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Abstract
We exploit the properties of a sequence of functions that approximate the divisor
functions and combine them with an analytical formula of a delta-like sequence to
give a new proof of a theorem of Grönwall on the asymptotic of the divisor functions.
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1 Introduction and statement of the main results

Given a complex number a; for any m 2 N ¼ f1; 2; . . .g the sum of positive divisors
function raðmÞ is defined as the sum of the ath powers of the positive divisors of m
[1]. It is usually expressed as

raðmÞ :¼
X
kjm

ka;

where k|m means that k 2 N is a divisor of m. The functions so defined are called
divisor functions. They play an important role in number theory, namely within the
study of divisibility properties of integers and the distribution of prime numbers.
Such functions appear in connection with the Riemann zeta function

fðsÞ :¼
X1
k¼1

1

ks
; ðRe s[ 1Þ:

Indeed, given any a 2 R; it is plain that
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raðmÞ ¼
X
kjm

m

k

� �a
�ma

Xm
k¼1

1

ka
:

In particular, for a[ 1 this yields

GaðmÞ :¼ raðmÞ
ma

� fðaÞ; 8m 2 N:

In 1913, Grönwall [2] showed in a quite elementary way that if a[ 1; then

lim sup
m!1

GaðmÞ ¼ fðaÞ: ð1Þ

In fact, in view of the previous inequality, immediately he derives (1) after proving
that

lim
m!1GaðPmÞ ¼ fðaÞ;

where

Pm :¼
Ym
i¼1

pmi

is the mth power of the product of the first m prime numbers
p1 ¼ 2; p2 ¼ 3; p3 ¼ 5; . . .; pm:

By arguing in an alternative way, in Sect. 4 we prove the following result, which
still yields Grönwall’s equation (1).

Theorem 1.1 For every real number a[ 1 one has

lim
m!1Gaðm!Þ ¼ lim

m!1Ga ½1; 2; . . .;m�ð Þ ¼ fðaÞ;

where ½1; 2; . . .;m� is the least common multiple of 1; 2; . . .;m:

The proof of this theorem is arguably more involved than Grönwall’s one.
However, a novelty of our approach lies in the fact that, unlike Grönwall, we do not
use the multiplicativity of ra; i.e., raðmnÞ ¼ raðmÞraðnÞ for any coprime m, n [1],
but we exploit the properties of a sequence of C1 functions whose pointwise limit is
ra (see Sect. 2).

Our main tool is the following theorem, which, to the best of our knowledge, is
new in the literature.

Theorem 1.2 Let g1; g2 2 RnZ or g1; g2 2 Z; with g1 � g2: For every f 2 L1½g1; g2�
which is continuous in a neighborhood of the integers, we have

lim
n

ffiffiffiffiffiffi
np

p Z g2

g1

cos2nðpxÞf ðxÞdx ¼
Xbg2c

m¼bg1c
f ðmÞ � f ðg1ÞvZ

ðg1Þ þ f ðg2ÞvZ
ðg2Þ

2
; ð2Þ

where bgc denotes the integer part of g 2 R and v
Z
is the characteristic function of

Z:
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Our hope is also that this alternative approach might provide new insights and lead
to some new result in the future, such as Ingham type formulas for convolution sums
involving ra (see [3]).

1.1 Notation

For brevity, we write limn instead of
limn2N
n ! 1 ; and the symbol f�gn2N for a sequence

is abbreviated as f�gn: The power cosðyÞð Þb is written as cosbðyÞ; and the same we do
for the sine function.

Given a real number x� 1; in sums like
Px

k¼1 we mean that k 2 N with k�bxc;
where bxc denotes the integer part of x 2 R; i.e., the greatest integer such that
x� bxc� 0:

The characteristic function of a set A � R is denoted by v
A
:

2 Approximation of the divisor function

In this section a sequence of functions that approximate ra is defined. To this end, we
consider ra for real a[ 0; and we extend such a function to ½0;1Þ by letting
raðxÞ ¼ 0 when x 2 ½0;1ÞnN:

For any given real numbers a[ 0 and M [ 1; let us consider the sequence
fCa;ngn � C1½0;M � defined as

Ca;nðM ; xÞ :¼
XM
k¼0

fnðkÞ; ð3Þ

where

fnðtÞ ¼ fa;nðx; tÞ :¼
0 if t ¼ 0 or x ¼ 0;

ta cos2n
�
px
t

�
otherwise:

8<
:

The main property of the functions (3) is given by the following proposition.

Proposition 2.1 For any given real numbers a[ 0; M [ 1 and x 2 ½0;M �; the
sequence n ! Ca;nðM ; xÞ is non-increasing, and limn Ca;nðM ; xÞ ¼ raðxÞ:
Proof If x ¼ 0; then this is obviously true. Let x 2 ð0;M � and k 2 ð0;M � \N be
fixed. If x 62 N or if x 2 N is not divisible by k, then j cosðpx=kÞj\1: In this case,
the sequence n ! cos2nðpx=kÞ is decreasing and limn cos2nðpx=kÞ ¼ 0: On the other
hand, cos2nðpx=kÞ ¼ 1 for all n 2 N if and only if x 2 N and k divides x.
Consequently,

lim
n
Ca;nðM ; xÞ ¼

P
kjx k

a if x 2 ð0;M � \N;

0 otherwise;

�

as claimed. h
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3 Delta-like sequences and proof of Theorem 1.2

In the literature (see e.g. [4, 5]) a sequence of non-negative functions fgngn2N �
L1ðRmÞ is known to be a delta-like sequence if

lim
n

Z
Rm

gnðxÞf ðxÞdx ¼ f ð0Þ ð4Þ

for all f 2 C1
0 ðRmÞ: If, in addition, the functions gn are smooth, they are also called

mollifiers, or approximations of the identity.
A well-known set of delta-like sequences is made of non-negative functions gn 2

L1ðRmÞ satisfying the properties (a) and (b) below.

(a) For every �[ 0; there exists d[ 0 such that
R
jxj[ d gnðxÞdx\�:

(b)
R
Rm gnðxÞdx ¼ 1:

Here and in what follows, we have let jxj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 þ � � � þ x2m

p
:

We prove the following

Proposition 3.1 If fgngn2N � L1ðRmÞ; where each gn is non-negative, satisfies the
previous property (a), and

(b0) limn

R
Rm gnðxÞdx ¼ 1;

then (4) holds for every f 2 L1ðRmÞ \ L1ðRmÞ which is continuous in a
neighborhood of x ¼ 0:

Proof From (b0) it follows that for every fixed 0\�\1 there exists N [ 0 such that
1� �\

R
Rm gnðxÞdx\1þ � whenever n�N : The continuity of f at x ¼ 0 yields

jf ðxÞ � f ð0Þj\� if jxj\d for some d[ 0:
Thus, by using (a) we see that if n�N ; thenZ

Rm
gnðxÞ

�
f ðxÞ � f ð0Þ	dx ¼ Z

jxj\d
gnðxÞ

�
f ðxÞ � f ð0Þ	dxþ Z

jxj[ d
gnðxÞ

�
f ðxÞ

� f ð0Þ	dx
\�

Z
jxj\d

gnðxÞdxþ 2kf k1
Z
jxj[ d

gnðxÞdx

\�ð1þ �Þ þ 2kf k1�:

We also have thatZ
Rm

gnðxÞ
�
f ðxÞ � f ð0Þ	dx� �

Z
jxj\d

gnðxÞjf ðxÞ � f ð0Þjdx�
Z
jxj[ d

gnðxÞjf ðxÞ

� f ð0Þjdx
[ � �

Z
jxj\d

gnðxÞdx� 2kf k1
Z
jxj[ d

gnðxÞdx

[ � �ð1þ �Þ � 2kf k1�:

Since � is arbitrary, it follows that
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0 ¼ lim
n

Z
R

gnðxÞðf ðxÞ � f ð0ÞÞdx ¼ lim
n

Z
R

gnðxÞf ðxÞdx� f ð0Þ lim
n

Z
R

gnðxÞdx

¼ lim
n

Z
R

gnðxÞf ðxÞdx� f ð0Þ;

which yields (4). h

3.1 Proof of Theorem 1.2

We need the following

Lemma 3.2 Let unðxÞ :¼
ffiffiffiffiffiffi
np

p
cos2nðpxÞ and g 2 ð0; 1Þ:

If f 2 L1ð�g; 1� gÞ is continuous at x ¼ 0; then

lim
n

Z 1�g

�g
f ðxÞunðxÞdx ¼ f ð0Þ: ð5Þ

If f 2 L1½0; 1� is continuous at x 2 f0; 1g; then

lim
n

Z 1

0
f ðxÞunðxÞdx ¼

f ð0Þ þ f ð1Þ
2

: ð6Þ

Proof We first show that the function unvð�g;1�gÞ ðxÞ satisfies the properties (a) and (b0)
in Proposition 3.1.

Without loss of generality we assume g ¼ 1=2 and for simplicity the function
unvð�1=2;1=2Þ will still be denoted by un:

In order to prove (a), we show that the sequence fungn converges uniformly to
zero in any compact subset of Rnf0g; i.e., limn supjxj[ d unðxÞ ¼ 0 for every d[ 0:

Since the un are even and decreasing when x[ 0; it suffices to show that
limn unðdÞ ¼ 0 for every 0\d\1=2: By the elementary inequality sinðtÞ� 2t=p for
all t 2 ½0; p=2�; we have

lim
n
unðdÞ ¼ lim

n

ffiffiffiffiffiffi
np

p
cos2nðpdÞ

¼ lim
n

ffiffiffiffiffiffi
np

p �
1� sin2ðpdÞ	n � lim

n

ffiffiffiffiffiffi
np

p ð1� 4d2Þn ¼ 0:

Hence, (a) is proved.
We now prove (b0). To this end, first let us recall the beta function [6, Formulae

8.380 2, 8.384 1]

bða; bÞ ¼ CðaÞCðbÞ
Cðaþ bÞ :¼ 2

Z p
2

0
sin2a�1ðtÞ cos2b�1ðtÞdt; Re a;Re b 2 ð0;þ1Þ;

where CðzÞ :¼ R1
0 e�t tz�1dt; Re z[ 0; is the well-known gamma function [6, For-

mula 8.310 1]. Since Cð1=2Þ ¼ ffiffiffi
p

p
[6, Formula 8.338 2], we can write
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Z 1
2

�1
2

unðxÞdx ¼ 2
ffiffiffiffiffiffi
np

p Z 1
2

0
cos2nðpxÞdx

¼ 2

ffiffiffi
n

p

r Z p
2

0
cos2nðtÞdt

¼
ffiffiffi
n

p

r
b

1

2
; nþ 1

2

� �

¼ C nþ 1
2

� 	
Cðnþ 1Þ

ffiffiffi
n

p
:

Hence, (b0) follows after observing that by Stirling’s approximation formula we get
[6, Formulae 8.339 1, 2]

lim
n

Cðnþ 1
2Þ

Cðnþ 1Þ
ffiffiffi
n

p ¼ ffiffiffi
p

p
lim
n

ð2n� 1Þ!!
n!2n

ffiffiffi
n

p ¼ 1:

Now, since f 2 L1½� 1
2 ;

1
2� is continuous at x ¼ 0; from Proposition 3.1 we conclude

that

lim
n

Z 1
2

�1
2

unðxÞf ðxÞdx ¼ lim
n

ffiffiffiffiffiffi
np

p Z 1
2

�1
2

cos2nðpxÞf ðxÞdx ¼ f ð0Þ: ð7Þ

Thus, (5) is proved.
It remains to prove (6).
Since f 2 L1½0; 1� is continuous at x 2 f0; 1g; the functions x ! f ðjxjÞ and x !

f ð1� jxjÞ are continuous at x ¼ 0: Further, unðxÞ ¼ unð1� xÞ and unðxÞ ¼ unð�xÞ:
Thus, we can writeZ 1

0
f ðxÞunðxÞdx ¼

Z 1
2

0
f ðxÞunðxÞdx þ

Z 1

1
2

f ðxÞunðxÞdx

¼
Z 1

2

0
f ðxÞunðxÞdx þ

Z 1
2

0
f ð1� xÞunðxÞdx

¼
Z 0

�1
2

f ð�xÞunðxÞdx þ
Z 0

�1
2

f ð1þ xÞunðxÞdx:

From the above chain of identities it follows that

2

Z 1

0
f ðxÞunðxÞdx ¼

Z 1
2

�1
2

f ðjxjÞunðxÞdx þ
Z 1

2

�1
2

f ð1� jxjÞunðxÞdx:

Hence, (7) yields 2 limn

R 1
0 f ðxÞunðxÞdx ¼ f ð0Þ þ f ð1Þ; as required.

Proof of Theorem 1.2 We can assume that ½g1; g2� ¼ ½a� g; b� g�; where a� b are
integers and 0� g\1: This is obvious if g1; g2 2 Z: Therefore, let us assume that
g1; g2 62 Z; so that g :¼bg1 þ 1c � g1 2 ð0; 1Þ: If we let a ¼ bg1 þ 1c and b ¼
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bg2 þ 2c; then g1 ¼ a� g and b� g ¼ bg2 þ 2c � g[ g2 þ 1� g[ g2; i.e., g2 ¼
b� g� g0 for some g0 [ 0: Consequently, we can extend f 2 L1½g1; g2� ¼ L1½a�
g; b� g� g0� to ~f 2 L1½a� g; b� g� by letting ~f 	 0 in ½b� g� g0; b� g�: Note
that ~f is still continuous in a neighborhood of the integers. Further, the sum on the

right-hand side of (2) does not change if f is replaced by ~f : Thus, without loss of
generality, we can assume that f is defined in the interval ½a� g; b� g� and write

lim
n

ffiffiffiffiffiffi
np

p Z b�g

a�g
cos2nðpxÞf ðxÞdx ¼

Xb�1

m¼a

lim
n

ffiffiffiffiffiffi
np

p Z mþ1�g

m�g
cos2nðpxÞf ðxÞdx

¼
Xb�1

m¼a

lim
n

Z 1�g

�g
unðxÞf ðmþ xÞdx;

ð8Þ

where un has been introduced in Lemma 3.2. Indeed, by applying this lemma we
have

lim
n

Z 1�g

�g
unðxÞf ðmþ xÞ ¼

f ðmÞ if g[ 0;

f ðmÞ þ f ðmþ 1Þ
2

if g ¼ 0:

8<
:

Consequently, (8) becomes (2). h

4 Proof of Theorem 1.1

For x; n 2 N; with x[ 1; let us takeM ¼ 2x for the approximants of raðxÞ defined in
(3), namely

Ca;nð2x; xÞ ¼
X2x
k¼0

ka cos2n
�
px
k

�
:

Recall that the function fnðtÞ :¼ ta cos2nðpx=tÞ extends to a continuous function in
½0;1Þ; with fnð0Þ ¼ fnð2xÞ ¼ 0: Further, it satisfies the hypotheses of Theorem 1.2 in
[0, 2x]. Thus,

Ca;nð2x; xÞ ¼ lim
N

ffiffiffiffiffiffiffi
Np

p Z 2x

0
fnðtÞ cos2N ðptÞdt þ fnð0Þ þ fnð2xÞ

2

¼ lim
N

ffiffiffiffiffiffiffi
Np

p Z 2x

0
fnðtÞ cos2N ðptÞdt:

By the change of variables t ! xt one has

Ca;nð2x; xÞ ¼ x lim
N

ffiffiffiffiffiffiffi
Np

p
Fn;N ðxÞ;

where
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Fn;N ðxÞ:¼
Z 2

0
fnðxtÞ cos2N ðpxtÞdt;

with

fnðxtÞ ¼
0 if t ¼ 0;

ðxtÞa cos2n � p
t

	
otherwise.

(

Thus, Theorem 2.1 yields

raðxÞ ¼ x lim
n
lim
N

ffiffiffiffiffiffiffi
Np

p
Fn;N ðxÞ; 8x 2 N: ð9Þ

Since it is plain that fnðxtÞ� 0 for all t 2 ½0; 2�; we can take a sufficiently large integer
m, set m0 ¼ 4ðm!Þ; and write

Fn;N ðxÞ�
Xm
k¼1

Z 1
kþ 1

m0

1
k� 1

m0
fnðxtÞ cos2N ðpxtÞdt

� xa
Xm
k¼1

�
1

k
� 1

m0

�a Z 1
kþ 1

m0

1
k� 1

m0
cos2n

�
p
t

�
cos2N ðpxtÞdt

¼ xa�1
Xm
k¼1

�
1

k
� 1

m0

�a Z x
kþ x

m0

x
k� x

m0
cos2n

�
px
t

�
cos2N ðptÞdt;

after the change of variable xt ! t: Now, let us take x ¼ m! so that x=k ¼ m!=k 2 N

and x
k 
 x

m0 ¼ m!
k 
 1

4 62 Z for all k 2 f1; . . .;mg: Thus, the previous inequality
becomes

Fn;N ðm!Þ� ðm!Þa�1
Xm
k¼1

�
1

k
� 1

m0

�a Z m!
k þ1

4

m!
k �1

4

cos2n
�
pm!
t

�
cos2N ðptÞdt:

Again, we apply Theorem 1.2 by taking f ðtÞ ¼ cos2nðpm!=tÞ to see that

lim
N

ffiffiffiffiffiffiffi
Np

p Z m!
k þ1

4

m!
k �1

4

cos2n
�
pm!
t

�
cos2N ðptÞdt ¼ f

�
m!

k

�
þ f

�
m!

k
� 1

�

¼ cos2nðkpÞ þ cos2n kp
m!

m!� k

� �
:

Since for any given k 2 f1; . . .;mg one has cos2nðkpÞ ¼ 1 and

lim
n
cos2n kp

m!

m!� k

� �
¼ lim

n
cos2n p

k

m!=k � 1

� �
¼ 0;

we infer
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lim
n
lim
N

ffiffiffiffiffiffiffi
Np

p
Fn;N ðm!Þ� ðm!Þa�1

Xm
k¼1

�
1

k
� 1

4ðm!Þ
�a

;

which, together with (9), implies that

Gaðm!Þ ¼ raðm!Þ
ðm!Þa �

Xm
k¼1

1

ka
þ DaðmÞ;

where

DaðmÞ :¼
Xm
k¼1

1

k
� 1

4ðm!Þ
� �a

� 1

ka

� �
:

Since by the mean value theorem we see that

jDaðmÞj � a=4
m!

Xm
k¼1

1

ka�1
� a=4

ðm� 1Þ! ;

we deduce

lim
m

Gaðm!Þ ¼ fðaÞ;

because, as already mentioned in Sect. 1, if a[ 1; then

GaðmÞ� fðaÞ; 8m 2 N:

It is plain that in order to prove the same limit for Gað½1; 2; . . .;m�Þ it suffices to take
x ¼ ½1; 2; . . .;m� and proceed in a completely analogous way.

Theorem 1.1 is completely proved.
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