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Abstract

We exploit the properties of a sequence of functions that approximate the divisor
functions and combine them with an analytical formula of a delta-like sequence to
give a new proof of a theorem of Gronwall on the asymptotic of the divisor functions.
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1 Introduction and statement of the main results

Given a complex number o, for any m € N = {1,2,...} the sum of positive divisors
function g,(m) is defined as the sum of the ath powers of the positive divisors of m

[1]. It is usually expressed as
ay(m):= Z K,

k|m

where k|m means that k € N is a divisor of m. The functions so defined are called
divisor functions. They play an important role in number theory, namely within the
study of divisibility properties of integers and the distribution of prime numbers.
Such functions appear in connection with the Riemann zeta function

{(s):= zoo:
=1

Indeed, given any o € R, it is plain that

| =

, (Res>1).

S
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i =S5 < S

k|lm
In particular, for oo > 1 this yields

ay,(m)

G,(m):=

<{(a), VmeN.
In 1913, Gronwall [2] showed in a quite elementary way that if o > 1, then

limsup Gy (m) = {(a). (1)
In fact, in view of the previous inequality, immediately he derives (1) after proving
that
lim G,(Py) = {(«),

m—00

where

m
. m
Py = Hpi
i=1

is the mth power of the product of the first m prime numbers
P = 2;1’2 = 37173 =35,.. s Pm-

By arguing in an alternative way, in Sect. 4 we prove the following result, which
still yields Gronwall’s equation (1).

Theorem 1.1 For every real number o > 1 one has

lim G, (m!) = lim G, (([1,2,...,m]) = (%),

where [1,2,...,m] is the least common multiple of 1,2,...,m.

The proof of this theorem is arguably more involved than Gronwall’s one.
However, a novelty of our approach lies in the fact that, unlike Gronwall, we do not
use the multiplicativity of a,, i.e., o,(mn) = g,(m)o,(n) for any coprime m, n [1],
but we exploit the properties of a sequence of C* functions whose pointwise limit is
g, (see Sect. 2).

Our main tool is the following theorem, which, to the best of our knowledge, is
new in the literature.

Theorem 1.2 Let 1,1, € R\Z or ny,n, € Z, with n, <n,. For every f € L' [ny, 1,]
which is continuous in a neighborhood of the integers, we have

1 2]
hﬁﬂﬁ/; o (mlf (b — S fm) _f(nl)xz(’/ll);‘f(’h)%z(’h)’ 2)
m m=|n; |

where | 1] denotes the integer part of n € R and y, is the characteristic function of
Z.
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Approximating the divisor functions

Our hope is also that this alternative approach might provide new insights and lead
to some new result in the future, such as Ingham type formulas for convolution sums
involving ¢, (see [3]).

1.1 Notation

For brevity, we write lim, instead of :ri”EN and the symbol {-}

, for a sequence
(0. ¢]

neN

is abbreviated as {-},. The power (cos(y))” is written as cos? (1), and the same we do
for the sine function.

Given a real number x> 1, in sums like ), |, we mean that k € N with & < |x],
where |x| denotes the integer part of x € R, i.e., the greatest integer such that
x—|x| >0.

The characteristic function of a set A C R is denoted by y ”

2 Approximation of the divisor function

In this section a sequence of functions that approximate o, is defined. To this end, we
consider g, for real o > 0, and we extend such a function to [0,00) by letting
ay(x) = 0 when x € [0,00)\N.

For any given real numbers o« > 0 and M > 1, let us consider the sequence
{Cyn}, C C>[0,M] defined as

M

Coc.n(M;x) = Zﬁl(k)7 (3)

k=0
where

0 ift=0o0rx=0,
Jlt) =fan(51) =9 o cogon (n_tx)

otherwise.

The main property of the functions (3) is given by the following proposition.

Proposition 2.1 For any given real numbers o> 0, M > 1 and x € [0, M], the
sequence n — C, ,(M;x) is non-increasing, and lim, C, ,(M;x) = 0,(x).

Proof 1If x = 0, then this is obviously true. Let x € (0,M] and k € (0,M] NN be
fixed. If x ¢ N or if x € N is not divisible by k&, then |cos(nx/k)| <1. In this case,
the sequence n — cos*'(rx/k) is decreasing and lim, cos® (mx/k) = 0. On the other
hand, cos?(nx/k) =1 for all n € N if and only if x€ N and k divides x.
Consequently,
> i K ifxe (0,M]NN,

0

otherwise,

limCy,(M;x) = {

as claimed. O
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3 Delta-like sequences and proof of Theorem 1.2

In the literature (see e.g. [4, 5]) a sequence of non-negative functions {g,},.n C
L'(R™) is known to be a delta-like sequence if

lim [ g,(x)f(x)dx = f(0) (4)

n R™
for all /' € C3°(R™). If, in addition, the functions g, are smooth, they are also called
mollifiers, or approximations of the identity.
A well-known set of delta-like sequences is made of non-negative functions g, €
L'(R™) satisfying the properties (a) and (b) below.

(a) For every € > 0, there exists 0 > 0 such that f\Xl _sgn(x)dx<e.
(®) o gnu(x)dx = 1.

Here and in what follows, we have let |x| = /x3 + - +x2.
We prove the following

Proposition 3.1 If {g,},.ny C L'(R™), where each g, is non-negative, satisfies the
previous property (a), and

(b') lim,, [ g (x)dx = 1,

then (4) holds for every f € L'(R™)NL>®(R™) which is continuous in a
neighborhood of x = 0.

Proof From (b') it follows that for every fixed 0 <e <1 there exists N > 0 such that
1 — €< [pngn(x)dx<1+ ¢ whenever n>N. The continuity of f at x =0 yields
If (x) —f(0)] <e if |x| <0 for some J > 0.

Thus, by using (a) we see that if > N, then

/ () (F(x) — £(0))dr = / ) (F() — £(0))dv + / @)
R" x| <o x| >0
—£(0))dx

<e / B2 / () dx

[x] >0

<e(1+€) +2||f ]| o€

We also have that

[ e -1 - [ @l -rol- [ g

[x[<é x| > 6
— £ (0)]dx
> —e/M@_g,T(x)dx—sz||x Amg"("’dx

> (140 ~2|fll e

Since ¢ is arbitrary, it follows that
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0 = lim /R 20 () (F(x) — = lim / 2i(x)f (¥)dv — £(0) lim / e
—llm/gn x)dx — £(0),

which yields (4). O

3.1 Proof of Theorem 1.2

We need the following
Lemma 3.2 Let ¢,(x):=+/nncos?(nx) and n € (0,1).
Iff € L'(—n,1 —n) is continuous at x = 0, then

1—n

tim [ (3),()x = £10). )
-0
Iff € L'[0,1] is continuous at x € {0,1}, then
(! _fO)+/(1)
hlgn/O f(X)e,(x)dx = — (6)

Proof We first show that the function ¢,y - (x) satisfies the properties (a) and (b")

in Proposition 3.1.

Without loss of generality we assume # = 1/2 and for simplicity the function
Pk 1o will still be denoted by ¢,,.

In order to prove (a), we show that the sequence {¢,}, converges uniformly to
zero in any compact subset of R\{0}, i.e., lim, sup|, . ; ¢,(x) = 0 for every 6 > 0.
Since the ¢, are even and decreasing when x > 0, it suffices to show that
lim,, ¢, (6) = 0 for every 0 <d < 1/2. By the elementary inequality sin(z) > 2¢/n for
all t € [0, 7/2], we have

lim @, (8) = lim \/n7 cos® (nd)
= lim y/nn(1 — sin?(nd))" < lim van(1 — 45°)" =

Hence, (a) is proved.
We now prove (b’). To this end, first let us recall the beta function [6, Formulae
8.380 2, 8.384 1]

I'(a)I(b) /% - 2a—1 2b—1
a,b)=—"—"--:=2 sin“*™ " (1) cos t)dt, Rea,Re b € (0,+0),
Blab) = T gy =2 | S o (1) (0. +00)
where I'(z f e~ 1dt, Re z > 0, is the well-known gamma function [6, For-

mula 8.310 1]. Since T'(1/2) = /= [6, Formula 8.338 2], we can write
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1

/j ¢,(x)dx = 2 \/ﬁ/: cos® (mx)dx

2
_ E : 2n
_2\/;/0 cos™"(¢)dt

n (1 1
=¢¥G”+ﬁ

F(n—l—l)

"ty

Hence, (b") follows after observing that by Stirling’s approximation formula we get
[6, Formulae 8.339 1, 2]

I'(n+
l1m I

vi= a2 DR

.—.m_
R

n—+

Now, since / € L'[—1,1] is continuous at x = 0, from Proposition 3.1 we conclude
that

ly[}mywwﬁyﬁa/ws x)dx = £(0). (7)

Thus, (5) is proved.

It remains to prove (6).

Since f € L'[0,1] is continuous at x € {0, 1}, the functions x — f(|x|) and x —
f(1 — |x|) are continuous at x = 0. Further, ¢,(x) = ¢,(1 — x) and ¢,(x) = ¢,(—x).
Thus, we can write

/Olf(x)%(x)dx = /%f(x)q)n(x)dx + /]f(x)(pn(x)dx
/f X)@u(x dx+/f1—x<pn

/f o + [ 701+,

2

From the above chain of identities it follows that
L 5 3
2 [ rwe,ts = [ o @as + [ 1= 1sho, 0
- -
Hence, (7) yields 2 lim, folf(x)q)n(x)dx =f(0) + (1), as required.

Proof of Theorem 1.2 'We can assume that [1,,1,] = [a — 1,b — 1], where a < b are
integers and 0 << 1. This is obvious if 1,,%, € Z. Therefore, let us assume that
N1, € Z, so that n:={n, +1] —n, € (0,1). If we let a= |, +1] and b=
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[, + 2], thenny =a—nandb—n=|n,+2|—n>m+1—n>n,ie, n =
b —n —1n for some ' > 0. Consequently, we can extend f € L'[n,,n,] = L'[a —
nb—n—n]tofelLla—nb—nyl by letting f =0 in [b—n—1', b—n]. Note
that f is still continuous in a neighborhood of the integers. Further, the sum on the

right-hand side of (2) does not change if f is replaced by f. Thus, without loss of
generality, we can assume that f'is defined in the interval [a — 5, b — 5] and write

b—n m+1—n
lim \/ﬁﬁ/ cos®” (mx)f (x)dx = Z lim \/ﬁi/ cos? (x)f (x)dx
m=a (8)

~S i / 0, () (),
m=a —n

where ¢, has been introduced in Lemma 3.2. Indeed, by applying this lemma we
have

) 1—n f(m) if n> 07
hﬁ“/_n LR B VIEY /R | R
Consequently, (8) becomes (2). O

4 Proof of Theorem 1.1

Forx,n € N, with x > 1, let us take M = 2x for the approximants of 7, (x) defined in
(3), namely

2x
Con(2x;x) = Zk“ cos™" (%)

k=0

Recall that the function f,(¢) := * cos*"(nx/t) extends to a continuous function in
[0, 00), with £,(0) = £,,(2x) = 0. Further, it satisfies the hypotheses of Theorem 1.2 in
[0, 2x]. Thus,

Ja(0) +/n(2x)

Coun(2x;x) = hm VN= ﬁ,( ) cos? (mt)dt + 2

= lim \/_ fn()cos (mt)dt.

By the change of variables ¢ — xt one has
Cun(2x;x) = xli]{/n VNTF,y(x),

where
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2
F,,J\,(x)::/0 f(xt) cos™ (mxt)dt,

with

0 if t =0,
Jnlxt) = (xt)* cos?" (%) otherwise.
Thus, Theorem 2.1 yields
0y(x) = xlim li}gn VNmF,n(x), VxeN. 9)

Since it is plain that f, (x¢) > 0 for all # € [0, 2], we can take a sufficiently large integer
m, set m’ = 4(m!), and write

1
ar m (T 2N

cos™ | — ) cos (7oxt)de
_L

"1 1\ [
=x*! Z (%%) /¥L/ cos>” (?) cos*N (mt)dt,

after the change of variable xt — ¢. Now, let us take x = m! so that x/k = m!/k € N
and 2+ =241¢7 for all k€ {l,...,m}. Thus, the previous inequality
becomes

mo/1 1\ i nm!

a1 2n N

F,n(m!) > (m!) ; (% - %> /@,1 cos (T) cos™ (mr)dt.
= k4

Again, we apply Theorem 1.2 by taking f(¢) = cos®"(nm!/t) to see that

i ! ! !
li]\r[n\/Nn/ cos?" (#) cosZN(nt)dtzf(%> —I—f(%—l)
%

11
)

!
= cos”" (k) 4 cos™" <knm!m — k)'

Since for any given k € {1,...,m} one has cos?(kn) = 1 and

! k
lirrln cos?” (knm!m k) = 1i£n cos” (n m) =0,

we infer
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1 1 *
limli]{[n\/NnFn’N(m!)Z (m!)ocfl (__—) ?

which, together with (9), implies that

G,(m!) =

where

Ms

“2laom) )

Since by the mean value theorem we see that

we deduce
lim G, (m!) = (1),
because, as already mentioned in Sect. 1, if o > 1, then
Gy(m)<{(a), Vme N.

It is plain that in order to prove the same limit for G,([1,2, ..., m]) it suffices to take
=[1,2,...,m] and proceed in a completely analogous way.
Theorem 1.1 is completely proved.
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