 (3)
𝐸̄
𝜂′′(𝑥) + 𝐽 (4)

𝐸̄
𝜉′(𝑥) − 1

2 𝐽
(5)
𝐸̄
𝜃′′′′(𝑥) + 𝐽 (6)

𝐸̄
𝛿′′′(𝑥)

)

+ 𝑞𝑣(𝑥) = 0, (37b)
(

𝐽 (0)
𝐺 − 2 𝛽 𝐽 (2)

𝐺 + 𝛽2 𝐽 (4)
𝐺

)

𝛾(𝑥) + 𝐽 (1)
𝐸̄
𝜂′(𝑥) + 𝐽 (2)

𝐸̄
𝜉′(𝑥) − 1

2 𝐽
(3)
𝐸̄
𝜃′′′(𝑥) + 𝐽 (4)

𝐸̄
𝛿′′(𝑥)

−𝛼
(

𝐽 (3)
𝐸̄
𝜂′(𝑥) + 𝐽 (4)

𝐸̄
𝜉′(𝑥) − 1

2 𝐽
(5)
𝐸̄
𝜃′′′(𝑥) + 𝐽 (6)

𝐸̄
𝛿′′(𝑥)

)

− 𝑞𝜙(𝑥) = 0, (37c)

𝐽 (0)
𝐸̄
𝜂*(𝑥) + 𝐽 (1)

𝐸̄
𝜉*(𝑥) − 𝐽 (2)

𝐸̄

(

𝜈 𝜃′′(𝑥) + 1
2 𝑤

′′′(𝑥)
)

+ 𝜈 𝐽 (3)
𝐸̄
𝛿′(𝑥) − 1

2 𝐽
(3)
𝐸̄
𝜉′(𝑥) + 1

4 𝐽
(4)
𝐸̄
𝜃′′′′(𝑥) − 1

2 𝐽
(5)
𝐸̄
𝛿′′′(𝑥) − 𝑞𝜃(𝑥) = 0, (37d)

2 𝐽 (1)
𝐸̄
𝜂*(𝑥) + 2 𝐽 (2)

𝐸̄
𝜉*(𝑥) − 𝜈 𝐽 (3)

𝐸̄
𝜃′′(𝑥) + 2 𝜈 𝐽 (4)

𝐸̄
𝛿′(𝑥) − 1

3

(

𝐽 (3)
𝐸̄
𝜂′′(𝑥) + 𝐽 (4)

𝐸̄
𝜉′(𝑥) − 1

2 𝐽
(5)
𝐸̄
𝜃′′′′(𝑥) + 𝐽 (6)

𝐸̄
𝛿′′′(𝑥)

)

− 𝑞𝜓 (𝑥) = 0, (37e)

The elastostatic formulation written above consists of a system of five coupled differential equations governing the mechanical response of the 
proposed beam model.

Comprehensively, the system shows a strong interplay between axial and flexural behaviours and highlights the non-trivial c0oupling introduced 
by the functionally graded nature of the material and the higher-order kinematic assumptions. The formulation goes significantly beyond classical 
Reddy beam theory, introducing additional generalised stress/strain terms and enriching the equilibrium/kinematic formulation with physically 
consistent higher-order effects.

The admissible boundary conditions are directly derived from Eq. (20) and correspond to a total of 28 possible combinations, reflecting the 
binary choice between Dirichlet and Neumann boundary conditions for each of the eight generalised kinematic parameters.

6. Finite element formulation

The finite element method (FEM) is employed to discretise the governing differential equations (37) derived in the previous sections by 
approximating the generalised displacement fields through suitable shape functions.

The beam is discretised using one-dimensional finite elements having two end nodes. Each element interpolates the generalised displacement 
variables over its domain using appropriate shape functions, chosen on the basis of the highest order of spatial derivatives involved in the strain–
displacement relations and the equilibrium equations, as well as based on the regularity requirements imposed by the weak form of the governing 
equations.

The variational framework ensures that the finite element discretisation retains the physical and mathematical consistency of the continuous 
model, allowing the accurate representation of bending, shear deformation and thickness stretch. The global stiffness matrix is assembled from 
the element matrices by standard FEM procedures and the resulting discrete system is solved under appropriate boundary conditions and external 
loading.

6.1. Weak form

The first step in developing the finite element model consists in formulating the weak form of the elastic equilibrium Eqs. (37), based on the 
principle of virtual displacements. The weak form is derived by multiplying each equilibrium equation by a corresponding virtual displacement, 
i.e. test function, and integrating over the finite element domain 𝛴𝑒 = 𝛺 × [𝑥1, 𝑥2], with [𝑥1, 𝑥2] ⊆

[

−𝐿
2 ,

𝐿
2

]

, where 𝑥1 and 𝑥2 denote the axial 
coordinates of the two end nodes of the element along the beam axis.

Setting 𝐝(𝑥) the vector collecting the generalised displacement fields 

[𝐝(𝑥)] = [𝑤(𝑥), 𝑣(𝑥), 𝜙(𝑥), 𝜃(𝑥), 𝜓(𝑥)]𝑇 , (38)

the generalised strain vector 𝜺𝛺(𝑥) can be related to the previous vector in the following way 

𝜺 (𝑥) = 𝜱(𝑥)𝐝(𝑥), (39)
𝛺

8 
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where 𝜱(𝑥) is the differential operator whose matrix representation reads 

[𝜱(𝑥)] =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝜕𝑥 0 0 0 0
0 0 𝜕𝑥 0 0

0 0 0
𝜕2𝑥
2 0

0 −𝛼 𝜕2𝑥 𝛼 𝜕𝑥 0 −
𝜕2𝑥
3

0 0 0 1 0
0 0 0 0 2
0 −𝜕𝑥 1 0 0
0 −𝛽 𝜕𝑥 𝛽 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (40)

Accordingly, the virtual work of internal forces over a finite element is given by 

𝛿𝑊𝐼 = ∫

𝑥2

𝑥1
𝐊𝛺(𝑥) 𝜺𝛺(𝑥) ⋅𝜱(𝑥) 𝛿𝐝(𝑥) d𝑥, (41)

where 𝛿𝐝(𝑥) is the variation of the displacement field.
Let us now set 𝐪𝑒(𝑥) the vector collecting the distributed external loads acting along the element axis 

[𝐪𝑒(𝑥)] =
[

𝑞𝑤(𝑥), 𝑞𝑣(𝑥), 𝑞𝜙(𝑥), 𝑞𝜃(𝑥), 𝑞𝜓 (𝑥)
]𝑇 , (42)

and let 𝐟𝑒𝑖  and 𝐝𝑒𝑖  be the nodal vectors of generalised forces and displacements at the two element ends 

𝐟𝑒𝑖 =
[

F𝑤𝑖 , F𝑣𝑖 , F𝜙𝑖 , F𝜃𝑖 , F𝜓𝑖 , F𝑣′𝑖
, F𝜃′𝑖

, F𝜓 ′
𝑖

]𝑇
, 𝐝𝑒𝑖 =

[

𝑤𝑖, 𝑣𝑖, 𝜙𝑖, 𝜃𝑖, 𝜓𝑖, 𝑣′𝑖 , 𝜃
′
𝑖 , 𝜓

′
𝑖
]𝑇 , (43)

where 𝑖 = {1,2} denotes the two nodes of a generic finite element. Hence, collecting the nodal vectors into global element vectors 

𝐟𝑒 =
[

𝐟𝑒1
𝐟𝑒2

]

, 𝐝𝑒 =
[

𝐝𝑒1
𝐝𝑒2

]

, (44)

the virtual work of the external forces is given by 

𝛿𝑊𝐸 = 𝐟𝑒 ⋅ 𝛿𝐝𝑒 + ∫

𝑥2

𝑥1
𝐪𝑒(𝑥) ⋅ 𝛿𝐝(𝑥) d𝑥. (45)

According to previous results, invoking the principle of virtual displacements, the weak form of the elastic equilibrium problem reads 

∫

𝑥2

𝑥1
𝐊𝛺(𝑥) 𝜺𝛺(𝑥) ⋅𝜱(𝑥) 𝛿𝐝(𝑥) d𝑥 = 𝐟𝑒 ⋅ 𝛿𝐝𝑒 + ∫

𝑥2

𝑥1
𝐪𝑒(𝑥) ⋅ 𝛿𝐝(𝑥) d𝑥. (46)

6.2. Shape functions

From the variational formulation, the primary unknowns include the generalised displacements and their derivatives. Specifically, functions 
such as 𝑤(𝑥) and 𝜙(𝑥), which appear up to the first order derivatives, see, e.g., Eq. (12), are approximated using linear Lagrangian shape functions. 
In contrast, the displacement fields 𝑣(𝑥), 𝜃(𝑥) and 𝜓(𝑥), which appear up to second-order derivatives in the strain field, can be described using 
standard Hermite cubic interpolation functions in order to ensure sufficient differentiability and satisfy the minimum continuity requirements of 
the weak form.

This choice is also consistent with general finite element theory: when the weak form involves second-order derivatives, as in the case of the 
Euler–Bernoulli beam theory, the interpolation must represent both the field variable and its derivative at the nodes. This leads to the adoption of 
cubic Hermite polynomials, which are capable of satisfying four degrees of freedom, two function values and two first derivatives at the element 
nodes. In contrast, linear Lagrangian shape functions are sufficient for those variables whose weak form involves only first-order derivatives.

The generalised displacement field is interpolated as follows 
𝑤(𝑥) = 𝑁1(𝑥)𝑤1 +𝑁2(𝑥)𝑤2, (47a)

𝑣(𝑥) = 𝑁3(𝑥) 𝑣1 +𝑁5(𝑥) 𝑣′1 +𝑁4(𝑥) 𝑣2 +𝑁6(𝑥) 𝑣′2, (47b)

𝜙(𝑥) = 𝑁1(𝑥)𝜙1 +𝑁2(𝑥)𝜙2, (47c)

𝜃(𝑥) = 𝑁3(𝑥) 𝜃1 +𝑁5(𝑥) 𝜃′1 +𝑁4(𝑥) 𝜃2 +𝑁6(𝑥) 𝜃′2, (47d)

𝜓(𝑥) = 𝑁3(𝑥)𝜓1 +𝑁5(𝑥)𝜓 ′
1 +𝑁4(𝑥)𝜓2 +𝑁6(𝑥)𝜓 ′

2, (47e)

where the shape functions 𝑁1, … , 𝑁6 are defined as 

𝑁1(𝑥) =
1
2 − 𝑥

𝓁
, 𝑁2(𝑥) =

1
2 + 𝑥

𝓁
,

𝑁3(𝑥) = 2
𝑥3

𝓁3
− 3
2
𝑥
𝓁
+ 1
2 , 𝑁4(𝑥) = −2 𝑥

3

𝓁3
+ 3
2
𝑥
𝓁
+ 1
2 ,

𝑁5(𝑥) =
𝑥3

𝓁2
− 1
2
𝑥2

𝓁
− 1
4 𝑥 +

𝓁
8 , 𝑁6(𝑥) =

𝑥3

𝓁2
+ 1
2
𝑥2

𝓁
− 1
4 𝑥 −

𝓁
8 ,

(48)

where 𝓁 denotes the finite element length.
Hence, the system of Eqs. (47) can be compactly expressed in matrix form as 

𝐝(𝑥) = 𝐍(𝑥)𝐝𝑒, (49)
9 
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Fig. 2. Geometry and boundary conditions of the transversally loaded homogeneous cantilever beam. The beam, with a uniform Young modulus distribution, is 
clamped at the left end and subjected to a downward concentrated transverse force F𝑣 applied at the free end. The dashed line indicates the axis of the beam 
coincident with the locus of the geometric centroids of the beam cross sections.

where 𝐝(𝑥) is defined in Eq. (38), 𝐝𝑒 in Eq. (44) and 𝐍(𝑥) is the displacement operator. The matrix representation of the previous equation is 
⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑤(𝑥)
𝑣(𝑥)
𝜙(𝑥)
𝜃(𝑥)
𝜓(𝑥)

⎤

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑁1 0 0 0 0 0 0 0 𝑁2 0 0 0 0 0 0 0
0 𝑁3 0 0 0 𝑁5 0 0 0 𝑁4 0 0 0 𝑁6 0 0
0 0 𝑁1 0 0 0 0 0 0 0 𝑁2 0 0 0 0 0
0 0 0 𝑁3 0 0 𝑁5 0 0 0 0 𝑁4 0 0 𝑁6 0
0 0 0 0 𝑁3 0 0 𝑁5 0 0 0 0 𝑁4 0 0 𝑁6

⎤

⎥

⎥

⎥

⎥

⎥

⎦

𝐝𝑒 (50)

with [𝐝𝑒]𝑇 =
[

𝑤1 𝑣1 𝜙1 𝜃1 𝜓1 𝑣′1 𝜃′1 𝜓 ′
1 𝑤2 𝑣2 𝜙2 𝜃2 𝜓2 𝑣′2 𝜃′2 𝜓 ′

2
]

. Notice that the explicit dependence of the shape 
functions 𝑁1, … , 𝑁6 on the local abscissa 𝑥 is omitted for brevity.

According to Eq. (49), formula (39) specialises to 
𝜺𝛺(𝑥) = 𝛷(𝑥)𝐍(𝑥)𝐝𝑒 = 𝐁(𝑥)𝐝𝑒 (51)

being 𝐁(𝑥) the strain operator whose matrix representation is 

[𝐁(𝑥)] =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑁 ′
1 0 0 0 0 0 0 0 𝑁 ′

2 0 0 0 0 0 0 0
0 0 𝑁 ′

1 0 0 0 0 0 0 0 𝑁 ′
2 0 0 0 0 0

0 0 0
𝑁 ′′
3
2 0 0

𝑁 ′′
5
2 0 0 0 0

𝑁 ′′
4
2 0 0

𝑁 ′′
6
2 0

0 −𝛼𝑁 ′′
3 𝛼𝑁 ′

1 0 −
𝑁 ′′
3
3 −𝛼𝑁 ′′

5 0 −
𝑁 ′′
5
3 0 −𝛼𝑁 ′′

4 𝛼𝑁 ′
2 0 −

𝑁 ′′
4
3 −𝛼𝑁 ′′

6 0 −
𝑁 ′′
6
3

0 0 0 𝑁3 0 0 𝑁5 0 0 0 0 𝑁4 0 0 𝑁6 0
0 0 0 0 2𝑁3 0 0 2𝑁5 0 0 0 0 2𝑁4 0 0 2𝑁6

0 −𝑁 ′
3 𝑁1 0 0 −𝑁 ′

5 0 0 0 −𝑁 ′
4 𝑁2 0 0 −𝑁 ′

6 0 0
0 −𝛽 𝑁 ′

3 𝛽 𝑁1 0 0 −𝛽 𝑁 ′
5 0 0 0 −𝛽 𝑁 ′

4 𝛽 𝑁2 0 0 −𝛽 𝑁 ′
6 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (52)

6.3. Derivation of the stiffness matrix and force vector

The substitution of Eqs. (49) and (51) into the weak form (46) yields 

∫

𝑥2

𝑥1
𝐁𝑇 (𝑥)𝐊𝛺(𝑥)𝐁(𝑥) d𝑥𝐝𝑒 ⋅ 𝛿𝐝𝑒 = 𝐟𝑒 ⋅ 𝛿𝐝𝑒 + ∫

𝑥2

𝑥1
𝐍𝑇 (𝑥)𝐪𝑒(𝑥) d𝑥 ⋅ 𝛿𝐝𝑒, (53)

where, for the arbitrariness of 𝛿𝐝𝑒, we get 

∫

𝑥2

𝑥1
𝐁𝑇 (𝑥)𝐊𝛺(𝑥)𝐁(𝑥) d𝑥𝐝𝑒 = 𝐟𝑒 + ∫

𝑥2

𝑥1
𝐍𝑇 (𝑥)𝐪𝑒(𝑥) d𝑥. (54)

Furthermore, from a mechanical point of view, the previous integrals on the left- and right-hand side are characteristic quantities associated 
with a beam element. Specifically 

𝐊𝛴𝑒 = ∫

𝑥2

𝑥1
𝐁𝑇 (𝑥)𝐊𝛺(𝑥)𝐁(𝑥) d𝑥,

𝐟𝑒𝑞 = ∫

𝑥2

𝑥1
𝐍𝑇 (𝑥)𝐪𝑒(𝑥) d𝑥,

(55)

where 𝐊𝛴𝑒  is the element stiffness tensor and 𝐟𝑒𝑞  is the element nodal force vector associated with distributed loads.
Accordingly, Eq. (54) specialises to the following algebraic form 

𝐊𝛴𝑒 𝐝
𝑒 = 𝐟𝑒 + 𝐟𝑒𝑞 , (56)

which represents the finite element equilibrium equation for a generic element 𝛴𝑒. In order to derive the global finite element model, the algebraic 
relations of all elements are assembled. This assembly process is carried out by enforcing continuity of the generalised displacements and balance 
of the generalised stresses at the interface between elements.

Once the global system is assembled, the prescribed boundary conditions are applied. These must be expressed as known values of the duality 
pairs at the nodes, depending on whether displacements or forces are imposed. The resulting system of algebraic equations is then solved to obtain 
the unknown nodal values.

Finally, the solution at internal points of the domain, such as displacement, strain or stress fields, is obtained by interpolation of the nodal 
values of displacements and application of the constitutive and strain–displacement relations.
10 
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Fig. 3. Comparison of the von Mises equivalent stress distributions 𝜎vM obtained from four beam models for a transversally loaded homogeneous cantilever beam. 
(a) Euler–Bernoulli model; (b) Timoshenko model; (c) Reddy model; (d) Proposed model.

Fig. 4. Geometry and boundary conditions of the axially loaded cantilever beam. (a) Homogeneous beam with a uniform Young modulus distribution. (b) 
Functionally graded beam in which the Young modulus varies linearly along the beam thickness according to Eq. (57). The black dashed line denotes the locus 
of the geometric centroids 𝐶𝐺 of the cross sections, whereas the green dashed line indicates the locus of the elastic centroids 𝐶𝐸 .  (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web version of this article.)

7. Numerical results

The proposed beam formulation is assessed by a series of numerical investigations. The aim is to verify the accuracy and effectiveness of the 
model in predicting the structural response of functionally graded beams under different loading and boundary conditions.

All numerical results are validated with those obtained using an in-house FEM software for two-dimensional continua, employing four-node 
linear quadrilateral elements with Selective Reduced Integration (Zienkiewicz and Taylor, 2000a,b). Additionally, validation against benchmark 
solutions available in the literature is performed.

7.1. Transversally loaded cantilever beam

To highlight the capability of the proposed beam model in capturing enriched stress states, a preliminary comparison is carried out between the 
proposed Reddy-based beam model and the canonical beam theories by Euler–Bernoulli, Timoshenko and the classical Reddy beam. The example 
case consists of a homogeneous cantilever beam of length 𝐿 = 0.5m, thickness ℎ = 0.5𝐿 and width 𝑏 = 0.2𝐿, subjected to a downward concentrated 
transverse force F𝑣 = 10 kN applied at the free end 𝑥 = 𝐿, as schematically shown in Fig.  2. The Young modulus and the Poisson ratio are set 200 
GPa and 0.3, respectively. The clamped end at 𝑥 = 0 is obtained by setting the following boundary conditions: 𝑤 = 𝑣 = 𝜙 = 𝜃 = 𝜓 = 𝑣′ = 𝜃′ = 𝜓 ′ = 0.

Fig.  3 compares the von Mises equivalent stress 𝜎vM computed with the four beam models, i.e. Euler–Bernoulli beam model, Fig.  3(a); 
Timoshenko beam model, Fig.  3(b); the classical Reddy beam model, Fig.  3(c); the extended Reddy-based beam model, Fig.  3(d). Qualitatively, the 
Euler–Bernoulli and Timoshenko solutions produce smooth and bending-dominated stress fields, with the maximum 𝜎vM located at the clamped 
section and a linear variation along the beam thickness. The Timoshenko model predicts slightly higher stress levels due to the contribution of shear 
deformation. In contrast, both the classical Reddy model and the proposed model exhibit a von Mises stress field that displays localised peaks near 
the fixed boundary. While the classical Reddy model improves upon first-order theories by providing a non-linear axial stress and a quadratic shear 
stress distribution, it inherently fails to capture thickness stretch effects. The proposed model, thanks to the additional kinematic fields, accounts 
for the transverse normal stress and higher-order shear components.
11 
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Fig. 5. Generalised stresses of the axially loaded homogeneous cantilever beam.

7.2. Axially loaded cantilever beam

We now consider a cantilever beam of length 𝐿 = 0.5m, thickness ℎ = 0.5𝐿 and width 𝑏 = 0.2𝐿, subjected to an axial tensile force F𝑤 = 10 kN
applied at the free end 𝑥 = 𝐿.

We analyse two distinct cases in which the cantilever beam is assumed to be made of two materials having different Young modulus distributions: 
the first case, discussed in Section 7.2.1, corresponds to a homogeneous distribution and is assumed as a reference benchmark; the second case, 
shown in Section 7.2.2, considers a linear variation along the thickness of the cross section, thereby highlighting the ability of the formulation to 
handle graded materials. In both cases the Poisson ratio is set 𝜈 = 0.3. The geometry and loading conditions of the two cases are illustrated in Fig. 
4.

Furthermore, the numerical results of the proposed formulation are compared with those obtained from an in-house FE software of a 2D 
continuum. Additionally, restricted to the homogeneous case investigated in Section 7.2.1, a direct comparison with the classical Reddy beam 
theory is also provided. Both one-dimensional beam models (i.e., the classical Reddy and the proposed 1D continuum) are discretised into 100 
finite elements, while the 2D model is meshed with a grid of 100 × 10 elements. In the 2D continuum FE model, the concentrated force is not 
prescribed at the free end as in the 1D beam models, but rather by prescribing the displacement components 𝑢𝑥 and 𝑢𝑦 at the 11 nodes distributed 
along the thickness of the free cross section. These nodal displacements are extracted from the results of the proposed 1D beam analysis, where 
the axial force was applied, thus ensuring a consistent and comparable loading condition among the models.

7.2.1. Homogeneous Young modulus distribution
We assume a constant Young modulus 𝐸 = 200 GPa along the cross section thickness, providing a reference case for assessing the capability of 

the proposed model to reproduce consistent stress and displacement distributions under a concentrated axial force at the free end.
In Fig.  5 are illustrated the generalised stresses of the homogeneous beam. For this example, the axial force 𝑀0(𝑥) is constant and its value is 

equal to the norm of applied force F𝑤 at the free end while the bending moment 𝑀1(𝑥) is constantly zero. In addition, non-zero values of 𝑀2(𝑥)
and 𝑀̂0(𝑥) are observed. The latter is directly related to the thickness stretch of the cross section induced by the axial tensile force at the free end.

For completeness, Fig.  6 reports the generalised displacements. In particular, the axial displacement at the free end, 𝑤(𝑥 = 𝐿), shown in Fig. 
6(a), exceeds the analytical value F𝑤 𝐿∕(𝐸𝐴) provided by classical beam theories, such as Euler–Bernoulli. This difference can be ascribed to the 
relaxation of the kinematic constraint that, in traditional models, prevents the cross section from undergoing transverse contraction or expansion.

The stress and displacement fields obtained with the classical Reddy beam model, the proposed beam model (both 1D continuum) and the 
two-dimensional continuum (2D continuum) are compared in the left, middle and right columns, respectively, of Figs.  7 and 8. Both stress and 
displacement distributions exhibit symmetry with respect to the mid-plane of the cross section. The classical Reddy beam model predicts a uniform 
axial stress 𝜎𝑥 and an axial displacement 𝑢𝑥 that is constant across the thickness. Furthermore, the transverse displacement 𝑢𝑦 and transverse normal 
stress 𝜎𝑦 are identically zero. In contrast, the proposed model shows not only a non-uniform axial stress component 𝜎𝑥 but also the transverse normal 
stress 𝜎𝑦 due to the transverse contraction of the cross section. It is worth noting that the transverse stress 𝜎𝑦 is of the same order of magnitude as 
the axial stress 𝜎𝑥, highlighting the coupling effect introduced by the Poisson effect. Furthermore, localised effects can be observed where boundary 
conditions are applied, both in stress and displacement fields. Thus, such a model leads to a richer stress state showing how the stress components 
𝜎𝑥 and 𝜎𝑦 are locally influenced by the external forces.

The comparison with the 2D FE model confirms that the proposed beam model is able to capture displacement fields along the element axis 
as well as stress fields of the same order of magnitude as those obtained with the 2D formulation. However, a variation emerges in terms of the 
shear stress field 𝜏𝑥𝑦, see, e.g., Fig.  7(h) and (i). In both the classical Reddy and the proposed 1D models, 𝜏𝑥𝑦 is identically zero, whereas the 2D 
analysis reveals localised shear stress distributions near the end sections. This stress field displayed in the 2D model is induced by the contraction 
12 
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Fig. 6. Generalised displacements of the axially loaded homogeneous cantilever beam.

Fig. 7. Stress fields of the axially loaded homogeneous cantilever beam. Left column: classical Reddy one-dimensional beam model; middle column: proposed 
one-dimensional beam model; right column: two-dimensional continuum model.

of the cross sections. The proposed 1D model is not able to display this additional stress field because of its kinematic formulation. Indeed, as 
shown in Section 3, the shear strain is the same as that obtained with the classical Reddy beam model, see Eqs. (6)2 and (12)3. Hence, to properly 
account for shear stress and strain due to lateral contraction or expansion of the cross section, a further enrichment of the kinematics would be 
required. Nevertheless, when focusing on sections sufficiently far from the boundaries, where the stress state is not influenced by the specific 
applied force/displacement field, the results of the two models are in good agreement.

7.2.2. Linear Young modulus distribution
In the second example, the cantilever beam is assumed to be made of a functionally graded material characterised by a linear variation of the 

Young modulus along the thickness of the cross section following the expression 

𝐸(𝑦) =
𝐸𝑏 + 𝐸𝑡
2 +

𝐸𝑡 − 𝐸𝑏
ℎ

𝑦, (57)

where 𝐸𝑏 = 50 GPa and 𝐸𝑡 = 300 GPa are the values of the Young modulus at the bottom and top of cross section, respectively. Fig.  9(a) illustrates 
the geometry of the cross sections with the spatial variation of the Young modulus. In the same figure, both the geometric centroid 𝐶𝐺 and the 
elastic centroid 𝐶𝐸 are shown. The elastic centroid 𝐶𝐸 is evaluated as 𝐽 (1)

𝐸 ∕𝐽 (0)
𝐸 , making use of formula (33). As expected, the position of 𝐶𝐸 is 

shifted towards the stiffer portion of the section, i.e., in the direction of increasing 𝐸(𝑦).
In contrast to the homogeneous case, Fig.  10, in which the generalised displacement fields are plotted, shows non-vanishing values of 𝑣(𝑥), 

𝜙(𝑥) and 𝜓(𝑥). This behaviour is directly related to the misalignment between the elastic and geometric centroids: when these two points do not 
coincide, an axial force not only induces axial deformation but also generates bending of the beam.

Hence, the stress and displacement field do not exhibit symmetry with respect to the mid-plane, as shown in Figs.  11 and 12. The agreement 
with the 2D FE results confirms that the model accurately describes both the bending behaviour and the stress field associated with the material 
gradation. A good qualitative agreement can be observed for the axial stress 𝜎  and transverse stress 𝜎 , both in terms of the distribution along 
𝑥 𝑦
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Fig. 8. Displacement fields of the axially loaded homogeneous cantilever beam. Left column: classical Reddy one-dimensional beam model; middle column: 
proposed one-dimensional beam model; right column: two-dimensional continuum model.

Fig. 9. Distributions of the Young modulus along the cross section of the FG cantilever (a) and clamped-clamped (b) beams. In (a), the material gradation follows 
the linear law specified in Eq. (57), whereas in (b) the Young modulus varies quadratically through the thickness according to Eq. (58).

the beam axis and the order of magnitude of the values, see Fig.  11(a)–(d). The shear stresses 𝜏𝑥𝑦 exhibit more pronounced differences, especially 
near the constrained and loaded ends, see Fig.  11(e)–(f). Nonetheless, the beam formulation is able to recover the overall stress trends far from 
boundary conditions.

7.3. Transversally loaded clamped-clamped beam

We consider a clamped–clamped beam having the same length and rectangular cross section introduced in the previous subsection. The material 
is functionally graded along the thickness and is characterised by a quadratic variation of the Young modulus, prescribed as 

𝐸(𝑦) = 𝐸 + (𝐸 − 𝐸 ) 4 𝑦2, (58)
0 𝑡𝑏 0 ℎ2
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Fig. 10. Generalised displacements of the FG cantilever beam.

Fig. 11. Stress fields of the axially loaded FG cantilever beam with a linear variation of the Young modulus along the thickness specified in Eq. (57). Left column: 
proposed one-dimensional beam formulation; right column: two-dimensional finite element continuum model.

where 𝑦 is the transverse coordinate measured from the geometric centroid, 𝐸0 = 50 GPa and 𝐸𝑡𝑏 = 210 GPa are the Young moduli at 𝑦 = 0 and 
𝑦 = ±ℎ∕2 of cross section, respectively, see, e.g., Fig.  9(b). The elastic centroid 𝐶𝐸 coincides with the geometric one 𝐶𝐺 due to the symmetric 
distribution of the Young modulus about the midplane of the cross section, see Fig.  9(b). Additionally, the Poisson ratio is still set 𝜈 = 0.3.

The mechanical response of the beam is investigated under two distinct transverse loading configurations, schematically illustrated in Fig.  13. 
In the first case, shown in Fig.  13(a), the beam is subjected at midspan 𝑥 = 𝐿∕2 to a pair of opposite concentrated forces F𝜃 . In the second loading 
condition, depicted in Fig.  13(b), the beam is loaded by a distributed higher-order forces of intensity 𝑞𝜓  acting along the entire span. It should 
be noted that the latter illustration is purely schematic, as the physical interpretation of higher-order distributed forces is not straightforward and 
primarily serves to represent the generalised loading conditions accounted for in the proposed formulation.

The numerical analyses for both loading configurations are validated by comparison with the analysis of the two-dimensional continuum. The 
discretisation adopted for the 1D and 2D models is identical to that employed in the cantilever beam. The boundary conditions of the 2D model 
are prescribed in kinematic form by imposing at the nodes of the loaded cross sections the displacement field obtained from the 1D beam solution, 
thereby ensuring a consistent and meaningful comparison between the two formulations.
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Fig. 12. Displacement fields of the axially loaded FG cantilever beam with a linear variation of the Young modulus along the thickness specified in Eq. (57). 
Left column: proposed one-dimensional beam formulation; right column: two-dimensional finite element continuum model.

Fig. 13. Geometry and boundary conditions of the transversally loaded FG clamped–clamped beam. (a) Application of a pair of concentrated forces F𝜃 at 
midspan, energetically dual to the generalised displacement 𝜃(𝑥 = 𝐿∕2). (b) Application of a uniformly distributed load 𝑞𝜓 , energetically dual to the generalised 
displacement 𝜓(𝑥).
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7.3.1. Concentrated forces
The first loading condition consists of a pair of concentrated forces applied at midspan F𝜃 = −10 kN mm, as illustrated in Fig.  13(a). This 

loading condition is peculiar to the proposed beam formulation and has no counterpart in the canonical beam theories such as the ones due 
to Euler–Bernoulli, Timoshenko or Reddy, which do not include higher-order generalised forces associated with the additional kinematic fields 
introduced herein. Specifically, the concentrated forces F𝜃 is energetically dual to the generalised displacement component 𝜃(𝑥), which governs 
the linear contraction or expansion of the cross section, as defined in Eq. (7).

The stress distributions obtained from the proposed one-dimensional formulation (left column) and from the two-dimensional continuum model 
(right column) are compared in Fig.  14. Overall, despite the simplified formulation, the present beam model satisfactorily reproduces the magnitudes 
of the stress components predicted by the 2D reference solution.

In particular, the longitudinal normal stress 𝜎𝑥 (Fig.  14(a)–(b)) exhibits a symmetric pattern with respect to the beam midspan and comparable 
stress levels, although the 1D model slightly underestimates the local peak values near the load application points, where the 2D continuum shows 
a more localised stress field. The transverse normal stress 𝜎𝑦 (Fig.  14(c)–(d)) is captured in terms of order of magnitude, but the 2D model displays 
a more pronounced variation across the thickness . Finally, the shear stress 𝜏𝑥𝑦 (Fig.  14(e)–(f)) is identically zero in the proposed 1D formulation, 
consistently with the assumed uncoupling between normal and tangential strain components, whereas the 2D continuum solution reveals localised 
shear stress concentrations at the point of load application.

The comparison between the displacement fields obtained from the 1D and 2D formulations, reported in Fig.  15, confirms the overall consistency 
between the two models. The localised effect induced by the concentrated loading condition exhibits a different spatial decay in the two models. In 
the proposed 1D formulation, the effect associated with F𝜃 extends over a larger portion of the span before vanishing, whereas in the 2D continuum 
model the same effect is confined to a narrower region around the load application point.

Despite these differences, the amplitude and qualitative shape of the stress and displacement fields remain in very good agreement, demonstrat-
ing that the proposed model captures the mechanical features of this unconventional loading case while preserving a physically consistent response 
along the beam.

In summary, the comparison highlights the capability of the proposed beam formulation to accurately reproduce the global stress and 
displacement distributions and overall structural response.

7.3.2. Distributed load
The second loading condition consists of a pair of distributed loads 𝑞𝜓 = −10000 kN mm2 applied along the beam span, as illustrated in Fig. 

13(b). This load is energetically dual to the generalised displacement component 𝜓(𝑥), which manages the quadratic part of the contraction or 
expansion of the cross section, as defined in Eq. (7).

The corresponding stress and displacement fields obtained from the 1D and 2D formulations are reported in Figs.  16 and 17, respectively.
The comparison shows that the overall shape and distribution of both stress and displacement fields are well captured by the proposed 1D 

beam model, which reproduces the mechanical response observed in the 2D continuum. Minor quantitative differences are observed in the stress 
magnitude, with the 1D model slightly overestimating the stress levels. This discrepancy is mainly attributed to the simplified kinematic assumptions 
of the beam formulation, which, while showing higher-order effects introduced by the generalised fields, cannot fully reproduce the local stress 
gradients present in the 2D reference solution.

7.4. Comparison of maximum transverse displacements for FG beams

To assess the accuracy and validate the proposed FG beam model, the current results are compared with those reported in the literature by Li 
et al. (2019), Ruocco and Reddy (2023b) and Müsevitoğlu et al. (2025). The reference data correspond to classical Reddy-type higher-order shear 
deformation theories applied to FG beams.

The comparison is carried out in terms of the maximum absolute transverse displacements for three boundary conditions, namely cantilever 
(CF), clamped–clamped (CC) and simply supported (SS) beams. The loading conditions and span lengths are illustrated in Fig.  18. All beams feature 
a rectangular cross section having width 𝑏 = 50 mm and thickness ℎ = 200 mm.

The material is assumed to be functionally graded along the thickness direction according to the Voigt’s rule of mixtures. Hence, the Young 
modulus is expressed as (Wakashima et al., 1990) 

𝐸(𝑦) = (𝐸𝑡 − 𝐸𝑏)
(

𝑦
ℎ
+ 1
2

)𝑚
+ 𝐸𝑏, (59)

where 𝐸𝑡 = 380 GPa and 𝐸𝑏 = 70 GPa are the Young moduli at the top and bottom surfaces of the beam, respectively, ℎ is the total thickness, 𝑦 is 
the coordinate measured from the cross section geometric centroid and 𝑚 is the power-law exponent controlling the material gradation. Specifically, 
for 𝑚 = 0, the beam behaves as a homogeneous material with 𝐸(𝑦) = 𝐸𝑡. When 𝑚 = 1, Young modulus varies linearly from 𝐸𝑏 at the bottom surface 
to 𝐸𝑡 at the top surface. For larger values of 𝑚, the increase of 𝐸(𝑦) from 𝐸𝑏 to 𝐸𝑡 becomes steeper, producing a stiffer region concentrated near the 
top surface and a nearly constant modulus close to 𝐸𝑏 elsewhere. In the limiting case 𝑚 → ∞, the Young modulus tends to 𝐸𝑏 throughout almost 
the entire thickness. Poisson ratio is assumed to be constant and equal to 𝜈 = 0.3.

Table  1 lists the maximum absolute transverse displacements |𝑣max| in millimetres for the three boundary conditions and several values of the 
power-law exponent 𝑚. The results obtained from the proposed model are compared with those reported in the literature by Li et al. (2019), Ruocco 
and Reddy (2023a,b) and Müsevitoğlu et al. (2025).

For 𝑚 = 0, corresponding to a homogeneous beam, all models provide nearly identical displacements, confirming the correctness of the 
proposed implementation. As the power-law index 𝑚 increases, the three beams become more compliant, leading to progressively larger transverse 
displacements.

Overall, a very good agreement is observed between the present results and the reference solutions available in the literature. The small 
differences found for all the analysed values of the power-law index 𝑚 are mainly due to the different structural models being compared, namely 
the classical Reddy beam theory adopted in the reference studies and the present extended formulation accounting for the thickness stretch. In 
addition, for the specific cases 𝑚 = 0.2 and 𝑚 = 0.5, a further source of discrepancy arises from the numerical approximation adopted to evaluate 
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Fig. 14. Stress fields of the transversally loaded FG clamped–clamped beam with a quadratic variation of the Young modulus along the thickness specified in 
Eq. (58) and subjected to a pair of concentrated forces F𝜃 at midspan. Left column: proposed one-dimensional beam formulation; right column: two-dimensional 
finite element continuum model.

Table 1
Maximum transverse displacement |𝑣max| (in absolute value) of FG beams for different boundary conditions (BCs) and power-law indices 𝑚. Results from the 
present formulation are compared with those reported in the literature by Li et al. (2019), Ruocco and Reddy (2023b) and Müsevitoğlu et al. (2025), all based 
on classical Reddy-type beam theory. Three boundary configurations are considered: cantilever (CF), clamped–clamped (CC) and simply supported (SS) beams.
 BCs Scholars 𝑚 = 0 𝑚 = 0.2 𝑚 = 0.5 𝑚 = 1 𝑚 = 2 𝑚 = 5 𝑚 = 10

 
CF

Li et al. (2019) 13.564 – 20.847 27.084 – 41.524 45.797 
 Ruocco and Reddy (2023b) 13.564 – 20.847 27.084 – 41.524 45.797 
 Müsevitoğlu et al. (2025) 13.566 16.516 20.850 27.088 34.778 41.532 45.806 
 Present 13.460 16.215 20.515 26.862 34.476 41.180 45.439 
 
CC

Li et al. (2019) 18.485 – 28.088 36.387 – 57.503 64.162 
 Ruocco and Reddy (2023b) 18.454 – 28.089 36.387 – 57.504 64.163 
 Müsevitoğlu et al. (2025) 18.451 22.353 28.085 36.382 46.939 57.496 64.152 
 Present 18.260 21.903 27.578 35.992 46.420 56.876 63.481 
 
SS

Li et al. (2019) 84.289 – 129.630 168.450 – 257.730 284.010 
 Ruocco and Reddy (2023b) 84.289 – 129.640 168.450 – 257.730 284.010 
 Müsevitoğlu et al. (2025) 84.282 102.642 129.627 168.440 216.190 257.704 283.985 
 Present 84.407 101.717 128.741 168.629 216.418 258.007 284.358 

the elastic inertia properties, which are computed by a Taylor series expansion truncated at the 10th order, since the proposed formula in Eq. (33) 
is valid only for integer values of 𝑚.

Despite these differences, the overall displacement trends predicted by the proposed model are in close agreement with the benchmark results 
across all boundary conditions.
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Fig. 15. Displacement fields of the transversally loaded FG clamped–clamped beam with a quadratic variation of the Young modulus along the thickness specified 
in Eq. (58) and subjected to a pair of concentrated forces F𝜃 at midspan. Left column: proposed one-dimensional beam formulation; right column: two-dimensional 
finite element continuum model.

These comparisons demonstrate the reliability of the proposed beam model, which accurately reproduces both the global and local mechanical 
response of FG beams under different loading and boundary conditions.

8. Conclusions

In this paper, a functionally graded enhanced beam model has been developed and investigated. The model extends the classical third-order 
Reddy theory by including additional kinematic terms, in order to allow for lateral stretching of the beam cross section.

The main findings and original contributions of the present study can be summarised as follows:

• Local equilibrium equations have been derived by a variational method, leading to a consistent and energetically coherent formulation. This 
allows for the consistent definition of non-standard loading conditions, e.g., dual forces associated with lateral stretch, that cannot be applied 
to canonical beam theories.

• A constitutive model has been formulated to account for the mechanical behaviour of functionally graded materials (FGMs). Exact analytical 
formulae have been derived for the local stiffness tensor and its higher-order elastic moments. This provides a general and computationally 
efficient tool to handle arbitrary polynomial variations of the Young modulus along the beam thickness.

• The finite element method has been employed to discretise the governing equations derived from the variational formulation. One-dimensional 
two-node elements have been implemented, with shape functions chosen to satisfy the continuity and differentiability requirements imposed 
by the weak form.

• The predicted stress and strain fields for both linear and nonlinear FGM gradations are consistent with detailed 2D continuum finite element 
analyses and literature benchmarks, successfully capturing the non-uniform distributions characteristic of functionally graded materials. 
Additionally, validation against benchmark results from the literature demonstrates that the proposed beam model is accurate and efficient 
in predicting the static response of FG beams.
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Fig. 16. Stress fields of the transversally loaded FG clamped–clamped beam with a quadratic variation of the Young modulus along the thickness specified in 
Eq. (58) and subjected to a uniformly distributed load 𝑞𝜓 . Left column: proposed one-dimensional beam formulation; right column: two-dimensional finite element 
continuum model.

The general applicability of the proposed model extends far beyond the specific problems investigated herein. Because the governing equations 
and boundary conditions are derived by a rigorous, variationally consistent energy approach, the model can be seamlessly adapted to any arbitrary 
constraint configuration. Additionally, the constitutive formulation, which allows for an arbitrary polynomial variation of the material properties, 
can be directly applied to other complex heterogeneous cross sections, such as sandwich panels, laminated composites or porous structures. 
Furthermore, the prediction of complex localised stress fields and thickness stretching effects in FG structures represents a main advantage of 
the proposed model, providing a computationally efficient 1D alternative to expensive full 3D finite element analyses.

Future developments will focus on the implementation of dynamic analyses and stability problems, as well as the integration of the proposed 
beam model into shell formulations for the analysis of morphing and slender structural elements.
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Fig. 17. Displacement fields of the transversally loaded FG clamped–clamped beam with a quadratic variation of the Young modulus along the thickness specified 
in Eq. (58) and subjected to a uniformly distributed load 𝑞𝜓 . Left column: proposed one-dimensional beam formulation; right column: two-dimensional finite 
element continuum model.

Fig. 18. Geometry, loading and boundary conditions of the FG beams reported in the literature and considered for validation. (a) Cantilever beam (CF); (b) 
clamped–clamped beam (CC); and (c) simply supported beam (SS).
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